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Abstract We construct a tangential map from a locally symmetric space
of noncompact type to its dual compact type twin. By comparing the
induced map in cohomology to a map de�ned by Matsushima, we conclude
that in the equal rank case the map has a nonzero degree.
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1 Introduction

It has been known since work of Matsushima [13], that there exists a map
j� : H�(Xu;R) ! H�(X;R), where X = ΓnG=K is a compact locally sym-
metric space of noncompact type and Xu is its global dual twin of compact
type. Moreover, Matsushima showed that this map is monomorphic and, up
to a certain dimension depending only on the Lie algebra of G, epimorphic.
A re�nement of Matsushima’s argument, due to Garland [8] and Borel [3], al-
lowed the latter to extend these results to the case where X is noncompact but
only has a �nite volume (but Γ has to be an arithmetic group), thus giving,
for example, a computation of the rational cohomology of SL(Z)nSL(R)=SO,
thus a computation of the rational algebraic K{theory of the integers. However,
since the construction of the map j� is purely algebraic (in terms of invariant
exterior di�erential forms), the natural question arises: is there a topological
map X ! Xu inducing j� in cohomology?

For the case of X being a complex hyperbolic manifold this kind of map was
constructed by Farrell and Jones in [7], where it was used to produce nontrivial
smooth structures on complex hyperbolic manifolds. In general, the answer
to this question is negative, since Matsushima’s map does not necessarily take
rational cohomology classes into rational ones (this irrationality is measured by

c© Geometry & Topology Publications



710 Boris Okun

Borel regulators, see [4] for details), so it cannot be induced by a topological
map. However, for the case when G and K are of the same rank we shall see
that the answer is (virtually) positive.

In this paper we show that there is a �nite sheeted cover X 0 of X and a
tangential map (i.e. a map covered by a map of tangent bundles) X 0 ! Xu .
In the case where G and K are of equal rank we prove that k� coincides with
Matsushima’s map j� and therefore has nonzero degree. Thus, we are able to
recover Farrell and Jones’ result, but our method is di�erent and more general.

We note that the construction of the map k has some choices made in it.
Surprisingly enough this freedom does not appear in the equal rank case, but
it is crucial for constructing a nonzero degree map in the general case. It is
proved in [15] that the map k can always be chosen to be of nonzero degree
(but we cannot ensure that k� = j� ). In a forthcoming paper, we show how
this map can be used to produce new examples of exotic smooth structures on
nonpositively curved symmetric spaces.

The paper is organized as follows. In Section 2, we introduce some notation
and give a quick overview of (the relevant part of) the theory of symmetric
spaces. For reader’s convenience, we describe four examples of dual symmetric
spaces in Section 3. In Section 4, we recall Matsushima’s construction. Section
5 contains the construction of a tangential map. It turns out that in the equal
rank case the induced map in cohomology is, in fact, Matsushima’s map, thus
it has a nonzero degree. We prove this in Section 6.

The material in this paper is part of the author’s 1994 doctoral dissertation [15]
written at SUNY Binghamton under the direction of F. T. Farrell. I am deeply
grateful to him for bringing this problem to my attention and for invaluable
advice during the course of this work. I also wish to thank S. C. Ferry for his
constant encouraging attention and numerous useful discussions. The author
was partially supported by NSF grant.

2 Notation and preliminary results

We will use notation from [3] and [13]. Throughout this paper G will be a real
semisimple algebraic linear Lie group (a subgroup of GL(n;R)) and K will be
its maximal compact subgroup. Let Gc denote the complexi�cation of G and
let Gu denote a maximal compact subgroup of Gc .
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De�nition 2.1 The factor spaces G=K and Xu = Gu=K are called dual
symmetric spaces of noncompact type and compact type respectively. Let Γ be
a torsion-free discrete subgroup of G of �nite covolume. The space X = ΓnG=K
is a locally symmetric space of noncompact type. Slightly abusing terminology,
we will also refer to X and Xu as dual symmetric spaces.

