ISSN 1472-2739 (on-line) 1472-2747 (printed) 563

Algebraic & Geometric Topology
Volume 2 (2002) 563-590 AIG

Published: 20 July 2002

Linking first occurrence polynomials
over I, by Steenrod operations

PuaM ANH MINH
GRANT WALKER

Abstract This paper provides analogues of the results of [16] for odd
primes p. It is proved that for certain irreducible representations L(\)
of the full matrix semigroup M, (F,), the first occurrence of L()) as a
composition factor in the polynomial algebra P = F,[zq,... ,2,] is linked
by a Steenrod operation to the first occurrence of L(A) as a submodule in P.
This operation is given explicitly as the image of an admissible monomial
in the Steenrod algebra A, under the canonical anti-automorphism x. The
first occurrences of both kinds are also linked to higher degree occurrences
of L(X) by elements of the Milnor basis of A,,.

AMS Classification 55S10; 20C20

Keywords Steenrod algebra, anti-automorphism, p-truncated polyno-
mial algebra T, T-regular partition/representation

1 Introduction

Our aim is to obtain results corresponding to those of [16] for the case where the
prime p > 2. In this we are only partly successful. The main theorem of [16]
gives a Steenrod operation which links the first occurrence of each irreducible
representation L(A) of the full matrix semigroup M, (F2) in the polynomial
algebra P = Faylxq,... ,x,] with the first occurrence of L(A) as a submodule
in P. Here M,(F3) acts on P on the right by linear substitutions, which
commute with the action of the Steenrod algebra A on P on the left. By
“first occurrence’ we have in mind the decomposition P =" -, P¢, where P?
is the module of homogeneous polynomials of total degree d, and the known
facts that there are minimum degrees d.(\) and ds(\) in which L(\) occurs,
uniquely in each case, as a composition factor and as a submodule respectively.

For an odd prime p, we have again the commuting actions of M, = M,,(F,)
on the right of the polynomial algebra P = F,[x1,... ,z,] and the algebra A,
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of Steenrod pth powers (no Bocksteins) on the left. We refer to A,,, somewhat
inaccurately, as the Steenrod algebra, and grade it so that P" raises degree by
r(p—1). There are p" isomorphism classes of irreducible F,[M,,]-modules L(\),
indexed by partitions A = (A1, Ag,... , \,), which are column p-regular, i.e. 0 <
Ai —Ait1 <p—1for 1 <i<n,where \,y1 =0 [8,9, 10]. The problem solved
in [16] is certainly more difficult in this context. The submodule degree ds(\)
has recently been determined [12] for every irreducible representation L(\) of
M,,, but d.(\) is not known in general. In particular, the first occurrence
problem appears to be difficult even for the 1-dimensional representations det”
1 <k<p-3,p>3, see [2, 3], although it is solved for det’~2 [1]. (The
partition indexing det® is (k,...,k) = (k"), i.e. k repeated n times.) Further,
it is not known in general whether P%(®) has a unique composition factor
isomorphic to L(A). Here we identify a class of irreducible representations
L(X\) which behave systematically. Since they arise naturally by considering
tensor powers of the p-truncated polynomial algebra T = P/(2f,... ,2h), we
call them T -regular.

Our main result, Theorem 5.7, gives a Steenrod operation #(\) which links the
first occurrence and the first submodule occurrence in P of a T-regular L(\).
This determines d.(\) in the T-regular case. The operation #()\) is given
explicitly as the image of an admissible monomial under the canonical anti-
automorphism x of A,. Calculations for n < 3 suggest that such an operation
6(\) may exist for every irreducible representation L(A) of M,,, but we do not
pursue this here. Tri [14] has given an ‘algebraic’ alternative to this ‘topological’
method of finding d.(\), using coefficient functions of F,[M,]-modules.

For p = 2, T may be identified with the exterior algebra A(zi,...,z,), and
all the irreducible representations L(\) of M, are T-regular. For p > 2, the
only irreducible 1-dimensional T-regular representations of M,, are the ‘trivial’
representation, in which all matrices act as 1, and the det?~! representation,
in which non-singular matrices act as 1 and singular matrices as 0. The ‘triv-
ial’ representation, for which A = (0), occurs in P only as P, the constant
polynomials. Our key example is the det?~! representation. This occurs first
as a composition factor as the top degree TP=1) of T, where it is generated
by the monomial (21 ---2,)?~! modulo pth powers, and first as a submodule
in degree p, = (p" — 1)/(p — 1), where it is generated by the Vandermonde
determinant

xl x2 e xn
w(n) =| .
n—1 n—1 n—1
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Linking first occurrence polynomials over ), by Steenrod operations 565

Theorem 1.1 Let x be the canonical anti-isomorphism of A,. Then for
n>1,
X(PP ) (1@ - P = w(n)P

where p, = (p" —1)/(p — 1).

This result is true for p = 2 if we interpret P" as Sq" [16]. The operation
X(PP»~") may be replaced by the admissible monomial priiol. . ppt-lpp-l
which is identical to the Milnor basis element P(p — 1,... ,p — 1) of length
n—1 (see Proposition 3.2). In general the operation y(P"™ P ... P™) used in
Theorem 5.7 can not be replaced by an admissible monomial or a Milnor basis
element.

The structure of the paper is as follows. Section 2 contains basic facts about
the action of y(P") and Milnor basis elements on polynomials. Section 3 con-
tains independent proofs of Theorem 1.1 using invariant theory and by direct
computation. In Section 4 we introduce the class of T-regular partitions to
which our main results apply, and extend Theorem 1.1 to T¢ for all d. The
main results are stated in Section 5 and proved in Section 6. Section 7 relates
these results to the IF,[M,]-module structure of P. Section 8 gives Milnor basis
elements which link the first occurrence and (in certain cases) the first submod-
ule occurrence of a T-regular representation of M,, with submodules in higher
degrees.

The remarks which follow are intended to place our results in topological, com-
binatorial and algebraic contexts. As for topology, recall (e.g. [17]) that there
is an Ap-module decomposition P = @,d(A)P(\), where the A-isotypical sum-
mand P()) is an indecomposable A,-module, and where §(\) = dim L(\), the
dimension of L(A). Identifying P with the cohomology algebra H*(CP> x
-+ x CP>;F)), this decomposition can be realized (after localization at p) by
a homotopy equivalence X(CP* x --- x CP*) ~ \/, 6(\)Yy, which splits the
suspension of the product of n copies of infinite complex projective space CP*
as a topological sum of spaces Y) such that H*(Y);F,) = ¥P(\). The family
of A,-modules P()) is of major interest in algebraic topology. From this point
of view, we determine the connectivity of Y) for T-regular A (Corollary 5.8)
and find a nonzero cohomology operation 6(\) on its bottom class (Theorem
5.7).

As for combinatorics and algebra, our aim is to provide information relating the
Ap,-module structure of P()) to combinatorial properties of A and representa-
tion theoretic properties of L(\). The operation #(\) and its source and target
polynomials are combinatorially determined by A. The target polynomial is
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defined by w(\) = H;‘;l w(X}), where A" is the conjugate of A, so that w(\)
is a product of determinants corresponding to the columns of the diagram of
A. This polynomial has already appeared in various forms in the literature. In
Green’s description [8, (5.4d)] of the highest weight vector of the dual Weyl
module H°()\), w()\) appears as a ‘bideterminant’ in the coordinate ring of
M, (K), where K is an infinite field of characteristic p. A proof that w()\)
generates a submodule of P%(®) isomorphic to L(\) was given in [7, Proposi-
tion 1.3], and a proof that this is the first occurrence of L(A) as a submodule
in P was given in [12].

We would like to thank the referee of this paper for a very careful reading and
for a number of helpful suggestions.

2 Preliminary results

In this section we use variants of the Cartan formula P"(fg) =>_,_, ., P*f-P'g
to study the action on polynomials of the elements x(P") and Milnor basis
elements P(R) in the Steenrod algebra A,. We begin with the standard formula

‘ pb+1 f L b
Pi'y=4" TP (1)
0 otherwise for 7 > 0.

