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Abstract This paper provides analogues of the results of [16] for odd
primes p. It is proved that for certain irreducible representations L( )
of the full matrix semigroup Mn(Fp), the rst occurrence of L( ) as a
composition factor in the polynomial algebra P = Fp[x1;:::;Xn] is linked
by a Steenrod operation to the rst occurrence of L( ) as asubmodule in P.
This operation is given explicitly as the image of an admissible monomial
in the Steenrod algebra A, under the canonical anti-automorphism . The

rst occurrences of both kinds are also linked to higher degree occurrences
of L( ) by elements of the Milnor basis of Ap.

AMS Classi cation 55S10; 20C20

Keywords Steenrod algebra, anti-automorphism, p-truncated polyno-
mial algebra T, T-regular partition/representation

1 Introduction

Our aim is to obtain results corresponding to those of [16] for the case where the
prime p > 2. In this we are only partly successful. The main theorem of [16]
gives a Steenrod operation which links the rst occurrence of each irreducible
representation L( ) of the full matrix semigroup Mn(F2) in the polynomial
algebra P = F,[xy;::: ;Xn] with the rst occurrence of L( ) as a submodule
in P. Here Mp(F2) acts on P on the right by linear substitutions, which
commute with the action of the Steenrod algebra A, onlf on the left. By
* rst occurrence’ we have in mind the decomposition P =, , P9, where P4
is the module of homogeneous polynomials of total degree d, and the known
facts that there are minimum degrees dc( ) and ds( ) in which L( ) occurs,
uniquely in each case, as a composition factor and as a submodule respectively.

For an odd prime p, we have again the commuting actions of My = Mu(IFp)
on the right of the polynomial algebra P = Fy[Xy;::: ;Xn] and the algebra Ay
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of Steenrod pth powers (no Bocksteins) on the left. We refer to A,, somewhat
inaccurately, as the Steenrod algebra, and grade it so that P" raises degree by
r(p—1). There are p" isomorphism classes of irreducible Fp[Mpn]-modules L( ),
indexed by partitions = ( 1; 2;:::; n),which are column p-regular, i.e. 0

i— i+1 p—1lforl i n,where H+1 =08, 9, 10]. The problem solved
in [16] is certainly more di cult in this context. The submodule degree ds( )
has recently been determined [12] for every irreducible representation L( ) of
Mn, but dc( ) is not known in general. In particular, the rst occurrence
problem appears to be di cult even for the 1-dimensional representations det®,
1 k p—3,p> 3, see[2 3], although it is solved for det’~2 [1]. (The
partition indexing detX is (k;::: ;k) = (k"), i.e. k repeated n times.) Further,
it is not known in general whether P%() has a unique composition factor
isomorphic to L( ). Here we identify a class of irreducible representations
L( ) which behave systematically. Since they arise naturally by considering
tensor powers of the p-truncated polynomial algebra T = P=(x};::: ;xR), we
call them T -regular.

Our main result, Theorem 5.7, gives a Steenrod operation ( ) which links the
rst occurrence and the rst submodule occurrence in P of a T-regular L( ).
This determines dc( ) in the T-regular case. The operation () is given
explicitly as the image of an admissible monomial under the canonical anti-
automorphism  of A,. Calculations for n 3 suggest that such an operation
( ) may exist for every irreducible representation L( ) of My, but we do not
pursue this here. Tri [14] has given an ‘algebraic’ alternative to this ‘topological’
method of nding dc( ), using coe cient functions of Fp[Mp]-modules.

For p = 2, T may be identi ed with the exterior algebra (x1;:::;Xn), and
all the irreducible representations L( ) of My are T-regular. For p > 2, the
only irreducible 1-dimensional T -regular representations of My, are the ‘trivial’
representation, in which all matrices act as 1, and the det’™! representation,
in which non-singular matrices act as 1 and singular matrices as 0. The ‘triv-
ial’ representation, for which = (0), occurs in P only as P°, the constant
polynomials. Our key example is the det’™! representation. This occurs rst
as a composition factor as the top degree T"®~1 of T, where it is generated
by the monomial (X1X»  Xn)P~! modulo pth powers, and rst as a submodule
in degree pn = (p" — 1)=(p — 1), where it is generated by the Vandermonde
determinant

X1 X2 Xn
X} X xh
w(n) = . .
n—1 n—1 n—1
X} x5 xh
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Theorem 1.1 Let  be the canonical anti-isomorphism of A,. Then for
n 1,
(PP ™M (xax2  xn)PTH = w(n)PY

where pn = (p" — 1)=(p — 1).

This result is true for p = 2 if we interpret P" as Sq" [16]. The operation

(PPn=") may be replaced by the admissible monomial PP™ =1 pP*~1pp-1,
which is identical to the Milnor basis element P(p — 1;::: ;p — 1) of length
n—1 (see Proposition 3.2). In general the operation (P"™P"™ P') used in
Theorem 5.7 can not be replaced by an admissible monomial or a Milnor basis
element.

The structure of the paper is as follows. Section 2 contains basic facts about
the action of (P") and Milnor basis elements on polynomials. Section 3 con-
tains independent proofs of Theorem 1.1 using invariant theory and by direct
computation. In Section 4 we introduce the class of T-regular partitions to
which our main results apply, and extend Theorem 1.1 to T9 for all d. The
main results are stated in Section 5 and proved in Section 6. Section 7 relates
these results to the Fy[My]-module structure of P. Section 8 gives Milnor basis
elements which link the rst occurrence and (in certain cases) the rst submod-
ule occurrence of a T-regular representation of My with submodules in higher
degrees.

The remarks which follow are intended to place our results in topological, com-
binatorial and algebraic contexts. As for topology, recall (e.g. [17]) that there
is an Ap-module decomposition P = ( )P( ), where the -isotypical sum-
mand P( ) is an indecomposable Ap-module, and where () =dimL( ), the
dimension of L( ). ldentifying P with the cohomology algebra H (CP 1

CP 1;Fp), this decomposition can be realizedvg,after localization at p) by
a homotopy equivalence (CP 1 cpP1) ( )Y , which splits the
suspension of the product of n copies of in nite complex projective space CP 1
as a topological sum of spaces Y such that H (Y ;Fp) = P( ). The family
of Ap-modules P( ) is of major interest in algebraic topology. From this point
of view, we determine the connectivity of Y for T-regular (Corollary 5.8)
and nd a nonzero cohomology operation ( ) on its bottom class (Theorem
5.7).

As for combinatorics and algebra, our aim is to provide information relating the
Ap-module structure of P( ) to combinatorial properties of and representa-
tion theoretic properties of L( ). The operation ( ) and its source and target
polynomials are combinatorially determined by . The target polynomial is
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de ned by w( *) = jSl w( §), where " is the conjugate of , so that w( )
is a product of determinants corresponding to the columns of the diagram of

. This polynomial has already appeared in various forms in the literature. In
Green’s description [8, (5.4d)] of the highest weight vector of the dual Weyl
module H°( ), w( %) appears as a ‘bideterminant’ in the coordinate ring of
Mn(K), where K is an in nite eld of characteristic p. A proof that w( ?)
generates a submodule of P%() isomorphic to L( ) was given in [7, Proposi-
tion 1.3], and a proof that this is the rst occurrence of L( ) as a submodule
in P was given in [12].

We would like to thank the referee of this paper for a very careful reading and
for a number of helpful suggestions.

