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Generalized orbifold Euler characteristics of
symmetric orbifolds and covering spaces

Hirotaka Tamanoi

Abstract Let G bea nite group and let M be a G-manifold. We intro-
duce the concept of generalized orbifold invariants of M=G associated to
an arbitrary group I, an arbitrary I-set, and an arbitrary covering space
of a connected manifold  whose fundamental group is I'. Our orbifold
invariants have a natural and simple geometric origin in the context of
locally constant G-equivariant maps from G-principal bundles over cover-
ing spaces of  to the G-manifold M. We calculate generating functions
of orbifold Euler characteristic of symmetric products of orbifolds asso-
ciated to arbitrary surface groups (orientable or non-orientable, compact
or non-compact), in both an exponential form and in an in nite prod-
uct form. Geometrically, each factor of this in nite product corresponds
to an isomorphism class of a connected covering space of a manifold
The essential ingredient for the calculation is a structure theorem of the
centralizer of homomorphisms into wreath products described in terms
of automorphism groups of I'-equivariant G-principal bundles over nite
M-sets. As corollaries, we obtain many identities in combinatorial group
theory. As a byproduct, we prove a simple formula which calculates the
number of conjugacy classes of subgroups of given index in any group. Our
investigation is motivated by orbifold conformal eld theory.
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Let G be a nite group acting on a nite dimensional smooth closed manifold
M. The action of G is not assumed to be free. The orbit space M=G is an
example of an orbifold. In 1980s, string physicists suggested that in the context

of orbifold conformal
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eld theory the ordinary Euler characteristic (M=G) of
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the orbit space is not the right invariant, but the correct invariant is the orbifold
Euler characteristic e,.,(M;G) de ned by
1

=< :
(1-1) €orn(M; G) = = (MPo:hiy.

I8 j=ng

where the summation runs over all pairs of commuting elements (g; h) in G [6].

We have started the investigation of generalized orbifold Euler characteristic
in [17]. We continue our investigation: Our idea in this paper is to study
orbifold singularities of M=G through the use of a connected manifold  as
a \probe." More precisely, we examine an in nite dimensional mapping space
Map( ; M=G) which can be thought of as a \thickening"™ of the orbit space
M=G. We consider lifting maps ¥ M=G to G-equivariant maps P 4 M
from a G-principal bundle P over to M. The set of equivalence classes of
these lifts is denoted by . (M;G). We also consider a subspace of equivalence
classes of locally constant G-equivariant maps P X M
-2 Loy def S NS . _S i .
L (M;G) = Mapcg(P;M)=Autg(P) L (M;G). = M" '=C( ) :
rP¥ ] [ ]2Hom(r;G)=G

Here [P X ] runs over the set of all isomorphism classes of G-principal
bundles over  whose fundamental group is 1( ) = I'. Recall that isomor-
phism classes of G-bundles over  are classi ed by the G-conjugacy classes
Hom(I"; G)=G of homomorphisms. Forany I ¥ G, thesubgroup C( ) G
is the centralizer of the image of denoted by Im =h i, and M" ' is the

xed point subset of M under h i. We have Autg(P) = C( ). Since the
space . (M;G) is the space of equivalence classes of lifts, there is a natural
map L (M;G) X Map( ;M=G) which is a homeomorphism when G-action
on M is free. In this case, there is no need to go over the above construction,
and thus we are primarily interested in non-free G-actions on M. Note that
we have replaced the mapping space Map( ; M=G) on an orbifold M=G by
the space L. (M;G) which is a union of orbifolds on mapping spaces. As such,
the space L. (M;G) is, in a sense, a mild desingularization of the mapping
space Map( ;M=G). Intuitively, our manifold is used to probe the nature
of orbifold singularities of the orbit space M=G by examining the holonomy of
all possible G-bundles on  \induced”" by amapy: -1 M=G.

The space L. (M;G) is motivated by and is a generalization of the notion
of twisted sectors in orbifold conformal eld theory, which corresponds to the
case = Sl. Intuitively speaking, twisted sectors are vector spaces obtained by
\guantizing" the mapping spaces Mapg(P; M), where P runs over isomorphism
classes of G-bundles over S. Thus the study of global topology and geometry
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Generalized Orbifold Euler Characteristics 793

of these equivariant mapping space will shed light on the nature of twisted
sectors in orbifold conformal eld theory. Mathematically, twisted sectors have
been studied in the algebraic framework of vertex operator algebras and their
modules. The study of geometry and topology of the space . (M;G) when

is St or Riemann surfaces may provide illuminating topological and geometric
insight into the nature of the algebraic structure of twisted sectors.

In this paper, we study the subspace of locally constant equivariant maps in-
stead of directly studying the global topology of I. (M;G), and we de ne our
generalized orbifold invariants as follows. Let *(M;G) be any (multiplicative)
invariant of (M; G). For example, as ”(M; G) we may use the following invari-
ants coming from the usual Euler characteristic:

orbyng. ~y def (M) 1 o\ def
(1-3) (M;G) iGj szjZ’ (M;G)
The rst Euler characteristic °™ is a special case of the equivariant Euler
characteristic de ned for general (not necessarily nite) group G [3, p.249].
The I-extension ”-(M;G) of ”(M;G) is de ned in terms of the subspace of
locally constant equivariant maps given in (1-2), viewed equivariantly:

def

L1 b
(1-4) (M;G) = T M EC()¢:
[ 12Hom(I";G)=G

(M=G) 2 Z:

This is our generalization of physicists’ orbifold Euler characteristic e,.,(M; G).
In our previous paper [17], we considered (M;G) for the case ' = Z¢ and
= (Zp)® with d 2 N, where p is any prime and Z, is the ring of p-adic
integers. In the same paper, we described an application of the result for the
case I' = (Zp)d to the Euler characteristic of Morava K-theory of classifying
spaces of wreath products. The inductive method used for these calculations
cannot be extended to a general group I'. The purpose of this paper is to
develop a theory and techniques which allow us to handle orbifold invariants
”-(M;G) for a more general family of groups I', including the fundamental
groups of two dimensional surfaces which may be orientable or non-orientable,
compact or non-compact.

For more discussion on general properties of the I-extension of ”(M;G), see
section 2. For example, we will show that I -extensions of the two orbifold Euler
characteristics in (1-3) are related by

(1-5) -(M;G) = °°(M;G) 27;

r z

for any group I'. Thus, °2®(M;G) is always integer valued. When I' = Z,
the invariant  %°(M;G) coincides with the orbifold Euler characteristic (1-1)

considered by physicists [6], [7]. See the formula (2-4) in section 2. The above
formula says that °™®(M;G) is more basic than (M;G).
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We demonstrate that orbifold invariants (1-4) is well behaved by calculating
the generating function of these invariants of symmetric products of global
guotients. Recall that an n-fold symmetric product of an orbit space M=G is
given by

(1-6) SP"(M=G) = (M=G)"=6,, = M"=(GiG,);

where Go&p,, which we also denote by G, is the wreath product of G and the
symmetric group &,. For more details on wreath products, see section 3.

Let be areal 2 dimensional surface, orientable or non-orientable, compact or
non-compact. For example, let  be a genus g + 1 orientable closed surface.
Its fundamental group Ig+1 is generated by 2g + 2 elements with one relation:

(1-7)  Tge1 =hag;az;:::;ag+1;b1;bos it bger j[a1sb1]  [ag+1;bg+1] = 105

where g 0. Copsideration of the twisted space (1-2) associated to the map-
ping space Map ;SP"(M=G) from the surface  to symmetric products
is motivated by string theory literature [5]. We calculate the orbifold Euler
characteristic 2™ (M";Gp) associated to the surface group lg+q. It turns
out that this orblfold Euler characteristic of an n-th symmetric product can be
expressed by f °°(M;G)gn, where H runs over subgroups of Ig41 of index
at most n. In fact, we have the following formula of the generating function
[Theorem 5-8].

Theorem A (Higher genus orbifold Euler characteristics of symmetric orb-
ifolds) Let g 0. With the above notations,

> "X M) o
(1-8) " 2P (MM GSn) =exp  q" = X (M;G) ;

I—g+1 r rrg+1
n 0 r 1

where jr(Ig+1) is the number of index r subgroups of Iy.1.

In this formula the genus rg + 1 surface group I'rg+1 appears since any index
r subgroup of gy is isomorphic to it, although they may not be conjugate to
each other in I'g+1. To calculate numbers j,(Fg+1) for r 1 and g O, see
the formula (5-10).

Furthermore, we can also consider non-orientable cases. Let be a closed
genus h + 2 non-orientable surface with h 0. Its fundamental group n+2 is
described by

(1-9) he2 =NC1;Co011 1 Chan jCOCs  Coyp = 1 h o

Since any genus 1 non-orientable closed surface is homeomorphic to RP? and
1 = Z=27 is abelian, this case was discussed in our previous paper [17]. Here,
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we only consider non-orientable surfaces of genus 2 or higher. We have a formula
of the generating function of the orbifold invariant 0Lbﬂ(M”; Go&y,) for non-
orientable surface groups similar to the one in Theorem A. See Theorem 5-10
for details.

This formula simpli es for the case of a genus 2 non-orientable surface which is
a Klein bottle, due to a fact that every nite covering of a Klein bottle is either
a torus or a Klein bottle. Here we give a formula for Klein bottle orbifold Euler
characteristic [Theorem 5-11].

Theorem B (Klein bottle orbifold Euler characteristic) With the above no-
tation,

(1-10) h |
> q" oM™ GiS,) = Y(l — g2 = PPM;6) Y o 1+q- 14 o';b(M;G):
n 0 ° r1 - 1— qr

Not'be the appearance of modular forms, and modular functions. Let (q) =
gz -, ;(1—q"), where g =e? ' with Im > 0, be the Dedekind eta function.
Then, the rstin nite product in (1-10) is almost (q%) and the second in nite
product is precisely (%)= (q)?.

By specializing M = pt, we obtain a formula for jHom( 2;G0&,)j for all n.
See (5-19).

Recall that the geometry behind thegbove Klein bottle orbifold Euler charac-
teristic is the mapping space Map K;SP"(M=G) from a Klein bottle K to
n-fold symmetric product of an orbifold M=G for various n. The idea of using
nonorientable surfaces comes from unoriented strings moving on manifolds.

There is a curious relationship between orbifold Euler characteristics associated
to orientable surface groups and non-orientable surface groups. For example,
when G is a trivial group, we have ‘};El(M " 6n) = °';'Z+2(M”; Gp) for any
n 1andg 0. For this, see the end of section 5.

Note that the formula in Theorem A is in an exponential form. If we use

(M;G) = (M=G) instead of °™(M;G), then the corresponding generating
function can be written in an in nite product form. To describe this formula, we
need to introduce an extension of ”(M; G) to an orbifold invariant ”,(M; G)
associated to an isomorphism class [X] of a nite '-set X. When X is a

transitive I set of the form =H for some subgroup H T, we let
def L1 hi

(1-11) (M G) = 7 M L Autrg(P )
[ ]2Hom(H;G)=(Nr(H) G)
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where N-(H) I is the normalizer of H in I acting on H by conjugation,
and Autr.g(P ) is the group of I -equivariant G-bundle automorphisms of a G-
bundleP =T G. Thegroup G of course acts on Hom(H; G) by conjugation.
For an explanation and the origin of this de nition, see Proposition 6-1 and its
proof. The above formula reduces to (1-4) when H = I'. For an explicit
nontrivial example of ”-,;(M;G), see Lemma 6-2.

The invariant ., can be de ned for a general I'-set X (see (6-13) for the
de nition) in such a way that it is multiplicative in [X] in the following sense.
Let X; and X, be IN-sets without common transitive I-sets in their I-orbit
decompositions, that is, Map-(X1;X2) = ;. Then, the orbifold invariant of
their disjoint union [X] = [X; g X3] is a product:

(1-12) “xa(M;G) = 7 ;(M;G) 7 ,(M; G):

For details, see Proposition 6-9.

This invariant ”;(M;G) has a very natural geometric origin in terms of a
twisted space similar to (1-2) using G-bundles over a covering space ° =
€ X over , where € is the universal cover of . See Theorem G below.
In fact, we could start with this approach and deduce the formula (1-11).

The next theorem describes the generating function of the orbifold Euler char-
acteristic of symmetric orbifolds associated to the genus g+1 orientable surface
group lg+1, in terms of the orbifold Euler characteristic of (M; G) associated
to nite transitive Iy4q-sets.

Theorem A’ (Higher genus orbifold Euler characteristic: in nite product
form) For agz g O, we have

Y .
(1-13) " (MGIS) = | T genaHl T T MiO),
n o [H]
where [H] runs overthe set of conjugacy classes of H in g4.

This is part of Theorem 6-6. As remarked above, the invariant -, .,(M;G)
with jlg+=Hj = r arises from a twisted space (1-21) de ned in terms of G-
principal bundles over an r-fold covering space rg+1 Over g+1 corresponding
to the conjugacy class [H].

To contrast the formulae in Theorem A and Theorem A’, we let M = pt. We
get the following combinatorial group theoretic formulae:

(1-14)
> plHom(TgaiGn)i _ > at, S iHOM(Trga; G)
- jGj" n! o iGj
Xq”jHom(Fg+1;Gn)=an _ Y'%'_ iTav1=H] —IHOMHIG) (N, () ©))
n 0 [H]
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In the second formula, [H] runs over all conjugacy classes of nite index sub-
groups of I'g+1. Note that the size of the normalizer Nr_,,(H) may depend on
the conjugacy class [H], although all index r subgroups of ;41 are isomorphic
to rg+1. See also remarks after Theorem 6-6.

Here we remark that the following formulae for the number of (conjugacy classes
of) homomorphisms are well known, and they can be easily proved using char-
acters of G. For any nite group G, we have
jHom (g+1;G)j _ < jGi 20
iGj - dimv ’
[V]2Irred(G)

(1-15) < e
. . C 29
JHom(Ty+1; G)=Gj = A
[ 1[V]2Irred(C( ))

where [V ] 2 Irred(G) means that [V ] runs over the set of all isomorphism classes
of irreducible representations of G, and [ ] runs over the set of all conjugacy
classes of G. The subgroup C( ) G is the centralizer of . Similar formulae
for non-orientable surface groups nh+2 are well known, too. See (5-16) and
(5-17). In view of (1-15), to understand the left hand side of (1-14), we need
the representation theory of wreath product G, = Gi&,,. For this topic, see for
example [11, Appendix B to Chapter I]. However, to prove topological Theorems
A and A’, we do not need the representation theory of wreath products.

Two formulae in (1-14) are closely related, although their right hand sides look
very di erent. See (6-11) and (6-12) for group theoretic discussion on this
connection.

Theorems A,B, and A" are all special cases of the following more general for-
mulae which are the ones we actually prove [Theorem 5-5, Theorem 6-3]. These
are part of our main results.

Theorem C With the above notations, for any group I', we have
> gir=Hj i

1
orb .
] orb (M G)

q" 2P(M"; GoS,) = exp
(1-16) "

Y
" (MM GS,) = - gir=Hi ~ = (MiG).
n 0 [H]

Here, in the rst formula, H runs over all subgroups of I" of nite index. In the
second formula, [H] runs over conjugacy classes of all nite index subgroups of
r.
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By specializing ', we obtain numerous corollaries. In addition to the cases
IF=Tg+1, n+2, We consider free groups on nitely many generators, abelian
groups Z% and Z¢ for d 1, and products of these groups.

Special cases of the second formula in (1-16) have been known. When I is the
trivial group, this is Macdonald’s formula [10]. When I' = Z and G = feg, this
formula is due to [7]. For ' = Z and general nite group G, the formula is due
to [18]. When ' =Z9 for d 1 and G = feg, the formula was proved in [4].
Finally, for ' = Z9 and Zg with an arbitrary nite group G, the formula was
proved in [17].

When G is the trivial group, we have ;(M;feg) = (M) for any transitive
M-set X (see Lemma 6-10, and a formula after Corollary 6-4). When T is
an abelian group Z° or Z3, Lemma 6-2 says that (M;G) = (M;G)
for any nite transitive '-set X. For general abelian group I, the second
formula in (1-16) reduces to (6-5). Thus, in all the known cases described in
the above paragraph, the notion of orbifold invariants associated to I-sets is
not yet needed. Only in the generality of the present paper, this notion plays
a crucial role.

The main ingredient of the proof of Theorem C is a structure theorem of the
centralizer C() Gp of an arbitrary homomorphism : I' -2 G, = GG,
into a wreath product. When I = 7Z, the subgroup C( ) is nothing but the
centralizer of the element (1) 2 G,,. Detailed description of the centralizer of
an element in G, was given in section 3 of [17]. The method used there was
purely group theoretic. It is very complicated to extend this group theoretic
approach to the present context of centralizers of homomorphisms into wreath
products. We have a better approach in terms of geometry of I-equivariant
G-principal bundles. These are G-principal bundles P over I'-sets such that
Ir acts on P as G-bundle automorphisms. This link between algebra and
geometry is supplied by the following theorem [Theorem 3-1]. For the next
three theorems, G does not have to be a nite group.

