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Abstract Let T be the complex projective torus, and X the surface
CP' x T. Let Xqa be its Galois cover with respect to a generic projection
to CP2. In this paper we compute the fundamental group of Xgqa;, using
the degeneration and regeneration techniques, the Moishezon-Teicher braid
monodromy algorithm and group calculations. We show that 71 (Xga) =
710,
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1 Overview

Let T be a complex torus in CP?2. We compute the fundamental group of the
Galois cover with respect to a generic map of the surface X = CP! x T to
CP?. We embed X into a projective space using the Segre map CP! x CP? —
CPS defined by (80, 81) X (to, tl, tg) — (Soto, Slto, Sotl, Sltl, Sotg, Sltg) N Then, a
generic projection f: X — CP? is obtained by projecting X from a general
plane in CP? — X to CP2. The Galois cover can now be defined as the closure of
the n-fold fibered product Xga = X xy--- Xy X — A where n is the degree of
the map f, and A is the generalized diagonal. The closure is necessary because
the branched fibers are excluded when A is omitted.

The fundamental group 71(Xqa1) is related to the fundamental group of the
complement of the branch curve. The latter is an important invariant of X,
which can be used to classify algebraic surfaces of a general type, up to defor-
mations. Such an invariant is finer than the famous Sieberg-Witten invariants
and thus can serve as a tool to distinguish diffeomorphic surfaces which are not
deformation of each other (see [4]), [12] and [13]) a problem which is referred
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404 Amram, Goldberg, Teicher and Vishne

to as the Diff-Def problem. The algorithms and problems that arise in the
computation of these two types of groups are related, and one hopes to be able
to compute such groups for various types of surfaces.

Since the induced map Xga — CP? has the same branch curve S as f: X —
CP?, the fundamental group 71(Xga)) is related to w1 (CP? — S). In fact it is a
normal subgroup of the quotient of 71 (CP?—S) by the normal subgroup gener-
ated by the squares of the standard generators. In this paper we employ braid
monodromy techniques, the van Kampen theorem and various computational
methods of groups to compute a presentation for the quotient ﬁl from which
71(Xgal) can be derived. Our main result is that 7 (Xga) = Z'° (Theorem
9.3).

The fundamental group of the Galois cover of the surface X = CP! x T is a
step in computing the same group for 7" x T' [2], and will later appear in local
computations of fundamental groups of the Galois cover of K3-surfaces.

It turns out that a property of the Galois covers that were treated before (see
[6], [7] or [9]) is lacking in the Galois cover of X = CP! x T. In all the cases
computed so far, X had the property that the fundamental group of the graph
defined on the planes of the degenerated surface Xy by connecting every two
intersecting planes, is generated by the cycles around the intersection points.
Our surface, together with a parallel work on 7' x T' [2], are the first cases
for which this assumption does not hold. The significance of this 'redundancy’
property of Sy will be explained in Section 6 (and in more details in [2]).

The paper is organized as follows. In Section 2 we describe the degeneration of
the surface X = CP! xT and the degenerated branch curve. In Sections 3 and 4
we study the regeneration of this curve and its braid monodromy factorization.
We also get a presentation for 71(C? — S, ug), the fundamental group of the
complement of the regenerated branch curve in C2, see Theorem 4.3. In Section
5 we present the homomorphism : 71 (C? — S,ug) — Sg, whose kernel is
m1(X&T). In Section 6 we study a natural Coxeter quotient of 71 (C2 — S, ug),
and give its structure. In Sections 7 and 8 we use the Reidmeister-Schreir
method to give a new presentation for Wl(Xég), see Theorem 8.10. In Section
9 we introduce the projective relation, and prove the main result about the
structure of 71 (Xqar)-
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2 Degeneration of CP! x T’

In the computation of braid monodromies it is often useful to replace the surface
with a degenerated object, made of copies of CP?. It is easy to see that T
degenerates to a triangle of complex projective lines (see [1, Subsection 1.6.3]),
so X degenerates to a union of three quadrics Q1 , Q2, and Q3, Q; = CP!xCP!,
which we denote by X7, see Figure 1.

Q, Q, Qs

Figure 1: The space X3

Each square in Figure 1 represents a quadric surface. Since T degenerates to a
triangle, Q1 and @3 intersect, so the left and right edges of X; are identified.
Therefore, we can view X7 as a triangular prism.

Each quadric in X; can be further degenerated to a union of two planes. In
Figure 2 this is represented by a diagonal line which divides each square into
two triangles, each one isomorphic to CP?.

Figure 2: The simplicial complex X

We shall refer to this diagram as the simplicial complex of Xy. A common edge
between two triangles represents the intersection line of the two corresponding
planes. The union of the intersection lines is the ramification locus in Xy of
fo: Xo — CP?, denoted by Ry. Let Sy = fo(Ro) be the degenerated branch
curve. It is a line arrangement, composed of all the intersection lines.

A vertex in the simplicial complex represents an intersection point of three
planes. The vertices represent singular points of Ry. Each of these vertices is
called a 3-point (reflecting the number of planes which meet there).
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406 Amram, Goldberg, Teicher and Vishne

The vertices may be given any convenient enumeration. We have chosen left
to right, bottom to top enumeration, see Figure 3. The extreme vertices are
pairwise identified, as well as the left and right edges.

Figure 3

We create an enumeration of the edges based upon the enumeration of the
vertices using reverse lexicographic ordering: if Ly and Lo are two lines with
end points aq, 31 and o, fo respectively (a1 < f1,a9 < (2), then L1 < Lo
iff 81 < Ba, or B1 = B2 and a1 < ag. The resulting enumeration is shown in
Figure 4. This enumeration dictates the order of the regeneration of the lines
to curves, see the next section. The horizontal lines at the top and bottom do
not represent intersections of planes and hence are not numbered.

Figure 4

We enumerate the triangles {PZ-}?:1 also according to the enumeration of ver-
tices in reverse lexicographic order. If P; and P; have vertices a1, as, a3 and
B1, B2, B3 respectively, with a1 < as < a3z and 31 < B2 < 3, then P; < P; iff
ag < B3, or ag = (B3 and ag < (o, or ag = f3, as = P2 and a1 < (1. The
enumeration is shown in Figure 5.

R R R
e | R | R
Figure 5

Algebraic €& Geometric Topology, Volume 2 (2002)
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3 Regeneration of the Branch Curve

3.1 The Braid Monodromy of S,

Starting from the branch curve Sy, we reverse the steps in the degeneration of
X to regenerate the braid monodromy of S. Figure 6 shows the three steps to
recover the original object X3 = X.

W ’\/\/\/V\/V\>

X X;

Figure 6: The regeneration process

Recall that X comes with an embedding to CP%. At each step of the re-
generation, the generic projection CP® — CP? restricts to a generic map
fi: X; — CP?. Let R; C X; be the ramification locus of f; and S; C CP?
the corresponding branch curve.