2 Preliminary results

In this section we use variants of the Cartan formula P"(fg) = _,,(P5f P'g
to study the action on polynomials of the elements (P') and Milnor basis
elements P (R) in the Steenrod algebra Ap. We begin with the standard formula

b P
xP7if i = pb;

PI(x"") = N
0 otherwise for i > 0:

1)
In particular, we wish to evaluate Steenrod operations on Vandermonde deter-
minants of the form

S1 S1

Xt Xi) Xt
o s . D I
DGH X2l = ) D
1 I2 In . . '- .
S S S
Xi]l:1 Xi; LR Xi':|
where the exponents si;:::;sn are powers of p. As above, we shall ab-
breviate such determinants by listing their diagonal entries in square brack-
. . n—1 . .
ets: in particular, w(n) = [xl;xg;::: xR ]. As in Theorem 1.1, we write

Pn = (p" — 1)=(p — 1), so that po = 0 and pn —p; = (p" —p})=(p — 1). The
following result is a straightforward calculation using the Cartan formula and

1).
Lemma 2.1 Ifr=py—pj, 0 j n,then
j—1 j+1 n
Prw(n) = [xy;x5izc B xR
and P"w(n) = 0 otherwise. In particular, P"w(n) =0 for 0 <r < p"1, O
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To simplify signs, we usually write B" for (=1)" (P"). Thys if v is one of the
generators X; of P, or more generally any linear form v = {‘:1 ajX; in P1,
bry — VP ifr=py, b O @

0 otherwise:

P L
Formula (2) follows from (1) by using the Ii:qentity iﬂ-:_r(_—l)'P iDi =0 in Ay
and induction on r. Using the identity i+j:r(—l)'Fb'PJ = 0 and induction
on Kk, (2) can be generalized to

X ifr=py—peb Kk
|_Jo)rxpk — p-b - Pk 3)

0 otherwise:

This leads to the following generalization of [16, Lemma 2.2].

Lemma 2.2
( pk pk+r|—2 pb .

l:br[xpk. ka+1. o pk+nfl] [X] ;iiiiXp—1 :Xn] if r =pp— Pken—1;
o7z e 0 otherwise:

The modi cations required to the proof given in [16] are straightforward. O

In evaluating the operations ", we shall frequently make use of the Cartan
formula expansion for polynomials f;g 2 P:

X
Pr(fg) = psf pig; (4)
s+t=r

which holds because is a coalgebra homomorphism.
Lemma 2.3 For all polynomials f;g in P and all r 0,
X
Pr(fPg) = (BSF)PPiy:
r=ps-+t
Proof By (4) it su ces to prove the case g =1, i.e.

(BSF)P  if r = ps;
0 if r is not divisible by p:

pree =

In this case, the Cartan formula (4) gives B5FP = P bris Brof, where the
sum is over all ordered decompositions r = ?:1 ri, ri 0. Exceptin the case
where ry = ::: =rp = s, cyclic permutation of ry;:::;rp gives p equal terms
which cancel in the sum. O
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We write (k) for thngum of the digits in the base p expansion of aFgositive
integer k, ie. if k =, jaip' where 0 a p—1,then (k) = ; jai.
Thus (k) is the minimum number of powers of p which have sum k, and
(k) k mod p—1. Formula (2) leads to the following simple su cient
condition for the vanishing of ®r on a homogeneous polynomial of degree d.

Lemma 2.4 If (r(p—1)+d)>d, then ®rf =0 for all f2 PY.
Proof Since the action of P is linear and commutes with specialization of

Ege variables, it is su cient to prove this when f =x3X,  Xq. By (4) Prf =
Brix, dray,  Praxy, where the sum is over all ordered decompositions r =

ri+ry+::..+rg with ri;rp; i rg 0. By (2), the only non-zero terms are
those in which g, = py, for some non-negative integers ki;kp;::: ;kq. But then
rp—1)+d= pki, and the result follows by de nition of . ]

F)
Lemma 2.5 Letk Oandletv= ?:1 ajx; be a linear form in P1. Then

prk—1,p—1 — ,PK(P—1D).

Proof There is a unique way to write pX — 1 as the sum of p— 1 integers of
the form p; for i 0, namely p¥ —1 = (p — 1)px. The result now follows from
(2) and the Cartan formula (4). O

Remark 2.6 The same method can be used to evaluate P"vP~1 for all r. The
result is

C
eV DO it (r+ D -1) =p-1;
0 otherwise;

pryp—1 =

ere if (r +1)(p—1) = j1p* +::: + jgp?, with a3 > ::: > a5 0 and
W)
di=p—1,thencr =(—1)=G1lj2! Jjs).

The following result, the ‘Cartan formula for Milnor basis elements’ is well-
known (cf. [16, Lemma 5.3]).

Lemma 2.7 For a Milnor basis element P(R) =P (ry;::: ;rn) and polynomi-
als ;9 2 P, >
P(R)(fg) = P P(T)g;
R=S+T
where the sum is over all sequences S = (s1;:::;sp) and T = (t1;:::;t,) of
non-negative integers such that rj =s;j+tj for 1 i n. O
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In the same way as for Lemma 2.3, this gives the following result.

Lemma 2.8 Let P(R) = P(ry;:::;rn) be a Milnor basis element and let
T;9 2 P be polynomials. Then

<
P (R)(fPg) = (P(S)F)P P(T)g: D
R=pS+T
Here R=pS+T means that ri =ps;j+tjforl i n.

3 The det’! representation

In this section we give three proofs of Theorem 1.1. The rst uses the results of
[12] on submodules, while the second is a variant of this which uses only classical
invariant theory. The third proof is computational. The rst two proofs use
the following preliminary result, which shows that the operation ®Pn—" maps
to 0 all monomials of degree n(p — 1) other than the generating monomial
(X1X2  Xn)P71 for detP™1.

Lemma 3.1 Let ¥ be a polynomial in P"®~1 which is divisible by xP for
some variable x =x;, 1 i n. Then PPn—nf =0,

Proof Let f =xPg, where g 2 P. Then by Lemma 2.3
X
PPn—Nf — (Bsx)PBty: (5)

pn—n=ps+t

By (2), Psx = 0 if s & px for some k with 0 k n—2. Thus it is
su cient to prove that ®tg =0 for t =p, —n—p pk, where g 2 P"C—D—p
By Lemma 2.4, this holds when ((t+n)(p—1)—p) >n(p—1) —p. Now
t+mpP-D-—p=pip—1—p p(p—1) —p=p"—p*t -1, hence

(t+n)(p—1)—p)=n(p—1)—1>n(p—1)—p as required. Thus Btg =0
in all terms of (5) in which ®Sx & 0, and so BPn—"f = 0. 0

First Proof of Theorem 1.1 We rst show that the monomial m = (x;x5
x2"')P=1 appears in BPN(x;  x,)P~! with coe cient 1. In the Cartan for-
mula expansion (4), m can appear only in the term arising from the decompo-
sition pp —N =r +rp+:::+ry, wherery =p<t—1forl1 k n. By
Lemma 2.5, m appears in this term with coe cient 1.
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By Lemma 3.1, BPn~" maps all other monomials in degree n(p—1) to 0. Hence
Ihpn‘“(xl Xn)P~1 generates a 1-dimensional Fp[Mp]-submodule of pp"—1,
Since (X1 Xn)P~! generates the 1-dimensional quotient T"®~—D of pn—1)
and since T"C=D = detP™?, this submodule of PP"~1 is also isomorphic to
detP™*.

It is known [12] that the rst submodule occurrence of det’™! for M,, in P
is generated by w(n)P~1, and that this is the unique submodule occurrence of
detP™* in degree p" — 1. Since m is the product of the leading diagonal terms

. _ -1 . . _
in w(n)P~1 = [x;;x8; ;xR P71, m also has coe cient 1in w(n)P"l. O

Second Proof of Theorem 1.1 We recall that D(n; p) is the ring of GL(Fp)-
invariants in P, and that it is a polynomial algebra over Fj with generators Qn;
in degree p"—p' for 0 i n—1. We may identify Qn.0 with w(n)®~. Since
TP~D js jsomorphic to the trivial GLn(Fp)-module, it follows as in our rst
proof that BPn—"(x;  x,)P~1 2 D(n;p).

