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Abstract For finite coverings we elucidate the interaction between trans-
ferred Chern classes and Chern classes of transferred bundles. This involves
computing the ring structure for the complex oriented cohomology of vari-
ous homotopy orbit spaces. In turn these results provide universal examples
for computing the stable Euler classes (i.e. Tr*(1)) and transferred Chern
classes for p-fold covers. Applications to the classifying spaces of p-groups
are given.
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1 Introduction

For various examples of finite groups the complex oriented cohomology ring
coincides with its subring generated by Chern classes [21],[22], [24]. Even more
groups are good in the sense that their Morava K -theory is generated by trans-
ferred Chern classes of complex representations of subgroups [10]. Special effort
was needed to find an example of a group not good in this sense [14]. Thus
the relations in the complex oriented cohomology ring of a finite group derived
from formal properties of the transfer should play a major role. The purpose of
this paper is to elucidate for finite coverings the interaction between transferred
Chern classes and Chern classes of transferred bundles.

Let p be a prime and let G' < X, be a subgroup of the symmetric group. In this
paper we consider the complex oriented cohomology of homotopy orbit spaces
X}I;G = EGxgXP. Several authors have computed these cohomology groups,
[15], [11], [12], [10], however we are particularly interested in the ring structure
and thereby explicit formulas for the transfer. Thus we are led to consider
Fibrins reciprocity, the relation between cup products and transfer:

Trt(x)y = Tre(zp"(y))
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474 Malkhaz Bakuradze and Stewart Priddy

(formula (i) of Section 2) where p: EGXX? — X} is the covering projection
and

Tr*: E*(X?) — E* (X} )
is the associated transfer homomorphism.

Let m <3, be the subgroup of cyclic permutations of order p. Our results for
MU*(X} ), X = CP*, and £ — CP™ the canonical complex line bundle,
provide a universal example which enables us to write explicitly the Chern
classes ci,...,cp—1 of the transferred bundle & as certain formal power series
in the Euler class ¢p(&r) with coefficients in E*(Bm) plus certain transferred
classes of the bundle &. In Section 3 we give an algorithm for computing these
coefficients.

In paricular for £ = BP, Brown-Peterson cohomology, the coefficients of this
formal power series are invariant under the action of the normalizer of 7 in
Y. This enables us to give the similar results for X, coverings. Moreover in
Section 4 we compute the algebra BP* (X,’Zzp) and show that its multiplicative
structure is completely determined by Frobenius reciprocity.

In addition for E = K(s), Morava K -theory, the computations become easier:
we show in Section 5 that the formal power series in the algorithm above descend
to polynomials. We derive an alternative way for calculation and give some
examples.

Section 6 is devoted to extending some results of [10] in Morava K -theory. In
particular we show that if X is good then Xﬁﬂ is good.

In Section 7 we give some applications to classifying spaces of finite groups.

We would like to thank several people for their help during the course of this
work: D. Ravenel for supplying us with the proof of Lemma 5.3, M. Jibladze for
some Maple programs used in the examples of Section 5, and finally the referee
who suggested many improvements.

The first author was supported by CRDF grant GM1 2083 and by the Max-
Planck-Institut fiir Mathematik.

A word about notation: in Sections 2, 3, 4 and 7 we denote CP* simply by
X.

2 Preliminaries

We recall that a multiplicative cohomology theory E* is called complex oriented
if there exists a Thom class, that is, a class u € E?(CP>) that restricts to a
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Transfer and complex oriented cohomology rings 475

generator of the free one-dimensional E* module E?(CP'). The universal
example is complex cobordism MU™*. Then

E(CP) = E*[[]],

where z is the Euler class of the canonical complex line bundle & over CP> =
BU(1). Further
E*(BU(1)?P) = E*[[x1, ..., 2],

where z; = ¢1(§;) and &; is the pullback bundle over BU(1)P by the projection
BU(1)P — BU(1) on the i-th factor.

Much of our paper is written in terms of transfer maps [1, 13] and formal group
laws. Let us give a brief review of formal properties of the transfer. For a finite
covering

p: X —X/G
there is a stable transfer map
Tr="Tr(p): X/GT — XT.

For any multiplicative cohomology theory E*, Frobenius reciprocity holds i.e.,
the induced map Tr* is a map of E*(X/G) modules

(i) Tr(zp*(y)) =Tr*(x)y, = € E*(X), y € E*(X/G).
For example
(i) Tr(p"(y)) = Tr(1)y.

The element T7*(1) € E°(X/G) is called the index or stable Euler class of the
covering p. The following additional properties of the transfer will be used:

(iii) The transfer is natural with respect to pullbacks;
(iv) Tr(pr x p2) =Tr(p1) ANTr(p2);
(v) If p=pap1, then Tr(p) =Tr(p2)Tr(p1).
More generally for a covering projection
puGc: X/H— X/G
with H < G there is a stable transfer map
Trgc:X/GT — X/HT.

To ease notation if H = e, as above, we write projection and transfer in equiv-
alent ways p = pg, Tr =Tr(p) =Trg.

The reverse composition to (ii) is given by:
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(vi) (Double coset formula) If K, H < G then

1

* * * —1* *
= o o _
Pr.cITh G E Trgnpe ko Pre=tnH H

T

where the sum is taken over a set of double coset representatives x € K\G/H.
Here H® = zHx ™",

For a regular covering pp g, ie H <G,
PicTring) = N(@) = Y g (),
geG/H
where N(x) is called the norm or trace of z.
In subsequent sections the reduced transfer Try g : X/G — X/H is used.
We recall Quillen’s formula [16, 6]. First,
E*(BZ/p) = E"[[2]1/([pl(2)),

where x is the Euler class of a faithful one-dimensional complex representation
of Z/p and [p](z) is the p-series or p-fold iterated formal sum. Then

T, (1) = )(2)/2, 1)
where T, Ip is the transfer homomorphism for the universal Z/p-covering
EZ/p — BZ/p. The relation [p|(z) = 0 is equivalent to the transfer relation

2Try), (1) = Try(e1(C)) = Try, (0) = 0

obtained by applying (ii). Of course since the transfer is natural, Quillen’s for-
mula enables us to compute the stable Euler class for any regular Z/p covering,.

In this spirit, let
T={(t) <%y

be the subgroup of cyclic permutations of order p. For a given free action of «
on a space Y with a given complex line bundle n — Y we have an equivariant
map

e =(91,---,9p) 1 Y — BU(1),

where g; classifies the line bundle ¢'~17.

So by naturality of the transfer, the computation of transferred Chern classes
Tr*(c(n)), i > 1 for cyclic coverings can be reduced to the covering

pr: B x (BU(1))P — Exm x, (BU(1))P,

as the universal example.
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Similarly for the symmetric group.

Let & be the canonical complex line bundle over CP*° = BU(1) and &; be the
pullback bundle over BU(1)P by the projection on the i-th factor as before.
Then MU*(BU(1)P) = MU*[[z1,...,2p]], i = c1(&) and x; - - - x, is the Euler
class of the bundle £*P = @¢;.

Note that by transfer property (v), Tr(pr)* has the same value on the Chern
classes x1,...,x,: the group m permutes the z; and p;t = pr, t € m. Thus
in computations of the transfer we sometimes write these Chern classes in an
equivalent way x,tx,...,t* 'z,

For the sphere bundle S(£*P), one has
MU*(S(E77)) = MU ([z1, ..., @pl]/ (w1 - - ). (2)

Then for the trace map
N=1+t+- - 4tr!

we have kerN = Im(1 —t), t € m in MU*BU(1)P and after restricting N to
MU*(S(£*P)) we have the exact sequence

o MUS(S(E77)) & MU*(S(67)) & MU(S(E"7)) & MU*(S(67)) -

Then let & = Em X £*P be the Atiyah transfer bundle [2],

S(&x) = Em X7 S(E77) (4)
be its sphere bundle and

D(&r) = Em Xz D(E*P) ()

be its disk bundle. Let X = CP> then D(&;) is homotopy equivalent to
Xp, = B(mu(1)).

