ISSN 1472-2739 (on-line) 1472-2747 (printed) 173

Algebraic & Geometric Topology
Volume 1 (2001) 173-199 AIG
Published: 7 April 2001

On the Adams Spectral Sequence for R-modules
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Abstract We discuss the Adams Spectral Sequence for R-modules based
on commutative localized regular quotient ring spectra over a commutative
S-algebra R in the sense of Elmendorf, Kriz, Mandell, May and Strickland.
The formulation of this spectral sequence is similar to the classical case and
the calculation of its Fs-term involves the cohomology of certain ‘brave
new Hopf algebroids’ EXE. In working out the details we resurrect Adams’
original approach to Universal Coefficient Spectral Sequences for modules
over an R ring spectrum.

We show that the Adams Spectral Sequence for Sk based on a commutative
localized regular quotient R ring spectrum E = R/I[X ~!] converges to the
homotopy of the E-nilpotent completion

mLpSk = RX 7.

We also show that when the generating regular sequence of I, is finite,

igSR is equivalent to Lg Sk, the Bousfield localization of Sr with respect
to E-theory. The spectral sequence here collapses at its Eo-term but it does
not have a vanishing line because of the presence of polynomial generators
of positive cohomological degree. Thus only one of Bousfield’s two standard
convergence criteria applies here even though we have this equivalence. The
details involve the construction of an I-adic tower

R/I «— R/I? «— --- «— R/I®* «— R/I*T' — ...

~R
whose homotopy limit is L;Sr. We describe some examples for the moti-
vating case R = MU.
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Erratum

While this paper was in e-press, the authors discovered that the original versions
of Theorems 6.3 and 6.4 were incorrect since they did not assume that the
regular sequence u; was finite. With the agreement of the Editors, we have
revised this version to include the appropriate finiteness assumptions. We have
also modified the Abstract and Introduction to reflect this and in Section 7
have replaced Bousfield localizations LgX by E-nilpotent completions iEX .
As far as we are aware, there are no further problems arising from this mistake.

Andrew Baker and Andrey Lazarev 9 May 2001

Introduction

We consider the Adams Spectral Sequence for R-modules based on localized
regular quotient ring spectra over a commutative S-algebra R in the sense
of [11, 16], making systematic use of ideas and notation from those two sources.
This work grew out of a preprint [4] and the work of [6]; it is also related to
ongoing collaboration with Alain Jeanneret on Bockstein operations in cohom-
ology theories defined on R-modules [7].

One slightly surprising phenomenon we uncover concerns the convergence of the
Adams Spectral Sequence based on E = R/I[X '], a commutative localized
regular quotient of a commutative S-algebra R. We show that the spectral
sequence for m,Sgr collapses at Eo, however for » > 2, E, has no vanishing
line because of the presence of polynomial generators of positive cohomological
degree which are infinite cycles. Thus only one of Bousfield’s two convergence
criteria [10] (see Theorems 2.3 and 2.4 below) apply here. Despite this, when
the generating regular sequence of I, is finite, the spectral sequence converges
to 7, L% Sr, where L& is the Bousfield localization functor with respect to
E-theory on the category of R-modules and

T LE Sk = RJX 'L,
the I,-adic completion of R.[X!]; we also show that in this case L& Sp ~

~R

L;Sgr, the E-nilpotent completion of Sg. In the final section we describe some
examples for the important case of R = MU, leaving more delicate calculations
for future work.

To date there seems to have been very little attention paid to the detailed ho-
motopy theory associated with the category of R-modules, apart from general
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On the Adams Spectral Sequence for R-modules 175

results on Bousfield localizations and Wolbert’s work on K -theoretic localiza-
tions in [11, 19]. We hope this paper leads to further work in this area.
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Background assumptions, terminology and technol-
ogy

We work in a setting based on a good category of spectra & such as the category
of L-spectra of [11]. Associated to this is the subcategory of S-modules Mg
and its derived homotopy category Dg.

Throughout, R will denote a commutative S-algebra in the sense of [11]. There
is an associated subcategory Mp of Mg consisting of the R-modules, and its
derived homotopy category Dgr and our homotopy theoretic work is located in
the latter. Because we are working in Dg, we frequently make constructions
using cell R-modules in place of non-cell modules (such as R itself).

For R-modules M and N, we set
MEN = W*MQN, NjiM = Dp(M,N)*,

where Dp(M,N)" = Dr(M,X"N).

We will use the following terminology of Strickland [16]. If the homotopy ring
R, = m,R is concentrated in even degrees, a localized quotient of R will be an
R ring spectrum of the form R/I[X!]. A localized quotient is commutative if
it is a commutative R ring spectrum. A localized quotient R/I[X ] is regular
if the ideal I, < R, is generated by a regular sequence uq,uo,... say. The ideal
I, < R, extends to an ideal of R,[X '] which we will again denote by I,; then
as R-modules, R/I[X '] ~ R[X~!]/I.