We shall prove that w(n) divides BPn—"(x;  x,)P~1. Recall that w(n) is the
product of linear factors c;x;+:::+ChXn, Where cq;::: ;ch 2 Fp. If we specialize
the variables in (X1  Xn)P~% by imposing the relation c;x; +::: + chXn, =0,
then every monomial in the resulting polynomial is divisible by xP for some
variable x = x;. By Lemma 3.1, such a monomial is in the kernel of ppn—n
Thus Ibp”_”(xl Xn)P~ L is divisible by ci1X; + 11+ cpXn, and so it is divisible
by w(n).

Now an element of D(n;p) in degree p" — 1 which is divisible by w(n) must
be a scalar multiple of Qno = w(n)*~1. For if a polynomial in the remain-
ing generators Qn:1;::: ;Qn:n—1 of D(Nn;p) is divisible by w(n), the quotient
would be SLn(Fp)-invariant, giving a non-trivial polynomial relation between

Qn:1;::1 3 Qn:n—1 and w(n). This contradicts Dickson’s theorem that these are
algebraically independent generators of the polynomial algebra of SLn(Fp)-
invariants in P. ]

Our third proof of Theorem 1.1 is by direct calculation. We shall evaluate the
Milnor basis element P(p — 1;:::;p— 1) of length n —1 on (X1 Xn)P L.
The following result relates the element P(p — 1;::: ;p — 1;b) of length n to
admissible monomials and to the anti-automorphism . In particular, we show
that P(p—1;::: ;p— 1) and ®Pn~" have the same action on (x;  Xn)P L.

Proposition 3.2 For1 b p-—1,
(i) P(p—1;:::;p—1;b)=pO+Dp" -1 pO+Dp=ipb for n 1,
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(i) BOD—Ng=p(p—1;:::;p—1b)g if degg n(p—1)+bforn 1,
(i) BOD—n = pE+IR PO N 4 P (p— 11 p— L) for n 2.

Proof Statement (i) is a special case of [4, Theorem 1.1]. For (ii), recall [11]
that B9 is the sum of all Milnor basis elements P(R) in degree d(p —1). Here
R = (ry; r2;:i:;,) is a nite sequence of non-ﬁggative integers, and P (R) has
degree jRj= (p' —1)ri and excess e(R) =  ri. In particular, P9 =P (d) is
the unique Milnor basis element of maximum excess d in degree d(p — 1), but
in general there may be more than one element of minimum excess in a given
degree.

We will show that P (p—1;::: ;p—1;b) is the unique element of minimum excess
e = (n—1)(p—21)+b in degree d(p—1) when d = (b+1)p,—n. By [11l, Lemma 8]
abijection P(r;rp;::: ;rm) $ PUP  P!m petween the Milnor basis and the
admissible basis of Ap is de ned by t, =rm and tj = rj+ptjeg for 1 i<m.
This preserves both the degree and the excess. Thus it is equivalent to prove
that m = pO+DP" -1 pO+p-1pb js the unique admissible monomial of
minimum excess in degree d(p —1). Now the gxcess of an admissible monomial
pupt  pm js pt; —d(p— 1) where d = ;tj, and so it is minimal when
t; is minimal. It is easy to verify that m is the unique admissible monomial
in degree d(p — 1) for which t; = (b + 1)p"~! — 1, and that this value of t; is
minimal.

Note that p divides jRj+e(R) for all R. Hence P®+DPn—n—_p (p—1:::: ;p—1;b)
has excess > e+p—1 = n(p—1)+b, and so PO+DPn—g = p (p—1;::: ;p—1;b)g
when g is a polynomial of degree  n(p —1) +b.

(iii) Recall Davis’s formula [5]

=< jRj +e(R)
pu

PUby = P(R); (6)

IRi=(p—D(u+v)

which we may apply in the case u = (b + 1)p", v = (b + 1)pa—1 — n to show
that PUBY s the sum of all Milnor basis elements in degree d(p—1) other than
the element P(p—1;::: ;p — 1;b) of minimal excess.

For R=(p—1;:::;p—1;b) we have jRj +e(R) = (b + 1)p" — p, and since
pu = (b + 1)p" the coe cient in (6) is zero. Since p divides jRj + e(R) for all
R, jRj+e(R) (b+ 1)p" for all other R with jRj = d(p —1). As remarked
above, the unique element of maximal excess is P9 itself, and so for all R we
have jRj+e(R) pd= (b+1)(p+p?+:::+p")—pn. Itis clear from this
inequality that the coe cientin (6) islforall R& (p—1;:::;p—1;b). O
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Third Proof of Theorem 1.1 Let ,=PP""1 PpPP~1pp~lforn 1, and
o =1. We assume that n—1(X; Xn)P~! =w(n)P~! as induction hypothesis
on n, the case n =1 being trivial.

The cofactor e|>:<Pansion of w(n + 1) = [xg;xB; 111 ;%P ] by the top row gives
win +1) = THenix Powhere o= [xeoxP ) xP Pt
Hence w(n+1) (x1  Xn+1)P 1= TF(-1)'%) POx1 XicaXier  Xner)P7L
By Proposition 3.2(i), n = P(pf,l; 111 ;p—1) of length n, and so by Lemma 2.8
AW+1) (1 Xne)P D = TEDXE Pk XicaXier Xns1)P L

Since n = PPl L1, a(X1 Xi—iXisr  Xne1)P ' = PP'TE P71 opy the
. . . - -1 n_ -1 _  pp-D
induction hypothesis. Since ! has dlggree pn —1, ppil P = :

Hence n(W(n+1) (x1 Xp+1)P D= IHH=1)IXP ?2 = w(n + 1)P.

By Lemma 2.1, P'w(n+1)=0for0<r<p". As ,=PP""1 ppr’-lpp-1
iterated application of the Cartan formula gives n(W(n+1) (X1  Xn+1)P™ 1) =
win+1) n(X1  Xn+1)P7L Hence w(n+1) n(X1  Xn+1)P ! =w(n +1)P.
Cancelling the factor w(n + 1), the inductive step is proved.

4 T-regular partitions

In this section we de ne the special class of T-regular partitions, and extend
Theorem 1.1 to give a Steenrod operation " which links the rst occurrence
and rst submodule occurrence of TY for all d. In fact we prove a more general
result which links the rst occurrence to a family of higher degree occurrences.

The truncated polynomial module T¢ = Pd=(PY\ (x};::: ;xR)) has a F,-basis
reprgsgnted in PY by the set of all monomials x3'x5?  xSn of total degree
d= ;siwithsi<pforl i n.By]|[2, Theorem6.1] Td=L((p—1)"1b),

whered=(n—1(p—1)+band1l b p—1. We regard the corresponding
diagram as a block of p — 1 columns, in which the rst b columns have length
n and the remaining p — b — 1 columns have length n — 1. Given a partition
, We can divide its diagram into m blocks of p — 1 columns and compare the
blocks with the diagrams corresponding to these. (The mth block may have
<p-—1columns) For1 j m,let ) be the partition whose diagram is
the jth block, and let y; = deg () be the number of boxes in the jth block.

De nition 4.1 A column p-regular partition is T-regular if L( ¢y) =TV
for all j. Equivalently, for all a 1, there is at most one value of i for which
@—-DpP—-1< j<a(-1).If is T-regular, we call y the T-conjugate of
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In the case p = 2, all column 2-regular partitions are T-regular, and y = °,

the conjugate of . If is column 2-regular, then the partition = (p—1)
obtained by multiplying each part of by p—1 is T-regular. Since is column
p-regular, yj —yj+1 p—1forall j,and m n. Thus there is a bijection
$ y between the set of T-regular partitions = ( 1;:::; n) and the set of
partitions y = (y1;:::;Yn) Which satisfy y1 n(p—1) and yj —yj+1 p—1
forl j n-—1. Interms of the Mullineux involution M on the set of all row
p-regular partitions, and y are related by M(y) = ° [15, Proposition 3.13].

