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Abstract

In this paper, we introduce a viscosity iterative algorithm for finding common solution of variational
inequality for Lipschitzian and strongly monotone operators and the split equality common fixed-point
problem for firmly quasi-nonexpansive operators. We prove the strong convergence of the proposed algorithm
which does not need any prior information about the bounded linear operator norms. (©2016 All rights
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1. Introduction and preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner product (-,-)
and the norm || -||. Let I denote the identity operator on H. Let T': H — H be a mapping. A point x € H
is said to be a fixed point of T' provided Tx = z. In this paper, we use F(T') to denote the fixed point set
of T.

Let F: H — H be a nonlinear operator. Let C' be a nonempty closed convex subset of H. The classical
variational inequality, denoted by VI(F,C), is to find u € C such that

(Fu,v—u) >0, Yoved.
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The theory of variational inequalities has played an important role in the study of a wide class of
problems arising in pure and applied sciences including mechanics, optimization and optimal control, partial
differential equation, operations research and engineering sciences. During the last decades, this problem
has been studied by many authors (see [6l, 9] 17, 20, 22]).

In [25], Yamada introduced the following hybrid iterative method

Th+1 = T.Z'k — ,u,)\kF(ka), k > 0,

for solving variational inequality
(Fx*,x —x*) >0, =€ F(T),

where T is a nonexpansive operator and F' is a x-Lipschitzian and n-strongly monotone operator on H with
k>0,10>00<pu<2n/k>
Tian [21] introduced the following general iterative method

Tpt1 = oo f(zg) + (I — pog F)Txy, k>0,
for solving variational inequality
((0f — pF)a*,x —a%) <0, z € F(T),

where T is a nonexpansive operator, f is p-contraction, F' is a k-Lipschitzian and 7-strongly monotone
operator on H with k > 0,17 >0,0< u <2n/k? and 0 < o < u(n — “T'fg)/p

Let C and @ be nonempty closed convex subset of real Hilbert spaces H; and Hs, respectively. The split
feasibility problem (SFP) is to find a point

x € C, such that Az € Q, (1.1)

where A : Hy; — H is a bounded linear operator. The SFP in finite-dimensional Hilbert spaces was
first introduced by Censor and Elfving [10] for the modeling inverse problems which arise from the phase
retrievals and in the medical image reconstruction [4].

Note that if the split feasibility problem is consistent (i.e., has a solution) then can be
formulated as a fixed point equation by using the fact

Po(I —~A*(I — Pg)A)z* =7, (1.2)

where Pc and Py are the (orthogonal) projection onto C' and @, respectively, v > 0 is any positive constant
and A* denotes the adjoint of A. That is, x* solves the SFP (1.1 if and only if 2* solves the fixed point
equation (see [24] for the details). This implies that we can use the fixed point algorithms (see
12, 23], 24]) to solve SFP. To solve , Byrne [4] proposed his CQ algorithm which generates a sequence
{wx} by

Thy1 = PC(I - ’yA*(I — PQ)A):L‘k, keN,

where v € (0, %) with A\ being the spectral radius of the operator A*A.
Censor and Segal [12] introduced the following split common fixed-point problem (SCFP):

find z* € F(U), such that Az* € F(T), (1.3)

where A : Hi — Hs is a bounded linear operator, U : Hy — Hy and T : Hy — Hs are two nonexpansive
operators with nonempty fixed-point sets F(U) = C and F(T) = Q. SCFP is in itself at the core of the
modeling of many inverse problems in various areas of mathematics and physical sciences and has been used
to model significant real-world inverse problems in many areas (see [11]).
To solve , Censor and Segal [12] proposed and proved, in finite-dimensional spaces, the convergence
of the following algorithm:
1 = Uz + ’yAt(T — I)A.%'k), ke N,
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where v € (0, %) with X being the largest eigenvalue of the matrix A*A (A? stands for matrix transposition).
Let Hy, Ho, H3 be real Hilbert spaces, let C C Hi, (Q C Hy be two nonempty closed convex sets, let
A: H — Hs, B: Hy — Hs be two bounded linear operators, let U : Hy — Hy and T : Ho — Hy be
two firmly quasi-nonexpansive operators. In [I8], Moudafi introduced the following split equality problem