We will make use of the language and ideas of algebraic derived categories of
modules over a commutative ring, mildly extended to deal with evenly graded
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176 Andrew Baker and Andrey Lazarev

rings and their modules. In particular, this means that chain complexes are
often bigraded (or even multigraded) objects with their first grading being ho-
mological and the second and higher ones being internal.

1 Brave new Hopf algebroids and their cohomology

If F is a commutative R-ring spectrum, the smash product EAFE is also a

commutative R-ring spectrum. More precisely, it is naturally an FE-algebra
spectrum in two ways induced from the left and right units

E =+ EAR — EAE « EAR — E.
R R R

Theorem 1.1 Let EEE be flat as a left or equivalently right E,-module.
Then the following are true. i) (E,, EEE) is a Hopf algebroid over R,. ii)
for any R-module M, EEM is a left EEE-comodule.

Proof This is proved using essentially the same argument as in [1, 15]. The
natural map

EAM — EARAM — EAEAM
R R R R R
induces the coaction
V: EEM — 7, EAEAM — ERE® ERM,
R R E.
which uses an isomorphism
m.ENEAM = ERE@ ERM.
R R E.

that follows from the flatness condition. O

For later use we record a general result on the Hopf algebroids associated with
commutative regular quotients. A number of examples for the case R = MU
are discussed in Section 7.

Proposition 1.2 Let E = R/I be a commutative regular quotient where I,
is generated by the regular sequence ui,us,.... Then as an E,-algebra,

ERE = Ap, (15:1>1),
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On the Adams Spectral Sequence for R-modules 177

where degt;, = degu; + 1. Moreover, the generators T; are primitive with
respect to the coaction, and EFFE is a primitively generated Hopf algebra over
E,.

Dually, as an E,-algebra,
ESE =Ap, (Q':i>1),

where Q' is the Bockstein operation dual to 7; with deg@’ = degu; + 1
and Ap, () indicates the completed exterior algebra generated by the anti-
commuting ()" elements.

The proof requires the Kiinneth Spectral Sequence for R-modules of [11],

2 _ R R
E2, = Torl(E.,B,) = EE_P.

This spectral sequence is multiplicative, however there seems to be no published
proof in the literature. At the suggestion of the referee, we indicate a proof of
this due to M. Mandell and which originally appeared in a preprint version
of [12].

Lemma 1.3 If A and B are R ring spectra then the Kiinneth Spectral Se-

quence

Torf™*(A,, B,) = AEB = T ANB

is a spectral sequence of differential graded R,-algebras.

Sketch proof To deal with the multiplicative structure we need to modify the
original construction given in Part IV section 5 of [11]. We remind the reader
that we are working in the derived homotopy category Dp.

Let
Ip fi fo

'_’Fp,*—>Fp—1,*—>"'—>FO,*—>A*_’O

be an free R,-resolution of A,. Using freeness, we can choose a map of com-
plexes

M F*,*®F*,* — F*,*
R,

which lifts the multiplication on A,.

For each p > 0 let F), be a wedge of sphere R-modules satisfying 7.F, = F}, ..
Set Ay = F( and choose a map ¢g: A — A inducing fo in homotopy. If Qo
is the homotopy fibre of ¢g then

7+ Qo = ker fo
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and we can choose a map F; — Qg for which the composition ¢|: F; —
Qo — Fy induces f; in homotopy. Next take A} to be the cofibre of .
The map ¢p has a canonical extension to a map ¢;: A — A. If Q; is the
homotopy fibre of ¢ then

.2 1Qq = ker f1,

and we can find a map Fo — XQ; for which the composite map ¢): Fo —
Q1 — F; induces fo in homotopy. We take A/, to be the cofibre of ¢/, and
find that there is a canonical extension of ¢; to a map p9: A, — A.

Continuing in this way we construct a directed system
A6—>A,1—>-~—>A;)—>--- (1.1)

whose telescope A’ is equivalent to A. Since we can assume that all consecutive
maps are inclusions of cell subcomplexes, there is an associated filtration on A’.
Smashing this with B we get a filtration on A’ QB and an associated spectral

sequence converging to ARB. The identification of the Eo-term is routine.

Recall that A and therefore A’ are R ring spectra. Smashing the directed
system of (1.1) with itself we obtain a filtration on A’ /];LA’ ,

A%A@—+u_ﬁ U 4%%—H U A%%JH.H, (1.2)
i+j=k i+j=k+1
where the filtrations terms are unions of the subspectra A;-%A;. Proceeding

by induction, we can realize the multiplication map A’ /I%A’ — A’ as a map

of filtered R-modules so that on the cofibres of the filtration terms of (1.2) it
agrees with the pairing pu.

We have constructed a collection of maps A;/}%A} — Al Using these maps

itj
and the multiplication on B we can now construct maps

/ /
which induce the required pairing of spectral sequences. |

Proof of Proposition 1.2 As in the discussion preceding Proposition 5.1,
making use of a Koszul resolution we obtain

EZ, =Ap (e :i>1).
The generators have bidegree bidege; = (1, |u;|), so the differentials
dT: E£7q - E]”;—T,q-‘r’l"—].
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On the Adams Spectral Sequence for R-modules 179

are trivial on the generators e; for dimensional reasons. Together with multi-
plicativity, this shows that spectral sequence collapses, giving

ERE =Ap (r;:i>1),
where the generator 7; has degree deg7; = degu; + 1 and is represented by e;.