We next extend Theorem 1.1 to give linking formulae for the representations
T9. It will be convenient to introduce abbreviated notation for some further

Vandermonde determinants. Let w(n;a) = [xq;::: ;X8 ;xa:l; xP] for
0 a n, where the exponent p? is omitted. In particular, w(n;n) = w(n)

and w(n;0) = w(n)P.

Proposition 4.2 Forn l1and1 i p-—1,leti=1i3+ +is where
i1;::1;0s>0, and let j =i1pay, +  +ispag, Where a; >:::>as 0. Then

O] _ o Y _
BPrTd O, xn-)P AT = (1) Twn)P T win—1an)™:
r=1

Specializing to the case s =1, j = ipn—1 and putting b =p—1—i, we obtain
an operation linking the rst occurrence and the rst submodule occurrence of
the representation Td, as follows. Theorem 1.1 can be taken as the case b =0
or as the case b =p—1; we choose h =p—1 to t notation later.

Corollary 4.3 Forn land1l b p-—1,

POFDP-1=(=D (%1%, Xp—1)P X2 =w(n)® w(n —1)PPL:

Proof of Proposition 4.2 We introduce a parameter into Theorem 1.1, by
working in Fp[X1;:::;Xn+1] and writing Xn+1 = t in order to distinguish this
variable. Since the action of A, commutes with the linear substitution which
maps X, to Xn, +t and xes x; for i & n, we obtain

1

Pt
Expanding the left hand side of (7) by the binomial theorem, we obtain

— _ n—2 n—
PPR (% X1 (% + 0)P = [xa; X8t i xB T (Xn + D)P

(“D'BP (k1 Xn-2)PTHETE:
=0
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The right hand side of (7) is

TR R AN N G DY) el PR P SEER N AN Ly
i=0

since w(n) = [xg;x5;::: :x?""'1. The summands in (7) corresponding to i = 0

give the original result, Theorem 1.1, and so are equal. In fact we can equate

the ith summands for all i. This happens because B raises degree by r(p—1),

so that the powers t< which occur in the ith summand on the left have k i

mod p — 1, while if tX occurs in the ith summand on the right, then k is the

sum of i powers of p, so that again k i mod p—1. Hencefor1 i p—1
we have
BP0 xXn-a)PTHETT) = wn)P T iz AL T (8)

Since the powers t€ of t which can appear here are such that k is the sum of i
powers of p, we can write k = i;p? +:::+isp?, where a; >:::>as 0 and
ip +:::+1ig=i. Using the expansion

n—1 N a
ST =T ()T Aw(n - L a)t?

a=0

we can evaluate the coe cient of t< on the right hand side of (8) as
i ! . i .
(D' w()PTT wn —Lia) w(n —sjas)’;
1- S-
where we have simpli ed the sign by noting that a;i; +::: +agis j mod 2
since p, a mod 2,. By the Cartan formula (4), the left hand side of (8) is

Fbpn—n—j %I(l Xn—1)p_1XP]_1_i Fbjti
j=0
Here the term in tK arises from ®iti where k = j(p — 1) + i, so that j =
11Pa, + i1 + isPpag, and since this decomposition of j as a sum of at most i
powers of p is unique, formulas (2) and (4) give ®Iith = (il=i;!  is!)tX. Thus
equating coe cients of t< in (8) gives the result.

5 Linking for T-regular representations

In this section we state our main results. We x an odd prime p and a positive
integer n throughout. As in [16], our results will be statements about polyno-
mials in n variables when  has length n, i.e.  has n nonzero parts. There
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is no loss of generality, since the projection in My which sends x, to 0 and
Xj to X for i <n maps L( ) to zero if , = 0 and on to the corresponding
Fp[Mn—1]-module L( ) if , =0 (cf. [2, Section 3]). Hence we shall always
assume that , & 0.

We rst establish some notation. Given a T-regular partition  of length n,
we de ne a polynomial v( ) whose degree dc( ) is given by (9) and which
‘represents’ L( ), in the sense that the submodule of P%() generated by v( )
has a quotient module isomorphic to L( ). We index the diagram of  using
matrix coordinates (i;j),sothat1 i nand1l | i

De nition 5.1 The kth antidiagonal of the diagram of is the set of boxes
such that j +i(p —1) = k+p—1. If the lowest box is in row i and the
highest ds in row i —s + 1, let vi( ) = [Xi—s+1; X0 ittt ;x'?s_l], and let
v( )= T ().

Thus an antidiagonal is the set of boxes which lie on a line of slope 1=(p — 1)
in the diagram, and v( ) is a product of corresponding Vandermonde determi-
nants. Indenting successive rows by p—1 columns, we obtain a shifted diagram
whose columns correspond to these antidiagonals. The T-conjugate y of
records the number of antidiagonals ys of length s forall s 1.

Example 5.2 Let p =5, = (9;6;3), so that y = (11;6;1). The shifted
diagram

gives v( ) =x7 [xi;x3]* [X1;x3;%x3°] [X2;%3] X3.

Recall [12] that w( ") = jSl w( %) generates the rst occurrence of L( ) as

a submodule in P. Thus we can rewrite the linking theorem for T9, Corollary
4.3, as follows.

Theorem 5.3 Letd=(MNn—-1)(p—1)+b,wheren landl b p-—1,
so that T9 = L( ) where = ((p — 1)"tb). Then ®rv( ) = w( ?), where
r=(b+1)pp-1 — (n—1) and pp—1 = (P" = 1)=(p — 1). D
By the leading monomial of a polynomial we mean the monomial Qi”:1 X3
occurring in it (ignoring the nonzero coe cient) whose exponents are highest
in left lexicographic order. The leading monomial s( ) of v( ) is obtained by
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multiplying the principal antidiagonals in the determinants vi( ), 1 k v;.
(In Example 5.2, s( ) = x7°x3*x3.) The base p expansion of every exponent
in s( ) has the form sj = c,pX+ (p—DpK 1 +:::+(—Dp+ (p—1), ie.
si —1 mod pX, where pk <'s; < p**1. We adapt the terminology introduced
by Singer [13], by calling such a monomial a ‘spike’. In the case p=2, s( ) =
x; *71 x2 "1 A polynomial which contains such a spike can not be ‘hit’,
i.e. it can not be the image of a polynomial of lower degree under a Steenrod
operation. This is easily seen by considering the 1-variable case. Hence the

polynomial v( ) is not hit.

Proposition 5.4 Let be T-regular with T-conjugate y.

() If i =ai(p—1)+bi,a 0,1 b p—1,thens():Q;‘zlx?bi*”pa“l.

1
m—1

(i) With G) as in De nition 4.1, s( ) = v( (1)) v( (2))p v( (m))p .

(iii)y Thecoe cientofs( )inv( )is (=1) OO, with ()= P}Z?](—l)i—lyzj.

Proof Formulae (i) and (ii) are easily read o from a tableau obtained by
entering pd 1 in each box in the jth block of p— 1 columns of the diagram of

, and reading this according to rows and to blocks of columns. For (iii), note
that the sign of the term arising from the leading antidiagonal in the expansion
ofan s s determinantis +1 fors 0;1 mod 4 and —1 for s 2;3 mod 4,
and that the diagram of has y; antidiagonals of length . ]

In Theorem 5.5 we establish (i) a ‘level 0 formula’, which gives a su cient
condition for |br\,( ) =0, and (ii) a ‘level 1 formula’, which gives a su cient
condition for Fbrv( ) to be a product related to the decomposition = )+ ~
which splitso the rst p—1 columns of the diagram. Thus (1) = ((p—1)" 1),
where yy = (n—1D(p—1) +b and 1 b p—1, and T~ is de ned by

i = i—(-1if ; p—1,and ; =0 otherwise. Our main linking result,
Theorem 5.7, follows from Theorem 5.5 by induction on m, the length of y.
The proofs of Theorems 5.5 and 5.7 are deferred to Section 6.