The cofibration D(&x)/S(&x) = (X7 )5 gives a long exact sequence

Xcp

c—= MU*(S(&)) «— MU*(X} ) < MU*((X}IZW)&%_... (6)

where (X gﬁ)fﬂ is the Thom space of the bundle &, and the right homomorphism
is multiplication by the Euler class ¢, = ¢,(&x).

Since the diagonal of BU(1)P is fixed under the permutation action of 7, the
inclusion Em — Em x BU(1)?; © — (z, fizpoint) defines the inclusions

. P
Z.B7T—>Xh7T

i : Bm — S(&x).
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The projection ¢ : X} — B induced by 71 U(1) — 7 defines the projection
@0 : 5(x) — B (7)

and the compositions @iy, @i are the identity. We can consider S({;) as a
bundle over B with fiber S({*P).

Let n be the canonical line bundle over Bm and

0 =¢"(n) — X,
be the pullback bundle. Thus i*(#) = n and i*(&,) = C +n+--- +nP~ L
Consider the pullback diagram

Er x S(&*P) — Em x BU(1)P
po p
S(&x) X

Let Tr = Tr(p) be the transfer of the covering p, and Trg : S(&;) — S(§*P)
the transfer map of pg.

We will often refer to the following lemma which follows from (3) and Frobenius
reciprocity.

Lemma 2.1 In MU*(X} ), ImTr*(Ker(p*) = 0.
Proof p*(Tr*(a)) = N(a) =0=a € Im(l —t) = Tr*(a) =0. O

Remark 2.2 Lemma 2.1 is valid only in complex oriented cohomology E*
with torsion free coefficient ring. This lemma is used in the proof of Theorem
3.1 in complex cobordism and in the second statement of Theorem 4.6 in Brown-
Peterson cohomology. By naturality, these results hold for all £* in the first
case and all p-local E* in the second.

3 Transferred Chern classes for cyclic coverings

In this section we prove our main result for cyclic coverings, Theorem 3.2.

In the notation of the previous section the k-th Chern class of the bundle £*P
is the elementary symmetric function oy (z1,...,2,) in Chern classes z; and
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is the sum of (Z) elementary monomials. The action of m on the set of these
monomials gives us pil(’k’;) orbits and the transfer homomorphism is constant
on orbits by transfer property (v) or (iii).

Let E* be a complex oriented cohomology theory. For k=1,...,p—1, let
wr = wi(z1,...,2p) € EX(BU(1)?)

be the sum of representative monomials one from each of these orbits. The value
of Tr*(wg) does not depend on the choice of wj, since wy is defined modulo
Im(1—t) and on the elements of Im(1 —t) the transfer homomorphism is zero
again by (v). In other words we can take any wy, for which Nwy, = oy (1, ..., 2p)
holds. As we shall explain in Corollary 3.6 of Theorem 3.1, the following result
enables us to calculate the transfer on all elements whose norm is symmetric.

For ease of notation let X = CP*> and ¢; =¢j(&:), j=1,...,p.

Theorem 3.1 We can construct explicit elements
5§k) € E*(Br), k=1,...,p—1,

such that o
Tr*(wg) = e, + Z (,0*(55 ))c;

120

for the transfer of the covering p : XP — X7 .

Before constructing the elements 5

;  in Section 3.2 we first prove their exis-

tence.

3.1 Complex cobordism of (CP>)}_

Theorem 3.2 In MU*(X} )
(a) The annihilator of the Chern class ¢ = ¢1(0) coincides with ImTr*;
(b) Multiplication by ¢, = cp(&x) is a monomorphism;
(c) Any element of Ker(p*) has the form _;¢* (5k)c];, for some elements
8x € MU (Br).
(d) For m=17/2,

MU*B(mU(1)) = MU"[[¢, c1,¢2]]/(e1 — ¢F, ca — ¢3)

= MU"(Bm)[[Tr"(x), 2] /(T (),

where ¢; = ¢;(&:), ¢f = ¢i(§&x®c ), and © are Chern characteristic classes with
r € MU*(BU(1)?) = MU*[[z,tx]].
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We need the following lemma.

Lemma 3.3 The left homomorphism in the long exact sequence (6) is an
epimorphism and thus gives a short exact sequence

Xcp

0 MU*(S(&)) « MU*(XP ) <& MU*(XE )5 « 0.
Moreover there is a space X, and a stable equivalence
ooV fr:S(&) — BV X,

with f. factoring through the following composite map
S(&x) — X2 I8 Br x BUYP

and g as in (7).

Proof Consider the Serre spectral sequence for the fibration (7)
S(EXP) — S(¢7) 23 B

E;J = H'(m, H7(S(£*?); F,)) with the action of 7 on H*(S(¢*P); F,) by per-
mutations of the cohomological Chern classes.

When ¢ = p, Ey? = HI(S(€*P);F,)™ and E3° = H'(Bm; F,).

Then in positive dimensions H*(S(£*P);Fy) = Fylz1, ..., xp)/(x1---2p) is a
permutation representation of 7 acting on monomials which have degree zero in
at least one indeterminate. This is a free Fy[n]-module since all the monomials
that are fixed under this action have been factored out after quotienting by the
ideal (x1---xp). Hence the cohomology of 7 with coefficients in this module
is trivial in positive dimensions, i.e. E;] = 0 when ¢,j > 0. Thus the spectral
sequence collapses and we have

H*(S(6x); Fy) = H* (B Fy) @ H(S(€P); Fp)".
Also if g # p we have H*(S(&:);Fy) =~ H*(S(§°P); Fy)™.

Let X, be a stable summand of BU(1)? defined as follows. The action of 7
on BU(1)P induces an action of 7 on the stable decomposition of BU(1)? as a
wedge of all smash products of length 1,...,p—1, say Y, and a smash product
of length p. Then choose X such that NX, = Y, where N = 14+t+4-.-+tP~L,
By the stable equivalence

S(¢%) = BU(1)" — Yq (®)
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we can consider X, as a stable summand of S(£*P). For any choice of X,
consider the composition of stable maps

fri8(&r) — X2 T Ex x BUQY — BU(1)P — X, (9)

We have to show that the stable map ¢g V fr induces an isomorphism in co-
homology for any group of coefficients Fy, ¢ a prime, and hence gives a stable
equivalence by the stable Whitehead lemma. It follows from the above argu-
ments that

H*(S(&:): Fp) = o H*(Bm; Fy) © Tro H*(S(E77); F,),

and H*(S(&x); F,) = TriH*(S(£7P); F,), when g # p. The restriction of T'rg
on X, induces a monomorphism on I'mT'rj since by the transfer property (iv),
poL'ry = N and the restriction of N on H *(X#; Fy) is a monomorphism. Hence
(po V Tro|Xy)* is an isomorphism and so is (g V fr)* by the commutative
diagram

S(&x) X

Tro Tr (10)

S(£*P) — Em x BU(1)P
This proves Lemma 3.3. O

Proof of Theorem 3.2 (a) We consider the restriction of any element y €
MU*(X} ) to MU*(S(&x)). By Lemma 3.3 we see this restriction has the form
@i(u) + f*(w) for some u € MU (Br), w € MU*(X,). Since the composition
Sr) — X7 %, Br coincides with ¢y, ¢*(u) also restricts to ¢f(u). By
diagram (10) there is an element v € MU*(BU(1)P) such that Tr*(v) restricts
to f¥(w). By exactness

y =@ () +Tr"(v) + yicp,
for some y; € MU*(X} ). For use in the proof of (c) we observe that (2), (8)
imply v can be chosen in the direct summand MU*[[z1,...,xp]]/(z1---xp).

Thus we can assume this expression for y is unique and if v # 0 then Tr*(v)
restricts nontrivally in MU*(S(&z)).