Theorem D Let G and I be any group. Then the following bijective corre-
spondence exists:
(1-17)
Isomorphism classes of IM-equivariant G-principal  1:3 H ) —~ .
1 Hom(l"; Gn)=Gn:
bundles over a I'-set of order n onto (T Gn)=Gn

This theorem allows us to apply geometric concepts and techniques associ-
ated to principal bundles to the study of centralizers of homomorphisms into
wreath products. Note that this theorem is a generalization of a well-known
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bijective correspondence between the set Hom(I'; 6,)=6,, of conjugacy classes
of homomorphisms into the n-th symmetric group &, and the set of isomor-
phism classes of I"-sets of order n. As an example of the above correspondence,
let H I be any subgroup of index n. For any homomorphism :H 2 G,
let P = G ¥ H be a -equivariant G-principal bundle over a I'-set
=H of order n. By choosing a bijection =H = f1;2;:::;ng and a section of
P ¥ I'=H, we have an isomorphism Autg(P ) = G0S, [Lemma 3-3]. Thus,
the wreath product appears naturally in the geometric context of G-bundles.
This is the reason of our use of G-bundles in studying wreath products. Now
the ready-made action of ' on P as G-bundle maps gives rise to a homomor-
phism : T -8 Go&, whose conjugacy class is independent of choices made.
For more details on this and the construction of the converse correspondence,
see the proof of Theorem 3-1.

We call a I'-equivariant G-principal bundle over a I'-transitive set a I"-irreduc-
ible G-principal bundle. The following theorem classi es I-irreducible G-
principal bundles [Theorem 3-6].

Theorem E (Classi cation of -G bundles) Let G and I' be any groups.
Then there exists the following bijective correspondence:
(1-18)
Isomorphism classes of I -irreducible G- 13 a o .
principal bundles over I'-sets of order n  onto [H]Hom(H, G)=(Nr(H) ~ G);
jHj=n

where [H] runs over the set of conjugacy classes of index n subgroups of I".

Note that the expression appearing on the right hand side of the above cor-
respondence has already appeared in (1-11). From the point of view of a I'-
irreducible G-principal bundle P -¥ Z, the meaning of quantities [H], N-(H)-
action, and G-action on Hom(H; G), appearing in the right hand side of (1-18),
is as follows: the isomorphism class of the transitive I'-set Z is determined
by the conjugacy class [H] of an isotropy subgroup H, di erent choices of a
base point zo of Z with the isotropy subgroup H correspond to the action of
Nr(H), and di erent choices of a base point py of P over zy correspond to the
conjugation action of G on Hom(H; G).

For any homomorphism : ' 2 G, the corresponding I -equivariant G-
bundle . P & Z is a disjoint union of I-irreducible G-bundles each of
which is of the form P -2 '=H for some subgroup H and some homomorphism

:H % G. Given , let r(H; ) denote the number of I-irreducible G-
bundles isomorphic to [P ¥ =H] appearing in the irreducible decomposition
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of P 8 Z . The number r(H; ) depends only on the conjugacy classes [H]
and [ ]. Now we can describe the centralizer of the image of in the wreath
product GoS,, [Lemma 4-1, Theorem 4-2, Theorem 4-4, Theorem 4-5].

Theorem F (Structure of centralizer of homomorphisms into wreath prod-
ucts) Let : I X G, be a homomorphism, and let fr(H; )giqj; 1 be the
associated integers described above. Then, the centralizer of in the wreath
product GoGy, is a direct product of wreath products:

Y Y 1
(1-19) Cen()= Autr (P )0&rH; y

HIT]

where [H] runs over conjugacy classes of nite index subgroups, and [ ] 2
Hom(H; G)=(Nr(H) G) for a given conjugacy class [H]. The group Autr.c(P )
of I-equivariant G-bundle automorphisms of P ts into the following exact
sequences:

14 Co( ) Autrg(P ) HaNp(H) ¥ 1;

(1-20)
14 HAT 4 Autrg(P ) 1;

where N-(H) is the isotropy subgroup at the G-conjugacy class ( ) of the
Nr(H)-action on the set Hom(H; G)=G, and T is given in (4-4).

Here, the centralizer Cg,,( ) is isomorphic to Aut-_c(P ) [Lemma 4-1].

This structure theorem can be applied to much wider context including, for
example, the calculation of generalized orbifold elliptic genus of symmetric orb-
ifolds.

Next, we describe the geometric meaning of the orbifold invariant (1-11) as-
sociated to IN-sets. Recall that the orbifold invariant associated to the group
" is de ned in terms of locally constant G-equivariant maps (1-2) from G-
principal bundles over into M, where the fundamental group of is I'.
We can generalize this idea and consider locally constant G-equivariant maps
from G-principal bundles over covering spaces of into M. More precisely, let

: " Dbe anot necessarily connected covering space. Let ;:P; X for
i =1;2 be G-bundles. A G-bundle isomorphism : P, -8 P, over a covering
space ! are de ned to be a G-bundle map whose induced map on the base

¥ is a deck transformation of ’ over . Next, we introduce an equivalence
relation among G-maps P -8 M. Two G-equivariant maps y; : P1 # M and
V2 : P, ¥ M are said to be equivalent if there exists a G-bundle isomorphism

: P, X P, over the covering space ® such that y; =y, . We then consider

Algebraic & Geometric Topology, Volume 3 (2003)
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the space of equivalence classes of G-equivariant maps from G-bundles P over

U into M. This turns out to be
a
(1-21) L. (M;G)= Mapg(P; M)=Auts(P) =« ;

PE ]

where [P 4 & ] denotes an isomorphism classes of G-principal bundles over
the covering space ’ over . We then take the subset L. , (M;G),.. of locally
constant G-equivariant maps and de ne the orbifold invariant associated to a
covering space ‘-1 by

X
(1-22) e ,(M;G) = > Mapg(P; M), .;Autg(P) «
PE e

The next result [Theorem 7-1] clari es the geometric meaning of orbifold Euler
characteristic associated to I'-sets. See (6-13) for the precise de nition.

Theorem G Let : °-8  be acovering space, and let X = ~1(xo) be a
bre over a base point xo 2 . LetI'= 1( ;Xg). Then X is a I'-set and for
any G-manifold M, we have

(1-23) "o 4(M;G) = " (M; G):

Consequently, T-orbifold Euler characteristic of symmetric products of G-
manifold M can be expressed in terms of orbifold Euler characteristic associated
to connected covering spaces:

> Y
(1-24) " (MGG = (A—¢ ") ¢ 1Me;
n O [ 0_!

]conn.

where the product range over all isomorphism classes of nite connected cover-
ingspaces ‘-8 over ,andj % jdenotes the order of the covering.

Note that the de nition (1-22) is geometrically very natural and conceptually
very simple, compared with the practical de nition (1-11) of orbifold invariants
associated to transitive I"-sets which is suitable for calculation.

The above formula is very interesting because it explains the geometric origin of
the in nite product (one factor for each connected covering space) and describes
each factor geometrically in terms of covering spaces.

Intuitive explanation of this-jdentity may be given as follows. There are two
ways to lift maps in Map ;SP"(M=G) to equivariant maps from certain
principal bundles. One way isto liftamapy: 2 SP"(M=G) to a Gi&,-
equivariant map y : Pg,s,, ¥ M", where Ps,s,, is @ GoSy-principal bundle
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over . The orbifold invariant using this lifting gives rise to the left hand side
of (1-24).

To describe another way of lifting, note thatany map f: - SP"(M) into an
n-th symmetric product corresponds to a (branched) n-sheeted covering space

. " &  whose breover x 2 is f(x) M. Thatis, °is given by

' =f(x;y) 2 M jy 2 f(x)g. This is not always a covering space because
for some x 2  the corresponding un-ordered set of n points f(x) may not
consist of n distinct points. The (branched) covering space ° comes equipped
with a natural map f': °-8 M which is unique up to \deck transformations"
of Y Namely, if we have a homeomorphism h: ° 8 ° commuting with

, then both maps % and f° h induce the same map f: - SP"(M) by
associating to each x 2  the bres of f> and f° h.

Now in our context, to any map VY : -1 SP"(M=G) we cab associate a
map V' : -8 M=G from an n-sheeted (branched) covering space ° over
described above. This map V' is determined up to \deck transformations of

0, We then consider lifting this map to a G-equivariant map y’: P, 2 M,
where P is a G-principal bundle over . Orbifold invariants corresponding to
these lifts are the orbifold invariants associated to covering spaces in the right
hand side of (1-24). We expect the covering space formalism in (1-24) would
be valid for other orbifold invariants and also for the global topology of twisted
sectors.

We suspect that the formula (1-24) will continue to be valid for general orbifolds
which are not necessarily global quotients. We hope to come back to this
question later.

Finally, as an application to combinatorial group theory, we calculate the num-
ber u(I") of conjugacy classes of index r subgroups of I'. Our combinatorial
formulae obtained by specializing our topological formulae to the case M = pt
allow us to prove the following formula on u,(I") [Theorem 8-1]. This simple
formula does not seem to be known before.

Theorem H The number u,(I") of conjugacy classes of index r subgroups of
I satis es the following recursive relation in terms of subgroups of I":

(1-25) Im(T Z)= r u((n= jHom(Hap; Zy)j;
rjm rim H
jrHj=m=r

where Hg, denotes the abelianization of H.
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If we like, instead of having a recursive formula as above, we can write down
the formula for u.(I") using Mdbius inversion formula. See the paragraph after
Theorem 8-1. The above formula allows us to compute numbers u,(I") for
surface groups lg+1, Fs+1, and 42 for g;s;h 0 very quickly [Corollary
8-2]. Geometrically these numbers u,(I") are important because they count
the number of non-isomorphic connected covering spaces over surfaces. These
numbers were calculated before in [12], [13] by di erent methods. However,
our formula (1-25) is valid for any group I, not just for surface groups. In
our formula, all we have to do is to count the number of homomorphisms from
abelianization of subgroups to cyclic groups. This simplicity makes our formula
useful.

The organization of this paper is as follows. In section 2, we discuss general
properties of I"-extended orbifold invariants and explain their geometric origin.
In section 3, we study homomorphisms into wreath products in terms of I'-
equivariant G-bundles and prove Theorems D and E. In section 4, we study
the structure of centralizers of homomorphisms into wreath products in terms of
IM-equivariant G-automorphisms and prove Theorem F. In section 5, we prove
Theorems A and B, together with the rst part of Theorem C. We also discuss
the cases when I is a free abelian group, the fundamental group of a non-
orientable surface, and a free group. In section 6, we further extend orbifold
invariants to ones associated to isomorphism classes of I'-sets. This will be used
to prove Theorem A and Theorem C. Our main results in this paper deal with
much more general cases than [17], and results in [17] follow quickly as special
cases. In section 7, we describe orbifold invariants associated to covering spaces
and prove Theorem G. Finally, in section 8, we apply our combinatorial formula
to compute the numbers u,(I") and prove Theorem H.

2 Orbifold invariants associated to a group I

In this section, we describe general properties of the I'-extended orbifold in-
variant ”-(M;G) de ned in (1-4). In particular, properties of the IM-extensions
of orbifold Euler characteristics de ned in (1-3) are discussed in detail. Later
in this section, we explain twisted spaces in the context of mapping spaces into
orbifolds and motivate the de nition of our generalized orbifold invariant (1-4).

Let G be a nite group and let >(M;G) be a multiplicative invariant for a
G-manifold M. Namely, for any G;-manifold M; and G,-manifold M, the
invariant ” satis es

(M1 M2;Gp Gz) = 7(My;G1)”(Mg; Gp):
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This invariant ”(M;G) may depend only on the topology and geometry of
the orbit space M=G. For example, Euler characteristic (M=G), signature
Sgn(M=G), and spin index Spin(M=G), in appropriate geometric settings, are
such examples. On the other hand, the invariant *(M; G) may actually depend
on the way G acts on M. For example, for any group I, I-extensions of the
above geometric invariants are such examples. For convenience, we repeat the
de nition of I"-extension here. For any such invariant ”( ; ), its ["-extension
is de ned by > 0 .
(2-1) T(M;G) = T M"LC();
[ 12Hom(T;G)=G

where M" T isthe h i = Im  xed point subset, and C( ) is the centralizer
of h i in G. Note that it can happen that two non-conjugate homomorphisms

1, 2 - - GHhave the same image subgroups h ;i =h 2i. Also note that
the quantity > M" ':C( ) depends only on the G-conjugacy class of

Basic properties of IM-extended orbifold invariants are the following ones.

Proposition 2-1 Let *(M;G) be a multiplicative invariant as above.

(1) For any group I, the I'-extended orbifold invariant ~-(M;G) is multi-
plicative: for any (M1;G;) and (M5; G,), we have

r(My M2;G1 Gp) = 7-(My;G1) 7 (My; Gy):

(2) For any groups K;L, >
(2-2) "k L(M;G) = (L )<(M;G) = LM LC():
[ 12Hom(K;G)=G
Proof The formula in (1) is straightforward using the multiplicativity of ~.
For (2), by de nition,
X

1 n > 1 (o)

#[ 1] #[ olee
kA G [ 4] »L¥C( 1) [ 2lecs

Cl ] .
(R.H.S) = (MM b Coe ( 2)

Here, #[ 1] denotes the number of elements in the conjugacy class [ 1], and
[ 2]lc( ) is the C( 1)-conjugacy class of . Since the images of ; and -
commute, using the notation ; >:K L% G, we have

X 1 X e 2

1 .
# 11 iC( >MMro2hc( )
1 L 1)J 1))

1ZK_!G -
Xic i [ .
1 2k _L¥cG 15
X .
= "M"* 25C(1 ) =7w M;G)

[1 2]
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Inthe last line, [ 1  »] runs over all the conjugacy classes Hom(K L;G)=G,
and we used a fact that the number of elements in the conjugacy class of the
image of 1 2 i JGj=JC( 1 2)j. In the above, we used a formula jGj =
#[ ] jC( )j a few times. This completes the proof. O

Recall that in section 1, we de ned two kinds of Euler characteristics for (M; G)
in (1-3). One of them is °™®(M;G) = (M)=jGj, and the other is (M;G) =

(M=G). Itis well known that the Euler characteristic of the orbit space M=G
of a G-manifold M can be calculated as the average of the Euler characteristic
of g- xed point subsets (see for example [14, p.127]):

(2-3) M=) = L (mrsiy.
jGj 092G .

Here are some useful formulae for I -extended orbifold Euler characteristics.

Proposition 2-2 (1) The invariant °(M;G) can be calculated as an av-

erage over homomorphisms : I -1 G:

b 1 X O
(2-4) (M G) = eH M
15 g

In particular, °®(M;G) = (M=G).

(2) The I-extensions of °™®(M;G) and (M;G) are related as follows:
X . .
(2-5) PoMiG) = (MiG)=  M"=C():
[ 12Hom(I";G)=G

Proof For part (1), we unravel de nitions.

> 1. . X 1 (Mh i) 1 >
MG = P MMEC() = e T
( ) . ) #[ 1 iCC) iG]
where [ ] 2 Hom(I'; G)=G and 2 Hom(I";G). This prpyes formula (2-4), In
particular, when ' = Z, we have 9™°(M;G) = (1=jG]) o (M"™'), which
is equal to (M=G) by (2-3).

For (2), by the product formula (2-2), we have

(M" 1y

= 1. < ..
MG = P MTEC() = MTIEC() = (M;6):
[ ]12Hom(I;G)=G [1]

This completes the proof. O
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For example, when I = Z?, we have
1 X o X
MG == (M) = MYI=C(g) ;
gh=hg [g]
which is the physicist’s orbifold Euler characteristic (1-1). The following corol-
lary is obvious.

Corollary 2-3 When M = pt, we have

(2-6)
omb (pt: G) = JHorT_l(lf,G)J; (pt: G) = jHom(T": G)=Gj = JHom(_F _ Z,G)]:
IG] iGj
When G is the trivial group feg, we have
(2-7) P(M;feg) = (M;feg) = (M):

Here, the identity jHom(I"; G)=Gj = jHom(I" Z; G)j=jGj comes from -(pt; G)
= 9™ (pt;G) given in (2-5). This is a well-known and useful formula.

When °®( ;G) is regarded as a function on G-CW complexes with values
in J%JZ it is an additive function. If either G or I is abelian, it is a complex

oriented additive function in the sense of [8]. Since an additive function de ned
on G-CW complexes is completely determined by its values on transitive G-
sets, we calculate these values. We also do the same for ( ;G).

Proposition 2-4 Let H be a subgroup of G. Then _
?rb(G:H : G) — ?rb(pt; H) — JHom(r1 H)J
(2-8) JH]
(G=H;G) = (pt;H) = jHom(I"; H)=Hj:

Proof Using (2-4), we have
orbr—14- — 1 > D_ h i —
0 (G=H;G) = — (G=H) =
G
e N

L jeeny i
iG; '

Here j(G=H)" 'j counts the number of elements in G=H whose isotropy sub-
groups contain  (IM). Since there are jNg(H)=Hj elements in G=H with the
same isotropy subgroups, we have

) X
i(G=H)" lj= " iNg(H)=Hj

(N H°
H° H
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Here H’ H means that H® and H are conjugate in G. Continuing our
calculation, we have

1 2 iGenyr ij = Na(H)=H] < 2 iNa(H) < 2%
iG] iG] o o JGHHE Lo g
H° H
iNg(H)j. <
jGijHj | ( )JHO H

since the number of subgroups H? conjugate to H in G is given by jGj=jNg (H)j,

the above quantity is equal to jHom(I"; H)j=jHj.

For -( ;G), using (2-5), (2-6), and what we have already proved, we have
r(G=H;G) = P(G=H;G) = (pt;H) = (pt;H) = jHom(T; H)=Hj:

This completes the proof. |

Next, we turn our attention to orbifold Euler characteristics of symmetric prod-
ucts without I-extension. Macdonald’s formula [10] says that

2-9 x” M"; GoS —X”%IP”MzG =1 .