Theorem 5.5 Let be T-regular with T-conjugate vy, let d. be de ned by
(9) below, and let R(r; )=r(p—1) +d;( ) —dc( 7). Recall that (k) is the
sum of the digits in the base p expansion of k.

(i) If (R(r; ))>yi, then Pry( ) =0.
(i) I (R(r; ) =y1, then Prv( ) = B4l Dy( 1) v( 7).
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Remark 5.6 Taking p=2 and P" = Sq", this reduces to [16, Theorem 2.1],
de( ~
since that theorem can be applied to (1) = (1") to obtain SaH ( )v( @) =

[x2™;:::;x2™"], where a; < ::: < a,. The hypothesis on r is satis ed since

r+dc( )+n=r+de()—de( 7)=2%+:::+42%,
Combining Theorem 5.3 with Theorem 5.5, we obtain our main theorem.

Theorem 5.7 Let be T-regular with T-conjugate y of length m. For 1
k m,letyy=(x—1D(p—1)+bx,whereny, land1l by p—1. Then

prm - prepriy ) =w(

where r = (b + D)pn,—1 — (k= 1) — {1 PNy
This theorem determines the rst occurrence degree d.( ) when is T-regular.

Corollary 5.8 Let be T-regular with T-conjugate y. Then the degree in
which the irreducible module L( ) rst occurs as a composition factor in the
polynomial algebra P is given by

X o
de( )= PV (9)
i=1
and the Fp[Mp]-submodule of P9() generated by v( ) has a quotient module
isomorphic to L( ).

Proof By [7] or [12] w( ") generates a submodule of P%() isomorphic to
L( ). By Theorem 5.7, there is a Steenrod operation = ( ) and a polynomial
v( ) 2 P9, where d is given by (9), such that (v( )) = w( !). Hence the
quotient of the submodule generated by v( ) in P9 by the intersection of this
submodule with the kernel of is a composition factor of P9 which is isomorphic
to L( ). Hence the rst occurrence degree do( ) d. Butde( ) d by [3,
Proposition 2.13], and hence d.( ) =d. O

As an example, for p = 3 the partition = (5;3;2) is T-regular with T-
conjugate y = (6;3;1). The module L(5;3;2) rst occurs as a composition
factor in degree 6+3 3+1 9 =24, and as a submodule in degree 5+3 3+2 9 =
32. The calculations of [1] and [6] for n 3 support the conjecture that the
the rst occurrence degree dc( ) is given by the formula above if and only if
is T-regular.
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The integers rj in Theorem 5.7 can be calculated from a tableau Tab( ) ob-
tained by entering integers into the diagram of  as follows: if a box in row i is
the highest box in its antidiagonal, write pj—1 in that box and continue down
the antidiagonal, multiplying the number entered at each step by p.

Lemma 5.9 The sum of the numbers entered in the kth block of p—1 columns
using the above rule is ry. The element PP P'm is an admissible mono-
mial in Ap, i.e. re  pre+g forl  k m-—1.

Example 5.10 Forp=3, =(6;5;4;3;2), weobtain (ry;ry;r3) = (100;20; 1)
using the tableau below.

0Jo0]o00]0]0]

00|00t
Tab( )=[0]0 |3 |4

9 1213

39 [ 40

Noting that B" =|:(£—1)Ir (P, in this case Theorem 5.7 states that in P39,
(PYOPPPY) 3¢ PP Daix3ndP [xaixdixg] [xsixd] [xaixd] xs
= —xa; x5 X3 x5 X X003 X3 X5 X )35 X1 [Xaix3] xa
Proof of Lemma 5.9 The inequality ry  prx+; for 1k m—1 is clear
from the algorithm, and can also be checked directly from the de nition of ry.
Since r( ) =ry( 7), and so on, we need only check the algorithm for ry.

To do this, we introduce a second tableau by entering pj—i in the ith row of
the rst block of p— 1 columns and —p!~2 in all the boxes in the jth block of
p — 1 columns for j > 1. In Example 5.10 this is as follows.

0|0 |—-1|—-1|-3|-3 \

111|-1|-1|-3

4 14 1-1-1

13113 | -1

40 | 40
The entries in a antidiagonal running from the (i;j) box for 1 j p-—1
are then pi—1; —1;—p;::: ;—p% 2, and their sum pj—1 — ps—1 = p pis is the

number entered in this box in Tab( ).

It remains to check that the sum of all the entries in the second tableau is
r, = (1 +1)pn—1—(n—1)—dc( 7). To see this, note that the entriesin ~ sum
to —dc( 7), while the entries in the last row of (1) sum to bpn—; and the entries
inthe rstn—1rowssumto (p—1)(po+p1+:::i+pn—2) =pn-1—(M—1). O
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Since w(n) is a product of linear factors, so also is v( ), and by Theorems 5.3
and 5.5 so also is Fbrlv( ). The following calculation shows that v( ) divides
Ibrlv( ), and that the quotient can be read o from Tab( ) as follows: replace
the entry pj—1 — ps—1 in the (i;]) b.g;(, 1 j p-—1, by the product of all
linear polynomials of the form x; + | _; CkXk, excluding those where ¢, = 0
forl k i-—s.

Corollary 5.11 Let be a T-regular partition. Let the kth antidiagonal in
the diagram of  have length s, and lowest box in row ng. Then

Ibrlv( ) _ ¥ Y

V( ) k=1 ¢

(C1X1 + ::: + Cnp—1Xn—1 + Xn,);

where the inner product is over all vectors ¢ = (Cq;:::;Cn—1) 2 ng‘l such
that (c1;:::;Cne—s.) & (0;:::;0).

In Theorem 1.1, = ((p — "), v( ) = (xiX2 Xn)P~L and Briy( ) =
n—1

xp;x5; xR P Since sk = 1 for 1k n(p— 1), the quotient is

the product of all linear polynomials in X3;::: ; X, which are not monomials.

Proof of Corollary 5.11 The proof is by induction on the number of an-
tidiagonals y;. Let ()= Fbrlv( )=v( ), where r; = ry( ). Let s denote the
length of the last antidiagonal in the diagram of , and let be the T-regular
partition obtained by removing this antidiagonal from the diagram of . Then
by Theorems 5.3 and 5.5,

n—1 _
() _ DxaxBizisxh 1 v 7)) v(),
() [xxB;e: ;x,'[.’,n:lz] v( 7)) v()

n—1 n—2
tethat — = ~ when s=1. Now [xy;x5;::: ;xR J=[xe; x5 xP_ ] =
o(C1Xy + 1+ Ch—1Xn—1 +Xn), Where the product is taken over all vectors ¢ =

_ s—1
(C1;::iscn—1) 2 FpH Also V( )=v( ) = Vy, () = [Xn—s+1i Xh—supiiii i X0 .
s—2
Similarly v( 7)=v( 7) = [Xn—s+1;Xh_c40; 5 ;XP_;]. The quotient of these
determinants is the product of all pS=! linear polynomials Cp—s+1Xn—s+1 +
S+ Cn—1Xn—1+ Xn, S0 ()= () = (C1Xy + i+ Ch—1Xn—1 + Xn), Where
the product is over all ¢ = (Cc1;::: ;Ch—1) 2 Fg_l with cj & 0 for some i such

that1 i n-—s.
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6 Proof of the linking theorem

In this section we prove Theorems 5.5 and 5.7. The following lemma will help
in checking conditions on the numerical function

Lemma 6.1 (i) Let R 1 have base p expansion R = jip® +::: + jp?t,
where 1 jg;::iJ¢ p—1,0 a;<:::<agandlet k 0. Then
(R—p") (R) — 1, with equality ifand only if k =a;, 1 i t.
(i) With notation as in Theorem 5.5, and with  and s as in the proof of
Corollary 5.11, for r 1 and k 0 we have