We note that these spaces have natural Riemannian metrics, coming from the
Killing form on Lie group G. It is a standard fact [10] that for compact type,
this metric has nonnegative curvature and for noncompact type, the curvature
is nonpositive. In particular, it follows from Cartan{Hadamard theorem that
the space X is a K(Γ; 1) manifold. Since X has �nite volume, it follows from
the work in [12],[5],[14] and [16] that X has �nite homotopy type. (This also
follows from a much more general theorem on p. 138 of [1].)

The projections p : ΓnG ! ΓnG=K and pu : Gu ! Gu=K are principal �ber
bundles with structure group K . They are called canonical principal bundles.
These canonical bundles are classi�ed by the maps to the classifying space BK
which we will denote by cp and cpu , respectively.

What we have said so far can be summarized in the following three commutative
diagrams:

K
�−−−! Gu??y\ ??y\

G
�−−−! Gc

K K K K??y ??y ??y ??y
ΓnG −−−! EK Gu −−−! EK

p

??y ??y pu

??y ??y
X = ΓnG=K cp−−−! BK Xu = Gu=K

cpu−−−! BK

The Lie algebras of G and Gu have dual Cartan decompositions

g = k� p
gu = k� ip

(2.1)

where k denotes the Lie algebra of the group K .

It is well known that tangent bundles of symmetric spaces can be expressed in
terms of Lie algebras and canonical bundles. We have the following Lemma:
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Lemma 2.2 (see, e.g., pp. 209{210 of [9]) The tangent bundles of the dual
symmetric spaces have the following expressions:

�(X) = p�K p

�(Xu) = pu �K ip

Here we consider p and ip as K{modules via adjoint action of K .

Lemma 2.2 implies:

Lemma 2.3 Any map g : X ! Xu between the dual symmetric spaces which
preserves canonical K{bundle structure is tangential.

Proof The proof is obvious, since p and ip are isomorphic as K{modules.

3 Examples

In this section, we give some examples of dual symmetric spaces, which often
appear in geometric topology.

Example 3.1 Let G = SL(n;R). Then the maximal compact subgroup K
of G is SO(n;R). The complexi�cation Gc of G is SL(n;C) and its maximal
compact subgroup is SU(n), so we have

Xu = SU(n)=SO(n;R):

As a discrete subgroup Γ � G one would like to take the group SL(n;Z),
unfortunately this group has torsion, so it does not quite �t in our setup. We
get around this problem by recalling a result of Selberg that there is a torsion-
free subgroup Γ � SL(n;Z) which has a �nite index. Thus, we have

X = ΓnSL(n;R)=SO(n;R):

We note that primitive elements in cohomology of X (after passing to the limit
as n!1) give, at least rationally, the algebraic K{theory of integers.

Example 3.2 This example shows the duality between hyperbolic manifolds
and spheres.

Let q(x) denote the nondegenerate inde�nite quadratic form on Rn+1 de�ned
by

q(x) = x2
1 + x2

2 + � � �+ x2
n − x2

n+1
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where x 2 Rn+1 and xi denotes the i-th coordinate of x.

Let G = SO+(n; 1;R) denote the connected component of the identity of the
Lie group of all isometries of the form q which have determinant equal to 1.
The maximal compact subgroup K of G in this case is SO(n;R). The manifold
G=K = SO+(n; 1;R)=SO(n;R) is a (real) n{dimensional hyperbolic space. If
Γ is a torsion free discrete subgroup of G = SO+(n; 1;R), then the locally
symmetric space of noncompact type X = ΓnG=K = ΓnSO+(n; 1;R)=SO(n;R)
is a (real) hyperbolic manifold.

Now let us look at the dual twin of X . The complexi�cation Gc of G is
SO(n; 1;C). However, since all quadratic forms are equivalent over the �eld of
complex numbers, we have Gc = SO(n+1;C). The maximal compact subgroup
Gu of Gc is SO(n+ 1;R), so we have

Xu = SO(n+ 1;R)=SO(n;R) = Sn:

Example 3.3 This example is similar to the previous one, but instead of using
a quadratic form over reals, we use a Hermitian form over complex numbers.
This leads to duality between complex hyperbolic spaces and complex projective
spaces.