For each 17,

(R/ui)F(R/ui) = Mg, j(u;) (7))
with deg 7/ = |u;| + 1. Under the coproduct, 7/ is primitive for degree reasons.
By comparing the two Kiinneth Spectral Sequences we find that 7; € EEE
can be chosen to be the image of 7/ under the evident ring homomorphism
(R/ui)B(R/u;) — EEE, which is actually a morphism of Hopf algebroids
over R,. Hence 7; is coaction primitive in EfE.

For ELE, we construct the Bockstein operation Q' using the composition
R/uz N E\ui\-&-lR . Zluil—HR/ui
to induce a map E — XI“lH1E | then use the Koszul resolution to determine
the Universal Coeflicient Spectral sequence
EN? = Exth!(E,, E,) = E%'E

which collapses at its Es-term. Further details on the construction of these
operations appear in [16, 7]. O

Corollary 1.4 i) The natural map E, = ERR — ERE induced by the unit
R — R/I is a split monomorphism of E,-modules. ii) ERE is a free
FE.-module.

Proof An explicit splitting as in (i) is obtained using the multiplication map
E/I%E — F which induces a homomorphism of E,-modules EfE — F,. O

We will use Coext to denote the cohomology of such Hopf algebroids rather than
Ext since we will also make heavy use of Ext groups for modules over rings;
more details of the definition and calculations can be found in [1, 15]. Recall that

for ERE-comodules L, and M, where L, is E,-projective, Coexth’;E(L*,M*)

can be calculated as follows. Consider a resolution
0 — M, —)JO,* —>J1,* — _’Js,* —
in which each J;, is a summand of an extended comodule

ERE m Ni .+,
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for some E,-module N .. Then the complex
0— Hom*EﬁE(L*’ Jox) — HomeﬁE(L*, J1 )
— s Homp (L, Jy ) — -+
has cohomology )

H*(Hom%;r (Lx, Jix)) = Coext’;

vip(La M),

The functors Coext?’

Zrp(Lx, ) are the right derived functors of the left exact

functor
M, ~» Homyp i (Ly, M,)

on the category of left EfE-comodules. By analogy with [15], when L, = E,
we have

Coextj’E’;E(E*, M,) = Cotor%}E(E*, M.,).

2 The Adams Spectral Sequence for R-modules

We will describe the E-theory Adams Spectral Sequence in the homotopy cat-
egory of R-module spectra. As in the classical case of sphere spectrum R = .5,
it turns out that the Eg-term is can be described in terms of the functor
Coextgrp.

Let L, M be R-modules and E a commutative R-ring spectrum with EFE
flat as a left (or right) E,-module.

Theorem 2.1 If EEL is projective as an E,-module, there is an Adams Spec-
tral Sequence with

ES' (L, M) = Coext®!

ot (ERLERM).

Proof Working throughout in the derived category Dpg, the proof follows that
of Adams [1], with Sg ~ R replacing the sphere spectrum S. The canonical
Adams resolution of M is built up in the usual way by splicing together the
cofibre triangles in the following diagram.

The algebraic identification of the Eg-term proceeds as in [1]. O
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On the Adams Spectral Sequence for R-modules 181

In the rest of this paper we will have L = Sp >~ R, and set

ES' (M) = Coextz;f@E (E.,EEM).

We will refer to this spectral sequence as the Adams Spectral Sequence based
on E for the R-module M.

To understand convergence of such a spectral sequence we use a criterion of
Bousfield [10, 14]. For an R-module M, let D;M (s > 0) be the R-modules
defined by DgM = M and taking D;M to be the fibre of the natural map

D, 1M = RQDS—IM — E/]%Ds_lM‘

Also for each s > 0 let KM be the cofibre of the natural map DM — M.
Then the FE -nilpotent completion of M is the homotopy limit

LEM = holim K, M.

Remark 2.2 1t is easy to see that if M — N is a map of R-modules which
is an E-equivalence, then for each s, there is an equivalence K;,M — K N,
hence

LEM ~LEN.
Theorem 2.3 If for each pair (s, t) there is an rq for which E*(M) = ES! (M)

whenever 1 > 1o, then the Adams Spectral Sequence for M based on E con-
verges to W*LgM .

Although there is a natural map LgM — ig]\/[ , it is not in general a weak
equivalence; this equivalence is guaranteed by another result of Bousfield [10].

Theorem 2.4 Suppose that there is an ry such that for every R-module N
there is an s; for which E,‘f’t(N) = 0 whenever v > r1 and s > s1. Then for
every R-module M the Adams Spectral Sequence for M based on E converges
to W*LgM and

LEM ~LEM.