We have enumerated the six planes Pj,... , P; which comprise Xg, the six in-
tersection lines ﬁl, . ,ﬁ6, and their six intersection points Vl, . ,‘76. Let L;
and V; denote the projections of L; and Vj to CP? by the map fy. Clearly
Ry = U?:lf/i and Sy = U?:lLi. Let C be the line arrangement consisting
of all lines through pairs of the V;s. The degenerated branch curve Sy is a
sub-arrangement of C'. Since C' is a dual to generic arrangement, Moishezon’s
results in [5] (and later on Theorem IX.2.1 in [8]) gives us a braid monodromy
factorization for C: AZ = ?ZleA? where A? is the monodromy around V;
and the C; consist of products of the monodromies around the other intersec-
tions points of C. This factorization can be restricted to Sy by removing from
the braids all strands which correspond to lines of C' that do not appear in Sy,
and deleting all factors which correspond to intersections in C' that do not ap-
pear in Sp. Thus we get a braid monodromy factorization: AQO = ?:16']-&?.
The C~'j and A? and their regenerations are formulated more precisely in the
following subsections.
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3.2 A? and its Regeneration

Consider an affine piece of Sy C CP? and take a generic projection 7: C2 — C.
Let N be the set of the projections of the singularities and branch points with
respect to m. Choose u € C — N and let C, = 7~ 1(u) be a generic fiber.

A path from a point j to a point k below the real line is denoted by z,;,, and
the corresponding halftwist by Zj,.

Two lines f/j and Ly which meet in X give rise to braids connecting j = L;NC,
and k = LpNC,, namely a fulltwist Z?k of j and k. This is done in the following

way: let V; = L; N Lj, be the intersection point, then A? = Z?k.

We shall analyze the regeneration of the local braid monodromy of S in a
small neighborhood of each V;. The case of non-intersecting lines (which give
'parasitic intersections’) is discussed in the next subsection.

The degenerated branch curve Sy has six singularities coming from the 3-points
of Ry, shown in Figure 7.

l| 3 4| 5 6| 2 2 ‘1 3 ‘4 5 ‘6

Figure 7: Enumeration around the 3-points

Each pair of lines intersecting at a 3-point regenerates in S (the branch curve
of X7) as follows: the diagonal line becomes a conic, and the vertical line is
tangent to it. In the next step of the regeneration the point of tangency becomes
three cusps according to the third regeneration rule (which was quoted in [5] and
proven in [10, p.337]). This is enough information to compute Hy;, the local
braid monodromy of S in a neighborhood of V;, see these specific computations
for this case in [1, Subsection 1.10.4].

In the regeneration, each point o on the typical fiber is replaced by two close
points «a, /. Denote by p, = Za the counterclockwise halftwist of « and .

The following table presents the global form of the local braid monodromies, as
quoted in [5], and presents also the application of this global form to our case.

Table 3.1 The local braid monodromies Hy; are as follows. For every fixed i,
let oo < [ be the lines intersecting at V;. Let Zg’la,ﬁ = (Z25)pa 'zi,ﬂ-(zi,ﬁ)

and Z(:i/”@/g/ = (Zi’[@)pﬁ ' Zg/,@ ’ (Zgl/,@)pgl :

—1
Pa
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For i = 1,2,4 we have Hy, = Zia’,,@’ Zgp(a), Where Zgg (o) is the halftwist
corresponding to the path shown in Figure 8. For i = 3,5,6 we have Hy, =
Zg’/ﬁﬂ, Zio (), Where Zyq () is the halftwist corresponding to the path shown
in Figure 9.

In paricular we have

Hy, = Ziyg - Zgy),
HV2 = 234',5' : Z55/(4)7
HV3 = Z%/,%' : Z22/(6)7
Hy, = Ziyy - Zoy),
Hy, = Z3 0 - Zsy ),
Hy, = Z} e Zss(o)-

Figure 8: Zggr (o) for i =1,2,4 Figure 9: Z,q () for i =3,5,6

The table given in Figure 10 presents the six monodromy factorization, one for
every point Vi,...,Vs. For each point, the first path represents three factors
obtained from cusps, and the other represents the fourth factor, obtained from
the branch point (as shown in Figures 8 and 9). The relations obtained from
these braids are given in Theorem 4.3.

3.3 é’j and its Regeneration

There are lines which do not meet in X, but whose images meet in C?. Such
an intersection is called a parasitic intersection. Each pair of disjoint lines L;
and f/j give rise to a certain fulltwist, see [8, Theorem IX.2.1]. This is denoted
as ij, corresponding to a path Z;;, running from ¢ over the points up to jo,
then under jo up to j, where jy is the least numbered line which shares the
upper vertex of L;.

As discussed in [7] and [1] the degree of the regenerated branch curve S is
twice the degree of Sy. Consequently each line L; C Sy divides locally into
two branches of S and each i = L; N C, divides into two points, ¢ and 7’.
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pt. the braid exp. | the path representing the braid
PiZl/:s'Pl_i 1=0,1,2 | 3 S\
==
1 T \_}/:f 3-
Vi Z33:(1) 1 C
pZZ4,5/pZi 1=20,1,2 | 3 ‘
=
4 @ 5 5
Va Zss (4 1
piZyeps’ i=0,1,2]3 3 g 4 g5 g
2 2 \o &
3 3 4 4 5 5
Vs Zs: () 1
P Zyypy’ i=0,1,2]3
Va Zyy (1) 1
piZsaps’ i=0,1,2 | 3
Vs L33 (4 1
pelseps’ i=0,1,2 |3
Ve Zss: 6) 1

Figure 10: Monodromy factorizations
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According to the second regeneration rule (quoted in [5] and proved in [10,
p. 337]) the fulltwist Z?j becomes Z?i,, i which compounds four nodes of 5,
%j, Z?j/, Z?/ j and Z?/ j as shown in Figure 11. These are the factors
in the regenerations C]’- of the €. In Table 3.2 we construct the paths which

correspond to these braids in our case.

namely Z

factor corresponding paths singularity types | degrees

7. o o 1 1
Ziy jjr o

four nodes 2,222

Figure 11

Pick a base point ug € C,, in the generic fiber C, = 7~!(u). The fundamental
group m1(C,, — S,ug) is freely generated by {I‘j,Fj/}?zl, where I'; and I';/ are
loops in C, around j and j’ respectively. Let us explain how to create such
generators. Define the generators I'; and F} in two steps. First select a path
a; from wg to a point u; close to j and j'. Next choose small counterclockwise

circles 7; and n} starting from u; and circling j and j' respectively. Use these
three paths to build the generators I'; = ajnja;1 and I'y = ajn;-a;l.