(SEP):
find z € C,y € Q, such that Ax = By, (1.4)

and split equality common fixed-point problem (SECFP):
find z € F(U),y € F(T), such that Az = By, (1.5)

which allows asymmetric and partial relations between the variables x and y. The interest is to cover many
situation, for instance in decomposition methods for PDE’s, applications in game theory and in intensity-
modulated radiation therapy (IMRT). In decision sciences, this allows to consider agents who interplay only
via some components of their decision variables (see [I]). In (IMRT), this amounts to envisage a weak
coupling between the vector of doses absorbed in all voxels and that of the radiation intensity (see [5]).

If Hy = H3 and B = I, then the SECFP reduces to the SCFP (L.3). For solving the SECFP (L.5),
Moudafi [18] introduced the following alternating algorithm

{:Uk+1 = Uz — A" (Azy — Byg)), (1.6)

Yk+1 = T(yx + 7 B*(Azp1 — By)),

for firmly quasi-nonexpansive operators U and T, where non-decreasing sequence v € (&, min ( Ve i) —€),
A, Ap stand for the spectral radius of A*A and B*B, respectively.
Very recently, Moudafi [19] introduced the following simultaneous iterative method to solve SECFP (|1.5)):
211 = U(zg — A" (Azy, — Byg)), (L)
Yr+1 = T(yx + e B* (Azy, — Byy)),

for firmly quasi-nonexpansive operators U and T', where ~y; € (¢
radius of A*A and B*B, respectively.

Note that in the algorithms and mentioned above, the determination of the stepsize {7}
depends on the operator (matrix) norms ||A|| and ||B|| (or the largest eigenvalues of A*A and B*B ). In
order to implement the above algorithms for solving SECFP ((1.5), one has first to compute (or, at least,
estimate) operator norms of A and B, which is in general not an easy work in practice. To overcome this
difficulty, Lépez et al. [16] and Zhao and Yang [28] presented a helpful method for estimating the stepsizes
which do not need prior knowledge of the operator norms for solving the split feasibility problems and
multiple-set split feasibility problems, respectively.

Some algorithms have been invented to solve SECFP (1.5) (see [13, 14, 27] and references therein). In
this paper, inspired and motivated by the works mentioned above, to get the strong convergence of the
algorithm, we introduce the viscosity iterative algorithm without prior knowledge of operators norms for
finding common solution of variational inequality for Lipschitzian and strongly monotone operators and the
split equality common fixed-point problem for firmly quasi-nonexpansive operators. The organization of
this paper is as follows. Some useful definitions and results are listed for the convergence analysis of the
iterative algorithm in the Section [2] In Section [3| the strong convergence theorem of the proposed general
iterative algorithm is obtained.

, ﬁ —¢€), A\, Ap stand for the spectral

2. Preliminaries

In this paper, we use — and — to denote the strong convergence and weak convergence, respectively.
We use wy,(zx) = {z : 3wg; — x} stand for the weak w-limit set of {z}} and use I' stand for the solution set
of the SECFP (1.5).
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Definition 2.1. An operator T': H — H is said to be

(i) nonexpansive if ||Tz — Ty|| < ||z — y||, for all z,y € H.
(ii) quasi-nonexpansive if F'(T') # () and ||Tx — ¢|| < ||z — ¢||, for all z € H and ¢ € F(T).
(iii) firmly nonexpansive if | Tz — Ty[|> < |z — y||* — |[(x — y) — (T — Ty)|)?, for all z,y € H.
(iv) firmly quasi-nonexpansive if F(T) # 0 and ||[Tz — ¢||?> < ||z — ¢|> — ||z — Tx||?, for all x € H and
q € F(T).