Then suppose cy = 0. We know that p*(f) = C, hence p*(¢) = 0 and
cT'r*(v) = Tr*(p*(c)v) = 0 by Frobenius reciprocity. So we have cp*(u) +
cyicp = 0. We want to prove ¢*(u) € ImTr*. Applying ¢* we have 0 =
i*(cp*(u)) + i*(cyi1cp) = zu since i*¢* =id, ¢ = ¢*(z), and i*(cp) = 0. Hence
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u € Ann(z) = ImTry, . By naturality of the transfer o* (u) € ImTr*. Thus
cp*(u) = 0 and therefore cyic, = 0. Multiplication by ¢, is injective by Lemma
3.3, hence cy; = 0. Since dim(y;) = dim(y) — 2p iterating this argument gives
us statement (a).

(b) This follows from the fact that the right homomorphism in the short exact
sequence from Lemma 3.3 is multiplication by the Euler class ¢,(&r).

(¢c) Let y € Kerp*. Since ¢p = * we have

0= p"(Tr*(v) + P (y1¢p)-
If the first summand is not zero it restricts nontrivially in MU*(S(£*P)) by
definition of v. However the second summand restricts to zero since p*(c,) =
1 Tp, pF(Y1cp) = p*(y1)z1---xp and xq - - - xp restricts to zero as the Euler
class. Hence both summands are zero. Furthermore multiplication by x1 --- ),
is a monomorphism hence p*(y;) = 0. So
y=¢" (W) + 16 = ¢"(u) + (9" (1) + 126p)cp = 9" () + 9" (w1)p + 120

Repetition of this process proves (c).

(d) The fact that ¢,c;,co multiplicatively generate MU*B(w 1 U(1)) follows
from Lemma 3.3. The relations ¢; = ¢, c2 = ¢ follow from the bundle relation

§r®ct = (5 ®c p*(‘g))ﬂ =&,
which in turn follows from transfer property (i).

So we have to prove that the Chern classes ¢, c1,co with these relations are a
complete system of generators and relations. Let us use the splitting principle
to write formally

§r = m + 12;
ur = c1(m);
ug = Cl(’l’]g).

Let F(z,y) = > a;jz'y’ be the formal group law. Using the bundle relation
above and applying the Whitney formula for the first and second Chern classes,
we obtain two relations of the form:

F(uy,c) + F(ug,c) =1

and
F(uy,c)F(ug,c) = cy; (11)

or in terms of ¢,c; = uy + ug, co = UgUg

F(uy,c) + F(ug,c) —c1 = c(2 + Zﬁijkcic{cé) =0 (12)
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and
F(uy,c)F(ug,c) —ca = c(c1 + Z’yijkcic{cg) =0, (13)
for some coefficients B , vijx € MU*(pt).

We claim that relations (12) and (13) are equivalent to the following two obvious
transfer relations for T'r* : MU*[[z, tz]] — MU*(B(m1U(1)))

cI'r*(1) =0
and

cTr*(x) =0.
Rewrite relations (12) and (13) as follows:

ca =0, where a=2+ a1 + Zakl(ulf + ub) + o(c),
k>2

cb=0, where b=-c1+2a11c0 + Zakl(ulf_l + US_I)CQ + o(c),
k>2
and the «;; are the coefficients of the formal group law.
By the first part of Theorem 3.2, a € ImTr*. Also by transfer property (vi)
p*(a) = p*(Tr*(1) + a1 Tr*(z) + Zaler*(xk)).
k>2
Thus by Lemma 2.1
Tr*(1) + a Tr*(z) + Z amTr*(z®) = (F(u1,¢) + F(ug, ¢) —e1)/c;

k>2

similarly b € ImTr* and

Tr*(z) + anTr*(1)cs + Z a1 Tr* (2 Yey = (F(uy, ¢)F(ug, ) — ¢)/c.

k>2

Now since

o = 2 4 tx) — 2P (),

transfer property (i) and the computation of Tr*(x) is sufficient for the com-
putation of Tr*(x*), k > 2 (see also Corollary 3.6, Remark 3.7). So we have

Tr*(1)(1 + go) + Tr*(x)ho = (F(u1,c¢) + F(ug,c) —c1)/c, (14)

and
Tr*(1)g1 +Tr*(x)(1 4+ hy) = (F(u1,¢)F(u2,c) — c2)/c, (15)

where go, ho, g1, h1 € MU*(B(mU(1))). This proves (d).
This completes the proof of Theorem 3.2. O
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Formula (15) for computing 7'r*(z) is complicated; let us give a simpler form.
Consider again (13). Note that the coefficient v € MU*(pt) contains a factor

2: the element o
et Y vigrcec
annihilates ¢ and hence belongs to ImTr*. On the other hand
p*Tr*=1+1t; p*(c) =0; p*(c1) =z + tz; p*(c2) = xtx,
hence applying p* we have that
T +tr+ Z Yok (@ + tz)? (vtx)”
belongs to Im(1 +1). So yoor(wtz)* = 2vi(xtx)*, that is, yoor = 27 for some
coefficient ;.

Recall that on the other hand F(c,c) = 0 that is 2¢ = o(c?). So yoorc = o(c?),
hence taking into account the relation F(c,c) = 0 we can rewrite (13) after
division by

1+ Z Yikc'ch
ik>0

(the coefficient at ccp) as follows
ccl:doc—f—dgcc%—i—---—i—dnccrf—f—--- , (16)

where dy, = di(c,c2) € MU*[[c,c2]] and dy(0,c2) = 0; the lower index n indi-
cates the coefficient at ccf. Since

p (Tr*(x) —c1) =0,
it follows from Theorem 3.2(c) that there exist elements
§; € MU (Bm)

such that '
Tri(z) = c1 + Y _ " (5;)ch.

Jj=0
Using the inclusion ¢ : Bmr — B(w1U(1)) we have
i*(c1) =igp(c); i*Tr*(x) = 0; i*(c2) =0,

thus
©*(d) = —c.
For the calculation of the other elements d; recall that ¢I'r*(x) = 0, hence
e} = —cp*(0");m > 1, (17)
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where

(5:—0—1—253‘(/’%.

Jj=1
Combining (16) and (17), we have the following:

Proposition 3.4 The elements d;, j > 0 can be determined from the recur-
rence relations which arise from the following formula in MU*(B)[[cz]]

§=do+ ) di6".

i>2
Proof By definition the element § —dy — 2122 d;0" belongs to Kerp*. On the
other hand this element is annihilated by ¢ hence

0 —dy— Zdﬁi € ImTr*ﬂKer(p*) =0

1>2

by Lemma 2.1. O

Corollary 3.5 For the elements §; € MU (BZ/2), constructed in 3.4, the
following formula holds in MU*B(Z /21U (1))

Tri(z)=c1—c+ Y ¢ (6;)d.
j>1

In fact we have proved Theorem 3.1 for p = 2. The general case, analogous but
more technical, is given next.

3.2 Proof of Theorem 3.1

Note that by the definition of wy the difference T7r*(wy) — ¢ is an element

of Ker(p*). Thus Theorem 3.2 (c) implies existence of the elements (5§k) in
Theorem 3.1.

First let us elucidate the meaning of the relations

&r ®c 0= &n
in the general case of B(mU(1)).

Again, we can use the splitting principle and write formally

Er=m+mt 0 um=ci(m), m=1,...,p.
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Applying the Whitney formula for the relation
mecl+---+mnpe&ctd=m+- - +n,

and taking into account that ¢, = ¢, (&) is the elementary symmetric function
om(ut, ..., up) we have

om(F(ui,c),...,F(up,c)) = cm, (18)

m =1,...,p, or in terms of ¢,cy,...,c, we have

0 10 i1 DY _ 0.
c(p + E iosit,ipCC Ty ) = 05

and
e((p=k)ew+ DBl iy, i, 006 - ) = 0; (19)
for k=1,...,p—1 and some 2)7Z-17___7ip, ﬁzlf),ih...,ip € MU*(pt).
We claim that these relations are equivalent to the following obvious relations
cI'r*(1) =0,
and
cTr*(wg) =0,

for the elements wy, € MU*(BU(1))?, k=1,...,p — 1 defined above.