In particular, we wish to evaluate Steenrod operations on Vandermonde deter-
minants of the form

S1 S92 Snl __ ;912 ;922 o xfi
[xil,xiQ,...,xin]— ,
sy ey e ol
where the exponents si,...,s, are powers of p. As above, we shall ab-
breviate such determinants by listing their diagonal entries in square brack-
ets: in particular, w(n) = [z1,25,... ,xﬁnil]. As in Theorem 1.1, we write

pn = (P —1)/(p — 1), so that po = 0 and p, — p; = (p" —p’)/(p — 1). The
following result is a straightforward calculation using the Cartan formula and

(1).

Lemma 2.1 Ifr =p, —p;, 0<j <n, then

J-1 i+l n
Prw(n) = [z1,2, ..., ol ... 2],
and P"w(n) = 0 otherwise. In particular, P"w(n) =0 for 0 <r < p"~!. O
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To simplify signs, we usually write P" for (=1)"x(P"). Thus if v is one of the
generators z; of P, or more generally any linear form v = Y7 | a;x; in P!,

~ o’ if =y, b >0, )
0  otherwise.

Formula (2) follows from (1) by using the identity Ziﬂ-zr(—l)iP’ﬁj =0in A,

and induction on r. Using the identity ), +j:T(—1)i]3in = 0 and induction

on k, (2) can be generalized to

~ P i =y —pp, b >k
PT.’Epk — {x mr Pb — Pk, 02 R, (3)

0 otherwise.

This leads to the following generalization of [16, Lemma 2.2].

Lemma 2.2

k k+n—2 b .
ﬁr [xpk xpk+1 xkar"*l] _ [xllj geee 7x£_1 737:7% ] ifr = Pb — Pk+n—1,
1 %2 rrrtatn .
0 otherwise.
The modifications required to the proof given in [16] are straightforward. DO

In evaluating the operations 13’”, we shall frequently make use of the Cartan
formula expansion for polynomials f,g € P:

P'(fg)= >_ P°f-Ply, (4)
s+t=r

which holds because x is a coalgebra homomorphism.

Lemma 2.3 For all polynomials f,g in P and all r > 0,
Pr(frg)= Y (P°f)PP'y.

r=ps+t

Proof By (4) it suffices to prove the case g =1, i.e.

ﬁrfp: (ﬁsf)p if r = ps,
0 if r is not divisible by p.

In this case, the Cartan formula (4) gives ﬁrfp => ]3r1f e ﬁrpf, where the
sum is over all ordered decompositions r = Zle r;, r; > 0. Except in the case

where 71 = ... = r, = s, cyclic permutation of ry,... ,r, gives p equal terms
which cancel in the sum. m]
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We write a(k) for the sum of the digits in the base p expansion of a positive
integer k, ie. if k =), oa;p’ where 0 < a; < p—1, then a(k) = > .o, a;.
Thus a(k) is the minimum number of powers of p which have sum k, and
a(k) = k mod p — 1. Formula (2) leads to the following simple sufficient
condition for the vanishing of Pron a homogeneous polynomial of degree d.

Lemma 2.4 If a(r(p— 1) +d) > d, then P"f =0 for all f € P,
Proof Since the action of P is linear and commutes with specialization of

the variables, it is sufficient to prove this when f = zyx9---z4. By (4) ﬁrf =
> Pz P2gy - - Pz, where the sum is over all ordered decompositions r =

r1+re+...+7rqg with r1,72,... ,74 > 0. By (2), the only non-zero terms are
those in which r; = py, for some non-negative integers ki, k2, ... ,kq. But then
r(p—1)+d =73, p", and the result follows by definition of a. O

Lemma 2.5 Let k>0 and let v = Z?:l a;x; be a linear form in P'. Then

pri-1,p=1 _ p*p-1)

Proof There is a unique way to write p* — 1 as the sum of p — 1 integers of
the form p; for i > 0, namely p¥ — 1 = (p — 1)py. The result now follows from
(2) and the Cartan formula (4). D

Remark 2.6 The same method can be used to evaluate P"vP~! for all r. The
result is

Prop-1 e tDE=N i o((r+1)(p—1)) =p — 1,
) =
0 otherwise,

where if (r +1)(p — 1) = jip™ + ... + jsp®, with a3 > ... > a5 > 0 and
Yoiyji=p—1,then ¢, = (p—1)I/(j1lg2! - 4.

The following result, the ‘Cartan formula for Milnor basis elements’ is well-
known (cf. [16, Lemma 5.3]).

Lemma 2.7 For a Milnor basis element P(R) = P(ri,... ,r,) and polynomi-
als f,g e P,

P(R)(fg)= >  P(S)f-P(T)g,

R=S+T
where the sum is over all sequences S = (s1,...,s,) and T = (t1,... ,t,) of
non-negative integers such that r; = s; +t; for 1 <i <mn. DO
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In the same way as for Lemma 2.3, this gives the following result.

Lemma 2.8 Let P(R) = P(ry,...,r,) be a Milnor basis element and let
f,g € P be polynomials. Then

P(R)(frg)= > (P(S)f)P- P(T)g. O

R=pS+T

Here R = pS + T means that r; = ps; +t; for 1 <i<n.

3 The det’ ! representation

In this section we give three proofs of Theorem 1.1. The first uses the results of
[12] on submodules, while the second is a variant of this which uses only classical
invariant theory. The third proof is computational. The first two proofs use
the following preliminary result, which shows that the operation ppn—n maps
to 0 all monomials of degree n(p — 1) other than the generating monomial
(x129 - - 2,)P71 for detP™1,

Lemma 3.1 Let f be a polynomial inAP"(pfl) which is divisible by xP for
some variable x = x;, 1 <4 <n. Then PP»~"f = 0.

Proof Let f =aPg, where g € P. Then by Lemma 2.3

oo Y (PapPly 5)

pn—n=ps+t

By (2), Py = 0 if s % pi for some k with 0 < & < n — 2. Thus it is
sufficient to prove that ﬁtg =0 for t =p, —n—p-pg, where g € Pr=1)-p,
By Lemma 2.4, this holds when a((t +n)(p — 1) —p) > n(p — 1) —p. Now
t+n)p—1)—p=pulp—1) —p-pr(p—1) —p = p" — p"* — 1, hence
a((t+n)(p—1)—p)=n(p—1)—1>n(p—1) — p as required. Thus Plg =0
in all terms of (5) in which Pz # 0, and so PP»~"f = 0. O

First Proof of Theorem 1.1 We first show that the monomial m = (z125 - - -

n—1 ~
x5, )P~ appears in PP»~"(xq---x,)P~! with coefficient 1. In the Cartan for-

mula expansion (4), m can appear only in the term arising from the decompo-
sition p, —m =71 + 1o+ ...+ 1y, Where i :pk_l—l for 1 <k <n. By
Lemma 2.5, m appears in this term with coefficient 1.
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By Lemma 3.1, PPn=m maps all other monomials in degree n(p—1) to 0. Hence
PPn=n(gy -+ x,)P71 generates a 1-dimensional F,[M,]-submodule of PP"~!.
Since (21 ---2,)P~' generates the 1-dimensional quotient T™P—1) of Pn(—1)
and since TP~ = detP~!, this submodule of PP"~1 is also isomorphic to
detP~ 1.

It is known [12] that the first submodule occurrence of detP~! for M, in P
is generated by w(n)P~!, and that this is the unique submodule occurrence of
det?~! in degree p™ — 1. Since m is the product of the leading diagonal terms
in wn)P~t = [z,25, ... ,xﬁnil]p_l, m also has coefficient 1 in w(n)?~t. O
Second Proof of Theorem 1.1 We recall that D(n, p) is the ring of GL,(IF,)-
invariants in P, and that it is a polynomial algebra over [F,, with generators @), ;
in degree p" —p’ for 0 < i < n—1. We may identify @, o with w(n)P~t. Since
T™P~1 is isomorphic to the trivial GL,(F,)-module, it follows as in our first
proof that ﬁp"*”(aﬁl )P~ € D(n,p).