R(r—pk +ps—1; ) =R(r—pc+de( 7); ) =R(r; )—p

Proof If Kk & a; for 1 i t, then subtraction of pX must yield at least
one new term (p — 1)p? in the base p expansion. This proves (i). For (ii),
since dc( ) = dc( (1)) +pde( 7) and de( (1)) = y1 we have R = R(r; ) =
(p—1D(r+dc( 7)) +vy1. Comparing the rst occurrence degrees for L( ) and
L( ) given by (9),

de( ) =dc( ) *+ps; de( ) =dc( ) +ps—1; de( (1)) =dec( (1y) +1: (10)

Hence we have R(r —pi+ps—1; ) = (p—1)(r—px +ps—1+dc( 7)) +de( (1)) =
(=D (r—pk+dc( 7)) +dc( 1)) =Rr—pk+de( 7); @) =R—(p—1px—1=

R — pk. O
Proof of Theorem 5.5(i) We argue by induction on y;, the number of
s—1
antidiagonals of . With and s as above, v( ) = [xn_s+1;xf3,_s+2; oxh ]
v( ). Using form)u(la (4) and Lemma 2.2, for all r 1 we have
s—2 _
Bry( ) = [Xn—s+1; XD _gaps it ,xﬂ_l;xﬂk] PrPtPs—1y( ): (1)

k s—1
By Lemma 6.1, if (R(r; )) > vy1 then (R(r —pk + ps—1; )) > y1— 1 for
all k 0. Since has y; — 1 antidiagonals, the second factor in each term of
(11) is zero by the induction hypothesis. Hence P'v( ) =0 if (R(r; )) > v1,
completing the induction.

Proof of Theorem 5.5(ii) As in Lemma 6.1, let R = R(r; ) have base p
expansion R = jip2t+:::+jp?, let (R) =y; and let R' = R(r—pk+ps—1; ).
Then the lemma gives (R) =vy;—1ifk=a;,1 i t,and (R)>y;—1
otherwise. Hence, applying part (i) of the theorem to (11), we have

sS—2

X
PV )= [Xnos+1iXP_gipiiii X0 i XB] BIPatPemty(y:
i=1
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Since (R(r —pa +ps—1; ) =y1—1=dc( (1)) by the lemma, and ps—; +
de( 7) =dc( 7), the inductive hypothesis on  gives

prpatpety( ) = PrPatdet Dy( ) v( ) 1 0t

We can similarly use the lemma to simplify the right hand side of the required
identity. Since V( (1)) = XnV( (1)), from (4) and (2) we have

- X -y—
Predel Dy ) = xRPHEC DTy gy):
k 0

By the lemma, R(r+dc( 7)—pk; @) = R—pK, so that by (i) we can again re-
ducetothesumoverk =aj,1 i t. ASV( 7) = [Xn—s+1; X0 _qppii:: ;xf:lz]
v( 7), it remains after cancelling the factor v( ~) and rearranging terms to
prove that

X -
- aj s—2 aj
[Xn—s+1; Xp—sa2i 115 s Xpog i XP 1= Xn—s+1; Xpogaas i1 i Xpo DB i =0;

n—s+2: n—s+2:
i=1
where f; = Pr—Pai+de( Dy( ,)). The expansion of the s s determinant in
the p? powers of the variables is
s—j e T2 . Pt e UPST2 PR
(_1) [Xn_5+1! Ty Xn_s+j —1» Xn—s+j +1r ;Xn ]Xn_5+j .
j=1

Thus the term with j = s cancels, and interchanging the i and j summations,
the required formula becomes

" - o X

(D" T xnosrti 0 X0 g X0 it Xl 1 X i =0

j=1 i=1

- +d — Pt pai .. -
Since BT D(xp_sujv( @) = =4 Xf_s+jfi by a similar argument using
(4), (1) and Lemma 6.1, it su ces to prove that the monomial Xn—s+jV( (1))
is in the kernel of @™*d( ) for 1 j s—1. This monomial is divisible by
xf,_sﬂ-. By permuting the variables, it su ces to consider the case where it is
divisible by x{. Hence the proof of Theorem 5.5 is completed by the following
calculation.

Proposition 6.2 Let R=R(r; ) andlet (R) =vyi, wherey; =(n—1)(p—
D+band1l b p—1. Then

Pt OeRe  xa-1) ™t xiH =0
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Proof By Lemma 2.3, with f =x; and g = (X2  Xn—1)P"* x&7%,

B = o ()P (o)
u=pv—+w
Note that g = v( ) where = ((p — )" 2(b — 1)). By (2), P¥x; = 0 for
vV & pg, kK 0, sowe may assume that w =u—pv=r+dc( ) —p p«k.
Since p pxk = pk+1—1and de( (1)) =p—1+de( ), RW; ) =R(r —pr+1+
de( 7); @) =R-— pk*1 by Lemma 6.1(ii). Since (R) = yi, Lemma 6.1(i)
gives (R(W; )) yi—1>yi—p. Since de( ) =yi—p, ®¥g =0 by Theorem
5.5(i). O

Proof of Theorem 5.7 This follows from Theorem 5.5 by induction on m.
Lety; =(n—1(p—-1)+b,1 b p—1. We wish to apply Theorem 5.5
with r = rq, sopye must check that (R(r1; )) = yi1. For this, note that (9)
gives de( 7) = jL,pI?yj, so that ry+de( 7) = (b+1)pa—1—(n—1). Thus
R(ri; )=@-1(ri+de( )N+y1=0+DE" 7 -D—(p—-D(h—+y1 =
bp"~! + (p"~! —1). Hence r; satis es the hypothesis of Theorem 5.5, so that
Priy( ) = Prirdel Dy( ;) v( 7). By Theorem 5.3, Pri+de( Dy( ) =
w( {g)-

Now ri( ) = ri—1( 7) for 2 i m, and so the inductive step reduces to
showing that

prm o B2 ow( () v T) =w( ) P By ) (12)

Recall from Lemma 5.9 that ry;::: ;rm is an admissible sequence, i.e. rg

pre+1 for k1. Since r;  (b+1pp—1, rp<p"tifb<p—1and ry <p"if
b = p—1. Thus we can deduce (12) from Lemma 2.2 and the coproduct formula
(4), as follows. We have w( {;)) = w(n)’w(n — 1)P~12, Now B w(n) = 0 for
0<r<p"!and P'w(n—1) =0 for 0 < r < p" 2. If there are any factors
w(n—1) in w( 0(1)), then r, < p"~2, and otherwise it su ces to have r, < p"L.

7 First occurrence submodules

For a T-regular partition , the Fy[Mp]-submodule of P9() generated by the

rst occurrence polynomial v( ) is a ‘representative polynomial’ for L( ) in the
sense that this module has a quotient isomorphic to L( )(see Corollary 5.8).
In the case where = (p—1) for acolumn 2-regular partition , the leading
monomial s( ) =x? ™ xR "7! has the same property. This is implicit in
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the work of Carlisle and Kuhn [2], who identify a subquotient TY of Pd()
such that TY = TY* [t [TY™, where y is the T-conjugate of . Explicitly,
if vi 2 TYi corresponds to a monomial in Xg1;::: ; Xy with all exponents < p,
then v; 21 [vgh 2 TYr 21 CT¥™ corresponds to the equivalence class of
vi Vb vB' ™" in the appropriate subquotient of P%( ). Proposition 5.4(ii)
shows that, taking vj = v( (j)), this monomial is s( ). Tri [14] has recently
proved that if is T-regular, then L( ) is a composition factor in TY.

We recall from [16, Section 4] the notion of a base p ! -vector.