(-) q ( ; G0 n)— q ( ) _(1_q) (M=G) *
n 0 n 0

The corresponding formula for °®( ; ) is given by

X n (M)O
(2-10) q" °P(M"; GoS,) =exp q

n 0
This formula follows immediately since °®(Mp; GoS,) = (M)"=(Gj™n!) by

de nition. The objective of this paper is to develop a theory and a technique
to calculate orbifold invariants with I"-extensions of symmetric products.

—~7 =expfg °°(M:G)g:
iGj pTq ( )9

For the remaining part of this section, we explain the notion of twisted sectors
(or spaces) from which follows the geometric origin of our de nition of the
orbifold invariant (2-1) associated to a group I". The notion of twisted sectors
arises in orbifold conformal eld theory [6] in which strings moving in an orbifold
M=G are considered. This situation is analyzed through their lifts to M. When
lifted to M, a string may not close, but its end points are related by the action
of an element g 2 G. Thus, we are led to consider the g-twisted free loop space
LyM for g 2 G given by

LM =fy R M jy(t+1) =g y(t) forall t 2 Rg:

On this space the centralizer C(g) acts. The g-twisted sector in orbifold con-
formal eld theory is, intuitively, a vector space obtained by \quantizing™ LyM
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(read: by taking a certain function space on LgM), and as such C(g) acts
projectively on this vector space.

The same point of view can be applied to more general context. Let  be any
connected manifold. We consider  moving in an orbifold M=G. The basic
con guration space is a mapping space Map( ; M=G). To analyze this situa-
tion, we consider their lifts to G-equivariant maps from G-principal bundles P
over to M. Since the action of G on M is not assumed to be free, not all
maps Y: ¥ M=G lift to G-equivariant maps from principal bundles. Even
when they do, there can be lifts from several non-isomorphic principal bundles
to M. We consider the set of all possible lifts y of y 2 Map( ; M=G) for all
possible G-principal bundles P over , and we introduce an equivalence rela-
tion among lifts: two lifts y; : P, ¥ M and y, : P, -8 M of y are equivalent if
there exists a G-bundle isomorphism : P; ¥ P, inducing the identity map
on  such that y, = vyi1. We denote the set of all equivalence classes by
L (M;G). There is a natural map from L. (M;G) to the original mapping
space. Thus we have

(2-11) L (M;G) = aMapG(P;M)=AutG(P) -1 Map( ; M=G):
[P]

Here the union runs over all the isomorphism classes of G-principal bundles over
. When the G-action on M is free, the above map is a homeomorphism.
In general, the map is a kind of mild resolution of orbifold singularities. Note
that . (M;G) is still an orbifold, although the group Autg(P) is in general
a proper subgroup of G for any P. The part of L. (M;G) corresponding to
[P] is called the [P]-twisted sector. Note that the space Mapg(P;M) can be
described as the space of sections of a bre bundle Py =P M X

The same space can be described in a di erent way. Since the isomorphism
class of a G-principal bundle P ¥ is determined by the G-conjugacy class
of an associated holonomy homomorphism : ;( ) -% G and since the group
of G-bundle automorphisms Aut;(P) of a G-bundle P ®  associated to is
given by the centralizer C( ) G, the space of total twisted sectors . (M;G)
can be described alternately as follows:

(2-12) L (M;G)= aMap (&;M)=C( ):
[]
Here the disjoint union runs over all G-conjugacy classes of homomorphisms
1( ) ¥ G, the space € is the universal cover of , and the -twisted
mapping space Map is de ned by
(2-13)
Map (&;M)=fy:® 2 Mjy(h)y= (h)"'y(p)forallp2&h2 1( )g:
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We call Map (€;M) the -twisted sector.

Our future goal is to investigate global topology of the in nite dimensional
twisted space . (M;G). In this paper, we examine the subspace of (2-11)
consisting of locally constant G-equivariant maps. The same space can be
described as the space of constant -equivariant maps in (2-12). Although
this is a very small portion of the space L. (M;G), it already contains very
interesting information. This space of (locally) constant equivariant maps comes
equipped with a map to M=G:

=1 )
(2-14) - MMi=C( ) M=G;
[]

where [ 1 2 Hom(I"; G)=G, with ' = .( ). Note that the space correspond-
ing to the trivial is M=G, and the map M" '=C( ) 4 M=G is the obvious
map: mapping C( )-orbits to G-orbits in M. By considering the Euler char-
acteristic of the left hand side, we get our de nition (2-1) of the orbifold Euler
characteristic associated to the group . In this form, the group I can be any
group, it does not have to be the fundamental group of a manifold. This gives
our de nition (2-1) for any group I'. However, interesting cases are for those
groups I arising as fundamental groups of manifolds.

3 Geometry of homomorphisms into wreath prod-
ucts

For results in this section and the next, the group G does not have to be nite.
We assume niteness only in the orbifold context.

Let M be a G-manifold. On the n-fold Cartesian product M", the direct
product G" acts coordinate-wise, and also the n-th symmetric group &, acts
by permuting factors. Combining these two actions, we have an action of the
wreath product G, = GoS, on M", which is formally de ned as follows. Let
n="L2;:::;ng for n 1. The n-th symmetric group &, is, by de nition,
the totality of bijections of n to itself. The wreath product Gi&y, is de ned as
a semi-direct product

(3-1) GiS, = Map(n; G) x Gp;

where 2 &, actson f 2 Map(n;G) by ( f)(k) =T I:I‘l(k) fork 2 n. The
product and inverse in GoGy, is given by (f1; 1)(fp; 2)=(F1 1F2; 1 2) and
(F; Yt =( 7L =Y forany fy;f,;f 2 Map(n;G) and 1; »;, 2 Gn.
When n =0, we set G, to be the trivial group.
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In the calculation of the I"-extended orbifold invariant *-(M"; G0 &y,) of the
n-th symmetric product of an orbifold (see (5-1) for an explicit expression), we
have to deal with homomorphisms into wregth products. Let : I 2 GoSp
be such a homomorphism. Let (u) = f(u; ); (u) , where f(u; ) 2
Map(n;G), and : T ¥ &, is the composition of and the canonical pro-
jection map GoS, ¥ &,. Through , any induces a I-set structure on n.
That is a homomorphism immediately implies that the two variable function

f( ; ):T n-X G satis es the following identities:
1
F(uug; ) = Fug; )F Uz (u)7H()
(3-3) f(49)=1

fu)™=fuh W)
for any ui;u, 2T, and “ 2 n.

Recall that there is a bijective correspondence between the conjugacy classes of
homomorphisms Hom(I"; 6,)=6,, and the set of isomorphism classes of I"-sets
of order n. We prove a similar correspondence for homomorphisms into wreath
products. Namely,

Theorem 3-1 Let G and I' be any group. Then the following bijective cor-
respondence exists:
(3-4)
Isomorphism classes of I"-equivariant G-principal  1:3 H r -
bundles over a I'-set of order n # Hom(; Gn)=Gn:

Before proving this theorem, we discuss some generalities on I-equivariant G-
principal bundles. These objects arise naturally in the context of G-bundles
over nite covering spaces. See section 7 for details. Let :P -2 Z besucha
bundle. Then P X Z is a (right) G-principal bundle over a left IM-set Z and
" acts G-equivariantly on P from the left, inducing the I"-action on Z. Thus,
the left I action and the right G action on P commute. Wecan alsolet ' G
act on P from the right by setting p (u;g) =u'pg2P foranyp2P,u2Tl
and g 2 G. We use both of these two view points on group actions on P.

Forp2P,let x= (p) 2 Z and let Hyx be the isotropy subgroup at x 2 Z
of the ™ action on Z. Since any h 2 Hy preserves the bre ~1(x), for any
point p2 ~(x) we may write h p=p p(h) for some unique ,(h) 2 G.
Since left I action and the right G action commute, it can be easily checked

Algebraic & Geometric Topology, Volume 3 (2003)



Generalized Orbifold Euler Characteristics 811

that ,:Hx X G is a homomorphism. Thus, to each point p 2 P, there is an
associated homomorphism . At any two points p and p’ of P over the same
IM-orbit in Z, we can easily check that the corresponding homomorphisms
and o are related by

(3-5) p(uhu™) =g7" p(Ng;  p’ = upg;
for some u2 T and g 2 G. Here h2 H (5 so that uhu™ 2 H (.

The basic structure of a IM-equivariant G-principal bundle over a I -transitive
set is simple.

Lemma 3-2 Let : P B Z be a I-equivariant G-principal bundle over a
transitive "-set Z. For any pointpp 2 P, let :H - G be the homomorphism
associated to po 2 P, where H I is the isotropy subgroup at (p) 2 Z so
that Z = I'™H as IN-sets. Then, we have a I-equivariant G-principal bundle
isomorphism I G = P, where [u;g] 2 T G corresponds to upgg 2 P.
Here, the equivalence relationin P =T G is given by [u;g] = [uh; (h)™g]
forall h2 H.

The proof is straightforward. One notes that ' G acts transitively on P from
the right whose isotropy subgroup at pg 2 P is f(h; (h)) jh2 Hg=H.

The reason of our use of G-bundles in our study of wreath products is that
wreath products arise naturally as the full automorphisms groups of G-bundles
over nite sets.

Lemma 3-3 The group of G-bundle automorphisms of the trivial G-bundle
over the set n is the wreath product GoS,,. That is, Autg(n G) = GiG,.
Here, the actiop-gf (f; ) 2 GoSn given in (3-1) on (%;9) 2n G is given by
(F ) o= (xfC ()9 .

One can easily check that this de nes an action. This action is compatible
with the action (3-2) in the following way. Through the identi cation M" =
Mapg(n G;M) given by the evaluation of G-equivariant maps at 1 2 G,
the action of (f; ) on M" given in (3-2) corresponds exactly to the action
(f; )™ on Mapc(n G;M).

Lemma 3-3 gives a geometric characterization of wreath products. This is
the very reason why G-principal bundles are relevant to our study of wreath
products.

We are ready to prove Theorem 3-1.
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Proof of Theorem 3-1 First we describe the correspondence (3-4) and show
that it is well de ned.

For a given I-equivariant G-principal bundle : P - Z with jZj = n, we
choose a section s : Z 8 P and a bijection t : n ¥ Z. We then have a
G-bundle isomorphism n G ¥ Z G ¥ P. We transfer the I" action

on P to an actionon n G thtrough this issomorphism. Since the action of
y 2 I on P is G-equivariant, the corresponding action (y) on n G is
also G-equivariant. Since Autg(n G) = Go0S, by Lemma 3-3, we have a
homomorphism : I -2 GiSy,.

We show that the conjugacy class [ ] is independent of the choices (s;t) and
depends only on the isomorphism class of : P -2 Z as a M-equivariant G-
bundle. Let ,:P; ¥ Z; and ,:P, -2 Z, be two isomorphic I-equivariant
G-bundles. Let ” : P, ¥ P, be an isomorphism. Let (s1;t1) and (sy;t»)
be the choices as above for P; and P,. We have the following commutative
diagram.

n G —1 P, —I P, — n G
) (s1;t1) o 7 o (s2312) s
5 5 5 5
=y 1(y) =yY =yY =y 2(y)
n G —1 P, —I P, — n G
(s1:t1) z (s2:t2)

The composition of horizontal maps is a G-bundle isomorphism of n G,
and hence 2 Gi&,,, and the commutativity of the diagram shows that ,(y) =

1(y) 71 Thus, 1; »:T -2 GoG, are conjugate in GoS,,. This proves that
the correspondence (3-4) is well de ned.

Next we show that the correspondence (3-4) is onto. Let : I -2 GoS,
be a homomorphism. Let P be n G with I-action induced by : T ¥
Autg (P ) = GoGy,. Since the left IM-action commutes with the right G-action
on P , this I"-action induces a " -action on n. Hence P ¥ n is a -equivariant
G-bundle. With the obvious choice of (s;t), the homomorphism corresponding
toP X nisclearly :I' - GoSp,. Hence the correspondence (3-4) is onto.

We give another proof of surjectivity. In this proof, a bundle P X Z cor-
responding to  is constructed from a di erent point of view as a union of
I-irreducible G-bundles. This description clari es the detailed internal struc-
tures of the bundle P ¥ Z, and it will be useful for later sections. Let

: ' 4 Go6n be a homgmprphism. Let T 4 GoGy 4 &, be
a composition. Let (u) = f(u; ); (u) foru2Tl. Let n = X be
the orbit decomposition of n under the -action on n de ned by . We
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choose a base point x 2 X from each orb& and let H (Se the isotropy sub-
group at x . Now decomposes as = r 1 GoS(X ), where
: -8 Gos(X ), and 6(X ) is the group of permutations of X . For each
, let :H % G bede nedby (u) =Ff(u;x) foru22H . Since H
xes X , the rst formula in (3-3) shows that is a homomorphism. Now
set P = r G ¥ X ). This P is a I-equivariant G-principal bundle
over n. We show that by choosing sections for these bundles appropriately,
the homomorphism corresponding to P is precisely  we started with. Now
asections for P =T G X X is the same as a  -equivariant map
s M4 G. Lets (uy=Ffu*;x)foru2rl. By (3-3), for h2 H we have
s (uh) = f(h™tu ™ x) = F(h L x )Fu™?; (h)x) = (h)~ s (u), where
(h)x = x since h 2 H . This shows that s is -equivariant. Thus, a
map X 2T Ggvenby ( (Ux)=1[u;s (u)] foru22Tr is a well
de ned section of P 8 X . Using this section, we have a G-bundle isomor-
phism X G2 T G mapping ( (uU)x ;g) to  ( (U)x )g = [u;s (u)g].
We transfer the I action on I G to X G using this isomorphism.
Let (y) be the action on X G corresponding to the action of y on
r G, in which the action of I is given by y[u;s (u)g] = [yu;s (u)g]. Let
() (Wx ;9) = ( (yu)x ;g" for some g' 2 G. The corresponding element
inC  Gis[yu;s (yu)g’] which must be equal to [yu;s (u)g]. Using (3-3), we
have s (Y@= s (U)F(yiAyu)x )=, hence g° = f(yj(yu)x )g. This means
that (y) (ux ;9 = (yux ;f(y; (yux)g = f(y;) (v) ( (u)x;9)
by the description of the action of G, on n G given ipqLemma 3-3. This
shows that the -action ° on X Gisgivenby °(y) = f(y;); (y) ,which
is the original  restricted 6 the bundle over X , namely : I GoG(X).
Hence the homomorphism 0 corresponding to the I-equivariant G-bundle
Pp= (I G ¥ X ) with chosen sections f g is precisely I GiSp,.
This proves that the correspondence (3-4) is onto.

Finally, we show that the correspondence (3-4) is injective. Let ;:P; ¥ Z;
for i = 1,2 be two I'-equivariant G-bundles such that corresponding homomor-
phisms ; and », after making some choices (sj;t;) for i = 1;2, are conjugate
by an element 2 Go&,,. We then have the following commutative diagram.

PLb —n G—In G 1 P,
5 (1t1) s s (s2it2)
? ? ? ?
=yY =y 1(y) =y 2(y) =yY
PP —n G—In G—1 P,
(s1;t1) (s2:t2)

The composition > of the horizontal maps is a G-bundle isomorphism. The
commutativity of the diagram shows that > : P; - P, is a G-bundle map
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commuting with the action of I'. Hence ” is a I-equivariant G-bundle isomor-
phism. This shows that the correspondence in (3-4) is injective. This completes
the proof. |

Next we discuss isomorphisms between I -equivariant G-principal bundles. Re-
call that for any point p 2 P, we can associate a homomorphism ,:H () 2
G. This homomorphism completely characterize the I'-G bundle P -2 Z when
the base is a transitive I-set.

Proposition 3-4 (1) Let ; : P; -2 Z; be I-equivariant G-bundles for

i=1;2. Let ” : P, ¥ P, be I-equivariant G-bundle isomorphism. Then for
every p; 2 Py, letting p, = " (p1), we have

(3-6) pp= p HAG

where H =H ) =H ,p,) [ istheisotropy subgroup at 1(p:) 2 Z; and
2(p2) 2 Z5.

(2) Conversely, if there exists p; 2 P, and p, 2 P, such that , = ,, and
if Z; and Z, are transitive I'-sets, then there exists a unique [I-equivariant

G-bundle isomorphism ~ : P, ¥ P, such that ~(p1) = p>.

Proof The I-equivariant G-bundle isomorphism ~ induces a I"-isomorphism
= :Z, % Z, on the base sets. Hence isotropy subgroups at x; = 1(p1) and
X2 = 2(p2) = 7(X1) must be the same subgroup of I which we call H. Let
the homomorphisms associated to points p; and p, be 1; ,:H ¥ G. For
any h 2 H, I-equivariance of ” and the de nition of , imply that ”(hp.) =
h”(p1) = hpz = p2 2(h). On the other hand, G-equivariance implies that
Z(hp) = 7 p1 1(h) = ~(p1) 1(h) = p2 1(h). Since the G-action on P, is
free, we have ,(h) = »(h) for all h 2 H. This proves the rst part.

For the second part, we rst show uniqueness of ”. Suppose a I'-equivariant
G-bundle isomorphism ~ : P; -8 P, such that *(p1) = p» exists. Then it must
have the property ”(up1g) = uppg forall u2T and g 2 G. Since Z; and Z,
are transitive I-sets, the actions of T G on P; and P, are transitive. Thus
the above identity uniquely determines ”. This proves uniqueness of ~.