Remark 2.2. A firmly quasi-nonexpansive operator is also called a separating operator [7], cutter operator [§],
directed operators [12],26], or class-T operator which was introduced by Bauschke and Combettes [3]. Firmly
quasi-nonexpansive operators are important because they include many types of nonlinear operators arising
in applied mathematics such as approximation and convex optimization. For instance, the subgradient
projection T' of a continuous convex function f : H — R is a firmly quasi-nonexpansive operator. Recall
that the subgradient projection T is defined by assuming the level set {x € H : f(z) < 0} # 0,

o [ e, f@) >0,
e, 0,

>
fx) <
where g is a selection of the subdifferential df (i.e., g(x) € 0f(x) for all x € H).

Particularly, projections are firmly quasi-nonexpansive operators. Recall that, given a closed convex
subset C' of a Hilbert space H, the projection Pp : H — C assigns each x € H to its closest point from C,
defined by

Pox = argmin.cc||z — z||.
It is well-known that Pgx is characterized by the inequality:
Pox € C, (x— Pox,z— Pox) <0, ze€C.
Lemma 2.3 ([3,R]). The fized point set of a firmly quasi-nonexpansive operator is closed and convez.
We also need other classes of operators.

Definition 2.4. An operator T': H — H is called demiclosed at the origin, if for any sequence {z,,} which
weakly converges to x, and if the sequence {T'z,} strongly converges to 0, then Tz = 0.

Definition 2.5. An operator T : H — H is called contraction with constant 0 < p < 1, if for any x,y € H,
[Tz — Tyl < pllz —yl.

Definition 2.6. An operator T : H — H is called k-Lipschitzian operater with constant x > 0, if for any
z,y € H,
1Tz =Tyl < kllz —yl.

Definition 2.7. An operator F' : H — H is called 7-strongly monotone with constant n > 0, if for any
z,y € H,
(¢ =y, Fo — Fy) > nllz —y|*.
Let F' be a rk-Lipschitzian and n-strongly monotone operator on H with x > 0, n > 0. Assume that
pu >0, a€l0,1], we have, for any z, y € H,
I(I = paF)z — (I — paF)y|? =||(z — y) — pa(Fz — Fy)|?
=lle ~ 2yl . Fr— Fy) + el Fe - Ryl
<llz —yl* - 2uanlz — y||* + p*a®s?||lz — y||?
<[1 = a(2un — p®w?)][lx -yl
which implies that [ —puaF is \/1 — a(2un — p2k2)-Lipschitzian. It is easy to see that I —uaF is contraction
ifo<pu< i—g, a € [0,1]. The following lemma is easy to prove.
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Lemma 2.8. Let H be a Hilbert space, f be a contraction with constant 0 < p < 1 and F be a n-strongly
monotone operator on H with n > 0. Then, for p >0 and 0 < o < %,

(@ —y, (WF —of)z—(uF —of)y) = (un—op)llz =yl z.y € H.
That is, uF' — o f is un — op-strongly monotone operator.

In real Hilbert space, we easily get the following results:
|z +yl* < l|2l* + 2{y, & +y), Va,y € H; (2.2)

20z, y) = 2 + y1? = llz = yll* = o+ yl* = lzl® = ly?, Yo,y € H. (2.3)

We end this section by the following lemma, which are important in convergence analysis for our iterative
algorithm.

Lemma 2.9 ([I5]). Assume {si} is a sequence of nonnegative real numbers such that

Skt1 < (1 — Ag)sk + MO, k>0,
Sk+1 < Sk — Mk + Uk, k>0,

where { g} is a sequence in (0,1), {nx} is a sequence of nonnegative real numbers and {0} and {ux} are
two sequences in R such that

(i) 223 A = o005
(ii) limg—oo i = 0;
(ili) limy—ye0 i, = 0, tmplies limsup;_, o 6, < 0, for any subsequence {k;} C {k}.