For the proof of our claim multiply the k-th relation from (19) by py = (p—k)~*
in F),. Then by Theorem 3.2, Ann(c) coincides with ImTr* hence (18) implies
that

Pr(ok+1(F (u1,¢), ..., F(up,c)) — cgs1)/c = Tr*(ag),
for some ap which we have to find. Let us write
0 r(ors1 (F(un, ), - ., Flup, ) — crs1)/c) = ¢ (o, .., o)
(k)

k
=or(14g, '(o1,...,0p)) + Z Ujg](- )(Jj,aj+1,...,0k,...,0p)
k1< <p—1

k k .
:N(wk)(l—l—g,(ﬁ)(al,...,ap))—l— Z N(wj)g](. )(O'j,Jj+1,...,O'k,...,O'p).
j#k1<j<p—1

Here the symbol ¢} indicates absence of the corresponding term. So we have
Pr(oky1(F(u1,¢), ..., Flup,c)) — cpy1)/c

k k .
:T?”*(wk)(l—f—g/,(€ )(cl,...,cp))—f— Z Tr*(wj)g](- )(Cj,Cj+1,...,Ck,...,Cp),
J#k,1<j<p—-1

and
[01(F(u1,¢),...,F(up,c)) —ci]/c
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* 0 * 0
=Tr (1)(1—|—g(())(cl,...,cp))+ Z Tr (wj)g](- )(cj,cj+1,...,cp).
1<j<p-1

This proves our claim.

)

we start with the equations (19) and rewrite them as

cfelc,cr,...,0p) =0, k=1,...,p—1. (20)

For computing 5§k

These are equations in a power series algebra MU*(Bm)][[c,]], since we know
cer, € cMU*(B)[[cp)]-

We now want to find explicitly formal series

() =8 (@)’ (21)

i>0

such that

Tr*(wg) = e + 5k (cp)
and hence '

ccf, = —c(6®(cp)), G > 1. (22)

For this we want to replace the equations (20) by the equations

cfe(c,0W(cy), ..., 677V (c,),¢,) =0, (23)

where fre K erp’ is a series whose coefficient at §(*) is invertible. In fact
fr = 0 since we know that Ann(c) = ImTr* and Ker(p*) N ImTr* = 0 by
Lemma 2.1.

Then equating each coefficient of the resulting series
gr(cp) = ﬁ:(C, 5(1)(510)7 xx ’5(p—1)(cp)’ cp) =0 (24)

in the ring MU*(B)[[cp]] to zero we will obtain p — 1 infinite strings of equa-
tions in MU*(Bm). Assuming 5Z-(l) are already found for i < n we get

O = (0 iy, (6 iy, (67 i), (25)
a system of linear equations in 5£ll ), I=1,...,p—1 with invertible determinant

and coefficients in MU*[[¢]]. Since the 5(()“ are already known as [-th Chern
classes of the bundle 1460+ ---+6P~! by induction on n we can solve formally
(25) to get

50 (¢) = Pk ((0)icn). (26)

This gives 55@ = 55119)(2) € MU*(Bm) obviously satisfying our equations.
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Now for the remaining equation (23) we proceed as follows: let us look at
the term ¢fy(0,0,...,0,¢,) in equations (20). Note that f5(0,0,...,0,¢p,) is
divisible by p:

fr € Ann(c) = ImTr* = pify € ImN = f(0,...,0,0,) € ImN =
fx(0,...,0,0,) is divisible by p.

Next using the relation [p]r(c) = 0 we know that pe is divisible by ¢?; hence
each occurrence of pc in these equations can be replaced by terms with higher
powers of ¢. So ¢fx(0,0,...,0,¢c,) can be replaced by a term divisible by 2.

Also the k-th relation from (20) contains the term c(p — k)cg, and for the
condition (24) we have to multiply the k-th equation from (20) by (p — k)71,
the inverse of p—k in F,, and as above we can replace c¢(p—k)cy by cci+(terms
divisible by ¢?). Then we use (22) and substitute the series §) in the resulting
equations, thus obtaining (23).

This completes the proof for £ = MU, which is the universal example of
complex oriented cohomology theories. From this result we can descend to all
E. O

We now turn to computation of T'r* in general.

Corollary 3.6 For all primes p, Theorem 3.1 enables us to explicitly compute

the transfer homomorphism for those polynomials a € MU [[xy,. .., )] for
which Na = a + ta + - -- + tP~'a is symmetric in 1, ...  Tp.
Proof If Na =oja1(01,...,0p)+ ... +0p_10p—1(01,...,0p), then

Tr*(a) = Tr*(wi)ai(cr,...,cp) + -+ Tr*(wp—1)ap—1(c1,...,cp)).

To see this let @ = wya;i(o1,...,0p) + - +wp_1ap—1(01,...,0p). Then N(a—
a) =0, that is, a —a € Im(1 —t), hence Tr*(a) = Tr*(a). O

Remark 3.7 For p = 2 one has recurrence formulas for Tr*(z*), k > 1.
Tr*(x) =Tr*(wy)
Tr*(z®) = Tr* (2" Yey — Tr (2% 2)eo

k72(

This follows using the formula z* = z¥~1(2 + t2) — 2% 2(xtz).
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4 Transferred Chern classes for Y,-coverings

If we consider a p-local complex oriented cohomology E* then by standard
transfer arguments (see Lemma 4.3 below) E*(B3,) is isomorphic to the sub-
ring of E*(Bm) invariant under the action of the normalizer of 7 in ¥,. The

results of this section imply the elements 5§k> € E*(Br) from Theorem 3.1 are
invariant under this action. This defines elements Sz(k) € E*(BY,) which we
use for computing the transfer.

In this section we consider BP*(XﬁZp) for X = CP* and for the covering
projection
ps, : BX, x XP — Xﬁzp
we give a formula for the transfer homomorphism
Trs,* : BP*(X?) — BP*(X]y, ) (27)
)

using the elements ka .

4.1 Brown-Peterson cohomology of (CP*) .

We need definitions analogous to those of Section 2, with the cyclic group
replaced by the symmetric group. The p-fold product, £*P, of the canonical
line bundle over XP? extends to an p-dimensional bundle

&, = EXp x5, £ (28)
over classified by the inclusion = l — p). Let
Xﬁzp lassified by the inclusi Xﬁzp B, U(1 BU L

ci = ¢i(€s,). Then ps *(¢;) = ¢;(§*P) = 0y, the i-th symmetric polynomial in
the x;, where BP*(XP) = BP*[[x1,...,%p]].

Then we have the projection

P X,I;Zp — BY,, (29)
induced by the factorization ¥, U(1)/U(1)? = £, and the inclusion

. p

i BYp — Xy s (30)
induced by the inclusion of ¥, in ¥, U(1).

Definition 4.1 Let ¢ = Try,*(z122---2;) for i =1,...,p— 1.

Lemma 4.2 px *(&) =il(p —i)lo;.
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Proof px,*(¢;) = pgp*Trgp(xlxg---xi) = Ny, (z172---2;). For each sub-
set of i integers {ji,j2,...,Ji} with 1 < jr < p, there are i! bijections
{1,2,...,i} — {j1,72,.-.,7i} and (p — 7)! bijections {i + 1,7+ 2,...,p} —
{L,2,...,p}\{Jj1, 72, ..., 7i}. Thus there are i!(p—14)! summands of z;, ;, - - -z,
in Ny, (z122---2;). O

We recall
BP*(Br) = BP*[[2]]/([p])

with |z| = 2. The corresponding computation for BP*(B,) is also known
[19]. For the reader’s convenience we derive the result in a form useful for our
purposes.

Lemma 4.3 As a BP* algebra
(i) BP*(BX,) = BP*[[y]]/(yTrs, (1)),
where y and T'rgp(l) are uniquely determined by py .. (y) = 2’71 and

(i) P, (Trsy, (1) = (p = D!Tr7(1) = (p — D![pl(2)/ 2.
In particular |y| =2(p —1).

Proof (ii) Applying the double coset formula (transfer property (vi)) to

* *
Tr Pr,5p

BP*(Be) -2 BP*(BY,) —-% BP*(Br),
the statement follows from Quillen’s formula (1).