For existence, since ,, = p, = ,say,wehave P, —T G =1 P,, where

1 2
are I-equivariant G-bundle isomorphisms in Lemma 3-2 such that ”;([1;1]) =
upig for i = 1;2. Then > = 7, ’1_1 is the desired I'-G isomorphism. This

completes the proof. O
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Next, we classify I'-equivariant G-bundles over transitive I-sets. Let :P 1
Z besuch a bundle. For z 2 Z, let H, be the isotropy subgroup at z. Then the
collection of homomorphisms ,:H, 8 G forall p2 ~1(z) forms a complete
G-conjugacy class, that is, an element in Hom(H;; G)=G in view of (3-5). The
normalizer N-(H,) acts on this set of conjugacy classes by conjugating H,.
For each point z 2 Z, we consider the set of Ni-(H;)-orbits in Hom(H;; G)=G.
This gives us a bundle of sets:

(3-7) 1 aHom(HZ;G):(Nr(HZ) G) 1 z:
z22Z

This bundle ' depends only on the I'-set Z. The above argument shows that
for any I-equivariant G-bundle P over Z, we have an associated section .
of ! whose value at z 2 Z is the Nr(H,)-orbit of the G-conjugacy class
[ p] 2 Hom(H;; G)=G for any p 2 ~!(z). Note that for any P over a I'-
transitive set Z, this section  is determined by its value at any single point
z222Z,since , for p2 ~!(z) determines | for any other point p’ 2 P when
Z is I-transitive by (3-5). We show that this section . of the bundle !, or
equivalently, its value at any point of Z, determines the I'-G isomorphism class
of the bundle :P -8 Z for a I'-transitive set Z.

Proposition 3-5 Let ;:P;j -2 Z be I'-equivariant G principal bundles over
the same transitive M-set Z for i = 1;2. Then the following statements are
equivalent:

(1) Two bundles P, and P, are isomorphic as I"-equivariant G-principal bun-
dles.

(2) Forsome zo 2 Z, we have 5 (z0) = »,(20) 2 Hom(Hz,; G)=(Nr(Hz,)
G).

(3) Forallz22Z,wehave ; (z)= 5,(2) 2Hom(H;;G)=(Nr(H;) G).

Proof (1) ) (3): Let ” : P, - P, be a I'-equivariant G-bundle isomorphism.
For any pp 2 Py, let po = “(p1), and 1(p1) = z1, 2(p2) = z2. Since
the induced I -isomorphism ™ on Z is such that =(z;) = (z»), the isotropy
subgroups at these points are the same H;,, = H,, and since I acts transitively
on Z, we must have z; = uz; for some u 2 Nr(H;,). To compare . and
», Over the same point zy, let p} = u=tpg™! 2 P, for any g 2 G. Then
both p} and p; are points above z;. Let ; = o, for i = 1;2, and § =
. Then by (3-5), we have »(uhu™') =g~* %(h)g for all h 2 H,,. Since
”(p1) = p2, by Proposition 3-6 we have 1 = 5. Thus, we have (uhu™?) =
g~t %(h)g for all h 2 H,,. This means that » (z1) = [ 1] =[% = &,(21)
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in Hom(H,,; G)=(Nr(Hz,) G). Since p; 2 P; can be an arbitrary point, we
have ., = 5, as sections of the bundle ¥. This proves (3).

(3) D (2): This is obvious.

(2) > (1): Suppose for some zg 2 Z, we have  (Z0) = #,(Zo). this means
that for any choices of points p; 2 7(z0) and p2 2 ,*(z20), there exists
u 2 Nr(Hy,) and g 2 G such that j(uhu™t) =g~ ,(h)g for all h 2 H,,.
Here we put ; = ,, for i =1;2. Let p) = upyg 2 P2. Then, letting 5 = o,
we have %(uhu™t) = g~ ,(h)g for all h 2 H,, by (3-5). Thus, we have
1= % :H, & G. By the second part of Proposition 3-4, there exists a
unique I -equivariant G-bundle map ~ : P; - P, such that ”(p;) = p%. Note
that the induced '-map ™ on Z is such that ™(zg) = uzg, and zp and uzg
have the same isotropy subgroups. This completes the proof. O

Remark We can also think of the above situation in the following (better)
way. When Z is a transitive I'-set, we consider a bundle over Z:

a
(3-8) Hom(H;; G)=G 1 Z:

227
Any [ -equivariant G bundle . P X Z gives rise to a section s, whose

value at z 2 Z is the G-conjugacy class f pgp> —1(;). Now this section s,
is ["-equivariant. Here the result of an action of u 2 I on f 2 Hom(H; G) is
given by uf 2 Hom(uHu™%;G) de ned by (uf)(uhu™!) = f(h) forany h 2 H.
Thus dividing by the action of I, each bundle P determines a unique element
[se] whose representative is given by (z) 2 Hom(H;; G)=(Nr(H;) G) for
any z 2 Z. Proposition 3-5 says that this element classi es the I-equivariant
G-bundle isomorphism class of P X Z.

Reformulating this proposition, we have the classi cation theorem of I"-equivar-
iant G-principal bundles over transitive I"-sets.

Theorem 3-6 (Classi cation of '-G bundles) Let G and I' be any groups.
Then there exists the following bijective correspondence:
(3-9)

Isomorphism classes of I-irreducible G- 1:

a
¥ )= :
principal bundles over I -sets of order n ! Hom(HG)=(Nr(H) G):

[Hln
where [H], runs over the set of conjugacy classes of index n subgroups of I".

If we allow I -irreducible G-bundles over arbitrary not necessarily nite I"-sets,
then the bijective correspondence is still valid without the niteness restriction
on jI=Hj on the right hand side.
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4 Centralizers of homomorphisms into wreath prod-
ucts

Let : ¥ GoS, = G, be a homomorphism into a wreath product. In this
section, we determine the structure of the centralizer of the image of in Gp.
Of course this is a purely group theoretic problem, but we found it illuminating
and simpler to consider this problem from a geometric point of view.

From the proof of Theorem 3-1, given as above, there exists a I"-equivariant
G-principal bundle :P - Z over a I'-set Z of order n such that for appro-
priate choices of a section s : Z ¥ P and a bijection t: n ¥ Z, we have the
following commutative diagram of groups and homomorphisms.

r — I
2 2
? ?
PY Yy
Autg(P) —1 GoS,
(s;v)

Here the bottom arrow is the one induced by a trivialization (s;t):n G =P.
Now any element in the centralizer C( ) G corresponds, under (s;t) , to
a G-bundle automorphism of P which commutes with the action p of I' on
P. These are I'-equivariant G-bundle automorphisms of P which we denote
by Autr.c(P). This proves the following lemma.

Lemma 4-1 Let : I -8 GoS, be a homomorphism. Let P % Z
be any TI-equivariant G-bundle whose isomorphism class corresponds to the
Gn-conjugacy class [ ]. Then we have C( ) = Autrg(P).

When the base Z is a transitive I -set, we have called :P 8 Z a T -irreducible
G-bundle. In this case, the group ' G acts transitively on the total space P .
Our next task is to describe -G automorphisms of a I -irreducible G-bundle.
By Lemma 3-2, such a bundle is of the form P =T G2 Z=TH
for some subgroup H I and some homomorphism :H -2 G. We have the
following obvious exact sequence:

11 Autrg(P )z ¥ Autrc(P ) Autf(2) I 1

Here Autr_g(P )z is a subgroup of Autrg(P ) inducing the identity map on
Z. The group AutP(Z) is a subgroup of the group Autr(Z) = HnNr(H) of
IM-automorphisms of Z which extend to -G automorphisms of P .
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Remark Since H is a normal subgroup of N-(H), it does not matter whether
we use right cosets HnN(H) or left cosets N-(H)=H : they are the same group.
We use right cosets notation here only because it is more appropriate due to the
formula of the isomorphism : HnNr(H) = Aut(Z) in the proof of Theorem
4-2.

For :H ¥ Gasaboveand u2 Nr(H), let “:H -2 G be a homomorphism
de ned by conjugation by u, thatis, “(h) = (uhu™?) for h2 H. Let

(4-1) N-(H)=fu2Nr(H)j “and are G-conjugateg:

This subset of Nr-(H) is easily seen to be a subgroup of N-(H). Another way
to think about N-(H) is as the isotropy subgroup at [ ] of the N-(H)-action
on Hom(H; G)=G.

Theorem 4-2 For :H -2 G,let P 2 Z(=TI=H) be the associated I -
irreducible G-bundle. Then Autrg(P )z = Cg( ) and Autf (Z) = HnN(H).
Thus, the group of N'-G automorphisms of P ts into the following exact
sequence:

(4-2) 14 Co( ) Autrg(P )X HaN (H) 1 1:

Let po =[1;1] 2 P . For any ¢’ 2 Cg( ), the corresponding -G automor-
phism ~q of P is given by ~ 4 (upoeg) = up0g°_1g forany u2rl and g 2 G.

Proof First note that when ¢’ 2 C( ), we have , o1 = ¢ L
where ,, = . Hence by Proposition 3-4, the map ”4 given above is indeed a
IM-equivariant G-bundle isomorphism inducing the identity map on the base Z.
This givesusamap C( ) ¥ Autr.g(P )z. This can be easily checked to be an
injective homomorphism directly from the de nition of ” 4. To see that this is
a surjective map, let > : P -2 P be a I'-equivariant G-bundle automorphism
of P inducing the identity map on Z. Then ”(po) is a point in the same bre.
So " (po) = pog(’_l for some unique g° 2 G. By Proposition 3-4, we must have

po = poge—1- BY (3-5), this means that g’ 0o (Mgt = y(h) forany h2 H.
Thus, ¢g° 2 C( ). This proves that C( ) = Autrg(P )z.

Let zo = [H] 2 I=H. Recall that the isomorphism : HnNr(H) ¥ Autr(2)
is given by  (HU")(uzp) = uu’™*z. If ' 2 N-(H), then by de nition (4-1)
there exists g° 2 G such that (u""*hu®) = g~* (h)g® for any h 2 H. This
means p, = o-1p,ge DY (3-5), where po = [1;1] 2 P . Then by Proposition
3-4, there exists a unique I-equivariant G-bundle isomorphism ~ : P ¥ P
such that ~(upog) = u(u’ *pog®)g for u 2 I and g 2 G. The induced I-
map on the base Z is ™ (uzg) = uu’ "'z, Thus, any element in the image of
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the subgroup HNN-(H) under lifts to a '-G-map of P. There are jC( )j
many choices of such lifts. Thus by restriction, we have a well de ned injective
homomorphism ’: HnN (H) - Aut?(Z). To see that this map is surjective,
let = : Z 8 Z be a I-equivariant isomorphism induced from a '-G map
P 4 P . Suppose (po) = U 'pog’ for some u’ 2 I and ¢’ 2 G.
Then the M-map ™ on Z is given by ™ (uzp) = uuo_lzo. By Proposition 3-4,
po = w-ipyge- This means (W thu’) =g~ (h)g’ for all h 2 H by (3-5).
This in turn means that u’ 2 N-(H) by (4-1). Hence we have = = °(HU),
and this shows that ° is surjective. Thus ° is an isomorphism of groups.
This completes the proof. O

We give another description of Aut?(Z). Recall that given a I-equivariant
G-bundle : P X Z, we have a section s, of the bundle (3-8) over Z. Let
Dp (Z) be the set of all I"-automorphisms of Z which leaves s invariant:

(4-3) Dp(Z)=f :Z - Zj is [-equivariant bijection and s, =5S.0:

We show that any element in D (Z) extends to a I"-equivariant G-bundle map
of P . For the next proposition, we do not have to assume that Z is a transitive
I-set.

Proposition 4-3 Let : P -8 Z be a IN-equivariant G-principal bundle
over a (not necessarily transitive) I'-set Z. With the above notations, we have
Autf (Z2) = Dp (2).

Proof Let ”:P - P bea IN-equivariant G-bundle automorphism. We show
that the induced map ™ on the base is in Dy (Z). Since ™ is a '-map, for any
p 2 P, isotropy subgroups at (”(p)) and (p) are the same. By Proposition
3-4we have -y = p. Now,sp “( (P)) =1[ -l =1 pl =se( (p)) for any
P2P. Thus s, ™ =sp,and = 2 Dy (Z). This proves Autf(Z) Dp(Z).

For the other direction<of inclusion, let : Z 8 Z be a '-map such that
Se =S,. Let Z = Z be the I-orbit decomposition of Z, and let the
corresponding decomposition of -G bundles be (P 2 Z2) = (P X Z).
The M'-map  permutes orbits of the same type. We pick any point z 2 Z,
say, z 2 Z . Let (z) =z 2 Z.. Thus isotropy subgroups at z and 2z’
are the same, say H. Since s, (z) = se(2), for any points p 2 ~1(2)
and p” 2 (2% we have [ p] = [ ] in Hom(H;G)=G. Thus there exists
g 2 G such that o =g pg~1. By (3-5), letting p® = p'g we have o = .
Hence by Proposition 3-4, there exists a unique I-equivariant G-bundle map
> :P - Py, such that * (p) = p¥. Since the induced "-map on the base
is such that = (z) = (%) =2’ = (2) and both Z and Z . are transitive
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[-sets, we have = = jz :Z X Z.. We repeat this construction for the
remaining Z ’s, and we get a IM-equivariant G-bundle map * : P X P lifting
. Hence 2 AutP(Z). This completes the proof. |

Next we give an alternate description of the structure of the group Autr.c(P )
when the base set of P is a transitive '-set. This description is more direct
than the one in Theorem 4-2. We take the point of view that (u;g) 2I' G
acts on p 2 P from the right by p (u;g) = u~pg. The isotropy subgroup
at pp =[1;1]1 2P is f(h; (h)) jh 2 Hg = H, so that as aright ' G-set,
P =Hn(" G) using right cosets.

By Proposition 3-4, we have a bijection P fp2P j o= g3 Autrg(P)
as sets. When p = u™!pog, by (3-5) we have p(h) = g~ (uhu=t)g for all
h 2 H. We consider a subset T of N-(H) G I G consisting of pairs
(u;g) such that the corresponding point p = u~'pgg has the property that
p = . Namely, let

(44) T =Ffu;g)2N(H) Gjg ! (uhu™t)g= (h); forall h 2 Hg:

From this de nition, we see that if (u;g) 2 T , then it follows that u 2 N-(H),
in view of its de nition (4-1). We can easily check that T is a subgroup of
N-(H) G.

Another way to look at T is as follows. Let (u;g) 2 Nr(H) G act from
the right on an element f 2 Hom(H; G) by [f (u;g)](h) = g~ *f(uhu~1)g for
h2H. Then, T N-(H) G is the isotropy subgroup at . This makes it
clear that T is indeed a subgroup.

We have the following diagram:

onto

r e P
Hn
% X
? ?
T 21 fp2Pj ,= g —1 Autr(P)
Hn as sets

where all vertical maps are inclusions. This shows that Hn"T = Autrg(P ) as
sets. The correspondence is the following one. For (u;g) 2 T , it corresponds to
a point u—!pgg 2 P . This point corresponds to a -equivariant G-bundle au-
tomorphism ”(,.qy of P characterized by *(,.q)(Po) = U~*pog by Proposition
3-4. In fact, this bijective correspondence is as groups.
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Theorgm 4-4 Let an injective homomorphism : H X T be given by
(h) = h; (h) for h2 H. Then, Im is a normal subgroup of T , and the
group of I-equivariant G-bundle automorphism of P ts into the following
exact sequence of groups:

(4-5) 14 H TD-{I Autrg(P ) 1:
Here, for (u;9) 2 T , itsimage j (U;9) = (u.g) Is a [-equivariant G-bundle

automorphism of P given by *.q ([v;Kk]) = [vu=*;gk] for any v 2 I and
k 2 G. In particular, HnT = Autr.c(P ) as groups.

Proof For %e rst part, forany h2 H and any (u;g) 2 T , we have
(u;9) h; (h) (u;g)™t = (uhu™*;g (h)g™") = uhu™; (uhu™) ;
where the second equality holds because (u;g) 2 T . Since u 2 Nr(H), we

have uhu™® 2 H. This proves that the isomorphic image of H under in T
is a normal subgroup.