3 The Universal Coefficient Spectral Sequence for
regular quotients

Let R be a commutative S-algebra and £ = R/I a commutative regular quo-
tient of R, where uq,us,... is a regular sequence generating I, < R,.
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We will discuss the existence of the Universal Coefficient Spectral Sequence
E;, = Ext}’ (EfM,N,) = NiM, (3.1)
where M and N are R-modules and N is also an E-module spectrum in Mg.
The classical prototype of this was described by Adams [1] (who generalized a
construction of Atiyah [2] for the Kiinneth Theorem in K-theory) and used in
setting up the E-theory Adams Spectral Sequence. It is routine to verify that
Adams’ approach can be followed in Dgr. We remark that if £ were a commu-
tative R-algebra then the Universal Coefficient Spectral Sequence of [11] would
be applicable but that condition does not hold in the generality we require.

The existence of such a spectral sequence depends on the following conditions
being satisfied.

Conditions 3.1 F is a homotopy colimit of finite cell R-modules F, whose
R-Spanier Whitehead duals DrE, = Fr(FE,, R) satisfy the two conditions (A)
EERDRE, is E,-projective; (B) the natural map

NjiM — Hompg, (ERM, N,)
is an isomorphism.
Theorem 3.2 For a commutative regular quotient E = R/I of R, E can be

expressed as a homotopy colimit of finite cell R-modules satisfying the condi-
tions of Condition 3.1. In fact we can take ERDRE, to be E,-free.

The proof will use the following Lemma.

Lemma 3.3 Let u € Ryy be non-zero divisor in R,. Suppose that P is an
R-module for which EEP is E,-projective and for an E-module R-spectrum
N,

NP = Homg, (ERP, N,).
Then EfP%R/u is E,-projective and

NpPAR/u = Homp, (EfP/I;R/u, N.,).

Proof Smashing EQ&P with the cofibre sequence (3.2) and taking homotopy,

we obtain an exact triangle

ERp u

~N 7

ERPAR/u
R

ERp
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On the Adams Spectral Sequence for R-modules 183
As multiplication by u induces the trivial map in Ef-homology, this is actually

a short exact sequence of F,-modules,

0— Efip — EfP/];LR/u — EEP 0
which clearly splits, so EEPQR/U is E,-projective.

In the evident diagram of exact triangles

NP NP

\ /

NLEPAR
RU Ju

Hompg, (EEP, N,) Hompg, (EEP, N,)

\ /

Homp, (EfP%R/u, N,)

the map Nj,P — Hompg, (Ef'P, N,) is an isomorphism, so
NpPAR/u — Homp, (EEPQR/u, N,)

is also an isomorphism by the Five Lemma. O

Proof of Theorem 3.2 Let ui,us,... be a regular sequence generating I, <
R.. Using the notation R/u = R/(u), we recall from [16] that

E = hocolim R/u1 AR /uaA - - - AR/ uy.

ocolim /ulR /qu A Jug

For u € Ry a non-zero divisor, the R,-free resolution
0— R, — R, - R,/(u) =0

corresponds to an R-cell structure on R/u with one cell in each of the dimen-
sions 0 and 2d 4+ 1. There is an associated cofibre sequence

o — YR YL R— R/u — YR — (3.2)

for which the induced long exact sequence in Ef-homology shows that EFR/u
is E.-free. The dual DgR/u is equivalent to ¥~ R/u, hence R/u is es-
sentially self dual.
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For an E-module spectrum N in Dpg, there are two exact triangles and mor-
phisms between them,

NiR NiR

\/

NiR/u

HOHIE* (E*7 N*) HOHIE* (E*, N*)

\ /

Hompg, (EER/u, N,)

The identifications
N, = NjR = Hompg, (E,, N,),
and the Five Lemma imply that
Nj;R/u = Hompg, (EFR/u, N,).
Lemma 3.3 now implies that each of the spectra R/ul/F\iR/ug/l:2 e /F\zR/uk satis-
fies conditions (A) and (B). O

4 The Adams Spectral Sequence based on a regular
quotient

For an R-module M, let M(®) denote the s-fold R-smash power of M,
M® = MAMA--- AM.
R R R

If M is an R[X !]-module, then

MS =M AN M A - A M.
RIX-1] R[X-!  R[X~Y]

Let E = R/I[X!] be a localized regular quotient and wuy,us,... a regular
sequence generating [,. We will discuss the Adams Spectral Sequence based
on E. By Remark 2.2, we can work in the category of R[X ~!]-modules and
replace the Adams Spectral Sequence of Sk by that of Sgix-1). To simplify
notation, from now on we will replace R by R[X '] and therefore assume that
E = R/I is a regular quotient of R.

First we identify the canonical Adams resolution giving rise to the Adams Spec-
tral Sequence based on the regular quotient £ = R/I. We will relate this to a
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tower described by the second author [12], but the reader should beware that
his notation for 1) is IS which we will use for a different spectrum.

There is a fibre sequence I — R — R/I and a tower of maps of R-modules
Re—T—7J? ... 6 g6+ ..
in which 716+ — 1(9) ig the evident composite

16T s RAIG) = 1(9),
R

Setting R/I() = cofibre(I(®) — R), we obtain a tower
R/I — R/I® — ... — R/I) — R/IGHD — ..
which we will refer to as the external I -adic tower. The next result is immediate
from the definitions.
Proposition 4.1 We have
DoSp =R,  DySp=1I%, (s>1),
and

K Sp=R/IETY (s> 0).