We shall prove that w(n) divides PPn~"(zy - - 2,,)P~!. Recall that w(n) is the
product of linear factors cix1+. .. +cpxy, where ¢y, ... , ¢, € F),. If we specialize
the variables in (1 ---2,)P~! by imposing the relation cjzy + ... + ¢z, = 0,
then every monomial in the resulting polynomial is divisible by zP for some
variable © = x;. By Lemma 3.1, such a monomial is in the kernel of ppan,
Thus ]31’"_”(:01 -~ x,)P~1 is divisible by ¢121 + ... + ¢, , and so it is divisible
by w(n).

Now an element of D(n,p) in degree p™ — 1 which is divisible by w(n) must
be a scalar multiple of Q,0 = w(n)?~1. For if a polynomial in the remain-
ing generators Qn1,...,Qnn—1 of D(n,p) is divisible by w(n), the quotient
would be SL,(F,)-invariant, giving a non-trivial polynomial relation between

Qn1,---,Qnn—1 and w(n). This contradicts Dickson’s theorem that these are
algebraically independent generators of the polynomial algebra of SL,(F,)-
invariants in P. D

Our third proof of Theorem 1.1 is by direct calculation. We shall evaluate the
Milnor basis element P(p — 1,...,p — 1) of length n — 1 on (zy---x,)P"!.
The following result relates the element P(p — 1,...,p — 1,b) of length n to
admissible monomials and to the anti-automorphism x. In particular, we show
that P(p—1,...,p—1) and PP»~" have the same action on (z1 - -- 2, )P~!.

Proposition 3.2 For 1<b<p-—-1,
(i) P(p—1,...,p—1,b) = pOtp" =1 pl+p=1pb for p > 1
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(ii) ]3(6+1)p"’"g =Pp—-1,...,p—1,b)g ifdegg<n(p—1)+b forn>1,
(iii) POHDpn—n — pl+Dp" ™! pltlpn-1—n 4 p(p—1 ... p—1,b) for n > 2.

Proof Statement (i) is a special case of [4, Theorem 1.1]. For (ii), recall [11]
that P? is the sum of all Milnor basis elements P(R) in degree d(p — 1). Here
R = (ry,rg,...) is a finite sequence of non-negative integers, and P(R) has
degree |R| = (p' — 1)r; and excess e(R) = > r;. In particular, P? = P(d) is
the unique Milnor basis element of maximum excess d in degree d(p — 1), but
in general there may be more than one element of minimum excess in a given
degree.

We will show that P(p—1,...,p—1,b) is the unique element of minimum excess
e = (n—1)(p—1)+b in degree d(p—1) when d = (b+1)p,—n. By [11, Lemma §]
a bijection P(r1,79,... ,7y) < P11 P2 ... Ptm hetween the Milnor basis and the
admissible basis of A, is defined by t,, = r,, and t; = r; +pty1 for 1 <i <m.
This preserves both the degree and the excess. Thus it is equivalent to prove
that m = PO+LP" =1 .. p+Dp=1pb ig the unique admissible monomial of
minimum excess in degree d(p —1). Now the excess of an admissible monomial
PUpt2...ptm is pt; —d(p — 1) where d = Y, t;, and so it is minimal when
t1 is minimal. It is easy to verify that m is the unique admissible monomial
in degree d(p — 1) for which #; = (b+ 1)p"~! — 1, and that this value of #; is
minimal.

Note that p divides [R|+e(R) for all R. Hence ]3(6+1)p"*"—P(p—1, ...,p—1,b)
has excess > e+p—1=n(p—1)+b, and so PCtVPn—ng — P(p—1,... ,p—1,b)g
when ¢ is a polynomial of degree < n(p — 1) + b.

(iii) Recall Davis’s formula [5]

D S L T “

|R|=(p—1)(utv) pa

which we may apply in the case u = (b+ p™~t, v=(b+ 1)pn_1 —n to show
that P“P" is the sum of all Milnor basis elements in degree d(p —1) other than
the element P(p —1,...,p —1,b) of minimal excess.

For R=(p—1,...,p—1,b) we have |R|+e(R) = (b+ 1)p" — p, and since
pu = (b+ 1)p™ the coefficient in (6) is zero. Since p divides |R| + e(R) for all
R, |R| +e(R) > (b+ 1)p™ for all other R with |R| = d(p —1). As remarked
above, the unique element of maximal excess is P? itself, and so for all R we
have |R| +e(R) < pd = (b+1)(p +p>+ ...+ p") — pn. It is clear from this
inequality that the coefficient in (6) is 1 for all R# (p—1,... ,p—1,b). O
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Third Proof of Theorem 1.1 Let 6, = PP"~1... pr’=1pr=1 for p >1,and
0o = 1. We assume that 6, 1(x1---2,)P~1 = w(n)?~! as induction hypothesis
on n, the case n = 1 being trivial.

The cofactor expansion of w(n + 1) = [z1,25,. .. ,:cf;rl] by the top row gives
. i—2 i—1 n—1
win +1) = Y (—1)iAP ) where A; = [z,... 2% | b, ah ]

Hence w(n+1)-(z1 - - Zp1)? " = S0 (= 1) P AP (@) - - 24 1 @iy - - pgr )P
By Proposition 3.2(i), 8, = P(p—1,... ,p—1) of length n, and so by Lemma 2.8
On(w(n+1)-(z1 - 2P = S (1) 2P ALO, (1 - im1@igr - g )P
Since 6, = PP" 70,1, Op(x1-- T 1Tiq1 - TP = Ppn_lAffl by the
induction hypothesis. Since Af_l has degree p" — 1, PpnflAJf_1 = Af(p_l).
Hence O, (w(n +1) - (z1 -+ 2p41)P7 L) = Z?jll(—l)ifofg =w(n+1)P.

By Lemma 2.1, P'w(n+1) =0 for 0 <r < p". As 6, = PP"~L... pp*~1pp=1,
iterated application of the Cartan formula gives 6, (w(n-+1)-(z1 -+ z,41)P" L) =
w(n+1)-0,(x1 - 2pe1)P L. Hence w(n +1) - Op(z1 - 2pp1)P~ = w(n + 1)P.
Cancelling the factor w(n + 1), the inductive step is proved.

4 T-regular partitions

In this section we define the special class of T -regular partitions, and extend
Theorem 1.1 to give a Steenrod operation PT which links the first occurrence
and first submodule occurrence of T¢ for all d. In fact we prove a more general
result which links the first occurrence to a family of higher degree occurrences.

The truncated polynomial module T¢ = P¢/(P¢N(z},... ,2})) has a F,-basis
represented in P? by the set of all monomials x7'25? - 25" of total degree
d=1Y,s; with s; < p for 1 <i <n. By [2, Theorem 6.1] T¢ = L((p—1)""1b),
where d = (n—1)(p—1)+b and 1 <b <p—1. We regard the corresponding
diagram as a block of p — 1 columns, in which the first b columns have length
n and the remaining p — b — 1 columns have length n — 1. Given a partition
A, we can divide its diagram into m blocks of p — 1 columns and compare the
blocks with the diagrams corresponding to these. (The mth block may have
< p—1 columns.) For 1 < j < m, let A(j) be the partition whose diagram is

the jth block, and let v; = deg A(;) be the number of boxes in the jth block.

Definition 4.1 A column p-regular partition \ is T-regular if L(\;)) = T%
for all j. Equivalently, for all a > 1, there is at most one value of i for which
(a—1D(p—-1)< X <a(p—1). If X is T-regular, we call v the T-conjugate of
A.
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In the case p = 2, all column 2-regular partitions are T-regular, and v = X,
the conjugate of A\. If k is column 2-regular, then the partition A = (p — 1)k
obtained by multiplying each part of x by p—1 is T-regular. Since A is column
p-regular, v; —vj41 > p — 1 for all j, and m < n. Thus there is a bijection
A < 7 between the set of T-regular partitions A = (A1,...,\,) and the set of
partitions v = (y1,... ,v,) which satisfy 1 <n(p—1) and v; —vj41 >p—1
for 1 < j7 <n—1. In terms of the Mullineux involution M on the set of all row
p-regular partitions, A and v are related by M(y) = X [15, Proposition 3.13].