Then limg_,oo s = 0.

3. Strong convergence result of viscosity iterative algorithm for SECFP (|1.5)

In this section we introduce a viscosity iterative algorithm for finding common solution of variational
inequality for Lipschitzian and strongly monotone operators and the split equality common fixed-point
problem for firmly quasi-nonexpansive operators. Here the stepsizes {7;} do not depend on the operator
norms ||A|| and ||B|| and we prove the strong convergence of the proposed algorithm.

Algorithmm 3.1. Let f1 : Hi — Hi and fa : Hy — Ha be two contractions with constants p1, p2 € [0,1),
ar €10,1] and F : H — H is a k-Lipschitzian and n-strongly monotone with £ > 0, n > 0. Choose an initial
guess xo € Hy, yo € Ho arbitrarily. Assume that the k-th iterate x, € Hy, yp € Ho has been constructed,
then we calculate the (k + 1)-th iterate (Tg+1,Yr+1) via the formula:

up = xp — WA (Azr, — Byg),

Thy1 = oapfi(z) + (I — poF)U (u),

v = Y + B (Azi, — Byk),

Yr1 = oo folar) + (I — pog F)T (vg).
The stepsize i is chosen in such a way that

2| Azy, — Byy|?
| A*(Azy — By)l|? + | B*(Azy — Byg)

Yk € (&, min{r, ||2} —¢€), ke (3.1)

for small enough €, otherwise, v, = v (v being any nonnegative value), where the set of indices Q = {k :

Azy — By # 0},
2||Azy — Byn|?

~ [A*(Azy — Byn)|? + [ B*(Azy — Byn)|?’

T

and N = min{k : k € Q}.
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Lemma 3.2. Assume the solution set I' of (1.5)) is nonempty. Then -y defined by (3.1)) is well-defined.
Proof. Take (z,y) €I, ie., z € F(U),y € F(T) and Az = By. We have

(A*(Azy — Byr), xp — x) = (Axy, — By, Axy, — Ax),

and
(B*(Axy, — Byk),y — yr) = (Azy — Byy, By — Byy).
By adding the two above equalities and by taking into account the fact that Ax = By, we obtain

|Azy — Byg|? = (A*(Azy, — Byy), z1, — ) + (B*(Azg — Byk),y — Yi)
< ||A*(Azy — Byw)|| - l|lzx — || + | B*(Azr — Bye)|l - [ly — yl|-

Consequently, for k& € €, that is, || Azp—Byg|| > 0, we have || A*(Axp—Byg)|| # 0 or | B*(Axr—Byy)|| # 0.
This leads that 7, is well-defined. O

Theorem 3.3. Let Hy, Ho, H3 be real Hilbert spaces. Given two bounded linear operators A : Hy — Hj,
B: Hy — Hs, let U : H — Hy and T : Hy — Hy be firmly quasi-nonexpansive operators with the solution
set I' of is nonempty. Let f1 : Hi — Hy and fo : Hy — Hs be two contractions with constants p1,
p2 €10,1) and F : H — H be a k-Lipschitzian and n-strongly monotone. Assume that we choose u, 5 and o

such that 0 < p < i—Z, 0<B<35,0<0< min{ivﬂ(;_%), %}, where T = 2un — p’k? and p = max{p1, p2}.
Let the sequence {(xy, yx)} be generated by Algorithm . Assume that the following conditions are satisfied:
(1) limgyoo ay =0 and >"32 o = 00;
(2) U—1TI and T — I are demiclosed at origin.