For the second part, it is straightforward to check that the map j described
above is a homomorphism with kernel (H). Since the bijective correspondence
HnT = Autr.g(P ) described earlier is precisely the one induced by j above,
this correspondence is an isomorphism of groups. This completes the proof. O

We also have a related exact sequence involving T . Almost by de nition (4-4),
we have T N-(H) G. Projection to N-(H) is onto by de nition (4-1),
and we have the following exact sequence of groups:
(4-6) 19 Ce()AT ANMH)T L
Dividing by the left action by H, we recover (4-2). Here, note that H \ C( )
is trivial in T .
Theorem 4-2 and Theorem 4-4 deal with the group of IM-equivariant G-bundle
automorphisms of a I-irreducible G-bundle P . Next we describe the IN-G-
automorphism group of a general I-equivariant G-bundle : P - Z, where
the base set Z is not necessarily a transitive I-set, nor a nite I'-set. Any such
bundle decomposes into a disjoint union of I"-irreducible G-bundles, and these
irreducible bundles are classi ed by Theorem 3-6. For each conjugacy class [H]
of subgroups of I, and for each conjugacy class [ ] 2 Hom(H; G)=(N-(H) G),
let r(H; ) be the number of isomorphic copiesof P =TI G ¥ =H appearing
in the decompositionof :P ¥ Z. Let P[H; ] be the sub-bundle of P of type
(IHLT D. Thus P[H; ] is isomorphic to a disjoint union of r(H; ) copies of
P A= (HELD & (HY;[ '), then there are no -G isomorphisms
between P[H; ] and P[H’; °]. Furthermore, it is elementary that

Autrg(P[H; ]) =Autrc(P )0S,; y:
Combining these results, we nally obtain the structure theorem for Autr.c(P).
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Theorem 4-5 (Structure of I'-G automorphism groups and centralizers) Let

: P -1 Z be a I'-equivariant G-principal bundle over a I'-set Z. Let r(H; )
be the number of isomorphic copies of P =T G X H appearing in the
irreducible decomposition of P 8 Z. Then,

Y Y
(4-7) Autrg(P) = Autrg(P )0&rh; y;
MHIT]

where [H] runs over all conjugacy classes of subgroups of I, and for a given [H],
[ ] runs over the set Hom(H; G)=(Nr(H) G). The structure of Autr.g(P )
is described in Theorem 4-2 and Theorem 4-4.

For a given homomorphism : I -8 GoG,, let :P X Z be a -G bundle
whose isomorphism class corresponds to [ ] under the correspondence (3-4).
Then the centralizer Cg,,( ) is isomorphic to Autr.g(P) given in (4-7).

5 Generating functions of orbifold Euler character-
Istics of symmetric products: exponential formulae

In this section, we let G be a nite group and let M be a G-manifold. Let
”(M;G) be an arbitrary multiplicative orbifold invariant of (M;G). Let I
be ar]:;lrbitrary group. We are interested in calculating the generating func-
tion | ,9"7-(M";Gp) of the I'-extended orbifold invariant of symmetric
products of an orbifold. Here G, = Go&, is a wreath product and

X .
(5-1) (MG = 7M7) Cg, ()
[ 12Hom(I;Gn)=Gn
Let : I -2 G = GoS, be a homomorphism. Calculating the above invariant
involves identifying xed point subset (M™)" ¥, and calculating the centralizer

Cg, () together with its action on the xed point subset. These tasks can be
done geometrically using I'-equivariant G-principal bundles.

Given as above, let : P 2 n be a I'-equivariant G-bundle over a set
n = f1;2;:::;ng equipped with a section s : n 2 P such that the natural
action , of ' on P corresponds to  through the G-bundle trivialization

s:n G & P induced by s . Note that the I"-action on n comes from

via the composition with a projection ' 2 GiS, ¥ &, = Aut(n). Such
a -G bundle . P ¥ n together with section s was constructed in the
proof of Theorem 3-1 in two di erent ways. Let S[P s M] be the set of
sections of the brebundle pm :P oM - n. This set can be identi ed with
the set of G-equivariant maps 2 Mapg(P; M) satisfying (pg) = g~ (p)
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forall g 2 G and p 2 P. A G-automorphism ”> 2 Autg(P) acts on 2
Mapc(P;M) by ()=(C"YH ()= =1, Thus, through ., u 2T acts
on Mapg(P;M) =S[P gM]as (™) . On the other hand, we have an

identi cation Mapg(n G;M) ¥ M" by evaluation at 1 2 G. Since u2 I
actson n G as (u), the action of u 2 ' on Mapg(n G;M) = M" is
given by (u™!) . As we remarked earlier after Lemma 3-3, this action of I" on
M" is precisely the one given in (3-2). Since s: P -8 n G is [M-equivariant
with respect to . and , we see that the I action on S[P ¢ M] corresponds
precisely to the I action on M"™. The situation can be summarized by the
following diagrams.

S[P ¢ M] = Mapg(P;M) —1 Map(P;M) =S[P g M]

o) p(U™t) o)
5 5
:ys :ys
M" = Mapg(n G;M) ———18 Mapg(n G;M)=M"
(u™1) =u

Here, horizontal arrows denote actions of u 2 I'. From this, the rst part of
the next proposition is clear.

Proposition 5-1 Let :I 4 GoS, be a homomorphism. Let P -1 Z
be a I-equivariant G-principal bundle whose isomorphism class corresponds to
the conjugacy class [ ]. Then we have (M™)" ' = S[P g M]", where the right
hand side is the set of I'- xed sections.

Let P =T _G % [=H be an irreducible IM-G-bundle. Then we have
S[IP M =M1,

Proof We only have to prove the second part. Any sectionof P M ¥ =H
is represented by a G-equivariant map :P - M satisfying (pg) =g~ (p)
forall p2 P and g 2 G. This section is [-invariant if (u™*p) = (p) for all
u2l and p 2P . Since I acts transitively on the base /H, such a I'-invariant
G-equivariant map  is uniquely determined by its value at pp = [1;1] 2 P .
This value (po) 2 M cannot be any point in M. Forany h2 H T, using
I-invariance of , we must have (po) = (hpo) = po (h) = ()1 (po).
Thus, (po) must belong to (H)-invariant subset of M. This gives us an
injective map S[P g M]" & M 1,

To see that this map is surjective, let x 2 M" ' be any h i- xed point in M.
Let a I-invariant G-equivariant map x : P - M be de ned by a formula

x(U™tpog) = g Ix forall u2 I and g 2 G. To see that this well de ned,
let ul_lpogl = uz_lpogz. Then there exists a unique h 2 H such that u, = hu,
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and g2 = (h)gz. Then g, *x = g7t (h)™*x = g;*x, since x 2 M" I, This
proves that  is well de ned and the above correspondence is a bijection. This
completes the proof. O

From this proposition, the next corollary is straightforward.

Corollary 5-2 Let r(H; ) be the number of isomorphic copiesof P X
=H appearing in the irreducible decomposition of a IM-equivariant G-principal
bundle :P - Z. Then

Y Y[ . .
(5-2) SIP o M]" = mh i,

HIT]

Furthermore, the action of Autr.c(P) on the above set respects [H]-[ ] product
decomposition described in (4-7).

< “ref)

Proof Let[P X Z]= [P ¥ '=H] be the irreducible decomposition
HI[]

of P ¥ Z. Since the I-action respects the decomposition of P - Z into

irreducible bundles, we have
Y Y &)
S[P oM = SIP s M]":
HI[]

From the second part of Proposition 5-1, the isomorphism (5-2) follows.

Since there are no -G isomorphisms between P 8 =H and P o« ¥ =H’ if
(HL;[ D & ((HL;[ ") by Classi cation Theorem 3-6, the action of the I'-G au-
tomorphism group Autr.g(P) respects [H]-[ ] decomposition. This completes
the proof. m|

Next we describe the action of Autrg(P ) on M" i, By Theorem 4-4, an
arbitrary element in Autrg(P ) is of the form ” .4 for some (u;g) 2 T .
This pair (u;g) is unique up to the left action by H, in view of Theorem 4-4.

Proposition 5-3 The left action of ”(,.q) 2 Autrg(P ) on x 2 M" ! =
SIP g M]" is given by *(.q)(X) = gx.
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Proof By de nition, the left action of > 2 Autrg(P )on 2 Mapg(P ;M) =
S[P & M] is given by the composition ~( ) = 71 Forany x2 MM 1,
let 4:P -2 M be the I'-invariant G-equivariant map such that 4(pg) = X.
When (u;g) 2 T, we have g~ (uhu=t)g = (h) for any h 2 H. Since
u2 Nr(H), we have uhu™! 2 H. Since the correspondence Mapg(P ;M) =
M" T is given by evaluation at p, 2 P , we evaluate ” ol x) = x (ulg)

at po. Here I'-G map 7 () is characterized by ”(u.qy(Po) = U™ 1pog. Thus
(o) = upogt. Now, x T lo(Po) = x(UpogTh) = g x(Po) = gx.
Hence the action of * gy on X is givep-by (u;q)(X) = gX. Indeed, gx 2 Mh
because for any h 2 H, (h)(gx) =g g~ (h)g x =g (u"thu)x = gx, since
x 2 M" 1. This completes the proof. i

Note that when (u;g) 2 T , theglement g 2 G is not necessarily in C( ),
rather it is in the normalizer Ng (H) , which can be seen from the de nition
(4-4) of . Ingeneral, the subgroup fg 2 G j (u;g) 2 T g is a preper subgroup
of Ng (H) . The last part of the above proof says that N (H) acts on
the h i- xed point subset M" T,

We now calculate the generating function of the invariants *-(M"; G,,) given
in (5-1) for n 0. An actual explicit concise formula depends on individual
properties of ”. However, the next formula applies to any ~

Proposition 5-4 Let ”(M;G) be a multiplicative orbifold invariant of a G-

manifold M. Then .
< YYh> !

(5-3) "7 (M";GiGy) = @I (MM DY Autrg (P 06,
n 0 [HI[] r O

where [H] runs over the set of all the conjugacy classes of subgroups of I, and
for each given [H], [ ] runs over the set Hom(H; G)=(N-(H) G).

Proof First, we rewrite the right hand side of (5-1) in terms of I"-equivariant
G-bundles. By Theorem 3-1, each conjugacy class [ ] 2 Hom(I"; G,)=G,, corre-
sponds to an isomorphism class of I -equivariant G-principal bundle P over a
M-set Z of order n. Furthermore, using Lemma 4-1, Theorem 4-5, Proposition
5-1, and Corollary 5-2, we have

> n. _x’ I:I r.
F(M™;Gp) = S[P & MJ] ;Autrg(P)
[P]
jZj=n
X'vv o
= T (MM YD Autr g (P )G y
fr(H; )g[H] []
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where the second summatiggl is over all possible sets of non-negative integers
fr(H; )9y 7 such that [H][ ]jF=er(H; ) = n. Taking the summation
over all n 0, we have

9" r(M";Gp) = I )= o Hr ) Autr g (P )& w:
no r(H; ) O[H] [ ] .
Yth jr=Hj . hi !
= qJ > (M I)r;AUtr_G(P IGH
HI[]l roO
This completes the proof. O

Recall that we have two kinds of orbifold Euler characteristics given in (1-3).
We apply formula (5-3) with *(M;G) = °2®(M;G), for various I arising as
fundamental groups of real 2-dimensional surfaces which are orientable or non-
orientable, compact or non-compact. In the next section, we apply formula
(5-3) to - (M;G) [Theorem 6-3]. We will see that these formulae are closely
related but very di erent.

Theorem 5-5 Let G be a nite group, and let M be a G-manifold. For any
group I, we have

> h>< qrn>< oi
no r 1 _H
jrHj=r

where the second summation on the right hand side runs over all index r sub-
groups of I'.

Proof We apply formula (5-3) with > = °®: By de nition of °®(M;G) in
(1-3), we have )
Y YyYhx>x [ !
qn ?rb(Mn;GOGn) — qJF=er orb (Mh ')r;AUtr_G(P )OGr
n 0 [HI[] r O
_ Y'Y qur:er (MP Ty
[H] [ ] r o jAUtr-G(P )j'r!
_ YYexp girHi (MM
M1 [ ] jAutrG(P )j
cep g _wmh
JAUtr (P )j

r 1 [H] []
jHj=r
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In the last formula, [H] runs over all conjugacy classes of index r subgroups of
I, and for a given [H], [ ] runs over the set Hom(H; G)=(N-(H) G).

Since the centralizer C( ) is the isotropy subgroup of the conjugation action
by G on Hom(H;G) at , we have #( ) JC( )j = jGj, where () is the G-
conjugacy class of . Similarly, since N-(H)=H is the isotropy subgroup of the
N-(H)=H -action on the set of G-conjugacy classes Hom(H; G)=G at ( ), the
length of the N-(H)=H -orbit through ( ) is jN-(H)=N (H)j. Now we continue
our calculation. By Theorem 4-2, jAut-.g(P )j =jC( )jjN-(H)=Hj. Thus, for
a xed [H], we have

X urh X MM 2> jNc(H)=Hj (M" 1)
(JAutre(P)i  ICONINF(H)=H] | INF(H)=H] JCC)iiNr (H)=H]
_ 1 X (Mhi)= 1 X (Mhi)

INF(F)=H] JCOI ~ iNe(H)=H]  #() jC()j
X
: - MM 1) = L orb(\M: G):

~ jN(H)=HjGj iN-(H)=Hj

Here, [ ] runs over the set Hom(H; G)=(Nr-(H) H), ( ) runsover the set of G-
conjugacy classes Hom(H; G)=G, and runs over the set of all homomorphisms
Hom(H; G). The last equality is due to formula (2-4).

We convert the summation over the conjugacy classes [H] of index r subgroups
to a summation over index r subgroups H. Since there are jT=Nr(H)j elements
in the I-conjugacy class [H],

<X 1 > 1

orb . — orb .
—_— M;G) = - - - M; G
N G =TI A =N TN D= TR
jrHj=r ir=Hj=r
— 1 Orb(M.G) — Ex Orb(M.G).
jrHj " ' r H T
H H
jrHj=r jrHj=r
This completes the proof of formula (5-4). m|

The above formula implies that to calculate the orbifold Euler characteristic
orb(MM: GoG,,) of the n-fold symmetric product of an orbifold, we need to
know °®(M;G) for every subgroup H of " whose index is at most n.

We specialize this formula. Letting M = pt, we obtain the following combina-
torial formula:

>< niHoM(T Go&n)j _ - 2< 07" < jHom(H: 6)j©
(5-5) q — =exp — — :
- jGjnn! I S €]
jrHj=r
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This formula can be used to compute the number of homomorphisms into
wreath products.

Next, we let G be a trivial group in (5-4). Then we get
> hX r i M
n orb n q . M)
(5-6) " PPMT G = exp gD
n 0 r 1
where j(I") is the number of index r subgroups of I". This formula shows that
when M varies, 2°(M";&,) depends only on the Euler characteristic (M).
Further specializing this formula to the case M = pt, we get a well-known
combinatorial formula [15, p.76]:
>< L iHom(T; Gp)j h><gr
an(—In)J = exp q__]r(r) :
n! r
n 0 r 1
A related combinatorial formula can be found in physics literature in the context
of partition functions of permutation orbifolds [1].

(6-7)

We apply formula (5-4) to various groups I" to deduce numerous consequences.

(i) Higher order (p-primary) orbifold Euler characteristic

These are orbifold Euler characteristics associated to T =279 or I' = Zg, where

Zyp is the ring of p-adic integers. The case I = Z¢ corresponds to the case
in which the manifold is a d-dimensional torus T9 in our consideration of
twisted sectors (2-11) and (2-12).

We need to know the number j.(I") of index r subgroups for these groups
. This is well known, and we discussed these numbers in our previous paper
[17, Lemma 4-4, Lemma 5-5].

Lemma 5-6 (1) Foranyr landd 1, we have
< <
(2= rr o orghoand ez = m jm(Z07):

rirz rq=r mjr

(2) Foranyr Oandd 1, we have

- d X‘z‘ d—1) : d x . d—1

Jorzg) = p2p?e plT and jur(Z) = P Jp (Z9TY:

S 0 < r

One of the main results in [17] was the inductive calculation of the generating
function of (M";G18,) for ' = Zd;Zg. (See Theorem 6-5.) Now with
our general formula (5-4), the proof of the formula of generating functions for

f O°(M";Go6n)gn o with I = Z%Z3 is a straightforward corollary. Note
that our proof of (5-4) was by a direct proof, not inductive proof.
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Theorem 5-7 Let G bea nite group and let M be a G-manifold. Ford 1,

hY ) . i Orb(M;G)
0" FMNGIS) = (- T
(5‘8) n><0 hr\(l ) 41 1 oab(M.G)
Q" SP(M";GeSn) = (1—gP) I BT
n 0 r 0

Proof First note that for any r 1, every index r subgroup of Z¢ is isomor-
phic to Z9, and any subgroup of Zg has index a power of p and any index p"
subgroup of Z$ is again isomorphic to ZS. Thus, by (5-4),

hx r i

Q" AMGE) =exp L (Z) %P(M;G)

n 0 r 1
h>< 4r i om M;G)
= eop  Ti@h T
r 1
For the remaining part, using the inductive formula in Lemma 5-6, we have
h>< qr. i h>< qr < _ i
exp ?Jr(Zd) =exp -~ m im(@Z%7h)
r 1 r 1 mjr
h > qu‘ i Y a1
= exp jm(Z%71) - = (1 —qm)Im@ 0,
m 1 1 m 1
Similarly for the p-adic case. This completes the proof. O

The d = 0 case in the above is elementary, and the formula was given in (2-10).

(ii) Higher genus orbifold Euler characteristic (orientable case)

Let g4+1 be a real 2-dimensional closed orientable genus g + 1 surface. Its
fundamental group is the surface group 441 described in (1-7). By covering
space theory, conjugacy classes of index r subgroups of Ig+; are in 1:1 cor-
respondence with the isomorphism classes of r-fold covering spaces over g+1.
By Hurwitz’s Theorem, or by a simple argument using Euler characteristic, we
see that any such r-fold covering space of g+ is a closed orientable surface
of genus rg + 1. Hence any index r subgroup of Ig+; is always isomorphic
to Nrg+1, although they may sit inside of the group Iy+1 di erently, and their
conjugacy classes can be di erent. A direct application of Theorem 5-5 gives
the next theorem.
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Theorem 5-8 Let g 0. The generating function of the genus g + 1 orbifold
Euler characteristic of the n-th symmetric orbifold is given by

=< hX Jr( +1)
(5-9) q" 2P (MM GoSn) =exp  ¢f TS 0P (M;G)

r rrg+1
n 0 r 1

oi

The above formula requires that we know the numbers j,(Ig+1) for g 0.
By letting M = pt, we get the rst combinatorial formula in (1-14). Further
letting G be trivial, we get

Xq Hom(lg+1; 6n)J h>< jr(rg+1)qri.

n! r
n 0 r 1

(5-10)

The left hand side was given in (1-15) in terms of the character theory of &,,.
Thus, jr(Ig+1) is, in principle, calculable.