We next extend Theorem 1.1 to give linking formulae for the representations
T<. It will be convenient to introduce abbreviated notg}}on lfgrl some flirther
Vandermonde determinants. Let w(n,a) = [z1,... 264 @b, ,... 25 | for
0 < a < n, where the exponent p® is omitted. In particular, w(n,n) = w(n)

and w(n,0) = w(n)P.

Proposition 4.2 Forn > 1 and 1 <i<p—1, let i =i+ --- + is where
11,...,0s >0, and let j =i1pgq, + -+ + isPa, , Where a; > ... > as > 0. Then

s
ﬁpn_n_j ((561562 L xnil)p—lxg—i—l) — (_1)i(n—1)_jw(n)p_i_1,1_[ /w(n—l, ar)ir.
r=1

Specializing to the case s =1, j = ip,_1 and putting b = p — 1 — i, we obtain
an operation linking the first occurrence and the first submodule occurrence of
the representation T, as follows. Theorem 1.1 can be taken as the case b =0
or as the case b = p — 1; we choose b = p — 1 to fit notation later.

Corollary 4.3 Forn>1and 1<b<p-1,

ptDpn1—(n—1) ((:1:1902 e xn_l)p_lx,ﬁ) = w(n)® - wn —1)P~°>71

Proof of Proposition 4.2 We introduce a parameter into Theorem 1.1, by
working in Fp[zi,... ,2,41] and writing z,11 =t in order to distinguish this
variable. Since the action of A, commutes with the linear substitution which
maps =, to x, +t and fixes x; for i # n, we obtain

n—2

]Sp”_”(acl s e (T + t))p_1 = [z1, xg, o ,xﬁfl ,(xn + t)pn_l

Pt ()
Expanding the left hand side of (7) by the binomial theorem, we obtain

p—1
S (1) PP (g - )P ),
1=0
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The right hand side of (7) is

p—1

[xlu xgp - 7xﬁ7:*12’x£n—£’_tpn—l]p—1: Z(_l)iw(n)p_l—i[xl’ :Cg, . ’xﬁniiﬁ’ tp"_l]i’
=0

since w(n) = (21,25, . .. ,xﬁn_l]. The summands in (7) corresponding to i = 0

give the original result, Theorem 1.1, and so are equal. In fact we can equate
the ith summands for all 7. This happens because P raises degree by r(p—1),
so that the powers t* which occur in the ith summand on the left have k =4
mod p — 1, while if t* occurs in the ith summand on the right, then % is the
sum of ¢ powers of p, so that again kK =4 mod p— 1. Hence for 1 <i<p—1
we have

ﬁp”_n((xl o xn_l)p—lx;;l—l—iti) — w(n)p—l—i . [3317 33]2), T 2 on—1

ne1 ot 1 (8)
Since the powers t* of ¢ which can appear here are such that k is the sum of i
powers of p, we can write k = i1p% + ...+ i;p%, where a; > ... > as; > 0 and
i1 + ...+ 15 = 1. Using the expansion

n—1

n—2 n—1 1 a

(1,2, ... 2l [P ] = E (1) 1% (n — 1,a)t?
a=0

we can evaluate the coefficient of t* on the right hand side of (8) as
(—1)in=1)=J 17'

i g

p—1—i

w(n) ~w(n — 1,a1)i1 ---w(n—s,as)is,

where we have simplified the sign by noting that aii1 + ... + agis = j mod 2
since p, = a mod 2,. By the Cartan formula (4), the left hand side of (8) is

pn—n

Z Pppn—n—j (CTRERE Y Ly ) . Digi

§=0
Here the term in ¢ arises from Pt where k = jlp —1) + i, so that j =
11Pay + - .- + isPa,, and since this decomposition of j as a sum of at most ¢
powers of p is unique, formulas (2) and (4) give Piti = (i!/i1!-- i)tk . Thus
equating coefficients of t* in (8) gives the result.

5 Linking for T-regular representations

In this section we state our main results. We fix an odd prime p and a positive
integer n throughout. As in [16], our results will be statements about polyno-
mials in n variables when A has length n, i.e. A has n nonzero parts. There
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is no loss of generality, since the projection in M, which sends z, to 0 and
x; to x; for ¢ < n maps L(A) to zero if A\, > 0 and on to the corresponding
F,[M;—1]-module L(A) if A\, = 0 (cf. [2, Section 3]). Hence we shall always
assume that A, # 0.

We first establish some notation. Given a T-regular partition A of length n,
we define a polynomial v(A) whose degree d.(A) is given by (9) and which
‘represents’ L()), in the sense that the submodule of P%™) generated by v(\)
has a quotient module isomorphic to L(A). We index the diagram of A\ using
matrix coordinates (i,7), so that 1 <i<m and 1 <j < \;.

Definition 5.1 The kth antidiagonal of the diagram of X\ is the set of boxes
such that j +i(p — 1) = k+p — 1. If the lowest box is in row i and the

highest is in row i — s + 1, let vp(A) = [Ti_sy1, 2] o, .. ,xps_l], and let

o) = [T, o)) i

Thus an antidiagonal is the set of boxes which lie on a line of slope 1/(p — 1)
in the diagram, and v(A) is a product of corresponding Vandermonde determi-
nants. Indenting successive rows by p—1 columns, we obtain a shifted diagram
whose columns correspond to these antidiagonals. The T-conjugate v of A
records the number of antidiagonals v, of length > s for all s > 1.

Example 5.2 Let p = 5, A = (9,6,3), so that v = (11,6,1). The shifted
diagram

gives v(\) = x‘ll . [xl,xg]4 . [xl,xg,x§5] . [xg,xg] - x3.

Recall [12] that w(\') = H?;lw()\z-) generates the first occurrence of L(\) as

a submodule in P. Thus we can rewrite the linking theorem for T¢, Corollary
4.3, as follows.

Theorem 5.3 Let d = (n—1)(p—1)+0b, wheren >1 and 1 <b <p—1,
so that T¢ = L(\) where A\ = ((p — 1)"~'b). Then 13’”11()\) = w(\'), where
r= (b + 1)pn71 - (n - 1) and Pn—1 = (pn_l - 1)/(]? - 1)' u
By the leading monomial of a polynomial we mean the monomial [[7,z;"
occurring in it (ignoring the nonzero coefficient) whose exponents are highest
in left lexicographic order. The leading monomial s(A) of v(\) is obtained by
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multiplying the principal antidiagonals in the determinants vg(A), 1 < k < ;.
(In Example 5.2, s(\) = 2}?23*23.) The base p expansion of every exponent
in s(\) has the form s; = cxp* + (p— Dp* 1 +...+(p—Dp+ (p — 1), ie.
s; = —1 mod p¥, where p* < s; < p**1. We adapt the terminology introduced
by Singer [13], by calling such a monomial a ‘spike’. In the case p =2, s(\) =
x%kl_l “ee x?f"fl. A polynomial which contains such a spike can not be ‘hit’,
i.e. it can not be the image of a polynomial of lower degree under a Steenrod
operation. This is easily seen by considering the 1-variable case. Hence the

polynomial v(\) is not hit.

Proposition 5.4 Let A be T-regular with T -conjugate ~.
(i) A = ai(p—1)+bs, a; > 0,1 < b; < p—1, then s() = [, 207" 1,

(ii) With )\(]) as in Definition 4.1, s(\) = U()\(l)) . U()\(Q))p e U()\(m) )P

m—1

(iii) The coefficient of s(\) in v(\) is (=1)Y) | with e(\) = 25-2/12}(—1)3"172]-.
Proof Formulae (i) and (ii) are easily read off from a tableau obtained by
entering p? ! in each box in the jth block of p — 1 columns of the diagram of
A, and reading this according to rows and to blocks of columns. For (iii), note
that the sign of the term arising from the leading antidiagonal in the expansion
of an s X s determinant is +1 for s = 0,1 mod 4 and —1 for s = 2,3 mod 4,
and that the diagram of A has «; antidiagonals of length > j. O

In Theorem 5.5 we establish (i) a ‘level 0 formula’, which gives a sufficient
condition for 13’”11()\) = 0, and (ii) a ‘level 1 formula’, which gives a sufficient
condition for ]37’1)()\) to be a product related to the decomposition A = A1) +A~
which splits off the first p—1 columns of the diagram. Thus Ay = ((p— 1)"=1p),
where v7 = (n —1)(p— 1) +band 1 < b < p—1, and A\~ is defined by
A, =Xi—(p—1)if \; >p—1,and A\; = 0 otherwise. Our main linking result,
Theorem 5.7, follows from Theorem 5.5 by induction on m, the length of ~.
The proofs of Theorems 5.5 and 5.7 are deferred to Section 6.

