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Abstract It is shown that for given positive integers g and b, there is a
number C(g;b), such that any orientable compact irreducible 3-manifold of
Heegaard genus g has at most C(g;b) disjoint, nonparallel incompressible
surfaces with rst Betti number by <b.
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1 Introduction

Let M be a compact, orientable, irreducible 3-manifold, possibly with bound-
ary. As usual, by a surface we mean a connected, compact 2-manifold; if it is
contained in a 3-manifold, then it is assumed to be properly embedded. There
are several results which bound the number of disjoint incompressible surfaces
in M.

The Haken{Kneser niteness theorem says that given M, there exist an integer
c(M), such that any collection of pairwise disjoint, non-parallel, closed, incom-
pressible surfaces in M has at most ¢c(M) components. This can be extended
to surfaces with boundary, if the surfaces are taken to be incompressible and
@-incompressible (for a proof see [3] and [5]).

However, this theorem is false if the surfaces are not @-incompressible. Howards
[4] has shown that if a 3-manifold M has a boundary component of genus 2
or greater, then there are in M arbitrary large collections of disjoint, non-
parallel, incompressible surfaces. This was proved previously by Sherman [11]
for F 1, where F is a closed surface of su ciently high genus. But in these
constructions, when there are large numbers of surfaces, the Betti numbers of
the surfaces are also large. If we bound the Betti numbers, then the number of
surfaces will be bounded by in the following theorem, proved by Freedman and
Freedman [2].
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Theorem 1 (Freedman and Freedman [2]) Let M be a compact 3-manifold
with boundary and b an integer greater than zero. There is a constant c¢(M;b)

such that all Betti numbers bi(F;) < b, 1 i k, and no F;, 1 i k,
is a boundary parallel annulus or a boundary parallel disk, then at least two
members P; and P; are parallel.

However in all of these theorems, the bound depends on a given manifold, i.e.,
the bound is not universal. We intend to look for some kind of universal bound.
For example, if we restrict to the class of closed, irreducible 3-manifolds, then as
said above, each manifold has a bounded number of incompressible surfaces, but
clearly there is no universal bound, for it is easy to construct closed manifolds
with a large number of incompressible surfaces, even with surfaces of a given
genus. If we bound the Heegaard genus of the 3-manifolds, then there is no such
bound, for in [1] a construction is given, so that for each integer N, we can nd
a closed, irreducible 3-manifold with Heegaard genus 2 and having more than
N disjoint, non-parallel, incompressible surfaces. But in those examples, when
the number of surfaces is high, the genus of the surfaces is also high. If we
bound also the genus of the surfaces, say, if we restrict to tori, then it follows
from [6] and [8], that there is an integer N(g), depending only on g, such
that any closed 3-manifold with Heegaard genus g, has at most N(g) disjoint,
non-parallel, incompressible tori. All this suggests that a result such as the
following could exist. This is an extension of Theorem 1 to all manifolds of a
given Heegaard genus.

Theorem 2 (Main theorem) Consider the class M3(g) of all compact, ori-
entable and irreducible 3-manifolds with Heegaard genus g. Let b be an integer
greater than zero. Then there is a constant C(g;b), depending only on g and

disjoint, incompressible surfaces in M, such that all Betti numbers b, (P;) <b,
1 i k,andnoP;,1 i Kk,isaboundary parallel annulus or a boundary
parallel disk, then at least two members P; and P; are parallel.

Here is an outline of the proof. We consider a 3-manifold M with a Heegaard
splitting of genus g. If the splitting is not strongly irreducible, we untelescope
it [9], decomposing M into a union of submanifolds, glued along incompressible
surfaces, and such that each submanifold has a strongly irreducible Heegaard
splitting. Given a collection of surfaces in M, these can be isotoped to intersect
the surfaces of the decomposition of M essentially. Then we can apply Theorem
1 to each of the pieces, which is a compression body of genus at most g, and by
a counting argument, similar to the one in the Haken{Kneser Theorem which
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counts bad pieces in a tetrahedra, but now counting bad pieces in a compression
body, we get the required bound.