(iii) Orbifold Euler characteristic associated to free groups

Let ' = Fs4+1 be a free group generated by s+ 1 elements, s 0. Any index
r subgroup is isomorphic to F,s+1, a free group with rs + 1 generators. This
can be most easily seen geometrically using covering spaces, as follows. Let
S be a torus with s disjointly embedded discs removed with s 1. Then

1(S) = Fs+1. Any conjugacy class of an index r subgroup corresponds to
an isomorphism class of an r-fold covering space S which is a torus with rs
disjointly embedded discs removed. Hence 1(S) = Fys+1. Thus, any index r
subgroup of Fs41 is again a free group isomorphic to F,s+1. Note that any
two index r subgroups of Fsi1 are not necessarily conjugate to each other,
although they are abstractly isomorphic. Again applying Theorem 5-5 directly,
we get

Theorem 5-9 Lets 0. Then
> >N (Fera) o1
(5-11) q" 2° (M";GiS,) = exp sl oob (M:G) g

r Frs+1
n 0 r 1

Now we let M = pt in the above formula. Since Hom(F;G) = G", we have a
following combinatorial formula

< h><
(5-12) 4" (Gi" N1 = exp q”r(F%“) Gij s,
n 0 r 1
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How do we calculate j,(Fs+1), the number of index r subgroups of a free group
Fs+1? Letting jGj =1 in (5-12), we get a well known formula [15, p.76]

=< h>< & i
(5-13) q"(n!)° = exp qrjir(FSH) ;

n 0 r 1 r
This formula determines j,(Fs+1) from known quantities. Actually, the formu-
lae (5-12) and (5-13) are easily seen to be equivalent.

(iv) Higher genus orbifold Euler characteristic (non-orientable case)

Let Nh+» be a closed non-orientable (real 2-dimensional) surface of genus h+2
for h 0. The fundamental group h+2 = 1(Nnh+2) is described by (1-9).
We apply Theorem 5-5 with ' = 4,. Since N; = RP? has fundamental
group Z=2, this case directly follows from (5-4). Here we only consider non-
orientable surface groups of genus 2 or greater. First we need to know more
about subgroups of h+o. We discuss this using covering spaces of Np+o.

For r 1, by examining Euler characteristic, we can easily see that any r-
fold connected covering space of N4, is either non-orientable (= Nyn+2) Or
orientable (= %hﬂ), and orientable covering spaces can occur only when r
is even. We call subgroups of 4+, corresponding to connected orientable
covering spaces orientable subgroups. Let j,.( nh+2)" denote the number of
index r orientable subgroups of 4. Similarly, let j,.( n+2)” denote the
number of index r non-orientable subgroups. The surface Nn+, has a unique
orientable double cover 41, and any orientable cover of Np4, is a cover of

h+1. This means that jogd( nh+2)" = 0 and jor( h+2)" = Jr(Th+1) for all
r 1land h 0. Now we apply Theorem 5-5.

Theorerg(S-lO Let h 0. Then h>< "
(5-14) q" O, (MM GiGn) =exp  jr( ne2) °F,(M:G)
"o = 2r_ - rb rb
+ ?Jl’(rh+l) ?rh+1(|\/I ’ G) - 02rh+2(|\/I ’ G)
r 1

Proof Theorem 5-5 implies that
>

q" o (M";GoSy)
n o “h< q" . b : — orb
=exp  — Jr( ne2)” ?r%hH(M;G)"'Jr( h+2)" °.,(M;G)
r 1
We only have to rewrite this formula using jr( h+2)" = Jr( n+2)—Jr( n+2)",
and a fact that jr( h+2)" = jz(Inh+1) when r is even and je( h+2)" = 0
when r is odd. O
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How do we calculate the number j,( h+2)? We let M = pt and let G be a
trivial group. Then the above formula reduces to
>< _jHom S0 h>< gr i
g ( 2|+2 n) = exp q?Jr( h+2)
n o ' r i

(5-15)

By using the character theory of &G, one can show that for all h —1,
jHom( he2;SR)j _ < n h

n! dimV
[V]2Irred(&n)

(5-16)

The above two formulae determine j.( nh+2). The formula (5-16) is a special
case of Kerber-Wagner Theorem [9]. Their formula for a general nite group
G, instead of &, is

jHom( hs+2;G)j _ ><  jGj

h-- h+2.
(5-17) Gi 2()"5

2lrred(G)

where ",( ) is the Schur indicator de ned by ",( ) = PQZG 92)=jGj. Itis
well known that ",( ) = 1 if is of real type, "»( ) = 0 if is of complex
type, and ",( ) = -1 if s of quaternionic type. For details of this fact, see
[2, p.100]. Itis well known that any representation of G, is of real type so that
"( ) =1 for any irreducible character of &,.

Remark The formulae (5-10) and (1-15), and formulae (5-15) and (5-16) are
very similar. By comparing these formulae it is immediate that j,(Mh+1) =
jr( 2n+2) forallr 1 and h 0. However, this does not necessarily mean that

?grEl(M 'G) = °;2+2(M :G). In fact, they are in general di erent, although in

some cases they coincide. See (5-22) for an example of such a case.

(v) Klein bottle orbifold Euler characteristic

We specialize our formula (5-14) to h = 0 case. The corresponding non-
orientable closed surface N, is the Klein bottle. By the remark above, we
Eve jr(T) =jr( ) forall r 1. Since by Theorem 5-6, j (1) = jr(Z?) =
gr = 1(r), the sum of positive divisors of r, the formula (5-14) reduces to
q" °P(M"; GoG,)
n 0
> gr b
=exp () °(M;G)+

<o
2r
r 1 r 1

() %P(M;G)— °P(M;G)

M

Rewriting exponentials in terms of in nite products as in the proof of Theorem
5-7, we obtain
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Theorem 5-11 Let G be a nite group and let M be a G-manifold. Then

(5-18) ) ) : -
an orb(Mn'GOGn) — Y(l_qu)IT PP (M;G) Y 1+q" i orzb(M;G)-
2 1 :

n 0 r 1 r

1 1_qr

Letting M = pt, we obtain a combinatorial formula for the number of homo-
morphisms from the fundamental group of a Klein bottle into a wreath product:

anjHom( 2, G0GR)j

5-19 S~
( ) 0 iGj"nt . 1 .
Oy T dtjHomrue)Eici Y 14q  2IHom( 2iG)iiG)
= 1-9°) 1—q :
_— _— q
Letting G be trivial in (5-18), we get
= n orb n hY ‘ - (M)
(5-20) q" PMN 6= (1-q) :
n 0 1
On the other hand, when d = 2 and G is trivial, formula (5-8) reduces to
> b Y - (M)
(5-21) q" 2’M"6R) = (1-4q") ;
n 0 r 1

Comparing the above two formula, we see that 2'°(M";&,) = °°(M"; &,,)
for all n 0, since 1 = Z2. This is no coincidence. In general, using (5-6)
and a fact that j,(Fg+1) = jr( 29g+2) for g 0, r 1 (see the remark at the
end of (iv) in this section), we get

> x
(5_22) qn orb (Mn,Gn) — qn orb (M n’en), g 0:

fg+1 2g+2
n 0 n 0

6 Orbifold invariants associated to I-sets and gen-
erating functions: in nite product formulae

In section 5, we calculated the generating function Pn 004" (M, GoSy) for
*(M;G) = °P(M;G), where G is a nite group, M is a G-manifold, and
" is any group. In this section, we investigate the generating function with
M;G) = (M;G) = (M=G). The latter orbifold Euler characteristic is
more closely tied to geometry of G-action than the former.

P
To describe the generating function | ;9" ~(M";GoGn), we need to intro-
duce a notion of generalized orbifold invariants associated to transitive I"-sets.
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Orbifold invariants associated to general I'-sets will be described later in this

section in (6-13). Let H " be a subgroup of nite index. Then the ”-

orbifold invariant associated to the I-isomorphism class of a I'-transitive set
H is de ned by

defX L1 hi

(6-1) ,[F:H](M;G) = > M I;AUtF-G(P ),

[ 12Hom(H;G)=(Nr(H) G)

where P =T G -% I=H isa I-irreducible G-bundle, and Autr.g(P ) is
the group of I-equivariant G-bundle automorphisms of P described in Theo-
rem 4-2 and Theorem 4-4.

When H =T, the conjugation on homomorphisms I8 G by N(IN) =T is
absorbed by the conjugation by G. Hence we have Hom(I"; G)=(N(I") G) =
Hom(I"; G)=G. Also in this case, Autr.g(P ) reduces to Cg( ): see (4-2) for
example. Hence _(M;G) = *(M;G), recovering the I -extended orbifold
invariant.

When G is a trivial group feg, is the trivial homomorphism and Autr.g(P )
reduces to the group of I'-automorphisms of the I'-set I=H, that is HnNr(H).
Thus, 7 =y;(M;feg) = > M;HnNr(H) , where HnNr(H) acts trivially on M
by Proposition 5-3.

The above de nition (6-1) may seem rather unusual, but it is the correct one.
For example, the set over which [ ] runs has already appeared in the classi-

cation theorem of I-irreducible G-bundles in Theorem 3-6, and the above
de nition is closely related to this theorem.

To explain the origin of the de nition, we consider the map
: Hom(IM; GRL)=G, X Hom(l"; 6,)=6q;

induced by the projection map G, ¥ &y,. Since the set Hom(I™; 6,)=6, can
be regarded as the set of isomorphism classes of I"-sets of order n, for any index
n subgroup H of I, we may regard [FH] 2 Hom(I"; 6,)=6,. The meaning of
" r=1(M; G) is clari ed by the next proposition.

Proposition 6-1 For any subgroup H of index n in I, we have

> x > I:I nyh i
(6-2) (M G) = (M"Y 5 Ca, ()
[ 12 ~2([r=HD)

where : Hom(I"; GL)=G,, ¥ Hom(I"; 6,)=6 is the obvious map.
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Proof We rewrite the quantity in the right hand side in terms of I"-equivariant
G-bundles. By Theorem 3-1, any element in  ~%([=H]) is an isomorphism
class of a I-irreducible G-bundle over the I'-set #H. By the Classi cation
Theorem 3-6 this set is in 1:1 correspondence with Hom(H; G)=(N-(H) G),
and the isomorphism class of the I -irreducible G-bundle correspondingto [ ] 2

~1([r=H]) is the isomorphism class of P X I'H,where :H X Gis
constructed from  (see the proof of Theorem 3-1), essentially by restriction to
the isotropy subgroup H I'. Using Lemma 4-1 and Proposition 5-1, we have

C] . < ., .
TMM ECe,() = T MM B Autro(P ) ;

[ 12 ~1(r=H]) []
where [ ] runs over the set Hom(H; G)=(N-(H) G). Then formula (6-1)
completes the proof. m|

Note that ”,;(M; G) is a partial sum of the summation de ning *-(M"; G,)
in (5-1). The situation here will be clari ed in (6-14) after we de ne ”;(M; G)
for general I'-set X.

We calculate an example of an orbifold invariant associated to a IN-set. We
denote an orbifold invariant ,4(M;G) by ©@(M;G). This is the d-th order
orbifold Euler characteristic of (M;G) discussed in [17].

Lemma 6-2 Let I' be an abelian group, and let d 0. Let (M;G) be as
before. Then for any subgroup H of nite index in I, we have

(6-3) @ ,(M;G) =jr=Hj* ©M;G):

[=H

In particular, —,(M;G)= L(M;G), if I' is abelian.

Proof Let :H -2 G. To calculate [(fj)ﬂ(M;G) de ned in (6-1), we need to
understand the group Aut.g(P ). The group T given in (4-4) is, in our case,
isomorphic to '  Cg( ) since I is abelian. Then, by Theorem 4-4 we have
Autrc(P )=HnT =T C( ). From this, jAutr.g(P )j = jIHjjC( )j and
> 1 I%IMh iy i
.r:|_|.. - 1
[] JEHICO)) za+1-2r c()

>0 QPN
OaM;G) = @MMEr o c() =

[r=H]
[]

where the last equality is due to (2-4) and (2-5), and [ ] runs over the set
Hom(H; G)=G, where H is abelian. By Proposition 5-3, the image of the
natural map 2 I C( ) acts trivially on M" ', Let fyigiorq [ be
the representatives of of the coset IFH. Then '  C( )= 5y Vi)C().

Note that two elements (yi,)g91 and (Yi,)g2 inT  C( ), where g1;92, 2C( ),

Algebraic & Geometric Topology, Volume 3 (2003)



836 Hirotaka Tamanoi

commute if and only if g; and g, commute in C( ). Thus the above summation
becomes

2 < Tdan iy o < o,
jrd—ljjwjr:deﬂ MMy = e @ MM ()
1 O:Zd“’l—! c() []

=jr=Hj" P (M;G):
Letting d = 0, we obtain the last statement. This completes the proof. O

F)
Now we calculate the generating function | ,q" ~(M";G0G,).

Theorem 6-3 Let G be a nite group and let M be a G-manifold. For any
group I, we have

P
X Y - r=+1(M;G)
" (M™ GG = (1—g) T !

(6-4) n 0 >r<1 O
where 1 4y(M;G) = M" =Autr.c(P ) :

[ 12Hom(H;GXN(H) G)

Here in the summation in the right hand side of the rst identity, [H], means
that H runs over all the conjugacy classes of index r subgroups of I, and the
action of Autr.g(P ) on M" ' in the second formula is described in Proposition
5-3.
When T is an abelian group, P

x Y - n(MG)
(6-5) 9" (M™% G&r) = (1—g")"r ;

n 0 r 1
where in the summation in the right hand side, H, means that H runs over all
index r subgroups in .

Proof For (6-4), by Proposition 5-4 and Macdonald s formula (2-9), We have
X Y Yh

>
n (MM GiS,) = gi™=Hir (|v|h N Autr.g(P )06,
n 0 [HI[] r O
Y Yh> o 0
= g TSP M '=Autr (P )
PP )
YY [H] [ ] r- 0 Y _ (Mh I;Autr_G(P ))
— (1—gi™i)~ M" '=Autrc(P ) — (1—q") tHrL ) :
HI[] ri

where in the last summation [H], runs over all the conjugacy classes of nite
index in I, and [ ] runs over the set Hom(H; G)=(Nr-(H) G). Notice that the
summation over [ ] in the exponent in the last line exactly gives ~,(M;G).
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When I is an abelian group, the formula (6-5) follows from (6-4) in view of
Lemma 6-2 with d = 0. Since I' is abelian, each subgroup H is its own
conjugacy class [H]. This completes the proof. |

Note that in the corresponding formula for 2™ given in (5-4), the summation
there was over subgroups H rather than conjugacy classes [H] used in (6-4).

Remark From the above proof, one might think that the concept of orbifold
invariant associated to a nite IM-set is just a convenient symbol representing
a complicated summation given in the right hand side of (6-1). However, as
we will see in section 7, this concept has a de nitely natural geometric origin
analogous to twisted sectors discussed in section 2.

Letting M = pt or letting G be trivial, we immediately have the following
corollary.

Corollary 6-4 (1) For any group I' and any r|1:i)te group G, we have
> Y — JHom(H;G)=(Nr(H) G)j
(6-6) q"jHom(I;Gn)=Gnj= ({1 —q") HIr :
n 0 r 1
Furthermore, when I is abelian, we may omit the term Np(H) from the above
expression.

(2) For any I' and any manifold M, we have
=< h~ i
(6-7) " (MG = (1-q)®
n O r 1
where u,(I") is the number of conjugacy classes of index r subgroups of I".

)

The proof for (1) is straightforward. For (2), all we need to note is that when the
group G is trivial, (6-1) gives that [ ,(M;feg) = (M;HnNr(H)) = (M),
since the group HnNr(H) acts trivially on M by Proposition 5-3.
If we further specialize (6-7) to the case M = pt or if we let G = feg in (6-6),
then we obtain th)e(following well known forr\n}JIa [15, p.76]:
(6‘60) q"jHom(I"; 6)=6nj = 1- qr)—ur(r):

n 0 r 1
Recall that jHom(I"; 6,)=6,j = jHom(IT  Z; &n)j=n!. The above formula can
be used to calculate the number of conjugacy classes of a given index in the
orientable surface group Iy+10f genus g + 1, in the free group Fs+q on s+1

generators, and in the non-orientable surface group p+2 of genus h +2. We
discuss details in section 8, where a general formula to calculate u,(I") is proved.

We apply Theorem 6-3 to various groups " to obtain various results.
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(i) Higher order (p-primary) orbifold Euler characteristic of sym-
metric orbifolds

Suppose ' = 79 or Zg for d 0. Then the corresponding I -extended orbifold
Euler characteristic is what we call higher order (p-primary) orbifold Euler
characteristic denoted by “*(M;G) or (?(M;G), respectively, in [17]. Since
any index r subgroup H of Z9 is isomorphic to Z9 forany r 1, we get the fol-
lowing theorem as a direct consequence of Theorem 6-3 for abelian I". Similarly
for the case I' = Zg. In [17], the same theorem was proved by induction.