De nition 7.1 Given a prime p, the base p !-vector !(s) of a sequence of

non-negative integer|§,s = (s1;::1;sn) is de ned as follows. Write each s;

'v_o,base passi= ; 1Si;jpj_1, where 0 sj;j p—1, and let !i(s) =
?zlsi;j, i.e. add the base p expansions without ‘carries’. Then I(s) =

gl(s);::: 'Fl,|(s)), with length | = maxfj : 1I;(s) > 0g and degree d =
i1 Si = JI'=1 ()’ .

Given ! -vectors a'gpl , we say Hgat _dominates , and write or

,ifand ony if = ¥, pit K pi~! iforallk 1. By the !-vector
of a monomial ~iL, X' we mean the !-vector of its sequence of exponents
s = (s1;:::;%n). The dominance order on !-vectors of the same degree is
compatible with left lexicographic order.

Example 7.2 The lattice of base p !-vectors of degree 1+ p + p? is shown
below.
(1+p+p?
#
(1+p%50)
#

1+p;p)
- &
1;1+p) (1+p;0;1)

(1,11
Proposition 7.3 Let be a T-regular partition. Then the !-vector of the

spike monomial s( ) is the partition y T-conjugate to , and the polynomial
v( ) is the sum of (—1) ()s( ) and monomials f such that 1(f) .

Algebraic & Geometric Topology, Volume 2 (2002)



584 Pham Anh Minh and Grant Walker

Proof The proof is the same as that given in [16, proposition 4.5], with 2
replaced by p and ' replaced by y. For (), see Proposition 5.4(iii). O

Corollary 5.8 and Proposition 7.3 together provide a ‘topological’ proof that
the Fp[Mp]-submodule of P%() generated by s( ) has a quotient module iso-
morphic to L( ). The next result provides a further comparison between the
spike monomial s( ) and the polynomial v( ) in a special case. We conjecture
that the corresponding statement holds for all T-regular partitions

Proposition 7.4 Assume that ; = (p—1) ; for 1 i n, where =

1,111 n) is a column 2-regular partition. Then the submodule of Pd()
generated by the polynomial v( ) is contained in the submodule generated by
the spike monomial s( ).

The proof requires a preliminary lemma.

Lemma 7.5 If f 2Fy[xz;:::;XpJand 1 s n, then the Fy[Mp]-submodule

of P generated by xﬁs_l f contains [xq;x5;::: ;xEs*l]'E’_1 f.
Proof For each linear form v = a;x; +:::+asxs, where a; 2 F, for 1 i s,
let t, : P ¥ P be the transvection mapping X; to v and Xxing Xo;::: ;Xn. We
claim that the following equation holds in Fy[Xq;::: ; Xs].

(DB TP = v (13)

\%

Since t, does not changg the variables Xs;::: ;X which can occur in f, it
follows from (13) that  ,t, is an element of the semigroup algebra Fp[Mpn]
which maps X2 ™% f to (=1)5[xy;x8;:: 1 x& P f.
To prove (13), rst note that the right hand side is GLs(Fp)-invariant. Further,
it is mapped to 0 by every singular matrix g 2 Mg, since vectors (az;::: ;as)
and (a};:::;al) in Fg in the same coset of the kernel of g yield terms in (13)

with the same image under g, and p divides the order of this coset. Arguing
as in the rst or second proof of Theorem 1.1, with s in place of n, it follows
that (13) holds up to a (possibly zero) scalar.

; ; ; — P—1 P(P—1) P>t (p—1)
Finally we verify that the monomial m = x] X, Xs has coef-
cient (—1)° in the right hand side of (13). For each linear form v, we have
VPPl =P e yp—1 where vP D = (2 x® +: 11 +agxR )P for
0 j s—1. Theexponent p—1 in m must come from the last factor in this
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product, so we must choose the term (a;x;)P~* = xﬁ_l from the last factor, and

a; & 0. In the same way, we must choose the term (a;xB)P~1 = 2P~ from
the last but one factor, and a, & 0. Continuing in this way, we see that each of
the (p — 1)° linear forms v with all coe cients aj & 0 gives a term containing
m (with coe cient 1), while other choices of v give terms not containing m.
Thus the scalar coe cient in (13) is (—1)°. O

The following example shows how to apply Lemma 7.5 to a partition  of the
form (p—1) , so as to generate v( ) from s( ).

Example 7.6 Letp=3andlet = (6;6;4;4;2), sothat s( ) = x?0y?6z8t8,2

and v( ) = x°[x;y31P[x; y3; 2Ply; 2% O1°[t Ul

Begin by permuting the variables, so as to work with the spike u8t?6z26y8x?.

Apply Lemma 7.5 with x; = y and s = 2 to generate [y;x%]> u®t?6z%6x?.

Repeat with x; = z and s = 3 to generate [z;y3;x°]? uBt®[y; x3]°x?, then

with x; = t and s = 3 to generate [t;z3;y°]? u®[z;y3;x°?[y; x°]?x?, and
nally with x; =u and s = 2 to generate v( ).

Proof of Proposition 7.4 We rst observe (see [16, Proposition 4.9]) that
the (multi)set of lengths of the antidiagonals of the column 2-regular partition

is equal to the (multi)set of lengths of the rows. Hence the spike monomial
s()=xB" TP xPTL where sy s the length of the kth antidiagonal
of the diagram of , can be obtamed from s( ) by a suitable permutation of the
variables. We can now obtain v( ) from s( ) by n—1 successive applications
of Lemma 7.5, following the method illustrated by Example 7.6.

8 T-regular partitions and the Milnor basis

In this section we link the rst occurremé polynomlal v( ) and its leading
monomial s( ) to the polynomial p( %) = i=1 w( ¢ )) , Which generates a
submodule occurrence of L( ) in a higher degree Here, as in Proposition 5.4,

(i) 1s the partition given by the jth block of p —1 columns in the diagram of
the T-regular partition , and m is the length of y, the T-conjugate of . In
the case = (p—1) , we also link the rst submodule occurrence polynomial
w( %) to p( ). The linking is achieved by Milnor basis elements in A, which
are combinatorially related to . We also obtain a relation between monomials
in P and Milnor basis elements in terms of I-vectors. These results extend
some of the results of [16, Section 5].
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As in Proposition 5.4, let ; = aj(p—1) +bj, wherea; 0,1 b p—1.
Following [16], for R = ((by +1)p?* —1;::: ; (b +1)p? — 1) we call the Milnor
basis element P (R) the Milnor spike associated to . We note that ' (R) =v.
A Milnor spike is an admissible monomial [4]. For example, if p=3 and =
(4;3;1) then the corresponding Milnor spike is P (8;5;1) = P3P8pP! and for
the T-conjugate partition y = (5;3) it is P(17;5) = P3?P>. In this example,

%1) = (3;2) and 0(2) = (2;1), so that p( ") = w@Bw(R) Ww(1))? =
[x1;x3;x3] [xa3]* x3.

Theorem 8.1 Let be T-regular with T-conjugate y.

@ PR)s( )= (—1) OPR)( ) =p(", where P(R) is the Milnor spike
associated to ( 2;:::; n).
(i) If =(—1) ,where iscolumn 2-regular, P(S)w( ") = p( "), where
P (S) is the Milnor spike associated to (y2;:::;Ym)-
(iii) There are formulae corresponding to (i) and (ii) for the Milnor spikes
associated to  and y, with p( ) replaced by p( ")P.

Remark 8.2 (iii) follows immediately from (i) and (ii) for degree reasons.
The omission of the rst termsin R and S corresponds to omitting the highest
Steenrod power P9 in the admissible monomial forms of P(R) and P (S). In
fact d = degp( ), so that P9( 9 = p( ). In the example p = 3, =
(4;3;1) above, (i) states that P8P1(x8x3x3) = —P8P1(x? [x1;x3]? [x2;X3]) =
[X1;x3;x3] [X1;x3]* x3. Thecase = (4;3;1) is excluded from (ii), but in fact
PSw( 9 = —p( ). We believe that (ii) holds, up to sign, for all T -regular

We begin by proving the equivalence of the two statements in (i). For this we
use the following generalization of [16, Theorem 5.9(i)]. The proof is based on
Lemma 2.8, and follows that given in [16].