Theorem 5.5 Let A\ be T-regular with T -conjugate =y, let d. be defined by
(9) below, and let R(r,\) = r(p—1) +dc.(\) —d.(A\7). Recall that a(k) is the
sum of the digits in the base p expansion of k.

(i) If a(R(r,\)) > ~1, then Prv(\) = 0.

(i) If a(R(r,\)) = 71, then Pro(\) = PT+4Ou(A ) - v(A7).
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Remark 5.6 Taking p =2 and P" = Sq", this reduces to [16, Theorem 2.1],

—~r+dc (AT
since that theorem can be applied to Ay = (1) to obtain Sqr+ ( )v()\(l)) =
[2",... ,22""], where a1 < ... < a,. The hypothesis on r is satisfied since
r+de( A7)+ n=r+d(A) —d. (A7) =2% 4 ...+ 2%,

Combining Theorem 5.3 with Theorem 5.5, we obtain our main theorem.

Theorem 5.7 Let A be T-regular with T-conjugate v of length m. For 1 <
k<m,let v = (ng — 1)(p — 1) + b, where ng, > 1 and 1 < b, <p—1. Then

P Pr2Prig(A) = w(N),

where 1, = (b, + 1)pn, -1 — (ng — 1) — ZTzkﬂp]’*k*lfyj.
This theorem determines the first occurrence degree d.(A) when A is T-regular.

Corollary 5.8 Let A be T-regular with T-conjugate v. Then the degree in
which the irreducible module L()\) first occurs as a composition factor in the
polynomial algebra P is given by

de(N) =Y p ', 9)
=1

and the F,[M,]-submodule of P%) generated by v(\) has a quotient module
isomorphic to L(\).

Proof By [7] or [12] w()\) generates a submodule of P%®) isomorphic to
L(\). By Theorem 5.7, there is a Steenrod operation § = #(\) and a polynomial
v(\) € P? where d is given by (9), such that 6(v(\)) = w()\). Hence the
quotient of the submodule generated by v()\) in P? by the intersection of this
submodule with the kernel of 6 is a composition factor of P¢ which is isomorphic
to L(\). Hence the first occurrence degree d.(A\) < d. But d.(\) > d by [3,
Proposition 2.13], and hence d.(\) = d. O

As an example, for p = 3 the partition A = (5,3,2) is T-regular with T-
conjugate v = (6,3,1). The module L(5,3,2) first occurs as a composition
factor in degree 6+3-3+1-9 = 24, and as a submodule in degree 5+3-3+2-9 =
32. The calculations of [1] and [6] for n < 3 support the conjecture that the
the first occurrence degree d.(A) is given by the formula above if and only if A
is T-regular.
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The integers 7; in Theorem 5.7 can be calculated from a tableau Tab()\) ob-
tained by entering integers into the diagram of A as follows: if a box in row i is
the highest box in its antidiagonal, write p;_1 in that box and continue down
the antidiagonal, multiplying the number entered at each step by p.

Lemma 5.9 The sum of the numbers entered in the kth block of p—1 columns
using the above rule is r,. The element P™ P™ ... P™ js an admissible mono-
mial in A, i.e. rp > prpyq for 1 <k <m—1.

Example 5.10 For p =3, A = (6,5,4,3,2), we obtain (ry,rs,73) = (100,20, 1)
using the tableau below.

ofoJoJo]o]o]

0ojojoJol1
Tab(\)=[ 0 [0 [ 3[4

9 [12]13

3940

Noting that P" = (—1)"x(P"), in this case Theorem 5.7 states that in P390

X(PlOOPQOPI) ({L’% : [1’1,{13%]2 : [acl,x%,xg]Q : [x%xg’x?l] ' [x;»,,(l:i] ' [1’4,%?] -1’5)
= —[%1, $%, $§, x12177 $§1]2 ’ [:Clv $%, $§, $Z7] ’ [:Clv CC%, xg] ’ [$1, $%] "L
Proof of Lemma 5.9 The inequality ry > prisq for 1 <k <m —1 is clear
from the algorithm, and can also be checked directly from the definition of 7.

Since 12(A) = r1 (A7), and so on, we need only check the algorithm for 7.

To do this, we introduce a second tableau by entering p; 1 in the ith row of
the first block of p — 1 columns and —p?~2 in all the boxes in the jth block of
p — 1 columns for j > 1. In Example 5.10 this is as follows.
0]0|—-1|-1|-3|-3

111 |-1]-1|-3
414 |-1]-1

13113 | -1

40 | 40
The entries in a antidiagonal running from the (i,j) box for 1 < j < p—1
are then p;_1,—1,—p,... ,—p* 2, and their sum p;_1 — ps—1 = p* 'p;_s is the

number entered in this box in Tab(A).

It remains to check that the sum of all the entries in the second tableau is
r1 = (b1+1)pp—1—(n—1)—d.(A7). To see this, note that the entries in A~ sum
to —d.(\™), while the entries in the last row of A(;) sum to bp;,,—1 and the entries
in the first n—1 rows sum to (p—1)(po+p1+...+pPn—2) =pp—1—(n—1). O
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Since w(n) is a product of linear factors, so also is v()), and by Theorems 5.3
and 5.5 so also is P"v(A). The following calculation shows that v(\) divides
Pr1v()), and that the quotient can be read off from Tab(\) as follows: replace
the entry p;—1 — ps—1 in the (i,7) box, 1 < j < p —1, by the product of all
linear polynomials of the form x; + ), _, cxx), excluding those where ¢, = 0
for 1<k <i-—s.

Corollary 5.11 Let A be a T-regular partition. Let the kth antidiagonal in
the diagram of A\ have length s; and lowest box in row ny. Then

Priv(A i
7}(7)\()) — HH(61$1 +...+an71xnk71 +xnk)7
k=1 c

where the inner product is over all vectors ¢ = (c1,... ,¢p,—1) € ngfl such
that (c1,... ,¢np—s,) 7 (0,...,0).

In Theorem 1.1, A = ((p — 1)"), v(\) = (z122---2,)P" " and Po(\) =

n—

1
[z1,25,...,2h ]P7!. Since s = 1 for 1 < k < n(p — 1), the quotient is
the product of all linear polynomials in x1,... ,x, which are not monomials.

Proof of Corollary 5.11 The proof is by induction on the number of an-
tidiagonals ;. Let ¢()\) = Igrlv()\)/v()\), where r; = r1(A\). Let s denote the
length of the last antidiagonal in the diagram of A, and let u be the T-regular
partition obtained by removing this antidiagonal from the diagram of A. Then
by Theorems 5.3 and 5.5,

SN [m,ab, a2l ] v(AT) v(p)

P(1) [xl,xg,...,xpn%] v(p=) w(A)

Note that A~ = = when s = 1. Now [z1,25, ... ,:cfln_l]/[:cl,:cg,... ,xﬁn:f] =
[l(ciz1+. .. +cn—12p—1 +xy), where the product is taken over all vectors ¢ =
s—1

(c1,. yen1) €FPE Also v(N)/v(p) = vy, (N) = [Tn—st1, 25 _ ooy osan ]

Similarly v(A7)/v(u™) = [Bp—st1, T _ 10, ,xf:f] The quotient of these

determinants is the product of all p*~! linear polynomials ¢,_s41Zn_ss1 +
st 1%t + Xy, 50 O(N)/d(p) = [[(crz1 + ... 4+ cp—1Tp—1 + x5), Where
the product is over all ¢ = (¢1,... ,¢,-1) € Fg_l with ¢; # 0 for some ¢ such
that 1 <i<n-—s.
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6 Proof of the linking theorem

In this section we prove Theorems 5.5 and 5.7. The following lemma will help
in checking conditions on the numerical function «.