By the van Kampen Lemma [15], there is a surjection from 7 (C, — .S, up) onto
I; = 7(C? — S,up). The images of {Fj,Fj/}f-zl generate II;. By abuse of
notation we denote them also by {Fj,Fj/}?-:l. By the van Kampen Theorem
[15], each braid in the braid monodromy factorization of S induces a relation
on II; through its natural action on C, — {7, }?:1 [5]. A presentation for

ﬁl _ 7'('1((:2 - S, Uo) (1)

2 12
<r 2T j,>
is thus immediately obtained from a presentation of II;.

The algorithm used to compute a relation from a braid is explained in [7, Section
0.7], see also [1, Section 1.11].

Moishezon claimed in [5] that the braid monodromy factorization is invariant
under complex conjugation of C,. Later it was proven in Lemma 19 of [10].
Therefore we can include the complex conjugate paths and relations in the
table. For simplicity of notation we will use the following shorthand: I';; will
stand for either I'; or I'y; I';, will stand for either I'yI';I'; or I'y; Fjj will
stand for either I'; or I';T';/T';.
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Table 3.2 We present the relations induced by the van Kampen Theorem from
the paths, one for every pair of non-intersecting lines LZ, L

72 . /_\ complex conjugate
‘egeneration
b 222’733’ 2 3 = 2 2 M 2 2 3 3

The relations: [I'sy, s3] =1 (from the path itself), and [y, T'y3] =1
(from the complex conjugate).

—_— . . L] . . ‘complex conjugate 1 2 2 3 4
AR T2 %2 2\ % % fa ) mplxcovwede ¢ §/& &

Z%l’,44/' 1
Relations: [F21F2F11/F2F2/,F44/] =1 and [Fll/,Fgfg/FMFg/Fg] =1.

72 < $ & rogeneration 2 é K § complexconjugae_
[ ] . \_/
Z22',44/

[FQQ/,F44/] =1 and [FQQ/,Fgrg/F421F3/F3] =1.

2
* Zi sy °
complex conjugate
[F4/F4F3/F3F2/F2F111F2F2/F3F3/F4F4/’ F55/] =1 and [Fll/a I‘55] =1
~ ‘/_\ regeneration
2 ¢ % % Y
* Z3y 55
complex conjugate
[F4/F4F3/F3FQ2/F3F3/F4F4/, F55/] =1 and [F22/7F55] =1
° 233/755/ . .4 > regeneration 3 .4 .4 5 5
complex conjugate 3 3’ .4 .4 5 5

[F4/F4F33/F4F4/, F55/] =1 and [F33’7 F55] =1

72
d le’,66" !

Relations: [F4/F4F3/F3F2/F2F11/F2F2/F3F3/F4F4/,F66/] =1
and [FH/’ F5F5/F66F5/F5] =1.
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regeneration
(] L] <
3 4 5

[ ] 6

72
Z33',66/ :
complex conjugate

[F4/F4F33/F4F4/, F66’] =1 and [F33/’ F5F5/F66F5/F5] =1.

~ 4 5 6 regeneration 4

72 ; _reeeaon___ & 8
® Ly e \/

complex conjugate . . .5 05 .
[F44/, F66’] =1 and [F44/, F5F5/F66F5/F5] =1.

3.4 Checking Degrees

Having computed the C/ (Subsection 3.3) and the Hy, (Figure 10), we obtain
a regenerated braid monodromy factorization A% = ?:lCZ(HVi. To verify
that no factors are missing we compare degrees. First, since S is a curve of
degree 12 (double the 6 lines in Sy), the braid A% has degree 12-11 = 132.
The six monodromies Hy; each consist of three cusps and one branch point for
a combined degree of 6 - (3-3 4 1) = 60. The C! consist of four nodes for
each parasitic intersection. The nine parasitic intersections (Table 3.2) give a
combined degree of 9 (4-2) = 72. So together [[ C/Hy, has also a degree of
60 + 72 = 132, which proves that no factor was left out.

4 Invariance Theorems and II;

4.1 The Invariance Theorem

Invariance properties are results concerning the behavior of a braid monodromy
factorization under conjugation by certain elements of the braid group. A
factorization g = g7 ---gx is said to be invariant under h if ¢ = g1--- g is
Hurwitz equivalent to (g1)n - - (9x)n. Geometrically this means that if a braid
monodromy factorization of A2, coming from a curve S is invariant under h,
then the conjugate factorization is also a valid braid monodromy factorization
for S.
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The following rules [10, Section 3] give invariance properties of commonly oc-
curring subsets of braid monodromy factorizations. Factors of the third type
do not appear in our factorization.

(a) Z2

2, ., is invariant under Z¥, and Z%.,, Vp € Z.
it jj ii ji

3 . . . p
(b) Z; ;. is invariant under ij,, Vp e Z.

(¢) Zj; is invariant under Z},Z%,,, ¥p € Z.
Remark 4.1 The elements Z;y and Z;;; commute for all 1 < 4,5 < 6 since
the path from i to i’ does not intersect the path from j to j'.

Theorem 4.2 (Invariance Theorem) The braid monodromy factorization
A2, =[1%,C!Hy, is invariant under ?ZIZ;;.{ for all m; € Z.

Proof It is sufficient to show that the C] and the Hy, are invariant indi-
vidually. Corollary 14 of [10] proves that each Hy; is invariant under Zj;;,
1 < j < 6. Since the Z;; all commute the invariance extends to arbitrary
products H?ZIZZ? The C! are composed of quadruples of factors Zkkgw,
one from each parasitic intersection. Lemma 16 of that paper shows that each
Zkk/ﬂ/ is invariant under Z;;/, 1 < j < 6. As before the invariance extends to
products H?-:lZZ.{ . So the factorization A2, = [[%_,C!/Hy, is invariant under
conjugation by these elements. m|

We use I'(;) to denote any element of the set {(I'j)zm, }mez. These elements
JJ

are odd length alternating products of I'; and I'j;. Thus I'(;) represents any

element of {(I';T';/)PI';} ;. The original generators I'; and I';: are easily seen

to be members of this set for p =0, —1.

As an immediate consequence of the Invariance Theorem, any relation satisfied
by I'; is satisfied by any element of I'(;). This infinitely expands our collection of
known relations in ﬁl, however all of the new relations are consequences of our
original finite set of relations. AQC is also invariant under complex conjugation
[10, Lemma 19], so we can use the complex conjugates Hy, and C’{ to derive
additional relations. Once again these relations are already implied by the
existing relations. On the other hand, many of the complex conjugate braids in
Table 3.2 have simpler paths than their counterparts so they are a useful tool.

The paths corresponding to the Hy, are already quite simple (see Figure 10)
so nothing is gained there by using complex conjugates.
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4.2 A presentation for I

Let S be the regenerated branch curve and let 7 (C?—S,ug) be the fundamental
group of its complement in C?. We know that this group is generated by the ele-

ments {Fj,Fj/}?zl. Recall (Equation (1)) that II; = 7, (C2 — S, uo)/<F§,F?,>.