It is not immediately clear how to determine the limit
LESR = holim R/I®).
S

Instead of doing this directly, we will adopt an approach suggested by Bous-
field [10], making use of another E-nilpotent resolution, associated with the
internal I-adic tower to be described below.

In order to carry this out, we first need to understand convergence. We will
see that the condition of Theorem 2.3 is satisfied for a commutative regular
quotient £ = R/I.

Proposition 4.2 The Eq-term of the E-theory Adams Spectral Sequence for
7T*SR is

E5'(Sr) = Coext !

where bidegU; = (1, |u;| + 1). Hence this spectral sequence collapses at its
Eo-term

E;"(Sr) = EX(Sk)

and converges to W*Lgs R.
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Proof By Proposition 1.2,
EFE = Ap.(r; 0> 1),

with generators 7; which are primitive with respect to the coproduct of this
Hopf algebroid. The determination of

CoextEjRE (Ey, Ey)

is now standard and the differentials are trivial for degree reasons. m|

Induction on the number of cells now gives

Corollary 4.3 For a finite cell R-module M , the E-theory Adams Spectral

~R
Sequence for w,M converges to m.LpM .

5 The internal [-adic tower

Suppose that I, < R, is generated by a regular sequence ui,us,.... We will
often indicate a monomial in the w; by writing wu, . ;) = i, - u;;,. We will
write E = R/I and make use of algebraic results from [5] which we now recall
in detail.

For s > 0, we define the R-module I°/I**! to be the wedge of copies of E
indexed on the distinct monomials of degree s in the generators w;. For an
explanation of this, see Corollary 5.4.

We will show that there is an (internal) I-adic tower of R-modules
R/I «— R/I*> — ... «— R/I* — R/I*T! — ...
so that for each s > 0 the fibre sequence
R/I® —— R/I**! — [9/5%1
corresponds to a certain element of
Extp (R./I,I2/IT)

in Es-term of the Universal Coefficient Spectral Sequence of [11] converging to
Dr(R/I, 15 /I51)* . On setting I = fibre(R — R/I®) we obtain another

tower

Re—Te—J2c .S st ...
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which is analogous to the external version of [12]. A related construction ap-

peared in [3, 8] for the case of R = 17(;) (which was shown to admit a not
necessarily commutative S-algebra structure) and I = I,,.
Underlying our work is the classical Koszul resolution
K..— R./I, >0,
where
Kix=Ap(e;:i21),
which has grading given by dege; = |u;| + 1 and differential

de; = uy,
d(zy) = (do)y+ (—-1)"2dy (v € Kyu, y € Kg1).

Hence (K, «,d) is an R,-free resolution of R,/I, which is a differential graded
R.-algebra. Tensoring with R, /I, and taking homology leads to a well known
result.

Proposition 5.1 As an R, /I.-algebra,
Torf's (R./L, Re/L.) = Ag, 1. (ei :i > 1).

Corollary 5.2 Torff:;(R*/I*, R./1,) is a free R, /I.-module.

This is of course closely related to the topological result Proposition 1.2.
Now returning to our algebraic discussion, we recall the following standard

result.

Lemma 5.3 ([13], Theorem 16.2) For s > 0, I$/I5T! is a free R, /I.-module
with a basis consisting of residue classes of the distinct monomials u, .. ;) of
degree s.

Corollary 5.4 For s > 0, there is an isomorphism of R,-modules
ﬂ_*IS/Is—H — IS/IS+1.

Hence 7r>kIS/I$Jrl is a free R,/I.-module with a basis indexed on the distinct
monomials u, . ;) of degree s.
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Let U&S) be the free R,-module on a basis indexed on the distinct monomials
of degree s in the u;. For s > 0, set

R*

and also for x € K, , write

LUy, i) = T D UG i)

sls

There is an obvious augmentation

Qf, — 13/17.

Lemma 5.5 For s > 1,

() =/t =0

is a resolution by free R,-modules.

Given a complex (Ci«,dc), the k-shifted complex (Clk]s «,dcpy) is defined
by

Clklnx = Crape  dop = (—1)"dc.

)

There is a morphism of chain complexes

oD Q) — QU1 s

r

s+1) . o _ E k. > o
9\ )ezl G Uy, gs) T (=1) Cir "t Gt Cip UGy g)
k=1

Using the identification Q+V[~1],,, = fojll’l, we will often view 96D as a
homomorphism

o QL) — QL

of bigraded R.-modules of degree —1.
There are also external pairings
Qsql — Qi
R.
Tl i) @YUy ) TYUGy i, je) (@Y € Kix).
In particular, each le is a differential module over the differential graded

R,-algebra K&Ol and 96T is a Ki?l—derivation.
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Theorem 5.6 For s > 1, there is a resolution

KD S R o,

by free R,-modules, where
s 1)

and the differential is
de=D = (@), oW +dy),0% +ag),... otV +ag ™).