Lemma 6.1 (i) Let R > 1 have base p expansion R = jip® + ...+ jip™
where 1 < j1,...,5: <p—1,0<a; <...<as, and let kK > 0. Then
a(R —p*) > a(R) — 1, with equality if and only if k = a;, 1 <i<t.
(ii) With notation as in Theorem 5.5, and with u and s as in the proof of
Corollary 5.11, for r > 1 and k > 0 we have

R("” — Pk + Ds—1, ,U,) = R(T — Dk + dC()‘_)a M(l)) = R(T7 )‘) -

Proof If k # a; for 1 < i < t, then subtraction of p* must yield at least
one new term (p — 1)p® in the base p expansion. This proves (i). For (ii),
since dc(\) = de(Aa)) + pde(A7) and de(A1)) = 71 we have R = R(r,\) =
(p—1)(r+de(A7)) + 1. Comparing the first occurrence degrees for L(A) and
L(p) given by (9),

de ()‘) =d ( ) -+ Ps; dc()‘i) =d ( 7) +ps—1, d ()‘(1)) de (M(l)) + 1. (10)
Hence we have R(r —px+ps—1, ) = (p—1)(r —pg +ps—1+de(p™ )+dc(ﬂ(1)) =

)
(p=1)(r—pr+de(A7))+de(py) = R(r—pr+de(A\7), pay) = R—(p—)pr—1 =
R — pk. O

Proof of Theorem 5.5(i) We argue by induction on ~;, the number of

s—1

antidiagonals of A. With p and s as above, v(\) = [xn_s+1,xﬁ_s+2, coxh ]
v(p). Using formula (4) and Lemma 2.2, for all » > 1 we have

~ s—2

Pro) = 37 [nesin @ g syl |- PP l0(n). (1)

k>s—1

By Lemma 6.1, if a(R(r,\)) > 71 then «(R(r — px + ps—1,1)) > 71 — 1 for
all k> 0. Since p has 73 — 1 antidiagonals, the second factor in each term of
(11) is zero by the induction hypothesis. Hence P v()\) = 0 if a(R(r,\)) > 71,
completing the induction.

Proof of Theorem 5.5(ii) As in Lemma 6.1, let R = R(r, \) have base p
expansion R = jip™+...+j;p*, let «(R) =7 and let R’ = R(r—pg+ps—1, 1) -
Then the lemma gives a(R') =y —1if k=a;, 1 <i<t,and o(R') >y —1
otherwise. Hence, applying part (i) of the theorem to (11), we have

t

~ s—2 a; e
Pro(d) = Y ltuas1sa? e @iy all ] PP (),
=1
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Since a(R(r — pa; + ps—1,44) = 11 — 1 = de(p1y) by the lemma, and ps_1 +
d.(n~) = d.(A7), the inductive hypothesis on u gives

Provetheio(u) = Pt eO0u(u)) - o(u), 1<i<t.

We can similarly use the lemma to simplify the right hand side of the required
identity. Since v(A(1)) = z,v(k (1)), from (4) and (2) we have

POy (n ) = 3 b PO ) py ).
k>0
By the lemma, R(r+dc(A7) —pg, 1)) = R—p¥, so that by (i) we can again re-

s—2
duce to thesumover k = a;, 1 <1 <t. Asv(A\7) = [Zp_sq1, 20 _ 0., 2h_ ]

v(p™), it remains after cancelling the factor v(x~) and rearranging terms to
prove that

s—2 a; s—2 a;
p p p p _
Z ([:cn,erl,:cnferQ, ey, _q,ah ] — [acn,erl,:cnferQ, R N I ’)fZ =0,
=1
where f; = Pr_p“i‘kdc(x)v(,u(l)). The expansion of the s X s determinant in
the p* powers of the variables is

S
. s—j p]—2 p]—l p572 PP
E (=) [zp—st1,--- ' Ty stim1 T st 1o - - 1 T ]xnfsﬂ-.
J=1
Thus the term with j = s cancels, and interchanging the ¢ and j summations,
the required formula becomes

s—1 t
. ) —2 J—1 s—2 a;
_1)8—J P’ P p . pi o
E (=) ]zpn—st1,--- s s j—1> Tpspjt 1 - - > T ] g :cn_sﬂfZ =0.
j=1 i=1

Since ]3T+dc(>‘7)(xn,s+jv(ﬂ(1))) = Zgzl xfﬁsﬂfi by a similar argument using

(4), (1) and Lemma 6.1, it suffices to prove that the monomial ;s jv(p(1))

is in the kernel of Pr+dc(7) for 1 < j < s—1. This monomial is divisible by
zh +;- By permuting the variables, it suffices to consider the case where it is
divisible by 2¥. Hence the proof of Theorem 5.5 is completed by the following

calculation.

Proposition 6.2 Let R = R(r,\) and let «(R) = 71, where y1 = (n—1)(p—
1)+band 1 <b<p-—1. Then

]3T+d°()‘7)(x1f(xg e xn_l)pfl -xbil) =0.
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Proof By Lemma 2.3, with f =21 and g = (z9---,_1)P" ! - 2071,

PU(f-g)= Y (P'm)’-P"(g).
u=pv+w
Note that g = v(v) where v = ((p — 1)"2(b — 1)). By (2), P'z; = 0 for
v # pr, k > 0, so we may assume that w = u —pv = r + de.(A\7) — p - pg.
Since p - pr = pr+1 — 1 and de(py) = p — 1+ de(v), R(w,v) = R(r — pry1 +
de(A7), u1y) = R — p"™ by Lemma 6.1(ii). Since a(R) = 71, Lemma 6.1(i)
gives a(R(w,v)) >y —1 >~ —p. Since d.(v) = y1 —p, P%g =0 by Theorem
5.5(1). O

Proof of Theorem 5.7 This follows from Theorem 5.5 by induction on m.
Let i =(n—1)(p—-1)+b, 1 <b<p—1. We wish to apply Theorem 5.5
with r = 71, so we must check that o(R(r;,\)) = 1. For this, note that (9)
gives d.(\7) = Z;”Zij_Q'yj, so that 1 +de(A7) = (b+1)pp—1 —(n—1). Thus

R(ri,\) = (p— 1)1 +doA) 471 = b+ D" = 1) = (p—1)(n— 1)+ 71 =
bp” L+ (p»=! —1). Hence ry satisfies the hypothesis of Theorem 5.5, so that
Priv(\) = Pr iy Du(Ay) - v(A7). By Theorem 5.3, Pr1td0y()\y)) =

w()\’(l)) .

Now r;(A) = ri—1(A7) for 2 < i < m, and so the inductive step reduces to
showing that

Preec P (w(Xyy) - o(A)) = w(g) - P Pro(). (12)

Recall from Lemma 5.9 that rq,...,7, is an admissible sequence, i.e. 1, >
priy1 for k> 1. Since 11 < (b+ )pp_1, 11 <p" lifb<p—1and r; <p" if
b =p—1. Thus we can deduce (12) from Lemma 2.2 and the coproduct formula
(4), as follows. We have w()\’(l)) = w(n)Pw(n — 1)P~1=t. Now Prw(n) = 0 for

0<7r<p'!and ﬁrw(n —1) =0 for 0 < r < p"~2. If there are any factors
w(n—1) in w()\’(l)), then ro < p™ 2, and otherwise it suffices to have ry < p™~ 1.

7 First occurrence submodules

For a T-regular partition A, the F,[M,]-submodule of P2 generated by the
first occurrence polynomial v(\) is a ‘representative polynomial’ for L(\) in the
sense that this module has a quotient isomorphic to L(\)(see Corollary 5.8).
In the case where A = (p — 1)k for a column 2-regular partition x, the leading

monomial s(A) =z 71 ... 22" 7 has the same property. This is implicit in
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the work of Carlisle and Kuhn [2], who identify a subquotient T of P%X)
such that T?" 2 T" ® ... ® T7, where v is the T-conjugate of A. Explicitly,

if v; € T7 corresponds to a monomial in zy,...,x, with all exponents < p,
then 1 ® ... Qv € TM ® ... ® TY corresponds to the equivalence class of
D pm—l

V] - Uy -V, in the appropriate subquotient of PN | Proposition 5.4(ii)
shows that, taking v; = v(A(;)), this monomial is s(\). Tri [14] has recently
proved that if A is T-regular, then L(\) is a composition factor in T7.