Let b(; ) be the nondegenerate inde�nite Hermitian form on Cn+1 de�ned by

b(x; y) = x1�y1 + x2�y2 + � � �+ xn�yn − xn+1�yn+1

where x; y 2 Cn+1 and xi denotes the i-th coordinate of x.

Let G = SU(n; 1) denotes the Lie group of all isometries of the form b(; )
which have determinant equal to 1. The maximal compact subgroup K of G
in this case is S(U(n)�U(1)). The manifold G=K = SU(n; 1)=S(U(n)�U(1))
is a complex n{dimensional hyperbolic space. If Γ is a torsion-free discrete
subgroup of G = SU(n; 1) then locally symmetric space of noncompact type
X = ΓnG=K = ΓnSU(n; 1)=S(U(n)�U(1)) is a complex hyperbolic manifold.

On the compact side we have

Gc = SL(n+ 1;C)

Gu = SU(n+ 1)

Xu = SU(n+ 1)=S(U(n)�U(1)) = CPn:

Example 3.4 Suppose G = Gc is a complex semisimple Lie group, and let
Gu denote its maximal compact subgroup. The complexi�cation of Gc is then
isomorphic to Gc �Gc :

(Gc)c = Gc �Gc
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The maximal compact subgroup of the complexi�cation is Gu�Gu , so we have
dual symmetric spaces:

X = ΓnGc=Gu
Xu = Gu = Gu �Gu=Gu

In particular, if G = SL(n;C), we have a pair:

X = ΓnSL(n;C)=SU(n)

Xu = SU(n)

4 Matsushima’s map

In this section we recall Matsushima’s construction [13] of a map in real coho-
mology j� : H�(Xu;R)! H�(X;R).

Matsushima’s construction uses di�erential forms. If a group H acts on a
smooth manifold Y we let ΩH(Y ) denote the complex of H {invariant di�er-
ential forms on Y .

Let X = ΓnG=K and Xu = Gu=K be dual symmetric spaces. We have natural
left actions of G on G=K and Gu on Xu . It is well-known that ΩG(G=K) and
ΩGu(Xu) consist of harmonic forms, and we have

ΩG(G=K) = H�(g; k)

ΩGu(Xu) = H�(gu; k)
(4.1)

where the right-hand side terms denote relative Lie algebra cohomology.

Using Cartan decomposition (2.1) we see that

H�(g; k) = H�(gu; k):(4.2)

Since Xu is compact closed manifold it follows from Hodge theory that

ΩGu(Xu) = H�(Xu;R):(4.3)

Combining equations (4.1), (4.2) and (4.3) we get

ΩG(G=K) = H�(Xu;R):

Now let us consider the complex ΩΓ(G=K) of Γ{invariant forms. The projec-
tion G=K ! ΓnG=K induces the isomorphism ΩΓ(G=K) = Ω(X) and therefore
we have

H�(X;R) = H�(ΩΓ(G=K)):
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Since the elements of ΩG(G=K) are closed forms, the inclusion ΩG(G=K) �
ΩΓ(G=K) induces a homomorphism

j� : H�(Xu;R)! H�(X;R);

which we will be calling Matsushima’s map.

Theorem 4.1 [13] Let X = ΓnG=K and Xu = Gu=K be dual symmetric
spaces. Assume X to be compact, then

(1) j� is injective.

(2) jq is surjective for q � m(g), where m(g) is some constant, explicitly
de�ned in terms of Lie algebra g of G.

Remark 4.2 Since X is compact, the injectivity part follows from Hodge
theory. In [13] Matsushima is mostly concerned with the surjectivity of j� .

Matsushima’s map is closely related to the characteristic classes, as can be seen
from the following lemma.

Lemma 4.3 ([4],[11]) Let X = ΓnG=K and Xu = Gu=K be dual symmetric
spaces. Then the diagram

H�(Xu;R)

�
��	
j�

x??cpu�
H�(X;R)  −−−

cp�
H�(BK;R)

commutes.