We have listed the braids C; (Table 3.2) and Hy, (Figure 10). These are the

only braids in the factoization of A%, as explained in Subsection 3.4.

To the path of each braid there correspond two elements of 1 (C? — S, ug),
as explained in Subsection 3.3. From these, the van Kampen Theorem [15]
produce the defining relations of 71(C? — S, ug).

Theorem 4.3 The group II; is generated by {I‘j,I‘j/}?zl with the following
relations:

Ty = [ DyplelyTy

~J

)

r:z =1 j=1,...,6 (2)
rs =1 j=1,..6 (3)
Iy = [Cula0ul (4)
Iy = [ululsTuly (5)
Iy = [glTyTely (6)
(

Iy — [plTyTuly 8)

Is = Tglels Tl )
L, Lj] = 1 if the lines i, j are disjoint in X (10)

I‘(Z-)F(j)l“(i) = F(j)l“(i)l“(j) if the lines i, j intersect. (11)

The enumeration of the lines is given in Figure 4. 1';; represents either I';
or 'y, and T'(;) stands for any odd length word in the infinite dihedral group
(T, Tyr).

Proof Relations (2)-(3) hold in II; by assumption. The other relations hold
in 71 (C? — S,up). To see this, we now list the relations induced by the Hy;
(Table 3.1). Recall that each Hy, is a product of regenerated braids induced
from one branch point (the second path in each part of Figure 10), and three
cusps (condensed in the first path of each part). Applying the van Kampen
Theorem [15], we have two types of relations. The relations (4)—(9) are derived
from the branch point braids, and the triple relations I';I';I'; = I';I1; from
the three other braids. Using the Invariance Theorem 4.2 to expand the pathes,
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we get (11) in its full generality. It remains to prove Equation (10). Note that
the relations [['y, ;5] =1 and [['(;,T'(;y] = 1 imply each other.

We now consider the complex conjugates in Table 3.2. The relations [I'(2),'(3)],
[F(Q),F(4)], [F(l), F(5)], [F(Q),F@], [F(g), F(5)], and [F(4),F(6)] appear rather
directly. We must derive the other commutators, namely [["(1y, T'yy], [['(1), L'6)];
and [F(g) y F(6)] .

By the second part of Table 3.2,
[[oTol()Talor, T'(g)] = T Tol' (1) Talo Ty T Dol (y Talo T 4y,
but since [I'(9),['g)] = 1 we get
Ty ToT (1) T4y Tol o Ty ToT () gy ol = T Tl (1) T4y T 1) T gy ToT'ar
from which [['(;y,T'(g] = 1 follows.
Now, by the seventh part of the table,
Ty, TsTs T () T Ts) = T (1) TsTs Ty T TsT 1y [s T Ty T T's
but since [['(1),['5)] =1 we get
TsTs T (1)) Ts TsTsT5 T (1) Ty T Ts = TsTs Ty T Ty Loy s T
from which we get [['(1), )] = 1.

In the same way, since I'(3) and I'(5) commute we can get [['(3),')] = 1 from
the relation [I'(3), 'sI's'T')I's/T'5] (the eighth part of the table). This finishes
the proof of (10). D

5 The homomorphism

XA _ £=1(8) is a degree 6 covering space of C2 — S. Let
¢: 7T1((C2 — S,UO) — S6

be the permutation monodromy of this cover. As before let 7: C> — C be a
generic projection and choose v € C such that S is unramified over u. For
surfaces X close to the degenerated X the points ¢ and ¢ will be close to each
other in C,. Finally choose a point ug € C,.

We wish to determine what happens to the six preimages f~!(ug) in X as they
follow the lifts of I'; and I';;. Again, for surfaces X close to the degenerate X
these six points inherit a unique enumeration based on which numbered plane
of Xy they are nearest. This enumeration remains valid all along «; so we need
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only consider the monodromy around 7; and 7). Take a small neighborhood
U; C C, of i and '. We can reduce the dimension of the question by restricting
to f~1(U;) which is a branched cover of U;, branched over i and i'. It is clear
that f, 1(Ui) has a simple node over ¢ where two planes containing f)z meet.
When ¢ divides, the node will factor into two simple branch points over ¢ and
" involving the same sheets which met at the node. Thus we see that if P, and
P, intersect in L; then ¢(I';) = ¢(Ty) = (k £). Specifically, 1 is defined by

Definition 5.1 The map v: 71(C? — S,ug) — Sg is given by

Y(ITy) =yTy) = (13),
Y(T2) =y([Ty) = (15),
Y(I3) =y([Ty) = (23),
Y(Ty) =9yp([Ty) = (26),
Y(T5) =y ([Ts) = (46),
Y(T) =v(Te) = (45).

Figure 12 depicts the simplicial complex of Xy with the planes and intersection
lines numbered. From this we can determine the values of 1 on the generators
I'; and I';;. Figure 13 below gives another graphical representation for v, in
which T'; connects the two vertices a, 8 defined by ¥(I';) = (af).

«U
qv)
v)

Figure 12

The reader may wish to check that v is well defined (testing the relations given
in Theorem 4.3), but this is of course guaranteed by the theory. From the
definition 1 is clearly surjective.

Since @Z)(F?) =1 and ¢(F§,) =1, 1 also defines a map II; — Ss. We will use

1 to denote this map as well. Let A be the kernel of : ﬁl — Sg. We have a
short exact sequence sequence

1—A—T4 -2 S — 1. (12)

Theorem 5.2 [7] The fundamental group mi(XAD) is isomorphic to A,
where Xé‘f;f1 is the affine part of Xqa the Galois cover of X with respect to a
generic projection onto CP?.
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6 A Coxeter subgroup of 1L

Our next step in identifying the group II; is to study a natural subgroup, which
happens to be a Coxeter group.

Let 6: II; — C be the map defined by 9(T';) = 6(I'j/) = ;. The resulting group
C = Im(0) is formally defined by the generators v1,...,7s and the relations
obtained by applying 6 to the relations of II;.

Since we have ¢(I';) = ¥ (I'j:), v splits through 6: defining p: C — Sg by
p(v;) = ¥(I';), we have that ¢ = pof.