We recall from [16, Section 4] the notion of a base p w-vector.

Definition 7.1 Given a prime p, the base p w-vector w(s) of a sequence of

non-negative integers s = (si,...,s,) is defined as follows. Write each s;

in base p as s; = > .o si;p° 7', where 0 < s;; < p—1, and let w;(s) =

> i1, ie. add the base p expansions without ‘carries’. Then w(s) =

(wi(s),... ,wi(s)), with length | = max{j : wj(s) > 0} and degree d =
! i

i Si = Zj:1wj(5)lﬂ h

Given w-vectors p and o, we say that p dominates o, and write p = o or
o = p, if and only if Zle plp > Zle p'~lo; for all k > 1. By the w-vector
of a monomial [[;" ;2" we mean the w-vector of its sequence of exponents
s = (S1,...,8n). The dominance order on w-vectors of the same degree is
compatible with left lexicographic order.

Example 7.2 The lattice of base p w-vectors of degree 1+ p + p? is shown

below.
(1+p+p?)
!
(1+p%1)
!

!
(1+p.p)
/ \
(1,1+p) (1+p,0,1)

N /
(1,1,1)

Proposition 7.3 Let A\ be a T-regular partition. Then the w-vector of the

spike monomial s(\) is the partition v T-conjugate to A, and the polynomial
v(\) is the sum of (—1)*Ms()\) and monomials f such that w(f) < 7.
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Proof The proof is the same as that given in [16, proposition 4.5], with 2
replaced by p and )\ replaced by ~. For €(\), see Proposition 5.4(iii). |

Corollary 5.8 and Proposition 7.3 together provide a ‘topological’ proof that
the F,[M,]-submodule of P%() generated by s()\) has a quotient module iso-
morphic to L(A). The next result provides a further comparison between the
spike monomial s(\) and the polynomial v(\) in a special case. We conjecture
that the corresponding statement holds for all T-regular partitions A.

Proposition 7.4 Assume that \; = (p — 1)k; for 1 < i < n, where Kk =
(K1,... ,Kpn) Is a column 2-regular partition. Then the submodule of PV
generated by the polynomial v(\) is contained in the submodule generated by
the spike monomial s(\).

The proof requires a preliminary lemma.

Lemma 7.5 If f € Fplas,... ,x,] and 1 < s < n, then the F,[M,]-submodule
of P generated by le;tl - f contains [z1,25, . .. ,:ci’sjl]p_l - f.

Proof For each linear form v = a;z1+...4+asx,, where a; € F), for 1 <7 <'s,

let t, : P — P be the transvection mapping z; to v and fixing xo,... ,x,. We
claim that the following equation holds in F,[z1,... ,z].
(—1)*[z1, a8, ... 2 Ph =L (13)
v
Since t, does not change the variables xo,...,x, which can occur in f, it
follows from (13) that ) ¢, is an element of the semigroup algebra IF,[M,]
which maps 2 "' - f to (—1)%[z1,25, ... ,xﬁfs*l]p—l - f.

To prove (13), first note that the right hand side is GL4(FF,)-invariant. Further,
it is mapped to 0 by every singular matrix g € My, since vectors (ay,... ,as)

and (ay,...,as) in F5 in the same coset of the kernel of g yield terms in (13)

»s
with the same image under g, and p divides the order of this coset. Arguing
as in the first or second proof of Theorem 1.1, with s in place of n, it follows

that (13) holds up to a (possibly zero) scalar.

_ s=1(p_
Finally we verify that the monomial m = le’_lxg(p b, b P has coef-

ficient (—1)° in the right hand side of (13). For each linear form v, we have
oP L = P T =) L (D) =L where o (P71 = (alsczl’] +...+ax? P=1 for

0 <j<s—1. The exponent p—1 in m must come from the last factor in this
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product, so we must choose the term (ayz1)P~1 = ac]lofl from the last factor, and
a1 # 0. In the same way, we must choose the term (agxh)P~1 = xg(p_l) from
the last but one factor, and ae # 0. Continuing in this way, we see that each of
the (p — 1)° linear forms v with all coefficients a; # 0 gives a term containing
m (with coefficient 1), while other choices of v give terms not containing m.

Thus the scalar coefficient in (13) is (—1)°. O

The following example shows how to apply Lemma 7.5 to a partition A of the
form (p — 1)k, so as to generate v(A) from s(\).

Example 7.6 Let p=3 and let A\ = (6,6,4,4,2), so that s(\) = 226y26288¢2
and v(\) = %[z, y*P [z, 9%, 2Py, 2, P [t, ).

Begin by permuting the variables, so as to work with the spike u8¢26226¢822.

Apply Lemma 7.5 with 2y = y and s = 2 to generate [y, 2%]? - u8t2022622.
Repeat with 1 = 2z and s = 3 to generate [z,y3,2%)% - uSt?%[y, 2%]?22, then
with ;1 = t and s = 3 to generate [t,23,y%)% - u8[z, 93, 2%)%[y, 23]%2?, and
finally with 1 = u and s = 2 to generate v(\).

Proof of Proposition 7.4 We first observe (see [16, Proposition 4.9]) that
the (multi)set of lengths of the antidiagonals of the column 2-regular partition
k is equal to the (multi)set of lengths of the rows. Hence the spike monomial
SO\ = b e L 2?71 where sy, is the length of the kth antidiagonal
of the diagram of k, can be obtained from s(\) by a suitable permutation of the
variables. We can now obtain v(A) from §(A) by n — 1 successive applications

of Lemma 7.5, following the method illustrated by Example 7.6.

8 T-regular partitions and the Milnor basis

In this section we link the first occurrence polynomial v(A) and its leading
monomial s(A) to the polynomial p(\') = J[}., w()\’(j))prl, which generates a
submodule occurrence of L(\) in a higher degree. Here, as in Proposition 5.4,
A(j) is the partition given by the jth block of p — 1 columns in the diagram of
the T-regular partition A, and m is the length of +, the T-conjugate of A. In
the case A = (p — 1)k, we also link the first submodule occurrence polynomial
w(X') to p(\'). The linking is achieved by Milnor basis elements in .4, which
are combinatorially related to A. We also obtain a relation between monomials
in P and Milnor basis elements in terms of w-vectors. These results extend

some of the results of [16, Section 5].
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As in Proposition 5.4, let \; = a;(p — 1) + b;, where a; >0, 1 < b; < p—1.
Following [16], for R = ((by +1)p™ —1,..., (b, +1)p®* — 1) we call the Milnor
basis element P(R) the Milnor spike associated to A. We note that w(R) = ~.
A Milnor spike is an admissible monomial [4]. For example, if p =3 and A =
(4,3,1) then the corresponding Milnor spike is P(8,5,1) = P32P8P! and for
the T-conjugate partition v = (5,3) it is P(17,5) = P3?P%. In this example,
)\’(1) = (3,2) and )\?2) = (2,1), so that p(\) = w(3)w(2) - (w(2)w(1))? =
[xlvxgvxg] ’ [CCl,CC%]4 ’ CC%

Theorem 8.1 Let A be T-regular with T -conjugate ~.

(i) P(R)s(\) = (=1)MP(R)v(\) = p(\), where P(R) is the Milnor spike
associated to (Ag,... , An).

(i) If A= (p — 1)k, where £ is column 2-regular, P(S)w(\') = p(\'), where
P(S) is the Milnor spike associated to (7ya2,... ,¥m).

(ili) There are formulae corresponding to (i) and (ii) for the Milnor spikes
associated to A and ~y, with p(\') replaced by p(\)P.

Remark 8.2 (iii) follows immediately from (i) and (ii) for degree reasons.
The omission of the first terms in R and S corresponds to omitting the highest
Steenrod power P? in the admissible monomial forms of P(R) and P(S). In
fact d = degp()\'), so that Pip(\) = p(N)?. In the example p = 3, A =
(4,3,1) above, (i) states that PSP (2823z3) = —P8PY(2? - [21,23]? - [x0,23)) =
[z1, 23, 79] - [v1,23]* - 23. The case A = (4,3, 1) is excluded from (ii), but in fact
PPw(\) = —p(N'). We believe that (ii) holds, up to sign, for all T-regular .