For closed manifolds we deduce.

Corollary 3 Consider the class M2(g) of all closed, orientable and irreducible
3-manifolds with Heegaard genus g. Let h be an integer greater than zero.
Then there is a constant C(g; h) depending only on g and h, such that for any

ible surfaces in M, all of genus less than h, then at least two members P; and
P; are parallel.
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2 Proof and estimates

A compression body is a 3-manifold W obtained from a connected closed
orientable surface S by attaching 2-handles to S  10g S | and cap-
ping o any resulting 2-sphere boundary components. We denote S  flg by
0+W and @W — @+W by @—W . Dually, a compression body is a connected,
orientable 3-manifold obtained from a (not necessarily connected) closed ori-
entable surface @—W | by attaching 1-handles. De ne the index of W by
JW) = (@-W)— (@+W) 0. The genus of a compression body W is
de ned to be the genus of the surface @+W .

A Heegaard splitting of a 3-manifold M is a decomposition M =V [s W,
where V, W are compression bodies such that V \W = @,V = @+W = S.
We call S the splitting surface or Heegaard surface. We say that the splitting
is of genus g if the surface S is of genus g. We say that a 3-manifold has
Heegaard genus g if M has a splitting of genus g, and any other splitting has
genus g.

A Heegaard splitting is reducible if there are essential disks D; and D, in V
and W respectively, such that @D; = @D,. A splitting is irreducible if it is not
reducible. A Heegaard splitting is weakly reducible if there are essential disks
D: and Dy, in V and W respectively, such that @D; \ @D, = ;. A Heegaard
splitting is strongly irreducible if it is not weakly reducible.
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A generalized Heegaard splitting of a compact orientable 3-manifold M is a
structure M = (V1 [s, W1) [k, (V2 Ls, W2) [k, : 0 Lrney (Vi Lsy Wm). Each
of the V; and W; is a union of compression bodies, @+Vi = Sij = 0+W;,
(i.e., Vi Ls; W; is a union of Heegaard splittings of a submanifold of M) and
0—W; = Fj = @—Vj+1. We say that a generalized Heegaard splitting is strongly
irreducible if each Heegaard splitting V; [s; W; is strongly irreducible and each
Fi is incompressible in M. We will denote [Fi by F and [;S; by S. The
surfaces in F are called the thin levels and the surfaces in S the thick levels.

Theorem A Let M be a compact irreducible 3-manifold. Suppose the Hee-
gaard genus of M is g. Then M has a strongly irreducible generalized Heegaard
Spllttlﬂg M = (\433 [Sl Wl) [F1 (VZ [Sz WZ) [Fz e [Fm—l (Vm [Sm Wm), such
that J(Vi) = J(W.) = 2g —2.

A proof of this Theorem can be found in [9] and [8]. The following Theorem is
proved in [10]. A di erent proof is given in [7].

Theorem B Let P be a properly embedded, not necessarily connected, in-
compressible surface in an irreducible 3-manifold M, and let M = (Vi [s,
W1) [, (V2 Es, Wo2) [k, i Lry (Vim Ls,, Wm) be a strongly irreducible gen-
eralized Heegaard splitting of M. Then F [ S can be isotoped to intersect P
only in curves that are essential in both P and F [ S.

Proof of Theorem 2

Let M be an orientable, irreducible, compact 3-manifold of Heegaard genus
g, that is, there are compression bodies V and W in M, with S = @,V =
0+-W =V \XW, M =V [sW, and genus(S) =g.

By Theorem A, M possesses a strongly irreducible Heegaard spliting M =
gl [Sl Wl) [F1 (VZ [Sz WZ) [Fz e [Fm—l (Vm [Sm Wm)v such that J(VI) =

J(W;) =29 —2. Fora xed i, Vj [s, Wi is a union of strongly irreducible
Heegaard splittings, only one component of it is not a product, this is called
the active component. If V;; is a component of V;, then J(Vij) = 0, only if Vj;
is a product, and J(V;j) 2 otherwise. It follows that m g — 1, and that
there are at most g — 1 active components.

say, it is of the form S [—1;1], then by taking the product su ciently small,
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we can suppose that (S [-1;1) \P; = ((S f0g) \P;) [—1;1] for any
surface Pj. So we can disregard the product S [—1;1], and consider only the
surface S flg. Doing this with all product components, we can assume, with-
out loss of generality, that the decomposition of M consist only of the active
components. So M is decomposed into at most 2g — 2 compression bodies.