Then sequence {(zk,yr)} strongly converges to a solution (x*,y*) of (L.B) which solves the variational
mnequality problem:

(z,y) €T (3.2)

((0fi = pF)z* z —z*) <0,
<0,

((0f2 = )y y —y*)
Proof. Since f1, fo are two contractions and F' is Lipschitzian, we have uF — o f; and uF — o fs are Lip-
schitzian. By Lemma [2.8] uF — of1 and pF — ofs are strongly monotone, so the variational inequality

(3-2) has only one solution. From assumption on p we have 7 > 0. Let (2*,y*) € T' be the solution of the
variational inequality problem (3.2)). Then z* € F(U), y* € F(T') and Az* = By*. We have

|ug — 2*||*> =||lzx — A" (Azy — Byg) — 2*|?

* (12 * * 2 * 2 (33)
ok — 2|2 — 290 {z — 27, A*(Azg — Byy)) + 2| A*(Azk — Byg)|*
By using the equality , we have
—2(xy, — 27, A"(Axy, — Byg)) = — 2(Axy, — Ax", Azy, — Byy) (3.4)

= — || Azy, — Az”||* — || Az — Bygl* + || By — Az™|*.

By (3.3) and (3.4), we obtain
g, — &*|1? <l — | =l Az — Az*|* — ]| Azy, — Bygll?
+l| By — Az”||* + 47| A" (Azy, — Byw)|I*.

Similarly, we have

loe = y*11” <llye — *II” — vl Byx — By*||* — x|l Az, — Bygl?
+ Wl Azi, — By*||* + 77 || B*(Azy, — Byy)|>.
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By adding the two last inequalities and by taking into account the fact that Ax* = By*, we obtain
lure = 2|7 + [lok =y 12 <llex — 21 + lye — y*[I?
— k(2] Az, — By||* — (| A*(Azy — By)|I? (3.5)
+[|B*(Azg — Byg)|1?)].
With assumption on 4 we obtain
g — 2|2 + flok = y*I1* < llew — 21 + lye — y* [ (3.6)
It follows from ([2.1)) that
(I = pegF)U (ug) = (I = pegF)a*||* < (1 — )| U (ug) — |12,

By the fact that U is a firmly quasi-nonexpansive operator, it follows from (2.2 that

|zk1 = 2*(1* =[loag fi(er) + (I = poap F)U (ug) — 2*|”

=lloarfi(zx) + (I = payF)U(ug) = (I = pay F)a* — pay Fa*|)?
<(1 = apn)[|U (ug) = 2*||> + 2an (0 f1(
)

<(1 — ap7)||up — || + 2ai||o f1(zk

xy) — pFa”, ey — 27)
— wFa| - g — a7l

Obviously, we have

* * * 1 *
o f1(ax) = pFa*|| - [z — 2| < Bllwgr — 2| + @Ilfffl(wk) — pFa*|?.
So, we can obtain
1 = 2]* < (1= o) Jug — 2*|* + 200 8| 2p 1 — 2|2 + Hfffl(wk) pFa|?,

which implies that

s(lofi(@s) — o fie) + o fi(a”) — pFa*|?)

(1 = 208) |1 — 2|* (1 — o) fJug — 2*|* +

25
2
* aRo * o * *
gu—wwm%—xW+J§ﬁwm—xn%~§wﬁ@>—mwn?
Hence, we obtain
1— o ao?
2 < 2y k0~ P1 *)2
Tpal — T E— T — ||z — x
Joker — a2 gl = 2| 4 5 T — 0|
+701x* — uFz*|%.
Similarly, we have
11—« apo?p?
2 12 kO~ P3 p)
Yk+1 — Y -y 271 o IYE— Y
et - 'IP <7 M 12+ gl =]
+7 o fa wFy*|2.
S 5y |72 ") — nEy

By adding up the last two inequalities and by using (3.6) and setting sp = ||z — 2*||? + [|yx — ¥*||?, we
get
2.2
1-— QT + 70%% £ Qg

<
ST o T B 2ak8)

(lofu(z) = pFa*||* + o f2(y") — pFy*|),
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where p = max{p1, p2}. So,

2.2

1—a(t— &)
B
<
k1 = 1—20%5 5k
2 2
Ofk(T - 25 — £ ) 1 * *
+ i —(lofi(x*) = pFz*|> + |lo fa(y*) — nFy*|?).