(i) The relation y7T' 'r;p(l) = 0 is a consequence of Frobenius reciprocity. To
see that it is the defining relation we recall that the cohomology of B, with
simple coefficients in Z, is

H*(BYy; Zpy) = Zp) [yl / (py)

where |y| = 2(p — 1). This follows easily from the mod-p cohomology and the
Bockstein spectral sequence.

Also H*(Bm; Z,)) = Zy[2]/(pz) where |z| = 2. The map pr s, : Br — BY,
yields p} s (y) = zP~ 1.
Now the Atiyah-Hirzebruch-Serre spectral sequence for BP*(BX,) is

Ey = H*(BXy; BPY) = BP*[y]/(py) = BP"(B%,).

Since y is even dimensional, the sequence collapses at Fy = FE,. Thus
BP*(BY,) is generated by y as a BP* algebra.
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For the group W = Ny, (m)/m ~ Z/(p — 1), |W| is prime to p, hence by
the standard transfer argument p7 5 BP*(BY,) — BP*(Br) is an injective
map of BP* algebras. Since P;,zp (yTrgp(l)) = plzP~1 plus terms of higher
filtration, yT'rs; (1) =0 is the only relation. O

Relating 7 and X, we have a lift of pr 5,

ﬁﬂ,Zp

Xix X3,
¢ ¢
Br ™, gy

Lemma 4.4 p} 5 (cx) = kl(p — k)!Tr7 (w).

Proof Note that modulo I'm(1 — t) we have Yg*(z122---x) = kl(p — k)lwg
summed over X,/m. Applying the double coset formula

Phx, (@) = pr, Tr% (1122 23) =
Tri Y g'(waae ) = Kp - KT (@), O

g€/

Let ¢ = ¢*(y) € BP?P~D (X7 ).

P

Lemma 4.5 ImT r%p is contained in the BP* algebra generated by

C, 51,. .. ,5p_1,cp.

Proof By the Kiinneth isomorphism,
BP*(X?)=BP*(X)** =Fa®T (31)

as a m-module, where F' is free and T' is trivial. Explicitly a BP* basis for T
is {@}---al,i >0}, while a BP* basis for F is {2} ---2’,i; > 0} where not
all the exponents are equal.

By Lemma 4.3 Tr%p(l) is a power series in c¢. Now recall from [9], p. 44,
that we can consider BP*(X?), X = CP* as a free BP*[[o1,...,0,]] module

generated by 1 and the elements :clf e x;p € F, with 0 <i; < p—j. So by
Frobenius reciprocity it suffices to compute the transfer on these monomials.
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Summed over the symmetric group > g* (lel e :c;”
and hence has the form
Y giat - ag)=osi 4+ opaspir =Y (wWisi 4+ wpo18p-1),

™ Ep/ﬂ ™

) is a symmetric function

for the elements wj, from Theorem 3.1 and symmetric functions si,...,s,_1.
Hence modulo kerN; = Im(1 —t), t € m, we have the following equation in F'

S g (et i) = wisi et wprspt.

Xp/m
The left sum consists of (p — 1)! elements each having the same transfer value.
Also wy, is the sum of p_l(Z) elements w;, ---x;, ; on each of these elements

the transfer evaluates to T’ 'rgp (1 - xk) = . Thus Frobenius reciprocity and
Lemma 4.2 is all that is needed for computing Trgp. O

Recall the elements 5§k) € BP"(Br) derived from Theorem 3.1 by naturality.
By the standard transfer argument again the map induced by pr %, : Xﬁﬂ —
X, » the lift of pry, : Br — BY,, is also injective. Moreover for BP* (X}, )
the ring structure is completely determined by the following;:

Theorem 4.6 As a BP* algebra
BP*(XﬁZP) = BP*[[c,¢1,...,¢p-1,6)]/(cTrs;, (1), ;)
and one has the formula
¢ —kl(p—Kk)lep = Eizogo*(ggk))c;, k=1,...,p—1,
where the elements Sl(k) € B~P*(BEP) are determined by
prs, (61)) = Kilp — )5, j > 0.

J
For the proof we follow that of Theorem 3.2. Let
S(Es,) = EX) xx, S(E7)
be the sphere bundle of the bundle &5, of (28). X }I:Ep is homotopy equivalent to
the disk bundle D({x,) = EX, xs, D(§*P). Then we have the obvious inclusion
ig : BY, — S(&s,) and projection ¢q : S(¢x,) — BY, with fiber S({*P). woio
is the identity. Thus stably BY, is a wedge summand of S(&s,). As for the
other summand let
X, = VP2 ES; x5, BU)M.
By the standard transfer argument, localized at p, Xs, is a stable summand
of VIZ'E%; x BU(1)" and hence of EY, x BU(1)*P. From this we derive the
following result.
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Lemma 4.7 One has a stable equivalence localized at p
wo V fzp : S(fzp) — sz V Xgp,

with fs,,, the composition of stable maps

T
fs, 1 S5(Es,) — Xpy " ES, x BU(LP — X,

Proof The inclusion ig splits off i H*(BY,) in H*(S({x,)). Furthermore in
mod-p cohomology

H*(S(fxp)) = Fp[xla cee ,.’/Up]/(dp),

hence
H*(S(gxp))zp ~ Fp[élv s 7ép—1]7

by Lemma 4.2.
Then H := H*(S(¢*P)) is a free 7 module and H*(X,; H) C H*(m; H). Thus
H*(Sp; H) = H™ if =0
=0 if *>0.
Therefore there is an isomorphism
H(8(¢5,)) "= H'(S(€7)™ © H'(BE,)

where p : S(§*P) — S(£g,) is the projection. We have to prove that the first
summand is f;pﬁ*(Xgp).

By naturality of the transfer we have the commutative diagram

S(€F) — BU(1)" — X,
T’I”() T?“zp

S(pr) - X}I:zp

Thus fx, coincides with fgp, the map T'rg followed by the horizontal maps
in the above diagram. We wish to show the restriction of T'r; to the image of
H*(Xy,) is an isomorphism onto H*(S(£%P))>r.

Now considering the transfer for the ¥; coverings

EY; x BU()N — EY; xx, BU(1)™,
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it follows from transfer properties (ii) and (vi) that H*(EY; xx, BU(1)) is
a submodule of H*(EY; x BU(1)) generated by Y; norms of monomials in
r1,T9,...,T;, with non-increasing degrees. From this it is straightforward that
H*(Xy,) and H*(S(£*P))*r have the same ranks in each dimension. Thus we
are reduced to showing the desired map is injective.

However, for any monomial = in x1,z9,...,x;, we have
* _ *
Try(Ny,(z)) =ilTr(x)

by naturality of the transfer. Thus the restriction of T'r;j to the image of
H*(Xy,) will be a monomorphism if 7' is non-zero on polynomials consisting
of monomials with non-increasing degrees. This in turn will follow if the norm
Ny, is non-zero on such polynomials. In fact we claim: 1) Ny, is non-zero

on any monomial x! = xlf "-x;p__ll , and 2) different monomials with non-
increasing degrees in x1,...,x;, ¢ < p are in different X, orbits.
Claim 2) is clear. To see 1) let J = (j1,...,j,) and z/ = x{l---xip, all of

whose exponents are not equal. Then we will show the coefficient of z” in
ng(ac‘] ) is prime to p. The isotropy subgroup of z”/ is the finite product
Y X Y, X --- < Xy, where nj is the number of terms of J equaling j. This
group has order ni!ny!--- which is prime to p. Hence Ny (z) = (n1!na!--- e
+ other monomials proving the claim.

Thus oV fx, induces an isomorphism and hence is a p-local stable equivalence.
O

This implies the following:

Lemma 4.8 The long exact sequence for the pair (D({s,),S(és,)) gives the
following short exact sequence
0 — BP*(S(&s,)) — BP*(X]y, ) — BP*((X}y, )") < 0.