We begin by proving the equivalence of the two statements in (i). For this we
use the following generalization of [16, Theorem 5.9(i)]. The proof is based on
Lemma 2.8, and follows that given in [16].

Theorem 8.3 Let R = (r1,... ,71) and let w(R) = p. If the w-vector o of
x7t -+~ a8» does not dominate p, then P(R)(x7'---a5») = 0. O

Proof of Theorem 8.1(i) By Proposition 7.3, if the monomial f occurs in
v(A) and f # s(A), then w(f) <~. If R=(r1,...,r,) where r; = (b; +1)p% —
1, so that P(R) is the Milnor spike associated to A, then, as noted above,
w(R) = 7. Hence, by Theorem 8.3, P(R) takes the same value on v(A) and on
its leading term (—1)*Ms()\).

We evaluate P(R)s(A) by induction on the length m of 7. The base case m =1
holds by our previous results, as follows. In this case, A= (p—1,... ,p—1,b),
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with 1 < b < p—1, and has length n, while (i) states that P(R)s(\) = w(\),
where R = (p — 1,...,p — 1,b) has length n — 1. By Proposition 3.2(ii),
P(R)g = PO+Dpn-1=(n=1) g when deg g < (n—1)(p—1)+b, and we may choose
g = s(\). Hence the result follows from Theorem 5.3.

For the inductive step, we use Proposition 5.4(ii) to write s(A) = f? - g, where
g=v(A\n)) and f =s(A7). Hence P(R)s(\) = > (P(S)f)?-P(T)g by Lemma
2.8, where the sum is over sequences S = (sa,...,8,), T = (t2,...,t,) such
that r;, = ps; +t; for 2 < i < n. Thus t, = b1, s, =0 and ¢t; > p—1
for 2 <i<n-—1. If t; # p—1 for some i < n, then P(T) has excess
> iti > degv(A)) =71, sothat P(T)(v(A1))) = 0. Hence we may assume that
T=(p—1,...,p—1,b1),so that s; = (b;+1)p%~1—1 for 2 <i <n—1. By the
argument for the case m =1, P(T)(v(A\))) = w()\’(l)), and by the induction
hypothesis applied to A™, P(S)s(A7) = p(A™). Since p(\) = w( ’(1)) -p(AT)P,
the induction is complete. O

Proof of Theorem 8.1(ii) Let A = (p — 1)k, where £ is column 2-regular.
Then v = (p— 1)« has length m = x1, and Ay = ((p— 1)%%), so that w(A)) =
w(kP~L. Also S = (p2 — 1,...,p"m — 1), so that P(S) = P*... Pt where
ty = pm—1 and t; = ptit1 +pfi—1 for 1 < i < m. We shall argue by induction
on m, the case m = 1, where P(S) =1, being trivial. For 2 <i <m, let

m—1

Wi(\) = w( /(1)) T w()‘/(i)) -w( /(i+1))p T w()‘/(m))p ’
so that Wi(\) = p(XN) and W, (X)) = w(N\'). We assume as inductive hypoth-
esis on j that PW;(X) = W,_1(X) for j > i, and prove this for j = i.
It follows from Lemma 2.1 that P"(w(n)?P') = 0 unless = p'(py — pj), where
0 < j <n. The largest of these values, equal to the degree of w(n)?", is p' - py,.
Since w()\zz.)) has degree p*i —1, it follows by (downward) induction on i that t;
is the degree of w()\zz.)) ‘w( N\

(i—l—l))p e w()\?m))pm_i. We may express t; explicitly
as the sum

m
ti=y p"i(pth - 1). (14)
k=1

Hence one term in the expansion of P%(W;()\')) using the Cartan formula is
W;—1(N'). We shall complete the proof by using Lemma 2.1 to show that all
other terms in the expansion vanish. Thus we have to consider the possible
ways to write ¢; so that

p—1 /i—1 m
(p—Dti=)»_ <Z(p’“§v —pPe) ) PP — pj’“’“)) (15)

v=1 \k=1 k=i

Algebraic € Geometric Topology, Volume 2 (2002)



588 Pham Anh Minh and Grant Walker

where 0 < ji, < K}, for 1 <k < m. Equating (14) and (15) and simplifying,
we obtain

i—1 m p—1 /i-1 m

o0 (ot 3] <5 (S s )
k=1 k=i =1 \k=1 k=i

Since k is column 2-regular, s’ is strictly decreasing and so &) ; > k, >
K, +m —i > m —i. Hence the m powers of p occurring in the left side of
(16) are distinct. By uniqueness of base p expansions, there are also m distinct
powers on the right of (16) and these are a permutation of the powers on the

left. The argument is now completed as in the case p = 2 [16, Section 5]. O

We end with evaluations of certain Milnor basis elements on monomials. While
[16, Lemma 5.6] generalizes easily to odd primes, this does not seem to be so
useful here as the following (weak) generalization of [16, Proposition 5.8].

Proposition 8.4 Let R = (r1,ro,...) where r; =p—1 if i =by,... b, and
r; = 0 otherwise. Then

b1 b, .
P(R)(ac oo )pflz [xlf yee 756% ]p ! if m=n,
1 n [x pb1 pbn,l p—1 i R
LY 4eee Ty ifm=n-—1.

Proof This is proved by induction on |R|. The base of the induction is Theo-
rem 1.1, which is the case m =n—1, b; =i for 1 <i < n—1. Given a sequence
R=(ri,...,75-1,0,p—1,p—1,... ,;p—1),let R = (r1,... ,7j—1,p—1,0,p —
1,...,p—1),sothat |R|—|R|=(p—-1)(P ™ -1)—(p-1)p'—1) = (p—1)*’.
We claim that PP~ . P(R') and P(R) have the same value on any poly-
nomial of degree n(p —1). To prove this, we use Milnor’s product formula to
expand PP’(P=Y) . P(R’) in the Milnor basis. The Milnor matrix

lri ... ;21 00 p—1 ... p—1
0jo0 ... 0 p—-10 0 ... O

shows that P(R) occurs with coefficient 1 in the product. Since P(R) is the
unique Milnor basis element of minimal excess (n—1)(p—1) in degree |R|, this
proves our claim.

Applying the induction hypothesis to P(R’), we have P(R)(z1...z,)P" ! =

j b br— . . .
PP =Dz b ,xfj, STk l]p_l where R and R’ differ in the ith term,
ie. b = j for R\ and b; = j + 1 for R. By the Cartan formula, this is
b i+1 br— . . .
[z1,25 ... ,xfﬁ oo, axh 1]1”_1, and this completes the induction for the

case m =n — 1. The case m = n is proved similarly. |
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Proposition 8.4 serves as the base of induction for the following generalization
of [16, Theorem 5.9(ii)] to odd primes. The proof, by induction on the length
of the w-vector o, is essentially the same as in [16].

Theorem 8.5 Let Ry = (ro,71,...,7t), R=(r1,...,r¢) and f=a7"---ai»,
where the base p expansion of each term r; and exponent s; contains only

the digits 0 and p — 1. Assume that f and Ry have the same w-vector
k—1(,__
o. Then P(R)f = [[j~, A (p 1), where m is the length of o and Ay =

[xfjl,... ,xfjﬁ] is the Vandermonde determinant of order k = oy /(p — 1) de-
fined by the subsequences (s;,, ... ,s;,) of (s1,...,s,) and (rj,,... ,7;.) of Ry

consisting of the terms whose kth base p place is p — 1.

Example 8.6 Using the tables
rn| p—1 0 p—1 x| p—1 0 p—1 79| p—1

r| p—1 2| p—1 mn| p—1 0 p-—-1

ro| p—1 x3| p—1 ro| p—1

c[3p-1 0 p—1 o [3p-1) 0 p—1 o |3(p—-1) 0 p—1
we obtain P(p — 1,p — 1)x§p2+1)(p71)xg_lx§_l = [:cl,:cg,:cgg]p_l . xf(p*l) and

P + 1= 1,9 = Daf” DO g = oy a0,
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