L=2af  B(r—28-2F£)

From 0 < 8 < §and 0 < 0 < 7”6(;_2'8), WBh&VGT—Q,@—% > 0. Since ap — 0, we have

2 2
T—2B3—2LL
0< %%BB) < 1, for large enough k € N. Since

2,2 2,2

Oék(’l'—2ﬁ—aﬁp) 1—Oék(T—UBp)
1_20%5 + 1—20ék,3

=1,

without loss of generality, it follows from the induction that
1
2,2
B(r — 28— ZF)

for K > 0. Then we have {zx} and {yx} are bounded. It follows that {ug}, {v}, {fi(zr)} and {f2(yr)} are
bounded. Note that U is a firmly quasi-nonexpansive operator, we have

s < max { 5o, (lofi (") = pFa 2 + o oly®) = nFy|)}

g1 —2*|* =llax(o fi(aer) — pFa*) + (I = pog F)U (ug) — (I — pag, F)Uz*||?
=ajllo fi(zx) = pFa*|* + (1 — peayF)U (uy,) — (I — pog.F)Uz*|*
+ 200 ((I — pa YU (ug) — (I — po F)U™, 0 fr(ax) — pF'a”)
<(1 = ag7)lJug — 2*|* + allo fr(ax) — pFa*|?
+ 20 [(U(ug) — Ux™, 0 f1(z) — uFz*)
— po(FU (ug) — FU", 0 f1(zg) — pF'a")]
<(1 — ayr)l|u, — 2| + afllo fr(wy) — pFa*|®
+ 204, (U (ug) — Uz™, 0 f1(zg) — o fi(z¥))
+ 200 (U (ug) — U™, 0 f1(2”) — pFa™)
+2p03 || FU (uy) — FUZ™|| - || fi(xx) — pFa*||
<(1— o) ug — 2*|* + aillo fi(zx) — pFa|
+ 20 (B|1U (ug,) — U™ + 41ﬂ||0f1(90k:) —afi(@)]?)
+ 204 (U (ug) — Uz, 0 f1(z¥) — pFx*)
+2pai kU (up) — 2*|| - [|o fi(zy) — pFa"||
<(1 - opr) u — 2| + 020 u(ax) — nFa |2 + 200 Blluk — |
apo?p?
2
+ 2l — o - o () — pFa
=(1 — ag7 + 20if) Jug — 2 |* + aillo fi(xx) — pFa|
apo?p?
26
+2pagklug — 2| - o fi(zr) — pFa’|.

+ || xk —z*||2+2ozk<U(uk) —Ux*,0f1(z%) — pFz*)

+ 2 — 2*||* + 200 (U (ug,) — Ux*, o f1(z*) — pFx*)
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Similarly, we have
o = 971 (1= aur + 2008l — o7 + o o alur) — w1
L o~ 7+ 200 (T (0) ~ Ty 0ty ~ ) (55)
+ 2yl — v - o falue) — Py

So, by (3.6]), (3.7) and (3.8]) we obtain

+

2.2
Sk+1 <[1 — au( 02g )8k
(- 25— 02222){%(\01‘1(%) — pFa*|* + ||ofa(yx) — uFy*|?)
2((U(ug) — 2,0 fi(z") — pFa*) + (T'(vx) — y* 0 fo(y") — pFy*))

+

o 2pows(lue = 27| - llofi(ze) = pFal| + llow = Il - o fa(ye) = qu*H)}

:(1 — )\k)sk + )\k(Ska

where 9 9
1 X %
=g lonlloion) — w4 ool = )