Indeed the left arrow is an epimorphism by Lemma 4.7 and hence the right
arrow is a monomorphism. O

Now the proof of Theorem 4.6 is completely analogous to that of Theorem 3.2
taking into account additionally that any element y € BP*(X} ) has the form

y=¢"(u) +9(,...,6-1) +116

for some u € BP*(X} ), where g denotes some formal power series and y; €
BP*(X} ). This follows by Lemma 4.5 and Lemma 4.8. D
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5 Calculation of the elements 55“ and 55“ in Morava
K-theory

In this section we work in Morava K-theory K(s)*

better algorithm for explicit computations.

and give an alternative,

Fix a prime p and an integer s > 0, then K(s)* = Fplvs,vs™!] with [vs] =
—2(p® — 1). By a result of Wiirgler [23] there is no restriction on p: although
K(s) is not a commutative ring spectrum for p = 2, we shall consider only
those spaces whose Morava K -theory is even dimensional. This implies the
deviation from commutativity is zero.

We recall

S

K(s)"(Bm) = K(s)"[2]/(z")
where |z| = 2.

As in Lemma 4.3. we have:

Lemma 5.1 (i) pryx, : Bmr — BY, induces an isomorphism of K(s)* alge-
bras
Prx, P K(5)'(Bp) = {K(s)"(Bm)}",

where W = Ny, (7)/m ~ Z/(p — 1). Computing invariants yields
K(s)"(By) = K(s)"[y]/(y™),

where py 5 (y) = 2 Vand mg=[(p* —1)/(p—1)] + 1.

(i) Trg, (1) = o™

Then combining Theorem 4.6 and Remark 2.2 we have

K(s)*(X}I;Zp) = K(s)*[[c,¢1,...,¢p—1,¢p]]/ (™, ;).

Our main result in this section is the following;:

Proposition 5.2 We can construct explicit elements 5Z-(k) € K(s)*(Bm) such
that

(1) In K(s)*(X} ) the following formula holds
exllr) = Triwn) = > oh(6)ep ().

0<i<p®
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(2) In K(s)*(XﬁZp) one has

cr(€s,) = Tr (1) — Y o (6 (Es,).

0<i<p®
with 5y (817) = K(p — k)16
(3) The value of Tr:(c1(&)) is determined by
alér) =Tri(e@) +ve Y &P ()

1<j<s—1

where §; is the pullback of the canonical line bundle § by projection BU(1)P —
BU(1) on the i-th factor.

We are grateful to D. Ravenel for supplying us with the proof of the following
result.

Lemma 5.3 For the formal group law in Morava K-theory K(s), s > 1, we
have

F(z,y) =2 +y— v, Z pt <p> (xp571)j(yp571)p—j

0<j<p

2(s—1 2(s—1
modulo z7°" (or modulo yP ( )).

Proof This result can be derived from the recursive formula for the FGL given
in 4.3.9 [17]. For the FGL in Morava K -theory it reads

F i(s—1)
F(xay) = Z ’ngwi(xay)p
>0

where w; is a certain homogeneous polynomial of degree p’ defined by 4.3.5
[17] and e; = (p** — 1)/(p* — 1). In particular wy = x + ¥,

_1(Pp S
wm=-3 p () iy,
0<j<p J
and w; ¢ (zP,yP).

We find it more convenient to express F'(x,y) as

s—1 2(s—1)
F(:):,y) :F(l'+y,vs’w1($,y)p 7v§2w2(x7y)p 7)
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Then for s > 1 we can reduce modulo the ideal v¢2 (2P*C7Y P

)

= F(.le + Yy + vswy (xa y)p571 , UsW1 (x —+ Y, VswWi (xa y)p

and get

s—1

F(x,y) = F(z +y,vswi(z,y)?

s—1 s—1

P
1 s—1 s5—

s—1 - 1 2(s—1)
= F(CC +y+vswr (:E? y)p y UsW1 ('Tps + yp 7U§ wl(‘r7 y)p ))7
and modulo U;erkl(xpm_l),yPQ(S_l)) we have
s—1

F(z,y) =2 +y+vswi(z,y)’ . D
Let us write for short oy = op(z, F(z,2),...,F(x,(p —1)z2)).

Corollary 5.4 The following formula holds in K(s)*(BU(1) x B)

_ (k) i -1(P) &k s—1
o = — Z A o,+p <k>x ve2P T,
0<i<p®
where Agk) = Agk)(zp_l) are polynomials in 2P~ and )\éj) =0,5=1,...,p—2,

)\(()p_l) = —zP~1,

Proof. For 1 < k < p — 1, equating the coefficients of 27, 1 < i < p® gives
a system of linear equations with invertible matrix of the form Id + nilpotent.
Thus the elements )\gk), . ,)\gﬁ) can be defined as the solution of this system.
Of course equating the coefficients at 2 for i # p,2p,...,p*T! will produce
other equations in )\Ek), 7 =1,...,p°. But these equations are derived from
the old equations above. These additional equations make the matrix upper
triangular. O

)

Now, let us prove Proposition 5.2 and show that one necessarily has 5Z-(k) = Agk ,
i=0,...,p° for )\gk) encountered in Corollary 5.4. Thus by Lemma 5.1, 5

is invariant under the action of W and we can define Sz(k) by ﬁ;vzp(g(k)) =

%
kl(p — k)16t
The diagonal map A : BU(1) — BU(1)P induces an inclusion Bm x BU(1) —
XP_and the commutative diagram

1x A
Er x BU(1) =2 Er x BU(1)?

mx1 Pr

Br x BU(1) X7

Algebraic € Geometric Topology, Volume 3 (2003)



498 Malkhaz Bakuradze and Stewart Priddy

Then (1 x A)*(wy) = p~'(})a*, @ = ¢1(€). Hence by transfer properties (i)
and (iv) we have for the transfer Tr = Tr(m x 1):

Tr((1 x A)*(wy)) = p~ " (Z) 2P Tr(1) = pt (i) aku, P L,

On the other hand by the existence of the elements 5§k) (Theorem 3.1) we have
Tr*((l <A () =
op(z, F(x,2),...,F(z, +Z5 :cF:cz) G F(z,(p—1)2)) :
>0

& restricts to Y, € ® 0 on BU(1) x B, thus cx(&:) to ox(z, F(x, 2),...,
F(z,(p—1)z)); by Lemma 5.3 and the fact that zP° = 0, [i]z may be replaced
by iz. By Corollary 5.4

O-k(x7F('T7 Z)a s 7F(‘T7 (p - 1)Z)) =
O R e I )
0<i<p®
Then the restriction of (1x A)* to Kerp* is a monomorphism [11]. This proves

Proposition 5.2.1) and shows 5§k) = Agk) for 0 < i < p® and zero otherwise.

Statement 2) follows from Lemma 4.4. Then 3) follows from the following
explicit formula for o7:

Lemma 5.5 In K(s)*(Bw x BU(1)) one has
s—1
o1 = vs (Z”S_lx +> zps_pZUgl) :
i=1

Proof One has
o1 =x+F(z,2)+ 4+ Fz,(p—1)2) =2+ + 2+ v (2,22 )
oot (- Dzt (- D))

( 1) p—l psfl
:pxﬁ_%z—f—’us <Zw1(x,zz)>
=1
p—1p—1 P
= v, Z —p~ ( >ijp 7,0
=1 j=1
p,1 » 1 ps—l
= vy <Z > -1 (p> 20 P13
Jj=1 i=1 J
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Now Zf;ll i/ is an integral linear combination of 0%(1,2,...,p—1) with k <,
hence by it is zero for i <p—1 and for i=p—11itis p— 1.