5 Construction of tangential map

In this section, we show the existence of a tangential map between dual sym-
metric spaces.

Theorem 5.1 Let X = ΓnG=K and Xu = Gu=K be dual symmetric spaces.
Then there exist a �nite sheeted cover X 0 of X (i.e. a subgroup Γ0 of �nite
index in Γ, X 0 = Γ0nG=K ) and a tangential map k : X 0 ! Xu .
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Proof Consider the canonical principal �ber bundle with structure group K
over X p : ΓnG ! ΓnG=K . If we extend the structure group to the group
G we get a flat principal bundle: ΓnG �K G = G=K �Γ G ! ΓnG=K [11].
Extend the structure group further to the group Gc . The resulting bundle is
a flat bundle with an algebraic linear complex Lie structure group, so by a
theorem of Deligne and Sullivan [6] there is a �nite sheeted cover X 0 of X such
that the pullback of this bundle to X 0 is trivial. This means that for X 0 the
bundle obtained by extending the structure group from K to Gu is trivial too,
since Gu is the maximal compact subgroup of Gc . Consider now the following
diagram:

Xu

��
���k

??ycpu
X 0

cp0−−−! BK

@
@@R

’0

??yi
BGu

Here the map cp0 is a classifying map for the canonical bundle p0 over X 0 .

The map i, induced by standard inclusion K � G is a �bration with a �ber
Xu = Gu=K . Note that the inclusion of Xu in BK as a �ber also classi�es
canonical principal bundle pu : Gu ! Gu=K . By the argument above the
composition i � cp0 : X 0 ! BGu is homotopically trivial.

Choose a homotopy contracting this composition to a point. As the map i is a
�bration we can lift this homotopy to BK . The image of the end map of the
lifted homotopy is contained in the �ber Xu , since its projection to BGu is a
point. Thus we obtain a map k : X 0 ! Xu which makes the upper triangle
of the diagram homotopy commutative. It follows that the map k preserves
canonical bundles on the spaces X 0 and Xu : k�(pu) = p0 . By Lemma 2.3, the
map k is tangential.

6 Nonzero degree in equal rank case

In this Section we prove that if Lie groups Gu and K have equal ranks then
the map constructed in Theorem 5.1 induces Matsushima’s map in cohomology
and therefore has a nonzero degree in compact case.

De�nition 6.1 The dimension of the maximal torus of a compact Lie group
H is called the rank of H .
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The following lemma is well known.

Lemma 6.2 [2] Let H be a compact Lie group and K be its Lie subgroup.
If the ranks of H and K are equal then the map classifying canonical bundle
on the homogeneous space H=K induces epimorphism in rational cohomology.

Lemma 6.3 Let g : X ! Xu be any between the dual symmetric spaces which
preserves canonical K{bundle structure. Then

g�jIm c�pu
= j�jIm c�pu

:

Proof The condition implies that triangle
Xu

�
���g

??ycpu
X −−−!

cp
BK

is homotopy commutative. Passing to cohomology we see that the diagram
H�(Xu;R)

�
��	
g�

x??cpu�
H�(X;R)  −−−

cp�
H�(BK;R)

commutes. Comparing this diagram to Lemma 4.3 we see that g� and j� have
to coincide on the image of the map c�pu .

Theorem 6.4 Let X = ΓnG=K and Xu = Gu=K be dual symmetric spaces.
Let X 0 be the �nite sheeted cover of X and k : X 0 ! Xu be the tangential
map, constructed in Theorem 5.1. If the groups Gu and K are of equal rank
then the map induced by k in cohomology coincides with Matsushima’s map
j� .

Proof Since k preserves canonical bundles, by Lemma 6.3 the two maps agree
on the image of the map c�pu . By Lemma 6.2 the map c�pu is epimorphic so
k� = j� .

Corollary 6.5 If the groups Gu and K are of equal rank and the group Γ is
cocompact in G then the map k has a nonzero degree.

Proof This follows from Theorem 4.1 and Theorem 6.4.

Among examples considered above, the examples 3.2 for even n, and 3.3 for all
n are of equal rank.
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