Theorem 6-5 Forany d 0, we have

hy i @
q" OM":GiG,) = (1_qr)_jr(Zd) (M;G)
no -
(6-8) > hy . i O
C|n ,ﬁd)(Mn;Go6n)= (]__qp )—Jpr(Zp) p :
no o

Proof All we need to note is that since ' = Z9 is abelian, we can apply
formula (6-5), and that the number u,.(Z%) of conjugacy classes of index r
subgroups of Z9 is the same as the number j,(Z%) of index r subgroups. The
corresponding statement for Zg is also valid. O

(ii) Higher genus orbifold Euler characteristic of symmetric orbifolds

A direct application of Theorem 6-3 to the case ' = I'g+1 for g 0 gives the
following.

Theorem 6-6 Let g 0. Then, with [H], as beflg)re,

rg+2+1(M:G)

x . Y o
(6-9) q" ., (M%GGn) = (1—q") Hr
n 0 r 1

Although all index r subgroups of I'y+1 are isomorphic to each other (= INyg+1),

they may not be conjugate to each other. This is why we cannot be any more

concrete than the above expression. In the formula (6-6) with ' = T444,

normalizers of index r subgroups appear. The size of the normalizer Nr_,, (H)

can be di erent for di erent [H] of the same index. Geometrically, the group

N-(H)=H is the group of deck transformations of the covering space rq+1 ¥
g+1 corresponding to the conjugacy class of the index r subgroup H. Thus
iry+1(M; G) really depends on the conjugacy class [H].
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The summation in the exponent of the right hand side of (6-9) can be thought
of as a summation over all isomorphism classes of index r covering spaces over
g+1. See section 7 for details.

A similar formula is valid when I is the fundamental group h+2 of non-
orientable genus h+ 2 closed surface, or a free group Fs+; on s+ 1 generators.
We omit their explicit expressions here. Again, any further analysis requires
information on normalizers of subgroups.

(iii) Higher order higher genus orbifold Euler characteristic of sym-
metric orbifolds

We combine the previous two cases and consider the generating function for

the invariant °(M;G) = ,a (M;G). This equality is due to (2-2). We also
consider the case for .

Theorem 6-7 Forany d 0 and any I, with [H]- as before, we have

-P(d)
Y h b (MG
Q" (MM GSL) = (L—qn) I e
610 3¢ D2 R SR (VRS
" MM GSn) = (L= gP ) Ter ) -
n 0 r O

‘1

Proof By Proposition 5-4 and Theorem 6-5, we have

< YYh>x . i
" OM";GiGy) = g HIT @ (MM ' Autrg (P )Gy
n 0 [H1I[] roO
Y Yhy I @M Lautr (P )

(1 — qrirHiy=ir @)

NS
h i @
=Y 4 qiryaees| Eae)
P
Vv i Mo

(1- qr‘)—jr(Zd) [H-

“1r 1

here, for the third equality, we summed over [ ] 2 Hom(H; G)=(Nr(H) G),
and for the fourth equality, we rst summed over conjugacy classes of index *
subgroups of I". The case for % is similar. This completes the proof. O

Algebraic & Geometric Topology, Volume 3 (2003)



840 Hirotaka Tamanoi

The generating functions of two types of orbifold Euler characteristics of sym-
metric orbifolds given in Theorem 5-5 and Theorem 6-3 seem very di erent.
But by (1-5), these two orbifold Euler characteristics are related by a simple
formula 2 (M;G) = (M;G). Thus we expect to get a nontrivial identity
by comparing these two formulae of generating functions. We compare these
two formulae for M = pt. The corresponding formulae are (5-5) and (6-6).

Now, applying (2-6) to the wreath product G, we obtain
jHom(I'  Z; Gp)j
iGnij
This is the link between (5-5) and (6-6). By directly comparing the right hand
sides of corresponding formulae, we obtain the identity:

= jHom(I"; Gn)=Gnj:

(6-11) SC PNSC 0 Y —PjHom(H;G)=(Nr(H) G
a7 JHOM(K G Y oy e :
exp - i = 1—-q") .
r1 K 15 ri
[ Z:K]=r

Expanding this identity, we see that the following proposition must hold. Al-
though the identity (6-11) is its proof, we also give a group theoretic proof to
show what kind of group theoretic ingredients are involved.

Proposition 6-8 Let G be a nite group and let ' be an arbitrary group.
Forany r 1, we have
XijHom(K;G)j >< X 0
J-(T)J = °  JHom(H;G)=(Nr(H) G)j :
[r ZKl=r 15 ‘jro [H]

(6-12)

jreHj="
hen G is trivial, this formula reduces to a well-known formula j.(I' 7Z) =
“ u<(N).

r

Proof Let ‘jr. For an index “ subgroup H I and Z2 N-(H)=H, let

Kz = f(w;ra=") 2Np(H) Zjw=2z%inNr(H)=Hg I Z:

Then K.z isasubgroup of index r in ' Z, and any index r subgroup of ' Z
is of this form [16, p.140]. Thus, index r subgroups of I Z are parametrized by
the pair (H;Z), where the index of H divides r and Z is an arbitrary element in
N-(H)=H. Let z 2 N-(H) be any element whose reduction mod H is Z. Then
any element in K.z is of the form (z;r=*)2 (h;0) 2 N-(H) Z for some
unigue a2 Z and h 2 H. Now let K(H;@—! G be a homomorphism. Let

= ju :H X G be its restriction. Let (z;r=‘) =g 2 G. Since we have
(z;r=*)(h; 0)(z; r=")"1 = (zhz7*;0) in K.z, we have g (h)g~* = (zhz™?)
in G. This means that %, de ned by ?(h) = (zhz™!) for h2H, and are
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G-conjugate, which we denote by * . Conversely, givenany :H -1 G
and any g 2 G satisfying a relation g (h)g—?! = (h) for any h 2 H, we can
de ne a homomorphism : Kz 2 G by (z%h;ra=*) = g® (h). Since
for a given :H - G such that * , there are jcq:,)j choices of g 2 G
satisfying g g~ = %, we see that jHom(K.z); G)j = JC()j, where the
summation runs over all : H ¥ G such that * . Hence,

> jHom(K: G _ > Xje()j _>jc) >,

Z2N(H)=H IG) Z2N (H)=H :H-¥ GJGJ HAG 1G] Z2N(H)=H

><icQi. X 1 . X _
= g INr(H)=Hj= mJNr(H)zHJZ N (H)=Hj:
:H—!GJ J HAG ( )2Hom(H;G)=G

Here ( ) denotes the G-conjugacy class of . The third equality above is by
de nition of N-(H) in (4-1). On the other hand, jHom(H; G)=(Nr(H) G)j is
equal to the number of orbits under the Nr(H)-action on Hom(H; G)=G. At
() 2 Hom(H; G)=G, the isotropy subgroup of N-(H)-action is N-(H). Thus,

jHom(H;G)=(Nr(H) G)j=  15( )-orbitj= jN(H)=Nr(H)j

( )2Hom(H;G)=G ( )2Hom(H;G)=G
. X . #[H] ><jHom(K:7); G)j
= (5Np(H)=H]) NG (H)=Hj = = T
( )2Hom(H;G)=G Z2N(H)=H 15

where j( )-orbitj denotes the length of the N-(H)-orbit in Hom(H; G)=G
through (). The last equality is by the above calculation. Since index r
subgroups of ' 7Z are parametrized by pairs (H;Z), where H is a subgroup
of I whose index divides r and Z 2 N-(H)=H, we have

> jHom(K; G)j _ <2< < jHom(Khi7); G)j

[ zZKl=r G} jr H- Z2N (H)=H G}
= o #[H]JHom(H,G)-(Nr(H) G)j
xx - -
= ‘jHom(H; G)=(N-(H) G)j:
jr [H]-
This completes the proof. O

From the proof, it is clear that K.z is a semi-direct product H x Z, where
Z Kz is a subgroup generated by the element (z;r=*) 2 Ky7).
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We next describe orbifold invariants associated to general IN-sets. Let X be
any I-set of order n. Then for any given multiplicative invariant >(M; G), we
de ne the orbifold invariant associated to the I-isomorphism class [X] by

(6-13)

> def ,D r 208 ,D nyh i
x1(M;G) = SIP ¢ M] ;Autrg(P) = MM Y Ce, ()
P¥x] [12 ~2(XD

where the rst summation is over all isomorphism classes of I'-equivariant G-
principal bundles P over X, and : Hom(I'; GL)=G, - Hom(l"; §,)=6, is
as before. When X is an empty set ;, we let >.(M;G) = 1. The second
isomorphism is due to Theorem 3-1, Lemma 4-1 and Proposition 5-1. The
details of the proof are similar to the proof of Proposition 6-1. We could de ne
" =11(M; G) by the above conceptual formula instead of (6-1), but (6-1) is more
explicit. The geometric de nition (6-13) in terms of I-equivariant G-principal
bundles has an advantage in its simplicity.

In view of Theorem 3-1 and (6-13), generating functions for ”- and 7, are
related by

>< >
(6-14) q"7-(M";GiGn) = 797 (M G);
n O X1

where on the right hand side, [X] runs over the set of all the isomorphism
classes of nite I-sets.

Next we discuss multiplicativity of ~;(M;G) with respect to [X]. Itis not true
that we have ”;(M;G) = 7 ;(M;G) 7,;(M;G) whenever X =X; X;.
However, when X; and X, are \prime" to each other, namely when X; and
X, do not contain the same I -transitive sets in common in their decomposition
into IM-orbits, the above multiplicativity is valid.

Proposition 6-9 Let *>(M;G) be a multiplicative orbifold invariant for
(M;G). Let I" be a group. For any nite IN-set X, let X = [H]r(H) ™=H be
its decomposition into I-orbits, where r(H) is the number of I'-orbits which
are isomorphic to =H. Then

Y
(6-15) “a(M;G) = " v (M G):
[H]
Consequently, the generating function (6-14) decomposes into a product
> Ynx o
(6-16) 0" -(M"; Go&p) = ¢ (M G)
n 0 [H] r O
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Furthermore, the generating function of ~, ,(M;G) for r 0 is given by
> YN . o

(6-17) 9" vy (M; G) = q"r (M" D Autr (P )&,
r 0 [T r O

where [ ] runs over the set Hom(H; G)=(Nr(H) G).

Proof For any I-equivariant G-bundle P over X, let Py be the part of P

above r(H)[=H]. Then, using the multiplicativity of *( ; ), we have
X O
“sa(M;G) = 7 S[P g M]";Autrg(P)

P¥ x]
XY [

= > S[Pu o M]"; Autrg(Ph)

P31 x][H]
Y X [ Y

= “SPu o MIGAUtrc(PH) = raorean(M;G);
[H] [P r(H) F=H] [H]

where in the fourth expression, [P] rums over the set of all isomorphism classes
of IM'-G bundles over the I"-set r(H)[=H]. The formula (6-16) follows from this.

The proof of (6-17) is analogous to the argument in the proof of Proposition
5-4, and goes as follows. For any I-equivariant G-bundle over q"I=H, let r be
the number of I-irreducible G-bundle P ¥ =H appearing in the irreducible
decomposition of P, where [ ] 2 Hom(H; G)=(N-(H) G). Then, decomposing
IM-equivariant G-bundles P ® r TI=H according to [ ], we have

X XY [, .
4" e (M; G) = d T (M" D Autra (P )06,
r o r o r=r[]

XY

= q" 7 (M" D" Autra(P )06,
r 0[]
YN ., . o

= "7 (M" ) Autr(P )06,
[1] r O

This completes the proof. O

Note that formulae (6-14), (6-16), and (6-17) essentially give a proof of Propo-
sition 5-4, from the point of view of I"-sets.

Next we examine the case in which G is the trivial group. We have already
discussed this case for a transitive I'-set X. The proof of the following lemma
is straightforward.
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Lemma 6-10 With the same notations as above, suppose G = feg, the trivial
group. Then

- Y .
(6-18) =1 (M feg) = M HANR(H) 06wy
[H]

where HnNj(H) acts trivially on M. For the case of the orbifold Euler char-
acteristic, we have

Y [
(6-19) o (M; feg) = SP"M(m) -
[H]

In particular, if X is a transitive I'-set, then (M;feg) = (M).

7 Orbifold invariants associated to covering spaces

Let be a connected manifold and let M be a G-manifold where G is a nite
group. In section 2, we considered a twisted space I. (M;G) de ned by

(7-1) L (M;G)= = Mapg (P; M)=Auts(P) ;
[P]

where [P] runs over the set of isomorphism classes of G-principal bundles over

, and Autg(P) is the group of G-bundle automorphisms inducing the identity
map on the base . Let ' = 1( ). We de ned the orbifold invariant associ-
ated to a group I in (2-1) as the orbifold invariant of the subset of L. (M;G)

consisting of locally constant G-equivariant maps described in (2-14):
. . O > S
(7-2) r(M;G) = orb L (M;G)c. = M" 5 C()
[ 12Hom(I";G)=G

where |.c. stands for \locally constant."

We generalize the above construction of the twisted space . (M; G) associated
to  to twisted spaces associated to nite covering spaces of . Let
0% Dbea (not necessarily connected) nite covering space of . The idea
of constructing twisted spaces in this new context is the same as before: we
consider liftings of maps Map( °;M=G) to maps from G-principal bundles P
over “to M. Solet :P & 0 pea G-principal bundle over ° and
consider the set Mapg(P; M) of G-equivariant maps from P to M. Now the
equivalence relation we introduce among these maps is di erent from the one
in section 2. Given two G-maps y; : P ¥ M and y, : P, 2 M, y; and
y2 are said to be equivalent in the present context if there exists a G-bundle
isomorphism  : P; ¥ P, inducing a deck transformation of ® over  such
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that y, = vyi. We call such a G-bundle isomorphism over a covering
space =

Let Autg(P) « be the group of G-automorphisms of P over the covering
space % . The set of equivalence classes denoted by L. . (M;G) is our new

twisted space associated to the covering space % . Thus,

aA
(7-3) Le (M;G)= Maps(P;M)=Auts(P) «

T
ke
P

Here the disjoint union runs over the set of all G-bundle isomorphism classes
over the covering space & in the above sense. We consider the subset of
locally constant G-equivariant maps:

A
(7-4) L e (M;G)c= Mapg(P;M) c=Auts(P) =
PE e

Here note that the group Autg(P) « still acts on the space Mapg(P; M), ..

of locally constant G-equivariant maps. By de nition, the orbifold invariant

associated to a nite covering ' -  is the "-invariant of L o (M;G), .,

viewed equivariantly rather than as a quotient:

(7-5) L] defx L1

1o (MiG) = o L e (M;G)1c = 7 Mapg(P; M) Autg(P) «
PE e

We analyze quantities appearing in the above formula to prove the following
theorem, which is the main result of this section.

Theorem7-1 Let , : "8 bea nite (not necessarily connected) cover-
ing space over a connected manifold  with a base point xo. Let ' = 1( ;Xp).
Let X = 2(0 be the bre over xo 2 , and let [X] be its isomorphism class as
a M-set. Then, the orbifold invariant associated to the covering % de ned in
(7-5) is equal to the orbifold invariant associated to the isomorphism class of
the M-set [X] de ned in (6-13):

(7'6) ,[ L ](M1G) = ,[x](M;G):

The invariant ” . ,(M;G) is multiplicative in the following sense. Let
4 and ,: %%  Dbetwo coverings over . Suppose ¢ and % do
not contain any isomorphic connected coverings in common. Then

(7-7) "1 o 9= ](M;G) =7 9= ](M;G),[ 9= ](M;G):
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Since any nite -set X can be a bre of some nite covering space ¢ =
€ X & | where € is the universal covering space of , the identity (7-6)
gives a geometric meaning of orbifold invariants associated to I"-sets in terms
of covering spaces. The formula (7-7) corresponds to the formula (6-15) for
orbifold invariants associated to I'-sets.

To prove Theorem 7-1, we rst recall some basic facts on (universal) covering
spaces. Let e : € & be the universal covering space of , and let xg 2

be a base point. Let ' = 1( ;Xo) be the fundamental group of . One
convenient description of ~ is the following one:
(7-8)

€ =f(x;[y])jx2 and [y] is the homotopy class of a path y from X to Xqg:

We can introduce a suitable topology on € so that the projection map € ¥
is a covering map. In this description, the point (x;[y]) 2 € is the end point

of the lift in € of y~! starting at the natural base point yo = (Xo; [Cx,]) Of €,
where ¢y, is the constant path at Xo 2 . The fundamental group I acts from
the right on € as deck transformations by

e r—u e
1
Gyl & vl s

where [ ] 2 ['. This action is well de ned because y is a path from x to the

base point xo and is a loop at xo. Here, we regard € as a right " -principal
bundle. This is the reason why we let I act on € on the right. On the other
hand, the group I also acts on the bre By, = e 1(xo) from the left by

(7-9)

T B 1B
[ ] (%o lyD & (Xo;[ 1lyD):

Again, this is well de ned because the path y is now a loop based at xqg. Note
that for a given y = (Xo;[y]), the result of the actionof [Jony, [] vV, is
the end point of the lift in € of ~! starting at y. Obviously, the left action
of ' on B, and the right action of I" as deck transformations restricted to
Py, , commute. In some literature, the action of I" on the bre is de ned from
the right. We decided to use the above left action in this paper to make it
explicit that the action of I on the bre commutes with its action on € as deck
transformations.