Lemma 6.1 In terms of the generators v;, C' has the following presentation

C = (m, 5| =1,
VIY3VL = V313, V3VAV3 = VAV3V4, VAV5VA = V5V4V55
Y57Y6Y5 = V6576, V67V27V6 = V27672, V27V17Y2 = V17271,
(v, vals (1,75, 171, 76, 193, 5], 1935 Y61, 1135 Y2l [vas Y6l [vas v2)s sy v2))-

Proof We only need to apply 6 on the relations of I given in Theorem 4.3.
Each of the relations in ﬁl descends to a relation in C. The branch points all
give relations of the form I'sy = I'1I';/I'3I'1/I'y. When we equate I'; = I'js these
relations vanish. If L;, L; intersect, then the relations I' yI';)['(;) = Ty ') Iy
descend to ;v = vj¥iy;- Similarly if the lines ﬁi,ﬁj are disjoint, we get
[Vi> V4] U

This presentation is easier to remember using Figure 13: +;,v; satisfy the triple
relation if the corresponding lines intersect in a common vertex, and commute
otherwise.

3

3 2
7 Y
1 6
5——4

Figure 13

We will use Reidemeister-Schreier method to compute A. For this we need to
split 6.
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Lemma 6.2 6 is split by the map s: C — II; defined by ~; — T;.

Proof From the definition of 8 it is clear that 6 o s is the identity on C, so it
remains to check that s is well defined. In Lemma 6.1 we gave a presentation
of C. To prove that v; — I is a splitting we must show that {I';} also
satisfies the relations in II;. s respects 732» = 1, since F? =1in II;. Let 1,7
be indices such that L;, L; intersect, then ~;7v;v; = 7,77, is respected since in
ﬁl we have F(Z-)F(j)l“(l-) = F(j)l“(l-)l“(j) SO speciﬁcally FZ-F]-FZ- = l“jl“il“j. Finally
if i, are such that L; N f/j = ¢, [vi,7;] is respected since [[';y,I';;1] = 1 for
disjoint 4, j. m]

Observe that Lemma 6.1 presents C as a Coxeter group on the generators
Y1573, V4, V5, V6, V2, With a hexagon (the dual of that shown in Figure 13) as the
Coxeter-Dynkin diagram of the group. The fundamental group of this defining
graph is of course Z. In previous works on the fundamental groups of Galois
covers, the group C defined in a similar manner to what we define here, always
happen to be equal to the symmetric group S,, (where n is the number of planes
in the degeneration). Here, the map from C to Sg is certainly not injective
(C is known [3] to be the group Sg x Z°, with an action of Sg on Z° by the
nontrivial component of the standard representation). The connection of this
fact to the fundamental group of Sy is explained in more details in [2].

It will be useful for us to have a concrete isomorphism of C' and Sg x Z°.

Lemma 6.3 C = S x Z® where Z° is the nontrivial component of the stan-
dard representation.

Proof First note that (v2,...,7) is the parabolic subgroup of C' correspond-
ing to the Dynkin diagram of type As, so that Cy = (y2,...,76) = Ss. We will
therefore identify the subgroup Cy with the symmetric group Sg (using 3 as
the identifying map). Next, note that ¥(y1) = (13), so we set x = (13)71,
and consider the presentation of C' on the new set of generators, namely
T, Y2, ...,Y. Substituting 71 = (13)z in the presentation of Lemma 6.1, we
obtain C' = (z, Sg), with the relations

(13)2(23)(13)r = (23)(13)z(23),

—~ o~~~
N
D

— — ~— —

/\/g\/-\
N
D

— — —
Il

8 8 R
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Define z, = oxo~!, then the fact that x commute with ((26), (46), (45)) =
S{2,4,5,6) shows that z, actually depends only on o~1(1),071(3). We can thus
define zyy = x, for some o € (y2,...,76) such that o(k) =1 and o(¥) = 3
(so in particular z13 = x). With this definition one checks that o xpo =
To(k),o(r)- Adding this last relation as a definition of the gy, we obtain the
following presentation: C' = (g, Sg), with the relations

(13).9?13(23)(13)9613 = (23)(13)%13 (23),
(13).9?13(15)(13)9613 = (15)(13)%13(15),
o apo = To(k),o(f)-

Now, the first two relations translate to

r327013 = 12,

51013 = 53,

which after conjugating by an arbitrary o give

TijTgi = Tk,

TkiTij = Tk,
which shows that (xps) is generated by x12,%13,...,216 and is commutative
(using the fact that the x1; commute). Thus (k) = Z°, and C = (Z°, S) is
the asserted group. m]

The inclusion Sg < C' defined by sending the transpositions (15), (23), (26),
(46) and (45) to ~v2,...,76 respectively, splits the projection p: C' — Sg.
From now on we identify Sg with the subgroup (v2,...,7vs) of C, as well as the
subgroup (I'g,...,T'g) of I, .

Corollary 6.4 The sequence (12) is split (by the composition of the maps
Sg — C and s: C — II; ). We denote the splitting map by ¢.

7 The kernel of ¢

We use the Reidemeister-Schreier method to find a presentation for the kernel A
of the map ¢: II; — Sg. Let L = Ker(f: II; — C) and K = Ker(pcoC — Sg),
and consider the diagram of Figure 14, in which the rows are exact by definition
of A and K, and the middle colomn by definition of L. The equality L = L in
the diagram follows from the nine lemma. Then, since 1 — L — I - C—1
splits (Lemma 6.2), we have that A is a semidirect product of L = Ker(#: II; —
C) and K = Ker(p: C — Sg), which is isomorphic to Z° by Lemma 6.3.
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Figure 14

7.1 The Reidemeister-Schreier method

Let
15K—>G2%H 1

be a short exact sequence, split by p: H — G. Assume that G is finitely
generated, with generators ai,---,a,. Then p¢(g) is a representative for
g € G in its class modulo H. It is easy to see that K is generated by the
elements ga;(pp(ga;)) "', 1 < i < n, g € p(H). Now, ga;(pp(ga;))”" =
gai(p9(a:))"H(p6(9)) " = gas(po(as))Lg~1, because @p is the identity on H.
For g € p(H), denote the generators above by

V(g,ai) = gai(pp(a;)) " g~

The relations of G' can be translated into expressions in these generators by the
following process. If the word w = a;, - - - a;, represents an element of K then
w can be rewritten as the product

T(w) = 7(17 Qiy )’Y(P¢(ai1), a2) T 7(p¢(ai1 T ait71)7 ait)'
Theorem 7.1 (Reidmeister-Schreier) Let {R} be a complete set of relations
for G. Then K = Ker(¢) is generated by the v(g,a;) (1 <i<n, g€ H),

with the relations {T(trt™')}, ¢ g tep(m) -

We will use this method to investigate L = ker and A = ker .
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7.2 Generators for L = Ker0

For ¢ € Im(s) = (I'y,...,Tg), we let
Aej=clTyc . (13)

We start with the following:
Corollary 7.2 The group L = Ker(0) is generated by {A.;}i<j<6,ceC-

Proof By Theorem 7.1, L is generated by elements of the form

cI’j(SH(Fj))flc_l and cl“j/(sﬂ(lyl))c_l forall 1 < j <6 and c € C. We
compute s6(I';) = s(y;) =T'; and s0(I';/) = s(v;) = I, so the generators are
;I te™ =T and oyl e = clylyet using I = 1. D

This set of generators is highly redundant as we shall later see, but for now we
turn our attention to A = Ker .