Thus

s—1

1 p 1 1 P S s—1 s—1
o1 = —s ((p— 1)p~ (p 1)zp_ 2P~ (- )) e A 7))

ow since F(x,z)P = zP + 2P, one has ob = (x(z +2)-- (x + (p — 1)2))?.
But again we have x(x + 2)--- (z + (p — 1)z) = oP — 2P~1. Substituting this

one obtains

s—1

s_1 S__ o0 i—1

vs (2P x+§ 2Pl )
=1

s—1
S__ S __ S _ i _ i—1
= v (zp 1z 4+ 27" Pg, + E 2P (gP — 2P Ig)P )

i=2
s—1
s __ s __ S_ it 7 _ i—1 i—1
— v, [ 22 e 2P pap_|_§ :Zp P (P _ ,=Dp"7 p ).
i=2

But it is straightforward to see that

|
—

S
i—1 S_pys—1 s—1 S

S __ it (3 _ i—1
PP (P _ =D p

Il
¥

i
Hence one has
s—1 ) -
v (2P "t + Z zps_pzag_ )
i=1

S _ S _ s__s—1 s—1
:vs<zp Ly 4 2P Pop, 420 7P P

- zps_p:cp> . (33)
Now one has

PP (2, kz) = 2P P (x + kz + vawy (2P, (k2)P")) = 2P P (x4 kz),

hence 22" P, = 2P Pa(x +2) - (x + (p — 1)2) = 2P P(aP — 2P~ 12)
Substituting this into (33) gives

s—1
s_ S__ it i—1 s__s—1 s—1
Vs <zp Ty + g 2P ol ) =uvgl TP 2P

i=1

which is o1 by (32). O
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We now compute some of the elements 5§k) and Sl(k)
First recall from [8], [17] that generators for
m.BP C H.BP

! !

Z(p)[’l)l,’UQ,...] C Z(p)['ml,mg,...]
[on] = 2(p" = 1) = |my|

are given by
n—1
— P
Uy = DMy — g mv,, _;.
i=1

Given a formal group law over a graded ring R,

F(z,y) = Zag-xiyj € R.[[x,y]], ag- € Ro(itj-1)
0,
there is a ring map g : MU, — R, which induces the formal group law; that
is g*(azj-‘]/-[U) = af}.

We use also the following well known formulas

F(x,y) = exp(logx + logy) and  logx = Z myz™ !
n>0

for computing the elements §; in BP theory by the algorithm of Section 3.
Example 1 For §; € BP*(BZ/2) = BP*[[2]]/([2](z)) we have modulo z®:
61 = v222 + (V3 + v2)23 + v12t + (V8 + vg) 28 + (vivy + v3 + v3)2T.

Next we give some results of calculations in Morava K -theories, where the
formulas are more tractable. In the following examples 5§k) coincides with the
coefficient at o, in the expression for oy from Corollary 5.4, y = 2P~ and

38 = ki(p — k)ls™.

Example 2 p=3,s=2
o1 = v2y303 + v2y4x.

oo = 20923034 + 20912032 + vax?yt + 2.

Example 3 p=5,s=3
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o1 = vgy25055 + vgy3005 + vgyglx.
oy = 4v32y250530+4v32y300526+3v3y190510+v3y24056+3v3y29052+2v3y31x2.

o3 = 27}33?/250555 4 2U33y300'551 4 7)32y190535 4 21)323/240'531 + 7)323/290'527 4
9 v3y13a515 + v3y180511 + U3y230'57 +92 U3y28053 4+ 92 ’1)321?33/31 .

o4 = 4U34y250'580 4 4U34y300'576 4 4U33y190'560 4 37)33y240'556 —|—47}33y290'552 4
4v32y13a540+2032y18a536+211323/230532—1—41132y280528+4vgy7a520+v3y120516+
4v3y170512 + v3y22058 + 4v3y27054 + v3x4y31 +4y. D

6 Transfer and K(S)*(ngp)

Let X be a CW complex whose Morava K -theory K(s)*(X) is even dimen-
sional and finitely generated as a module over K (s)*.

In this section we study the transfer homomorphism in this more general con-
text. We extend some results of Hopkins-Kuhn-Ravenel [10] to spaces. We con-
sider the Atiyah-Hirzebruch-Serre (later abbreviated AHS) spectral sequence:

Ey"*(m, X) = H*(m; K(s)"XP) = K(s)"(X} ). (34)
By the Kiinneth isomorphism
K(s)*X? =5 (K (s)*X)®P. (35)

Then K(s)*XP is a m module where 7 acts by permuting factors (see [10],
Theorem 7.3).

An element x € K(s)*(X) is called good if there is a finite cover ¥ — X
together with an Euler class y € K(s)*(Y) such that x = Tr*(y) where T7r* :
K(s)"(Y) — K(s)"(X) is the transfer. The space X is called good if K(s)*(X)
is spanned over K (s)* by good elements.

Let v = ¢*(z), where

p: Xﬁﬂ — Bm
is the projection and let {z;,7 € J} be a K(s)* basis for K(s)*(X). Hunton
[12] has shown that if K(s)*(X) is concentrated in even dimensions then so
is K(s)*(X} ). We adopt the stronger hypothesis that X is good and derive

a stronger result, following the argument of [10] Theorem 7.3 for classifying
spaces.
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Proposition 6.1 Let X be a good space.
(i) Asa K(s)* module K(s)*(X} ) is free with basis
{(ve@)™ | 0<i<p’jeT}

and
{ Z 1@z, Qi ®---Q, | T€P, }

(i1,i2,.ip)=I

where I = {(i1,%2,...,ip)} runs over the set P, of m-equivalence classes of
p-tuples of indices i; € J at least two of which are not equal.

(ii) X} is good.
Proof (i) By the Kiinneth isomorphism,

K& (X)**=FaT (36)

as a m-module, where F' is free and T is trivial. Explicitly a K (s)* basis for T
is {(x;)®P,i € J}, while a K(s)* basis for F is {zj; ® z, ® --- @ x;,,1; € T}
where not all the factors are equal. Then

H*(mF)=F" if x=0
=0 if *>0

and
H*(m;T)=H"(Br)®T.

Thus By** (7, X) = K(s)* (X! )" =F"aT.
To continue the proof we recall the covering projection
pr: Em x XP — X
its associated transfer homorphism
Tr* =Try : K(s)"(X?) — K(s)*(X} ), (37)
and induced homomorphism
pu® K (s)"(XL) — K (s)"(X?).

Similar maps are defined for the group ¥,. Then p*Tr* = N, where N = N
is the trace map.

Thus we have established the following lemma.
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Lemma 6.2 Ify € K(s)*(XP?) is good then there exists a good element z €
K(s)*(X} ) such that p}(z) = N(y). m]

Lemma 6.3 If x € K(s)*(X) is good then there is a good element z €
K(s)*(X} ) such that pk(z) = «®P.

Proof By assumption there is a finite covering f : Y — X and an Euler class
e € K(s)*(Y) such that = Tr*(e). Now consider the covering
d=Fx-xf:YP > XP
which extends to a covering
1x6: Y], — X2,
and yields a map of coverings

P
ErxY?P — Y}f)ﬂ

1x¢ 1x¢

Pr
Erx XP X XP_

The class e®P is an Euler class for Y?. Since the transfer is natural and com-
mutes with tensor products we have

PETr*(1® e®P) = Tr*p.*(1 ® e¥P) = Tr*(e®P) = Tr*(e) ® - -- @ Tr*(e) = x®P.
O

Corollary 6.4 FE»%*(m, X) consists of permanent cycles which are good. D

Thus as differential graded K (s)* modules, there is an isomorphism of spectral
sequences

(E,**(m,pt) ®k(s)r T) ® FT > E.**(m, X).

Thus it follows that as a K (s)* algebra, K (s)*(X}, ) is generated by
K(s)"(Bm), T, and F™.

(ii) The proof of [10] Theorem 7.3 carries over. This completes the proof of
Proposition 6.1. D
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Remarks (1) From the periodicity of the cohomology of a cyclic group [5]
Proposition XII, 11.1, we have isomorphisms

H(m; K (s)*(XP)) - H'™(7; K(s)*(XP))
for t > 0 and
H(m; K (s)*(XP)) /[Im(N) == H?(m; K (s)"(XP)).
Thus multiplication by z is also injective on T at the Fs term.