In fact (Kis*_ 1),d(5_1)) is a differential graded R,-algebra which provides a
multiplicative resolution of R, /I®, with the augmentation given by

6(8_1) (.7;0, xlai17 s 7$5—1ai5,1) ] + xluil + -+ 'rs—luisfl'
The algebraic extension of R,-modules
0— R,/JI: — R, /It «— I3 /IS — 0
is classified by an element of
Extp (R./I,I5/157Y) = Homyp, (R./I3,13/154 [-1)),

where Homyp, denotes morphisms in the derived category Dg, of the ring
R, [18]. This element is represented by the composite

g KD Pl gl 99 gy, . (5.1)

The analogue of the next result for ungraded rings was proved in [5]; the proof
is easily adapted to the graded case.

Proposition 5.7 For each s > 2, the following complex is exact:

TorPs (R, /L, R/ 1) 22 Tors(Ro /1., 1./ 12)

(2) (s—1)
NN a—>T01r (R S LTI,

Theorem 5.8 For s > 2,
Torf: (R, /1., Ro/I?) = R./I. ® coker 8.

This is a free R,/I.-module and with its natural R, /I.-algebra structure,
Torff’;(R*/I*,R*/If) has trivial products.

Given this algebraic background, we can now construct the I-adic tower.
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Theorem 5.9 There is a tower of R-modules
R/I «— R/I* «— ... «— R/I* «— R/I*T! ...
whose maps define fibre sequences
R/I® «— R/I**Y — [5/15%)
which in homotopy realise the exact sequences of R.,-modules
0— R, /IS — R, /ISt «— I3 /15T — .

Furthermore, the following conditions are satisfied for each s > 1. (i) EER/I®
is a free E,-module and the unit induces a splitting

ERR/I°* = E, @ (ker: ERR/I° — E,);
(ii) the projection map R/I**' — R/I® induces the zero map
(ker: ERR/I*TY — E,) — (ker: ERR/I®* — E,);
(iii) the inclusion map js: I°/1°** — R/I°*! induces an exact sequence
oL

ERps=1 s O pRs s 2 (ke BERR/ISYY — B,) — 0.

Proof The proof is by induction on s. Assuming that R/I® exists with the
asserted properties, we will define a suitable map &s: R/I® — XI°/I°*! which
induces a fibre sequence of the form

R/I® — X+  [3/15+1, (5.2)
for which m, X+ = R,/I:T! as an R,-module.

If M is an R-module which is an £ module spectrum, Theorem 3.2 provides
a Universal Coeflicient Spectral Sequence

Ey" = Exth!(EER/I, M,) = Dr(R/I°, M)Pt1.
Since EFR/I® is E,-free, this spectral sequence collapses to give
Dr(R/I*, M)* = Hom}; (EFR/I®, M,).
In particular, for M = I¢/I5t1]
Dr(R/I°, I°/I°*1)" = Homly, (EFR/I°, ID IS+,
By (5.1) and Theorem 5.6, there is an element

0r") € Homly, (EFR/I*, I3 /1:7! [-1]) = Hompy (BFR/I, It /I3HY),
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corresponding to an element &s: R/I® — X1°/I*T! inducing a fibre sequence
as in (5.2). It still remains to verify that m, X*1) = R, /I**! as an R,-module.

For this, we will use the resolutions Kgf*_l) — R,/I{! — 0 and K., —
R./I, — 0. These free resolutions give rise to cell R-module structures on
R/I® and E. By [11], the R-module E/];LR/IS admits a cell structure with cells
in one-one correspondence with the elements of the obvious tensor product basis
of K*,*®Kgf*_ 1). Hence there is a resolution by free R,-modules

R

K., oK"Y — ERR/T* — 0.
R*

There are morphisms of chain complexes

KOV MK, g@Kﬁf;” LIN
where ps is the obvious inclusion and gs is a chain map lifting &ES) which can
be chosen so that

ds(e; @ ) = 0.
The effect of the composite gsps on the generator e;u(;, . ;.)€ Kg‘f*_l) turns
out to be
(), ~ —
Oi ey, jo1) = U(ijy,... js 1)

while the elements of form e; ® El(jl with k < s are annihilated. The

composite homomorphism

3eee 7jk71)

K 2 Q-] =5 1/ )
is a cocycle. There is a morphism of exact sequences

0 —— RJI; —— KV —— KTV —— KV

H | “] |
0 «—— R,/I} «—— R/t o /IS 0
where the cohomology class
o] € Exty™ (R /I3, I3/ I5)

represents | the extension of R,-modules on the bottom row. It is easy to see that
[a1] = [e10sps], hence this class also represents the extension of R.-modules

0— R, /IS — m, X5 — [5/15% — 0.
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There is a diagram of cofibre triangles

RIS < [)[5+ <— S ] Ty Ly} B
R/T 1/1? s #1541

and applying Ef( ) we obtain a spectral sequence converging to ERR/I5+1
whose Fa-term is the homology of the complex

R o g0 8P R, ¥ g 1
0— EfR/I = EM/I? = ET?/I° — --. = E}°/I°T" — 0,

where the &‘Ek) are essentially the maps used to compute Torf* (Ry/I, R,/ f“)

in [5]. By Proposition 5.7 and Theorem 5.8, this complex is exact except at the

ends, where we have ker &El) = FE,. As aresult, this spectral sequence collapses

at E3 giving the desired form for ERR/I5H1. O

Corollary 5.10 For any E-module spectrum N and s > 1,
NiR/I® = Hompg, (ERR/I®, N,).