7.3 Generators for A = Ker

By Theorem 7.1, A is generated by the elements oT';(py(I';)) " to~! and
olj(py(Ty)to™, 1 < j <6, 0 € Sg. Again we compute p(I';) and
©p(Tjr). Recall that (I'y,...,I's) = Sg is the image of ¢ (Corollary 6.4), so for
Jj# 1 we get py(I'j) = pp(I'j7) =T, and the generators are

Agj=oTTjo L. (14)
This agrees with our previous definition of A.; for ¢ € Sg, see Equation (13).

The permutation (13) can be expressed in terms of the generators of Sg cor-
responding to I'g, ..., I's as follows:

(13) = (15)(54)(46)(26)(23)(26)(46)(54)(15),
so for j = 1 we have that
(1) = ¢((15)(54)(46)(62)(23) - - - (1)) = Tol6l's a3 a5 6T
Likewise, @(I'1) = pp(T'y/) since ¥(I';) = (I'j1). So we get generators
X, = oTol¢TsIyI3TyI5TeT 0! (15)
B, = olol¢TsIyT3l 5Tl ot (16)

Since X, 1B, = o1 Tyo™ ! = Ag 1, we have the following result:
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Corollary 7.3 The group A = Ker(¢) is generated by A, j, X,, for o € Sg
and j=1,...,6.

Notice that we are now conjugating only by permutations o € Sg instead of all
elements ¢ € C' (as in Corollary 7.2) so this is a finite set of generators.

8 A better set of generators for A

We first show that A, ; are not needed for j =2,...,6
Theorem 8.1 A is generated by {Ag1,Xs}.
Proof This follows immediately from the relations proven below. ]

Table 8.2 We have the following relations:

Ass = Asps)i4s) (17)
Asz = Ag(26)(23)4 (18)
Ass = Ao(26)(46)4 (19)
Ass = Aoas)6)6 (20)
As2 = Asus)15)6 (21)
Asa = Ay514,] (22)

Proof We use the relations of Theorem 4.3. Let I denote the identity el-
ement of Sg, so that by definition A;; = I';I';;. From (4) we have 1 =
Py T3l Ty = Py F3) (T30 Ty T3) (P Iy) = A;;l),A(23),1AH so we get Ay 3
= A3 1 A7 ;-

From (5) we have 1 = F5/F4F4/F5F4/F4 = (F5/F5)F5F4F4/F5F4/F4

= (g T5)D5TalsTyTsTy = (DyTs)TaTsDal g TsTa = A7 A4

From (6) we have 1 = ') I'glgl'yT¢l'e = (T'olgT6l2)(T'2l9)(Tslsr) so we
get Ao = I'ol'y = Dol'gl'e T2l ' = I'al'gl'al'eI'2l's = T'gl'2l'6l'gI'2I'g =
A15)(15),6 -

From (7) we have 1 = Dy [T/ Tol'y Ty = (D'pTa) (Dol T/ Ta) (T Ty)

= A;éA(lg))’lA;% sSo we get AI,Q = A(15)’1A;&.

From (8) we have 1 = 'sI'yI'yI'sT'yI'y = (I'slyTys)(T'3g ) (I'4y) so we get
P3ly = DDyl P3ly Ty = DDy sl Usly = Tyl3Taly T'sTy = A(96)(23) 4 -
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Finally from (9) we have 1 = F5F6/F6F5/F6F6/ = (F5F6/F6F5)(F5F5/)(F6F6/
SO we get F5F5/ = F5F6F6/F5F6/F6 = F5F6F5F6/F5F6 = F6F5F6F6/F5F6
A(45)(46),6 -

~—

mE

One may be tempted to use (I'sI'1T'/T'3) (I T'y) = Ty syl in a similar
manner to the other cases, to rewrite Ay (23) A;i of Equation (17) as a single
element of the form A, 1 ; however note that in the definition (14) we require o €
Sﬁ = <F2, ce ,F6>, so we do not have the equality F1F3F1F1/F3F1 = A(23)(13)71 .
The same remark applies for Equation (22).

Iterating the relations of Table 8.2, we obtain a new relation for (A, 1):

Aa(23),1 A;& = Aa,?)

Ag(26)(23),4

A (26)(23)(46)(26),5

)

A (26)(23)(46)(26)(45) (46),6
)
)

Ag(26)(23)(46)(26)(45) (46)(15) (45),2

= As(36)(24)(56)(14),2

-1
= As(36)(24)(56)(14)(15),1 A5 (36) (24) (56 (14),1

which may be rewritten as

AU(23),1A;& = AU(142563)71A;(1142)(356),1 (23)
Lemma 8.3 For every o € Sg, X, depends only on o=1(1) and o~1(3).

Proof Viewing Sg C C' as subgroups of I (using the embedding s: C' — I )
the elements X, belong to C' = (I'y,I'y, ..., I's) by their definition (15).

Applying the isomorphism C = Sg x Z° of Lemma 6.3, we see that
X, = oDl l3ly 5ol 0!
= s(o(15)(54)(46)(62)(23)(62)(46)(54)(15) (13)z130 1)
= s(o(13)(13)z130 1)

= 8(021?130_1) = 8(%0—1(1)0—1(3)).

A similar result holds for {44 1}.

Lemma 8.4 For every o € Sg, A,1 depends only on o~ 1(1) and o71(3).
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Proof If o;'(1) = 0, (1) and o7 (3) = 05 (3), then 7 = o, ‘o stabilizes
1,3, s0 7 € Spp6455 = (4,1'5,6) which commute with both T'y and T'y.
By definition (14), A, 1 = 02F1F1/0’51 = 017F1F1/7_10f1 = Ulflflrafl =
A(71,1- O

We can thus define

Definition 8.5 For k,{=1,...,6, Ay and Xy, are defined by

Xy = oTollsTul3lal s s 0™ (24)

where 0 € Sg = (I'g,...,I's) is any permutation such that o(k) = 1 and
o(l) =3.

We need to know the action of Sg on these generators:

Proposition 8.6 For every 0 € Sg = (I'g,...,Is) and k,0 = 1,...,6, we
have that

o Ao = Asi)o) (26)
o' Xwo = Xomy o (27)

Proof Let 7 € Sg be such that 7(k) = 1 and 7(¢) = 3. Since A3 = I''\T'y/

by Definition 8.5, we have Ay = 7A137~ " and 0 'Ayo = o 17413770 =

Ar-1501),7-16(3) = As(k)o(r)- The same proof works for the Xj,. O

Note that Byy = Xy Age can be defined in the same manner, and have the same
Sg-action.