(2) pz*Tr* = N, thus modulo ker(p;*) we have
T’r*(xh R Tiy @ @ 'Tip) = Z 1® Lo(iy) ® Lo(ig) ®--® Lo(ip)- (38)

oem

Note that if the i; in (38) are equal, the right hand side is zero. However
Tr*(z;%P) = 1@ z;%P - Tr*(1).
* p
We now turn to K(s) (Xth).
Let ¢ = ¢*(y) where ¢ : EX, x5, X? — BY, is the projection.
Proposition 6.5 Let X be a good space. As a K(s)* module K(s)*(X,fzp)

is free with basis '
{d@@)® |0<i<mgjeT}

and
{ Y 102,0z,® @z, | €&, }
(#1,i2,-50p) =1

where I = {(i1,42,...,1p)} runs over the set &, of ¥,-equivalence classes of
p-tuples of indices i; € J at least two of which are not equal.

Proof Since |W| is prime to p, the result follows from the AHS spectral
sequence, as in the proof of Proposition 6.1. O

7 Applications

7.1 m(Z/p")

We now turn to G, = w1 (Z/p") where 7 = Z/p. Then BG, = X} for
X = BZ/p"™. Consider the AHS spectral sequence for

B(Z/p")P — BG, % Br.
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Then
E5? = H*(m; K*(s)(B(Z/p")")),

where

K*(s)(B(Z/p")) = (K(s)"[s]/(z""))? = F& T,
where F' and T as in (36) above are free (resp. trivial) = modules.

Let v = ¢*(z) where K(s)*(Bm) = K(s)*[z]/(2P") as above.

Proposition 7.1 As a K(s)* module K (s)*(BG,,) is free with basis

(Ve ()% 0<i<p’0<j<p™}

and ‘ ‘ '
{ Y 1@ -0 | IeP)n) },
(i1,82,..0p)=1

where I = {(i1,12,...,4p)} runs over the set Pp(n) of m-equivalence classes of
p-tuples of integers {0 < i; < p"*} at least two of which are not equal.

Proof This spectral sequence computation is exactly analogous to that of
Proposition 6.1. D

Remarks (i) For X = CP*, Proposition 7.1 gives another derivation of
K(s)*(X} ). Since CP>) = [colim, B(Z/p")]}, we have K(s)*(X} ) =
limy, K(s)*(BGy).

(ii) Gy, is good for K(s)* by [10] Theorem 7.3.
By analogy with Section 6 we have the following:

Lemma 7.2 (i) Im(Tr*)-~=0.

(i) Tr*(1) = vey? L

(i) If y € T then Tr*(y) =y -Tr*(1).

Finally we consider the case p = 2 where ¢ = v. If n = 1, G, = Dg, the

dihedral group of order 8; the rings K (s)*(BDyx) were determined by Schuster
[20],[21]. In general we have a partial result:

Proposition 7.3 Let p=2. As a K(s)*(Bm) algebra, K(s)*(BG,,) is gener-
ated by ¢, ca subject to the relation ¢ -c¢ = 0 and the relations & = = c?" =0

modulo terms divisible by c.
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Proof ¢ -c = 0 by Lemma 7.2. The other relations hold in the F,, term
of the spectral sequence. The only possible extensions are those on the fiber,
involving ¢4, co. D

Similar results hold for ¥, Z/p and ¥, %, for p odd.
7.2 p-groups with cyclic subgroup of index p.

In this section we consider the class of p-groups with a (necessarily normal)
cyclic subgroup of index p. It is known [3], Theorem 4.1, Chapter IV, that
every p-group of this form is isomorphic to one of the groups:

(@) Z/q (g=p",n=1).
(b) Z/qxZ/p (¢g=p",n>1).

(¢) Z/gxZ]/p (¢g=p",n>2), where the canonical generator of Z/p acts on
Z/q as multiplication by 1+ p"~!. This group is called the modular group if
p > 3 and the quasi-dihedral group if p =2,n > 4.

For p = 2 there are three additional families.

(d) Dihedral 2-groups Day,, = Z/m x Z/2, (m > 2), where the generator of
Z/2 acts on Z/m as multiplication by —1. If m = 2" Dy, is a 2-group. Note
that D4 belongs to (b) and Dg belongs to (c).

(e) Generalized quaternion 2-groups. Let H be the algebra of quaternions
R Ri®Rj® Rk. For m > 2 the generalized quaternion group @4, is
defined as the subgroup of the multiplicative group H* generated by z = e™/™
and y = j. Z/2m generated by x is normal and has index 2. If m is a power
of 2, Qum is a 2-group. In the extension 0 — Z/2m — Qun — Z/2 — 0
the generator of Z/2 acts on Z/2m as —1. In particular Qg is the group of
quaternions {+1,+i,+j, +k}.

(f) Semi-dihedral groups. Z/q x Z/2 (¢ = p"™,n > 3), where the generator of
Z/2 acts on Z/q as multiplication by —1 + 2771,

Consider now the task of computing the stable Euler class, Tr(1), for the
universal G-covering FG — BG.

For the case (a) there is the well known formula of Quillen (1)
Try(1) = ldr(2)/2
in MU*(BZ/q) = MU[[]]/([q] 7 (2))-
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For the case (b) the answer follows from transfer property (ii): Trg = Trg/q A
TTz/p;

In cases (d),(e) and (f) T'rf, is the composition of two transfers 177, /g and
Irg g+ MU*(BC) — MU*(BG), Where C' is the corresponding cyclic sub-
group. So we have to compute T?“aG(ZZ), 1 > 1 and we can apply our results
for BZ/2:U(1), namely Remark 3.7.

Similarly for the case (c), Tr¢ is the composition Trz/, ¢T77/, and we can
apply Corollary 3.6.

This task is trivial for wreath products Z/ptZ/p™ since T}, Jpn (1) is symmetric
in 21,...,2p in the ring

MU*((BZ/p")") = MU [[z1, -, 2]}/ ([p"1(z1), - - [P"](2p))

and hence invariant under the Z/p action. So in this case we need only Quillen’s
formula.

Finally we note that if G is the modular group of case (c), Brunetti [4] has
completely computed the ring K(s)*(BG). The relations are quite simple but
the generators are technically complicated. In a future paper we plan to use
transferred Chern classes to give a more natural presentation.

7.3 Other examples

Consider the semi-direct products G = (Z/p)" x Z/p where the generator «
of Z/p acts on H,, = Z/p[T]/(T") by 1 —a =T, 1 < n < p. Then every
Z/p|Z/p]-module is a direct sum of the modules H,,. As shown by Yagita [24]
and Kriz [14], these semi-direct products are good in the sense of Hopkins-
Kuhn-Ravenel.

We recall

S

K(s)"(B(Z/p)") = K(s)"[[z1,- -, 2all/ (2] ),
where z; is the Euler class of a faithful complex line bundle #; on the i-th
factor. Then Z/p acts on K(s)*[21,...,2a)/(2)) by

azZ; — FK(S)(Zia ZZ‘_H), Zn+1 = 0,
where F () denotes the formal group law for Morava K -theory.

Our aim is to show how to compute the stable Euler classes in terms of char-
acteristic classes and the formal group law.

The transfer Tr* : K(s)*EG — K(s)*BG is the composition of two transfers
Try: K(s)"E((Z/p)") — K(s)"B((Z/p)")
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and
Recall also that

It is easy to see that in K (s)*((BZ/p)"™) we have
Mot (1) e T o (0) = AT

where e is the Euler class and 1 < 43 < -+ < 4, < p. Then recall the
elements w,, from Theorem 3.1 and let w,(l) be the sum of the same monomials

after raising to the power [. Since wy(l) consist of p_l(g ) summands and
p (%) = (-1)"/n mod p, we have that in K(s)*((BZ/p)")

n
Me(wa(p® — 1)) = (1)) 122,
where the map 7, , defined in Section 2, sends &; = ti*1§1 to «~16;. Hence
Tre(1) = Try(Tri(1)) = Tray((=1)"nnz(wn(p® — 1)) =

(=1)"nTr3(nz (wa(p® — 1)),

and we have to apply Corollary 3.6.
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