(7-10)

The story is similar for any connected covering space o : -8 . Any
such ! is isomorphic to a covering space of the form €=H for some subgroup
H I, determined up to conjugacy, and can be described as ° = f(x; [y]H)g
where x 2 and [y] is the homotopy class of paths from x to the base point
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Xo. The point yg = (Xo;H) 2 ° can be used as the natural base point of
U= €=H. The group of deck transformations for the covering space °-%
given by G( "= ) = Nr(H)=H acts on ? from the right, and I" acts on the

bre Fyx, = 2 (xo) over Xo from the left in the same way as for €:
711) O M Fyx, —¥ Fy, |0:| (N(H)=H) —1 ?
[ I (xo;[yIH) & (Xo;[ 1lyIH); CGIyIH): [ IH 2 OGIVIE TH):

For any y 2 Fx,, the point [ ] y 2 Fx, is obtained as the end point of the
liftin ®of ~1 starting at'y 2 Fy,. Similarly, given y = (x;[y]H) 2 °, the
result of the action of the deck transformation by [ ]H on vy is the pointy [ JH
obtained as the end point of the liftin  ? of y~? startingat [ ] yo = (Xo;[ H).

If s not connected, the above facts apply to each connected component.
Note that the intersection of a connected component of ° with the bre Fy,
is a single I"-orbit.

Next we study basic properties of G-principal bundles over covering spaces. Let
0:P & " pea G-principal bundle over a not necessarily connected covering

space Yover . Let = 0. P -8 . Thisis a covering space over
on which G acts as a group of deck transformations. Let Py, = ~1(Xo)
and 8(0 = ¢ (Xo) be bres over xo. Then P,, has the structure of a I'-

equivariant G-principal bundle over 2(0. It is easy to see that the bundle P
is completely determined by its bre Py, in the following way.

Proposition 7-2 Let ":P @ 0 be a G-principal bundle over a covering
space . : '@ | where isa connected manifold with a base point Xo.
The the bre Py, has the structure of a I-equivariant G-principal bundle over

2(0, and ":p & is determined by the I-equivariant G-bundle structure
of the bre Py, 1 2(0. That is, we have the following commutative diagram:

€ Py 1T P
2 G 2
? ?
Yy Yy
(7-12) e p L ——1 !
o Np(H)=H
? ?
Yy Yy
€ oy —1

Here the top horizontal map is a G-equivariant map sending (X;[y];p to
p’ 2 P over x 2 obtained as the end point of the lift in P of y~! starting
at p 2 P. The middle hgrizontal map is Np-(H)=H -equivariant map sending

< yD); Xos [ H) to x;[yll 1H .
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Proof The proof is routine. So we only give a brief proof for the top horizontal
map. First we check tﬁt this correspon(ﬁme iswell de ned. Forany [ 12T,
we consider two pairs  (X;[y][ I);p and (x;[yD;[ Ip in © Py,, and compare
the corresponding points in P given by the procedure described above. The
point p° corresponding to the rst pair is the end point of the lift in P of
(y )"t = ~ly~! starting at p. Since [ ] p is the end point of the lift in P of

—1 starting at p, the point p is the same as the end point p® of the lift in P
of y~1 starting at [ ] p. But p” is also the point corresponding to the second
pair above. This proves that the top horizontal correspondence is well de ned.

For G-equivariance, the point corresponding to [(X;[y]);p] is the end point p;
of the lift el_l in P of y~! starting at p. Now the point corresponding to
[(x;[y]); pg] for g 2 G is the end point p, of the lift g, of y~* starting at pg.
Since both paths el_l g and ez_l are lifts of y~! and have the same starting
point, they must coincide. Hence their end points are the same points and we
have p, = p1g. Hence this correspondence is right G-equivariant.

To see surjectivity, for any point p° 2 P over x 2 , we choose any path g
in P from p’ to a point p in the bre Py, over Xo. Let y be the path in
obtained by projecting ¢ into . So y is a path from x to Xo. Then p" 2 P is
the point corresponding to [(X;[y]);p] 2 € r Px,.

For injectivity, suppose two points [(x1;[y1]); p1] and [(xz; [y2]);p2] in € Py,
correspond to the same point p’ in P. We rst note that x; = (p’) = X,.
Next, let v and y& be lifts in P of y;;y, starting at the same point p° and
ending at p; and p, in Py,, respectively. Then a path g, % g is the lift of a
loop = yz_lyl based at Xqg. So [y1] =[y2][ ] and p2 =[] pi1. This implies

that [(X1; [y1]); pa] = [(Xa; [v2][ Dip1] = [(X2; [y2D): [ 1 pa] = [(X2; [y2D); p2]. This
proves injectivity.

The proof for the middle horizontal map is similar. O

This proposition reduces the comparison of G-bundles over covering spaces to
the comparison of bres as I'-equivariant G-bundles.

Proposition 7-3 Let °-8  beacovering space over a connected manifold

with a base point Xo. Two G-principal bundles §:P; - %and }:pP, % ¢

are isomorphic as G-bundles over the covering space % by an isomorphism
: P1 ¥ P, inducing a deck transformation of % if and only if its restriction

to bres , : Pix, 3 P2.x, IS an isomorphism as I'-equivariant G-bundles
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over the I -set 9(0. Thus, we have the following bijective correspondence:

Isomorphism classes of G-principal bundles

4

(7-13) P X " over a covering space &

1 Isomorphism classes of IN-equivariant
onfo  G-principal bundles Py, ¥ 5

In terms of isomorphisms, we have the following correspondences:

(7-14) Isog(P1;P2) « olnl 150 (P1ixg; P2:xo);
1:
(7-15) Autg(P) « Onz% Aut o (Px,):

Proof The correspondence (7-15) is a special case of (7-14) with P, = P,. The
correspondence (7-13) follows immediately from (7-14) by checking whether the
sets are empty or not. Thus it su ces to prove bijectivity of the correspondence
in (7-14).

Let :P; % P, be a G-bundle isomorphism over the covering space &

Since is an isomorphism of covering spaces over ,itinducesa ' = 1( )-
isomorphism of bres P15, and P2.x,. Since s also a bre preserving G-
equivariant map, the restriction , : P1.x, ¥ P2y, is a -equivariant G-
bundle isomorphism. This de nes the correspondence in (7-14) in one direction.

Conversely, suppose we are given two G-principal bundles ; : P; 2 0 for
i = 1;2 together with a I"-equivariant G-bundle isomorphism : Py, ¥ Po.x,
between the bres over Xq. By Proposition 7-2, we have the following G-bundle
isomorphisms over the covering space % between P, and P;:

Pi =€ rPuix 1__! € rPax, ¥ P2
r

This de nes the correspondence in the other direction in (7-14). It is straight-
forward to check that the above two correspondences are inverse to each other.
This completes the proof. O

Combining with Classi cation Theorem 3-6, Theorem 4-2, and Theorem 4-4,

we obtain the following corollary for the case of a connected covering space
|
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Corollary 7-4 Let , : °-@  Dbeaconnected nite covering space corre-
sponding to the conjugacy class [H] in ' = 1( ;Xo), Where xXo 2 is a base
point.
(1) We have the following bijective correspondence:
(7-16)

Isomorphism classes of G-principal bundles

1:% . _ .
0:P & 0 over the covering space & onto Hom(H; G)=(Nr-(H) G):

(2) Let °:P - 0 pea G-principal bundle over a connected covering space
&£ whose holonomy homomorphism is given by a homomorphism :H ¥ G,

unique up to conjugation by G. Then the group of G-automorphisms of P over

the covering space £ (inducing deck transformations on °) is given by

where the structure of the group in the right hand side is described in (4-2) and
(4-5).

Now we go back to (7-5) and examine the space Mapg(P;M),.. of locally
constant G-equivariant maps from a G-bundle P over ¢ into M.

Lemma 7-5 Let °:P 8 £ e a G-bundle over a covering space. Then
for any G-manifold M, restriction of any locally constant G-map :P 2 M
to the bre , : Px, ¥ M over Xo 2 is a -invariant G-map. This
correspondence gives rise to the following bijective correspondences:

(7-18) Maps(P; M)1c. =1 Mapg(Px,;M)" "1 S[P,, o M]";
onto onto

where " acts on M trivially and, S[Px, < M] denotes the set of sections of
the bre bundle Py, cM ¥ J with bre M.

Proof First, we show that the correspondence is well de ned. Let P 4 M
be a locally constant G-equivariant map. Thus, is constant on each connected
component of P . Since the connected component of P is in bijective correspon-
dence with I"-orbits in the bre Py, over Xo 2  (the IM-orbit corresponding to
a connected component of P is obtained by intersecting the component with
the bre Py,), the restriction 4, : Px, - M is constant on each [ -orbit.
Hence , is I-invariant. This shows that the correspondence in (7-18) is well
de ned.

The reverse correspondence is given as follows. For any [ -invariant G-map
:Px, ¥ M, rstwe note that is constant on each I-orbit in Py,. Then,
we can de ne a locally constant G-map : P - M by letting the value of
on a connected component C of P to be (C \ Py,). We can easily check
that the above two correspondences are inverse to each other. This completes
the proof. O
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In the above correspondence, note that the topological condition of local con-
stancy of a G-map : P ¥ M translates to an algebraic condition of I-
invariance of its restriction , : Px, ¥ M toa bre. Note that “IX0) = xo»
where : -8 jisa I-set.

(Proof of Theorem 7-1) By (7-5), Proposition 7-3, and Lemma 7-5, we can
rewrite quantities appearing in the de nition of . ,(M;G) in terms of their
restrictions to the bre over Xg 2

X O
1o ,(M;G) = 7 Mapg(P; M), Autg(P) «
P2 =
X O
= 7 MapG(Pxo;M)r;AUtr-G(Pxo) ;
[Pxs¥ XIrc

where [Py, ¥ X]-c runs over all isomorphism classes of I'-equivariant G-
principal bundles over a I'-set X. But this is precisely our de nition of
" a(M; G) given in (6-13).

Next, we prove the multiplicativity of * o (M;G). Let P 4 §  { bea
G-bundle over a disjoint union of two covering spaces of . Let P; and P,
be the restrictions of P to % and }, respectively. Then the mapping space
splits into a product Mapg(P;M);c. = Mapg(P1;M)1c.  Mapg(P2;M)c..
When § and % do not have common isomorphic component as a cover-
ing space over , the automorphism group also splits: AutG(P)( op 9= =
Autc(P1) . Autg(P2) 9= because there are no nontrivial G-bundle maps

1
between a connected component of P; and a connected component of P,. Thus,

"or o i(MiG) S (MapG(qu P2; M)1c.; Aute (P q P2)( oy oy )
tPrap2— g %]

= [Z 7 <MaPG(P1; M)ic.; Aute(P1) o- >M;.Z 7 <MapG(P2; M)ic.; Aut(P2) o )}

2 B >¥ 9]

=7 0 ](M;G) 7 o ](M;G):
This completes the proof. m|

Theorem 7-1 allows us to rewrite identities (6-14) and (6-4) in terms of covering
spaces over

Corollary 7-6 Let be a connected manifold and let M be a G-manifold for
a nitegroup G. Then, -associated orbifold invariant of the n-fold symmetric
orbifold ” (M"; GoSy), where ' = 1( ), can be written in terms of orbifold
invariants of (M;G) associated to up to n-fold (not necessarily connected)

Algebraic & Geometric Topology, Volume 3 (2003)



852 Hirotaka Tamanoi

covering spaces ’-#  of . In fact, we have the following identity between
two generating functions:

> <
(7-19) "7 (MGG = ¢ I e (M G):

n 0 [ -4 ]

Here ”-(M";Go&n) corresponds to trivial covering =, _ ,(M";GiSp), and the
second summation is over all isomorphism classes of (not necessarily connected)
covering spaces  over

For the case of orbifold Euler characteristics, we even have an in nite product

expansion:

(7s20)

j%)n n. _x'%' . _Y i % i\— o (M;G).
" ((MMGSR)= ¢ T o ,(M;G)= (I—-¢ )T % 1

n O [ oN 1 [ R |

]COHHA

where the product is over all isomorphism classes of nite connected covering
spaces ¥ over

The above identity reveals a close and precise connection between symmetric
products and covering spaces in our particular context.

8 Number of conjugacy classes of subgroups of a
given index

As before, let u,(I") be the number of conjugacy classes of subgroups of index
rin " and let j.(I") be the number of index r subgroups of I". In this section,
we use our combinatorial formulae obtained as corollaries of our topological
formulae to compute u,(I") for various I'. Formulae for u.(I") are known for
the genus g + 1 orientable surface group g+1 [12], the free group on s +1
generators Fs41, and the genus h + 2 non-orientable surface group nh+2 [13].
However, our method quickly gives the same result in a uniform way. In fact,
we prove a formula which applies to any group I to calculate u,(I").

First we recall the formula (6-6°) which relates the numbers u,(I") to the num-
ber of conjugacy glgsses of homomorphisms i\r;co symmetric groups:
(8-1) q"jHom(; Gn)=6nj= (L —qg") U™

n O r 1

We study the left hand side in detail using our formula (5-5) on the number of
homomorphisms into wreath product:

>< niHOM(T; Go&n)j _ < 0" jHom(H: 6)i©
(8-2) q - =exp — — :
. jGjnn! A IG
jHj=r
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The main result in this section is the following formula. Let Z, = Z=rZ.

Theorem 8-1 (1) For any group I, the generating function of the number
of conjugacy classes of homomorphisms into symmetric groups is described in
terms of subgroups of I as follows:

X h >< qm n>< < oi
(8-3) q"jHom(I"; G1)=6nj = exp — jHom(H; Z;)j
no m 0 m rim_ H
jrHj=m=r

(2) The number u,(I") of conjugacy classes of index r subgroups of I satis es
the following recursive relation in terms of subgroups of I":

(8-4) Im(C Z)= r u((N)= jHom(Han; Zr)j;
rjm rim H
jrIHj=m=r

where Hg, denotes the abelianization of H.

Proof Using the second formula in (2-6), we have

jHom("  7;6,)j _ ><jH EFIC()'
. . — JHom :Gn)j JjHom T J
Hom(I™; 61)=6nj = —— = —
J ( n) n.l JGnJ JGnJ

]
_XjHom T;C() ]
ICCI ’

where G, denotes the set of conjugacy classes in &,. It is well known that

the conjugacy class [ ] in & d@ends only on tlig. cycle type of . Suppose

the cycle type of is given by ~, ,(r)™ with  rm, = n, then it is well

@own that its centralizer is a product of wreath products given by C( ) =
r 1(Zr0S&m,) [11]. Then the above formula becomes

XY jHom(T; Zr 0Gm, )i
1Zr0 G, .

26n

[ 126n

jHom(I™; 6,)=6,j =

Now we form a generating function. Using the above formula, we have
X Y qrmrJHom(r, Zrogmr)j

q"jHom(I"; &n)=6nj =

n 0 my Or 1 erO 6m"j
_ Y X mHoM(M; Z 06 m,)j
r 1m O erOGmrj
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Next, we use our crucial ingredient, namely the formula (8-2). Continuing our
calculation, we get

Y  h>X rd><itom(H: 7.)i ©1 h >< ran>< oi
= exp " AHOM(H: Ze)i exp i Hom(H; Z,)
d r rd
r 1 d 1 H rd 1 H
jrHj=d _ jrHj=d
h >< N> X oi
= exp — Hom(H; Z,)
m 1 m rim __H
jrHj=m=r

This proves (1). For (2), we simply take logarithm of the right hand side of (8-1),
and compare it with (8-3). Here we may replace IHom(H; Zy) by Hom(Hap; Zy)
since Zr is abelian. The equality jm(I" Z) = 1 ur(l) is a well known
identity. For example, see [15, p.112]. This completes the proof O

Note that once we have (8-4), we can write down the formula for u,(I") using
Mobius inversiorij‘ormula. This formula SRYS that if g is a function de ned on
N and f(m) =, 9(r), then g(m) =, (r)f(m=r), where (r) is the
M@bius function given by (1) =1, (n) = (—1)'if n is a product of t distinct
primes, and (n) = 0 if n is divisible by the square of a prime. We leave the
formula (8-4) in the above form because it is simpler.

The numbers u,(Mg+1) and ur( n+2) were calculated in [12], [13] around mid
1980s. Our formula (8-4) immediately proves their results which were expressed
using Mabius inversion formula. But they are equivalent to the formulae below.

Corollary 8-2 The numbers u (") for I = Iy+1;Fs+1; n+2 are given in the
following recursive relation:

> >

(8-5) rour(fge) = jm(Fga)r2% D

" < .
(8-6) r ur(Fs+1) = J?(Fs+l)r7

rjim rjm
(8-7)

+ mh - + mh

Sorulne2) =Y [{imCn) —in( e J@EOrT T+ jn( e 0,
rjm rjim

where jr( nh+2)" is the number of index r orientable subgroups, and (2;r)
denotes the greatest common divisor.
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The proof of this corollary is a straightforward application of (8-4). We simply
note that the abelianizations are given by (Fg+1)ab = Z29%2, (Fs+1)ab = Z5*1,
and ( h+2)ap = ZM1  Z,, and that among index m=r subgroups of p+2,
there are jm (' ph+2)™ subgroups which are isomorphic to l'rg_rhﬂ, and there are

Jm( h+2) =Jm( h+2)™ subgroups isomorphic to mh .
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