Consider P; \'V;; this is a collection of surfaces. Each of the components has
by < b, for P; intersect S and F in simple closed curves which are essential
in Pj. We can assume that no component of P; \'V; is a boundary parallel
annulus in V;j, for if there is one, then by an isotopy of P;, it can be pushed
into another compression body, reducing the number of intersections between
Pj and F [S.

For each V; (and W;), by Theorem 1, there is a constant c(Vj;b) depending
only on V;j and b, such that any collection of incompressible surfaces in V;j, with
b1 < b, no two of them parallel, has at most c(Vj;b) components.

Let W be a compression body. Let Fq;:::;Fx a collection of incompressible
surfaces in W. A component of W — (F1 [::: [ Fk) is good, if it is of the form
Fi 1,1 =1]0;1], where F f0g and F flg are surfaces in the collection,

and F @I @W. A component of W — (Fy [ ::: [ Fx) is bad, if it is not
good. If all the Fs satisfy that by(F;) < b, then it follows from Theorem 1,
that for any such collection, W — (F, [ ::: [ Fk) has at most c(W;b) + 1 bad
components.

Let C = maxfc(V;b);V a compression body of genus gg. And let
C(g;b) =49 + (29 — 2)(C + 1)
Note that C(g;b) depends only on g and b. For the collection of surfaces

then by(M)  2g. This implies that M — (P, [ P2 [::: [ Pn) has at least
C(g;b) — 2g + 1 components. In each V; and W; there are at most C + 1
bad pieces, so there are in total at most (2g — 2)(C + 1) bad pieces. Then at
least 29 + 1 components of M — (P, [ P> [ ::: [ Pn) are made of good pieces.
A component made of good pieces is a I-bundle over a surface, but again
h1(M;Z;) 2g, so at most 2g of them can be I-bundles over a nonorientable
surface. Then at least a component of M — (Py [ P> [::: [ Pn) is a product,
which implies that some P; and P; are parallel. This completes the proof of
Theorem 2. O

Estimates

A rough estimate for C(g;b) can be obtained from [2]. From that paper it
follows that if V is a compression body of genus g, which is not a product,
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then a bound c(V;b) is given by
14 . .
c(V;b) = ?coeﬁb—z +5) (V)j+T +by(V;Zy)

where ¢q is the constant given by the Kneser-Haken Theorem, and T is the
number of tori boundary components. An incompressible and @-incompressible
surface in a compression body V is either an essential disk, or an annulus with
one boundary component on @V and the other in @—V . It is not di cult to
see that if V has genus g then co(v) =3g—3. AlsoT g,j (V)] 29-—3,
and b, (V, Zz) Zg .

It follows that
c(V;b) 14(g —1)3?*72 +5(2g — 3) + g +2g = 14(g — 1)3%*"2 + 13g — 15:

De ne C = 14(g—1)3%~2+13g—15. So ¢c(W;b) C for any compression body
W of genus g. Then C can be taken to be the constant de ned in the proof
of Theorem 2. From this follows that the constant C(g;b) can be expressed as

C(g;b) = pa(9) + p2(9)3*~?
where p1(g) and p»(g) are quadratic polynomials in g.

Remarks Theorem 2 can be extended to arbitrary orientable compact 3-
manifolds. This follows from the existence of a decomposition on prime 3-
manifolds, the additivity of the Heegaard genus, and from the fact that given
any collection of incompressible surfaces in a 3-manifold M, then there is a
complete collection of decomposing spheres in M which are disjoint from the
given surfaces.

An extension of Theorem 2 for nonorientable manifolds would follow from a
version of Theorems A and B for nonorientable 3-manifolds.
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