+2((U(ug) — 2%, 0 fi(a") — pFz®) + (T(vx) —y" 0 f2(y") — pFy"))
+ 2pok([|ux — 27| - lofi(ze) — pFa™|| + |lok — vl - llofoyr) — nFy" )}
On the other hand, since U is firmly quasi-nonexpansive we have
k1 — 2|1 =llawo fr(zr) + (I — apuF)U (uy) — |
=llawo fr(zx) + (I — axpF)U (ug) — (I — agpuF)z* — ogpFa|?
<(1 — apn)||U (ug) — *||* 4 2ap (o f1(z1) — pFa*, zpp1 — zp)
<(1— agr)[Jug — 2| = (1 = ) |U (wr) — u]?
+ 2apllofi(zr) — pFz| - [|apen — 27
<(1- OékT)Huk —2*|? = (1 — ap7)||U (ug) — ug]|?

+ 2ak(7HUfl(xk) = pFa*|? + Bl — 2*|?).

45
Hence, we can obtain
1— o 1—
2 <t T YRT _ 2 U _ 2
ks =" I €T = o T U ) —
+————|lofi(xr) — pFz*|~.
Similarly, we have
1 — a7 1-—
—*l2 < k a2 T _ 2
R e e L L Mk s e EACOEY
Qg
+ —Hab(yk) — uFy*|%.

2B(1 — 2043
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By adding up the last two inequalities and by using (3.5)), it follows from 7 > 23 that

1 —apr

< |2 k2
k1 S g gl =2 1P+ ok = 7 )
1 — gt
g (N0 ) = el + T () = wa)
o (o fi(an) — pFe | + o falyr) — nFy* %)
26(1 — 2ax3)
1—ak7' 1-—

{20l Azx — Byi||? — (| A*(Azy, — By

ST 20,87 12 2 5

1B (A — By I2)] + (U () — el + 1T (or) — 1]} 39
+ 5 gargy 1) = P | + o foly) = wFy' )
<o+ ﬁuromw — Fa P+ o falye) — 1nFy" )

1 * *
"o B{%[QHAM — Byg|” — (| A" (Azy, — By)||* + | B*(Azg — Bys)|*)]

(HU(Uk) —u | + 1T (vr) — vel*)}-
Now, by setting
g
e :25(1 —201,0)

1-— *
" =T 50 B{%[?HA% — Byl|* — (| A*(Azy — Byg)||* + | B*(Azr, — By)||*)]

(HU(Uk) = ugl® + 17 (k) — wil*)},

(lofu(zr) = pFa*|* + llo fa(yr) — uFy*|?),

Eq. (3.9) can be rewritten as the following form:
Skt < S — Mg+ pg, k> 0.

By the assumption on ay, we get Y ;o o A\ = 00 and limy_,o g = 0 which thanks to the boundedness

of {zx} and {yx}.
To use Lemma we need to prove that, for any subsequence {k;} C {k}, lim;_ o n%, = 0 implies

lim sup g, < 0. (3.10)

l—00

It follows from limj_,o 7%, = O that

ll_iglof)/kl [2”Axk1 - ByszZ - ’Y’fz(HA*(Axkz - Bykz>H2 + HB*(Awkz - Bykz)”2)] =

and
lim Hukl — U(ukl)H = lim Hvkz — T(Ukl)H =0. (3.11)
l—00 l—00

From the assumption on 7y, we can obtain

lim || Azg, — Byy,|| = 0.
l—o0

So, we have
lim [y, — 2| = lim ]| A* (A2, — Bye,)|| = 0, (3.12)
l—o00 l—00

and
lim vk, — yg,[| = lim v, || B*(Azy, — Byy,)|| = 0. (3.13)
l—00 l—00
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By taking (Z,9) € ww(zk,, Yk, ), from (3.12) and (3.13) we have (Z,§) € wy(ug,, vy,). Combined with the
demiclosednesses of U — I and T'— I at 0, (3.11)) yields UZ = Z and Ty = §. So & € F(U) and § € F(T).
On the other hand, AZ — By € wy(Axy, — Byy,) and weakly lower semicontinuity of the norm imply