Proof This follows from Theorem 5.9(i). O

We will also use the following result.

Corollary 5.11 For s > 1, the natural map
ERR/I*TY — EER/I®,

has image equal to E, = EfR.
Proof This follows from Theorem 5.9(ii). O

Corollary 5.12 For any E-module spectrum N and s > 1,
coim NpR/I° = NpR = N,.
S

Proof This is immediate from Corollaries 5.10 and 5.11 since

colim Hompg, (EER/I*, N,) = Homp, (E,, N,).
S
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6 The [-adic tower and Adams Spectral Sequence

Continuing with the notation of Section 5, the first substantial result of this
section is
Theorem 6.1 The I-adic tower
R/I «— R/I? «— ...« R/I* «— R/IT*T! ...
has homotopy limit
holim R/I* = LESk.

Our approach follows ideas of Bousfield [10] where it is shown that the following
Lemma implies Theorem 6.1.

Lemma 6.2 Let E = R/I. Then the following are true. i) Each R/I® is
E-nilpotent. ii) For each E-nilpotent R-module M,
colim Dr(R/I°, M)* = M_,.
S

Proof (i) is proved by an easy induction on s > 1.  (ii) is a consequence of
Corollary 5.12. m|

Since the maps R./I:*! — R,/I? are surjective, from the standard exact
sequence for 7,( ) of a homotopy limit we have

m LESp =lim R, /I?. (6.1)
S
We can generalize this to the case where E is a commutative localized regular
quotient.
Theorem 6.3 Let E = R/I[X '] be a commutative localized regular quotient
of R. Then
mLESR = R[X YT = lim R[X /2.
S

If the regular sequence generating I, is finite, then the natural map Sgp —
LgSR is an FE-equivalence, hence

LgSR ~ igSR,

mLESR = RJX 1.
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Proof The first statement is easy to verify.

By Remark 2.2, to simplify notation we may as well replace R by R[X '] and
so assume that £ = R/I is a commutative regular quotient of R.

Using the Koszul complex (Ag, (e; : j),d), we see that Torf;(E*, (R«)7.) is the
homology of the complex

AR, (e; 3j)]§(R*)I* = A,y (6517)

*

with differential d' = d®1. Since the sequence u; remains regular in (Ry)7.,
this complex provides a free resolution of E, = R,/I. as an (R*)?* -module
(this is false if the sequence u; is not finite). Hence we have

Tor®:(E., (R.)7.) = Torffk*h* (B, (R.)7.) = E..

To calculate EffgS r we may use the Kiinneth Spectral Sequence of [11],
By’ = Tors (E.,LESR) = E&,LESk.
By the first part, the Eo-term is
Torf: (E.,(R.)7.) = E. = EFR.
Hence the natural homomorphism
EfS, — EFLES,

is an isomorphism. O

If the sequence u; is infinite, the calculation of this proof shows that
EFLESR = (R, /L. # R./1. = E.Sg

and the Adams Spectral Sequence does not converge to the homotopy of the
FE-localization.

An induction on the number of cells of M proves a generalization of Theo-
rem 6.3.
Theorem 6.4 Let E be a commutative localized regular quotient of R and
M a finite cell R-module. Then
mLEM = MX Y7 = RJX 7T ©@ M,
Ry
If the regular sequence generating I, is finite, then the natural map M —
LgM is an FE-equivalence, hence
LEM ~LEM,
T LEM = M, X Y] = RJ[X '] @ M..
R

*
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The reader may wonder if the following conjecture is true, the algebraic issue
being that it does not appear to be true that for a commutative ring A, the
extension A — A7 is always flat for an ideal J < A, a Noetherian condition
normally being required to establish such a result.

Conjecture 6.5 The conclusion of Theorem 6.4 holds when FE is any commu-
tative localized quotient of R.

7 Some examples associated with MU

An obvious source of commutative localized regular quotients is the commu-
tative S-algebra R = MU and we will describe some important examples. It
would appear to be algebraically simpler to work with BP at a prime p in
place of MU , but at the time of writing, it seems not to be known whether B P
admits a commutative S-algebra structure.

Example A: MU — HF,.

Let p be a prime. By considering the Eilenberg-Mac Lane spectrum HIEF, as
a commutative MU -algebra [11], we can form HF, A HF,. The Kiinneth
MU
Spectral Sequence gives
2 MU. MU
E{, = Torg, *(Fy,Fp) = HF, . HF,.
Using a Koszul complex over MU,, it is straightforward to see that
2 .
E.=Ar,(7:7>0),
the exterior algebra over I, with generators 7; € E%Qj.