From Theorem 8.1 (with a little help from Lemma 8.3 and Lemma 8.4), we
obtain

Corollary 8.7 The group A is generated by {Ape, Xpet1<ki<6-
Since 0(Xx¢) = xke, we already proved

Corollary 8.8 The elements {6(Xy¢)} generate K = Ker(p: C — Sg).
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In the new language, Equation (23) (for o = I) can be written as A2 Ay =
A36A2_61, so conjugating we get

-1 -1
AjAL = AkgAjZ (28)
for any four distinct indices 1, j, k,¢. Using three consecutive applications of

the relation (28) we can also allow ¢ = ¢, and using just two applications we
can get:

Aij Ay = Ay Ay (29)
for any distinct indices 1, j, k and ¢ # j, k. In view of (28) and (29) and Table 8.2

we can write a translation table for the remaining generators A, ; for j # 1.

Table 8.9 A, ; in terms of Ay

As1 = 0Ao! (30)
Asp = anlA;,)la_l = 0A5xA1_x10_1 where x # 1,5 (31)
Ass = O'A;EQA;?)IO'_I = aAnggxla_l where x # 2,3 (32)
Asy = anGA;;a_l = aAnggxla_l where x # 2,6 (33)
A, = O'Ax4A;610'_1 = O'AﬁxAleO'_l where x # 4,6 (34)
Ay = O'Ax5A;41O'_1 = 0A4xAgxlo_1 where x # 4,5 (35)

The indices 1 and 5 which appear in the formula for A, > arise because ¥(I'y) =
(15). The conjugations by o change the indices as in equation (26). Similar
for AU73 s Aa,ﬁ .

We have reduced the generating set for A to { Xy, Aps}r and we know that
the subgroup K = (Xy) = Z°. Now we use - the Reidmeister-Schreier rewriting
process to translate all of the relations of II;. From now on, we denote g =
o1p(g) for every g € II;. Using the notation of Subsection 7.1, v(o,I';) = I and
v(o,Ty) = A;; for j # 1. For j =1, v(0,T1) = X, !, and (0, T'y/) = B L.
We begin by translating some of the relations which involve I'; but not I'y/.
These will yield the relations among the X, which we already know, but the
exercise is useful nonetheless because other elements will satisfy identical sets

of relations.
[Ty~ ~y(I,T)y(Tq,Ty) = X;lx(;;) = X3' X35!, so we deduce that X3 =
X 1_31 and conjugating we get

Xow = Xp)" (36)
The relations [I'1,Ty4], [I'1,I'5], and [I'1,T] in I, produce the same relations
on <ng> .
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Now we translate the triple relations (11) for 4,j adjacent. We start for ex-
ample with I'1I'2I'1I'2I'1T"y. Later we will continue with I'y/I'oI'/I'oI'1/T'y and
finish with (I'y/I'1 'y )To (T T4/ )Do (T T4 T1/)Ty. For these two indices, there
is no need to use any more relations from I'(yI'5) (1) = T'(9)'(yI'(2), since the
Invariance Theorem 4.2 showed that all of these relations were consequences of
the three above.

The relation I'1T'2I'1 5" 'y translates through 7 to the expression
Y(I,T1)y(T1,T2)y(T1T2, T1)y(T1Tol1, Do)y (T Dol T, Ty )y(T1 Dol Toly, I'y).

But since ’)/(O', FQ) =1 we get 'y(I,Fl)'y(Flfg,1“1)7(1“11“21“11“2,1“1), and since
I'T'y = (13)(15) = (135) we can further simplify to

1 - 1 y—1y—1
X7 X (G35 X 51y = X3 X1 X

Thus X35 X51 X135 =1 and including all conjugates
XieXom Xk = 1. (37)

Similarly the relation I'1I'sI’1I'sI"1 ' translates through 7 to the expression
Y(I,T1)y(T1,Tg)y (1T, Fl) (D130, T3) (I I3l T3, Ty )y (T4 T3l 3T, T'3)

which equals XX 00 X)) = X3! X35/ X5 Thus X1 X3 X135 = 1, and
conjugating we obtam

Together the relations (36)—(38) show that (Xp,,) is generated by the five el-
ements Xpo,..., X1 which will commute, so that (X,) = Z5. These are
precisely the relations we expected among the X, and no more.

We continue with some of the relations of ﬁ1 which involve I'y;s but not I'y.
These yield identical relations among the Byy.

[yl == (I, Ty )y(Tv,Tv) = By 'Bg) = By By, Thus By = Byy! and

by all conjugations By = Bk}l.

The relations [I'y/,Ty4], [y, 5], and [I'y/,I'g] produce the same relations on
(By).
The relation I'1:I'9I'1/ 211/ 'y translates through 7 to the expression

Y(I,T1)y(T1,Ta)y(T1: T2, Ty )y(CyTalys, To) (T Dol To, Ty )y (T Dol Ty, Ta).

But since y(o,I'9) = I we get y(I,T1/)y(I'y o, Tyr)y (F1/F2F1/F2,F1/), and

since T3 Ty = (13)(15) = (135) we further simplify to B;'B i, B/

(135) (531) —
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BﬁlBgllBg;. Thus BssB51B13 = 1 and including all conjugations we have
Biy¢Bey B = 1. Similarly the relation I'1/I'3I'1:I's'/I's translates through =
to the expression Bing;QlBgll. Thus BsB32Bi3 = 1 and including all conju-
gations By, BreBmir = 1. By the arguments applied above for the Xy, we also
have that (By,) = Z5 generated by Biy.

We finish with the last necessary triple relations. Note that I';yT';T';s = I'; and
T(CvTiTy) = By ' X5 Byt = By X3y By = By Xi3Byy'. So if we define
Ce to be BMX,;ZIBM = ngAig then the additional relations are Cp, = Ck_él,
CrtComCumi = 1, and Cyp,CryCre = 1. By the arguments above, the {Cys}
generate another copy Z° C A. In fact for each exponent n the elements
XA, = BrXp,' - X Bre ov A% = XpB;,' -+ B! Xie generate a sub-
group isomorphic to Z°.

The relations computed thus far turn out to be all of the relations in m (X41).

Once we show that the remaining relations translated from II; are consequences
of the relations above we will have proven the following theorem:

Theorem 8.10 The fundamental group Wl(Xég) is generated by elements
{Xij, Ai;} with the relations
XAl = (XA%)~,
(Xig AT (X Al) (Xki Ay;) = 1,
(X AJ) (X AG) (XkiAy;) = 1,
-1 -1
Ay = AMAJ’Z

for every n € Z.

Before we show that the remaining relations are redundant we prove that the
relations above imply that some of the Axy commute. We shall frequently use
the fact that XpeXsm = XpmXge = Xk which is a consequence of (36)—(38).
By and Cyyp satisfy this as well.