|AZ — Bj|| < liminf || Az, — Byg,|| = 0,
=00
hence (Z,9) € I'. So wy(zk,, yr,) C I'. Since
Tim {0 fi(wx) — uFa”2 + o fo(ye) — nFy° )
+ 2pagr(llug — 2|l filer) — pFa™|| + [low = y* (o fa(ye) — nEFy*[)} =0,
to get (3.10), we only need to verify
limsup((o f1 (") — pFa™, Uug,) — 2%) + (0 f2(y") — pFy*, T(v,) — y7)) <0

l—00

Indeed, from (3.11)), (3.12)) and (3.13)) we have
limsup ((of1 (") — pF'2", Ulug,) — ") + {0 f2(y") — nFy", T(v,) — "))

l—o0

= lillfﬂ sup ((of1(z*) — pFa*, up, — ) + (o fa(y*) — uFy*, o6, — y"))
—00 3.14
= limsup ({0 f1(z*) — pFa*, xp, — ) + (f2(0y™) — by, ye, —Y7)) (314

l—00

= —liminf (((uF — o fi)a, @, — ) + ((WF = o f2)y" v — y7)).
We can take subsequence {(xklj,yklj)} of {(zk,,yr,)} such that (xkl]_,yklj) — (Z,y) as j — oo and
—liminf (((pF — o fr)a”, @y, — %) + (0F = Mf2)y"s ye —y"))
= - Jim ((uF = o fr)a™, ap, — ") + (nF = o f2)y" ey, — 7)) (3.15)

= —(((nF —ofi)a™ & —2") + ((uF — o fo)y". 5 — y")).
Since wy(k,, Yk,) C I' and (z*,y*) is the solution of the variational inequality problem (3.2), from (i3.14))
and (3.15)) we obtain

limsup((o fi(z*) — pFx*,U(ug,) — x*) + (o fo(y*) — pFy*, T(vy,) —y*)) <0.

l—0o0

From Lemma [2.9] it follows
Jlim (Jla =2 + [y = y*l1%) =0,
—00
which implies that x; — x* and y, — y*. O
Remark 3.4. Our main result generalized the main results of Moudafi [18, 19] from weak convergence to

strong convergence which is more desirable. Our algorithm does not require the operator norms.

By taking U = Pc and T' = Pg, we have the following viscosity iterative algorithm without prior
knowledge of operators norms for finding common solution of variational inequality for Lipschitzian and
strongly monotone operators and the SEP ([1.4)).

Algorithmm 3.5. Let xg € Hy, yo € Hs be arbitrary. Assume that the k-th iterate xp, € Hy, yr € Hy has
been constructed, then we calculate the (k + 1)-th iterate (Tyt1,Yk+1) via the formula:

uy = xp — VA" (Az, — Byg),

T = ooy fi(@e) + (I — parF) Po(ug),

Vg = Yk + B (A, — Byg),

Ykr1 = oo fa(xr) + (I — poF) Po(vy),
where 7y, is chosen by .
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At last, noting that for a maximal monotone operator M : H; — 21 its associated resolvent mapping,
J‘L]Lw(.%‘) = (I + uM)~(z), is firmly quasi-nonexpansive and 0 € M (z) if and only if z = Jy(x) In other
words, zeroes of M are exactly fixed-points of its resolvent mapping. Let S : Hy — 22 be another maximal
monotone operator, the problem under consideration is nothing but

find z* € M~1(0),y* € S7}(0), such that Az* = By*. (3.16)

For finding common solution of variational inequality for Lipschitzian and strongly monotone operators
and the problem (3.16)), by taking U = J, /i\/[ , T =J3, Algorithm takes the following equivalent form

up = rp — A" (Azg — Byy),

Tr1 = oo fi(ze) + (I — pagF) I (ug),
vk = Y + W B*(Azg — Byy),

k1 = oo fa(wr) + (I — pagF)J3 (vg),

where v is chosen by (3.1).
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