Taking R = MU and E = HIF,, we obtain a spectral sequence
)t it ~MU
Ey"(MU) = Coeth\Fp(Tj;j>o) (Fp, Fp) = TsttLipp, SMU,

where I, < MU, is generated by p together with all positive degree elements,
so MU, /I, =TF,. Also,

~MU -
W*LHFPSMU = (MU*)IOO
More generally, for a finite cell MU -module M , the Adams Spectral Sequence

has the form

~MU
ESY (M) = Coextf\’;p (rs2j30) Epy HEp ' M) = e Ly, M,

where

~MU —~
W*LHIFPM = (M*)Ioo
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Example B: MU — E(n).

By [11, 16], the Johnson-Wilson spectrum F(n) at an odd prime p is a commu-
tative MU -ring spectrum. According to proposition 2.10 of [16], at the prime 2
a certain modification of the usual construction also yields a commutative MU -
ring spectrum which we will still denote by E(n) rather than Strickland’s E(n)’.
In all cases we can form the commutative MU -ring spectrum E(n) AQ\UE (n) and

there is a Kiinneth Spectral Sequence
EZ, = Torl[""(E(n)., E(n).) = E(n)}Y E(n).

By using a Koszul complex for MU (n)
find that

EZ, = Ap.(r5:j>1and j #p" — 1 with 1 <k < n),

, over MU, and localizing at v,,, we

where A denotes an exterior algebra and 7; € E%Qj. So

Em)MYE(n) = Ap). (75 j 2 1and j #p" — 1 with 1 <k < n)
as an F(n)-algebra.
When R = MU and E = E(n), we obtain a spectral sequence

ES'(MU) = Coext’! J(E(n)., B(n).) = mosiLpiy MU,

Ap(n), (rj:52n+1
where
7T*LE( \MU = (MU, [v, 17,
and
Int1 = (ker: (MU plvy '] — E(n).) < MU [v;1].
In the Eso-term we have
B (MU) = E(n).[U; : 0 < j # p* — 1 for 0 <k <,

with generator U; € E;’Zj Jrl(M U) corresponding to an exterior generator in
E(n)MUE(n) associated with a polynomial generator of MU, in degree 2j
lying in ker MU, — E(n)..

More generally, for a finite cell MU-module M,

B3 (M) = Coext}! (E()., BV M), = 701 L M,

AE(n)* (T] j>n+1)
where

]Jn+1
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Example C: MU — K(n).

We know from [11, 16] that for an odd prime p, the spectrum K (n) representing
the nth Morava K-theory K(n)*( ) is a commutative MU ring spectrum.
There is a Kiinneth Spectral Sequence

E2, = Torli” (K(n)., K(n).) = K(n)}{{ K(n),
and we have
E2, = Ag(n).(rj:0<j #p" —1).
Taking R = MU and E = K(n), we obtain a spectral sequence

ES'(MU) = Coext®* (K (n)a, K (1)) = TostL o MU,

Ak (n). (750 < j #n)

where

L MU = (MUY,

with I, oo = ker MU, — K(n),. In the Es-term we have
ES'(MU) = E(n),[U; : 0 < j#p" —1],

with generator U; € E;’Zj Jrl(M U) corresponding to an exterior generator in
E(n)MYE(n) associated with a polynomial generator of MU, in degree 2k
lying in ker MU, — E(n), (or when j = 0, associated with p).

More generally, for a finite cell MU-module M,

~MU

ES' (M) = Coext’’ (K (n)w, K(n)MYM) = oLy M,

Ak (n), (T5:0 < J #n)

where

~MU R .
Tr*LK(n)M = (M*)In,oo — (MU*)In,ooM% ]\4>‘<

*

Concluding remarks

There are several outstanding issues raised by our work.

Apart from the question of whether it is possible to weaken the assumptions
from (commutative) regular quotients to a more general class, it seems reason-
able to ask whether the internal I-adic tower is one of R ring spectra. Since
LER = ho}gim R/I? (at least when I, is finitely generated), the localization

theory of [11, 19] shows that this can be realized as a commutative R-algebra.
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However, showing that each R/I® is an R ring spectrum or even an R-algebra
seem to involve far more intricate calculations. We expect that this will turn
out to be true and even that the tower is one of R-algebras. This should involve
techniques similar to those of [12, 6]. It is also worth noting that our proofs
make no distinction between the cases where I, < R, is infinitely or finitely gen-
erated. There are a number of algebraic simplifications possible in the latter
case, however we have avoided using them since the most interesting examples
we know are associated with infinitely generated regular ideals in MU,. The
spectra F,, of Hopkins, Miller et al. have Noetherian homotopy rings and there
are towers based on powers of their maximal ideals similar to those in the first
author’s previous work [3, 8].

We also hope that our preliminary exploration of Adams Spectral Sequences for
R-modules will lead to further work on this topic, particularly in the case R =
MU and related examples. A more ambitious project would be to investigate
the commutative S-algebra M Sp from this point of view, perhaps reworking
the results of Vershinin, Gorbounov and Botvinnik in the context of M Sp-
modules [9, 17].
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