Lemma 8.11 In m(X4%) we have [A;;, Ay] = 1 and [Aj;, Ayi] = 1 for dis-
tinct 1,7, k.

Proof Starting with C;C;xC;; = 1 and use the definition of Cj; to rewrite it
as (Byi Xk Bri)(Bjr Xy Bjr)(Bi; X;iBij) n Bkiz‘Xik:BjiijBikaiBz’j =

(Bkzsz)(szXz])(szsz)(ijBz]) = Az_k: AZ_] AzkAZJ = 1. Thus the commuta-
tor [A;;, Aj;] = 1. The relation (28) can be used to show that [A;;, Ayl =1 as
well. 0
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Now we treat the remainder of the relations in II;. For j # 1 the relation I';T';
translates immediately to the null relation. Next consider I';/T';:.

[yTy — Al_,:lsA(_zé),g' But taking the inverse and using Table 8.9 we get
Az 3413 = (Ang;;)(AﬂA;;) which cancels completely. Identical computa-
tions treat all other values of j.

il Ty = X A X )06 A4
A(26)74X(13)(26)A(13)74X[. USlng Table 8.9 we have AlgAI61X31A36A§21X13 =
(X21B12)(Be1X16) X31(X63B836) (B23X32) X13 = X091 BgaBogX12 = 1. Similar
calculations show that [I'1,I's/] =1 and [I'1,T'¢] = 1 are also redundant.
Pula Tyl == Byl A 1B 06 A )
A(26)74B(13)(26)A(13)74BI. Using Table 8.9 we have AIQAI61331A36A§21313-
Now, by Lemma 8.11 we can commute Ao and Aig as well as Asg and Ass
to get Ay¢ A12B31 45, AseBis = (Bs1X16)(X21 B12) Bs1(Bas X32)(Xes Bsg) Bis =
Bg1X26X62B16 = 1. Again, similar calculations work for [I'y/,I's] = 1 and
[y, Tg] = 1.

and taking the inverse we get

4 and taking the inverse we get

For non-adjacent ¢,j # 1 the relation [I';,I';] translates directly to the null
relation. So next we treat [I';,T';].
[0y Dy — A7 1A(—15)(23) )
(Ax5A;11)(A$1A;5) = 1. The same happens for every other non-adjacent pair
i,j# 1.

T.oA—14-1 1 -
FQ/Fglrg/Fg/ [ AI,QA(l) A( )( ) A(23)3
A23)3A015)(23) 2A(15)3A12 = (Aa3Ary)(A1y A5 ) (A2 A ) (AswAL,) . Substi-
tuting specific values x =1, y =2, 2 =5, and w = 3 we get
A13A1_21A12Ag21A52Ag31A53A1_31 = 1. Identical arguments work for every other
non-adjacent ,j # 1.

and inverting we have A(15)23) 2413 =

and taking inverses again we get

All that remains are the triple relations for 4,7 # 1. As before we need only
three such relations for each pair of indices. The relation I';I';I';I';I;I'; trans-
lates trivially, so we begin with I'yI';I';y ;' T;.

T 1 1 -1
F4/F3F4/F3F4/F3 L A A(632) A(236),

A236),4A(632),4A14 = (A6:EA3$ )(ASIAQJ)(AzxAg;) =1.
Finally consider I'yI'yTyl3TyDy Talslala Tl = Agg A Ay
A(23)74A(36),4A(26),4 = (AacfiAxg )(A$3Aac2 )(AiUQA:UG) = 1. So all of the relations

in II; are included in Theorem 8.10.

4 and taking the inverse we get

and
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9 The Projective Relation

To complete the computation of m1(Xga) we need only to add the projective
relation
T Dol gl Dyl s Tglgr = 1.

This relation translates in .A as the pI'OdUCt P = A[71A172A[73A[74A[75A[76 . We
must translate the Aj; to the language of the A/, using Table 8.9:

P translates to Alg(A21A2_51)(A31A2_11)(AglAgll)(AﬁlAZII)(A41Ag11) which can-
cels to A13A21A551A31Ag11. USiIlg Equation (28), we get A13A21A551A25A531.
Thus the projective relation may be written as A13A21A2_31 =1 or equivalently
Ao = A13A21. Conjugating, this becomes

Substituting back into (28), writing A;; = AyjA; and Ay = AjAgj, we obtain
ApjAje = AjiAy;. (44)

Lemma 9.1 The subgroup (Ags) of m1(Xqal) is commutative of rank of at
most 5

Proof We will compute the centralizer of A;; for fixed 4,j. Let 4,j,k, £ be
four distinct indices. We already know from Lemma 8.11 that A;; commutes
with A;, and Ay;. By equation (44) it also commutes with Ay; and Aj,. Now
equation (43) allows us to write Ayy = A;pAy;, both of which commute with
Ajj, 50 (Aje) is commutative.

NOW, since AjkAij = Azk and AzkAjz = Ajk7 we have AjkAijAji = AzkA]z =
Ajj, so that Aj; = A;jl, the group is generated by the Ay, (k=2,...,6), and
the rank is at most 5. D

We see that m1(Xga) = (Aij, Xij) with the two subgroups (4;;), (X;;) isomor-
phic to Z5. The only question left is how these two subgroups interact.

Lemma 9.2 In 7 (Xga) the A;; and Xy, commute.

Proof We need only consider the commutators of A;3 and X;; since all oth-
ers are merely conjugates of these. First consider the commutator [Xi3, A13].
Since Xj3 = (13)I'; (choose ¢ = 1 in (24) and note that as elements of
S67 we have (13) = F2F6F5F4F3F4F5F6F2) and A13 = I‘lI‘y this becomes
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(13)T1 (M1 7)1 (13) A = (13T T1(13) A = Azl A = AsA = 1. So
X135 and Aq3 commute.

Next consider the commutator X12A13X1_21A1_31. By definition we have that
X12 = (23)X13(23) = (23)(13)I'1(23) = (321)I'1I'3. Thus the commutator
becomes (321)T1T3(T Ty )3T (123) ALy . We use the triple relations
F(l)F(3)F(1) == F(g)F(l)F(3) to get (321)F3F1F3F1/F3F1(123)_41731 =
(32173 T T3l T (123) A = (321)T301 T T3(123)(321)T1/ T (123) ALy
which is equal to A(321)F371A(_3121)71A1_31 = A(12),1A(_3121)71A1_31 = 142:),142_11‘41_31 =1,
thus proving that Xio and A;3 commute.

Conjugating by (2j) we see that Xi; commutes with A3 and since X;; =
Xﬂlej we see that every X;; commutes with Aq3. O

Theorem 9.3 The fundamental group m1(Xga) = Z'%.

Proof mi(Xqa) is generated by A;; and Xi; which all commute. Hence the
group they generate is Z!. m|
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