Theorem 8.3 Let R = (ry;:::;ry) and let '(R) = . If the Y-vector of
xi*  x3 does not dominate , then P(R)(x3* x%n) =0. O

Proof of Theorem 8.1(i) By Proposition 7.3, if the monomial f occurs in
v()and f&s( ), then I(f) vy.IfR=(ry;:::;rn) where rj = (bj +1)p% —
1, so that P(R) is the Milnor spike associated to , then, as noted above,
I'(R) =vy. Hence, by Theorem 8.3, P (R) takes the same value on v( ) and on
its leading term (—1) (J)s( ).

We evaluate P (R)s( ) by induction on the length m of y. The base case m =1
holds by our previous results, as follows. In this case, = (p—1;:::;p—1;b),

Algebraic & Geometric Topology, Volume 2 (2002)



Linking rst occurrence polynomials over IF, by Steenrod operations 587

with 1 b p—1, and has length n, while (i) states that P (R)s( ) =w( !),
where R = (p — 1;:::;p — 1;b) has length n — 1. By Proposition 3.2(ii),
P(R)g = BO+Dpn—1—(0—1g \when degg (n—1)(p—1)+b, and we may choose
g =s( ). Hence the result follows from Theorem 5.3.

For the inductive step, we use Proposition 5.4(iiv\_,to write s( ) = fP g, where
g=V( @) and f =s( 7). Hence P(R)s( ) = (P(S)f)? P(T)g by Lemma

2.8, where the sum is over sequences S = (Sp;:::;Sn), T = (tz;:::;tn) such
that rj = ps;j +t; for 2 i n. Thus t, = by, s, = 0 and t; p—1
2 i n—1. Iftj & p—1 for some i < n, then P(T) has excess

i ti >degv( (1)) =vy1,s0that P(T)(v( (1)) =0. Hence Wwe may assume that

T =(—1;:::;p—1;by),sothat s = (bj+1)pd~t—1for2 i n—1. Bythe

argument for the case m =1, P(T)(v( (1))) = W( 0(1)), and by the induction

hypothesis applied to —, P(S)s( ™) =p( 7). Since p( ) = w( 0(1)) p( 7)P,
the induction is complete. ]

Proof of Theorem 8.1(ii) Let = (p—1) , where is column 2-regular.
Theny = (p—1) ® haslength m= 4, and @ = ((p—1) ?), so that w( @)) =
w( )P1 Also S=(p2—1;:::;p m—1),so that P(S) =P P where
th=p m—1and tj = ptj+1+p i—1forl i<m.Weshall argue by induction
on m, the case m = 1, where P(S) =1, being trivial. For 2 i m, let

Wil ) =w( i) W( ) WO Gagy)® W i)™
so that W1( ") = p( ") and Win( ») = w( ). We assume as inductive hypoth-
esis on j that PYW;( ") = W;j_1( %) for j > i, and prove this for j =i.
It follows from Lemma 2.1 that Pr(w(n)pi) =0 unless r = p'(pn — pj), where
0 j n. The largest of these values, equal to the degree of w(n)?', is p' pn.

Since w( O(i)) has degree p i —1, it follows by (downward) induction on i that t;

is the degree of w( {;)) W( {j,4))"  W( O(m))pm_'. We may express t; explicitly
as the sum

X
ti=  pTi(p k-1 (14
k=i
Hence one term in the expansion of P%(W;( ) using the Cartan formula is
Wi—1( "). We shall complete the proof by using Lemma 2.1 to show that all
other terms in the expansion vanish. Thus we have to consider the possible
ways to write t; so that

. S
(p—Dt = (px—pv)+  pl(p x —plkv) (15)
v=1l k=1 k=i
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where 0 jk.y » for 1k m. Equating (14) and (15) and simplifying,
we obtain . .
=oox o R ox
(P-1)  prx+ pto= plev + p<7! plkv 1 (16)
k=1 k=i v=1l k=1 k=i

Since  is column 2-regular, ' is strictly decreasing and so !_;, > !

', +m—i>m—i. Hence the m powers of p occurring in the left side of
(16) are distinct. By uniqueness of base p expansions, there are also m distinct
powers on the right of (16) and these are a permutation of the powers on the

left. The argument is now completed as in the case p =2 [16, Section 5]. O

We end with evaluations of certain Milnor basis elements on monomials. While
[16, Lemma 5.6] generalizes easily to odd primes, this does not seem to be so
useful here as the following (weak) generalization of [16, Proposition 5.8].

Proposition 8.4 Let R=(ry;rp;:::) whereri=p—21if i=by;::: by and
ri = 0 otherwise. Then

C b
PPl ... P p—1 : A
_ X7 il X ifm=n;
PRI xppt= Da e o
Xe;x5 xR P ifm=n—1

Proof This is proved by induction on jRj. The base of the induction is Theo-
rem 1.1, whichisthecase m=n—1,bj=iforl 1 n—1. Given asequence
R=(ry; 0 rj—1,0;p—Lp—1:::;p—1), let R! = (ru;oiosrj—1p—1,0;p —
1;::05p—1), so that jRj—jRY = (p— (P —1)— (p—1)(P' —1) = (p—1)*p’.
We claim that PP'®~D P (R") and P(R) have the same value on any poly-
nomial of degree n(p — 1). To prove this, we use Milnor’s product formula to
expand PP~ P (R in the Milnor basis. The Milnor matrix

rg @it rj-a 00 p—1 :ir p—1
0[O0 :xx 0 p—10 0 = O
shows that P (R) occurs with coe cient 1 in the product. Since P(R) is the

unique Milnor basis element of minimal excess (n—1)(p—1) in degree jRj, this
proves our claim.

Applying the induction hypothesis to P (R"), we have P(R)(Xy:::xn)P™t =
ij(p_l)[xl;xgbl; D ;xE’j s ;xﬂbn_l]p_l where R and R di er in the ith term,
ie. bj = j for R" and bj = j + 1 for R. By the Cartan formula, this is
[xl;xgbl;::: ;x?jﬂ;::: ;xﬂbn*l]p_l, and this completes the induction for the
case m =n—1. The case m = n is proved similarly. O
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Proposition 8.4 serves as the base of induction for the following generalization
of [16, Theorem 5.9(ii)] to odd primes. The proof, by induction on the length
of the I-vector |, is essentially the same as in [16].

Theorem 8.5 Let Ro = (ro;ry;:::;ry), R=(ry;:::;r) and f=x3¢ x$n,
where the base p expansion of each term r; and exponent s; contains only
the digits 0 and p = 1. Assume that f and Ry have the same !-vector

— ~m  pi(p-1) ; —

. Then P(R)f = “\2; ¢ , Where m is the length of and | =
[x?;l; il ;x'i[’J ] is the Vandermonde determinant of order = =(p —1) de-
ned by the subsequences (Si,;:::;Si ) of (s1;:::;sn) and (rj,;:::;rj ) of Ro

consisting of the terms whose kth base p place is p— 1.

Example 8.6 Using the tables

rorl p—1 0 p—1 x3| p—1 0 p—1 ro| p—1
rn| p—1 X2| p—1 r| p—1 0 p—1
re| p—1 Xz | p—1 rp| p—1
3pp—-1 0 p-1 [3(p—1) 0 p—1 3p—1) 0 p—1
we obtain P(p —1;p — 1)x§p2+1)(p_1)xg_1xg_1 = [Xl;xg;xgz]p—l xfz(p_l) and

. 2+ (=1 p—1op—1 _ 1o .uP. P> 1p— 20—
P((P? + 1)(p — 1);p — DxP TDOTIETIEE = [y xB; x§ P (xD)PIPD),
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