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Eta invariants as sliceness obstructions and
their relation to Casson-Gordon invariants

STEFAN FRIEDL

Abstract We give a useful classification of the metabelian unitary repre-
sentations of m (M), where Mg is the result of zero-surgery along a knot
K C S%. We show that certain eta invariants associated to metabelian
representations 71 (Mg ) — U(k) vanish for slice knots and that even more
eta invariants vanish for ribbon knots and doubly slice knots. We show that
our vanishing results contain the Casson—Gordon sliceness obstruction. In
many cases eta invariants can be easily computed for satellite knots. We use
this to study the relation between the eta invariant sliceness obstruction,
the eta-invariant ribbonness obstruction, and the L?-eta invariant sliceness
obstruction recently introduced by Cochran, Orr and Teichner. In partic-
ular we give an example of a knot which has zero eta invariant and zero
metabelian L2-eta invariant sliceness obstruction but which is not ribbon.
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Introduction

1.1 A quick trip through knot concordance theory

893

AlG

A knot K C S™*2 is a smooth oriented submanifold homeomorphic to S™. A
knot K is called slice if it bounds a smooth (n + 1)-disk in D"*3. Isotopy
classes of knots form a semigroup under connected sum. The quotient of this
semigroup by the subsemigroup of slice knots turns out to be a group, called
the knot concordance group. For example, the existence of inverses follows by
noting that the connected sum of K and —rK bounds a disk, where —rK
denotes the knot obtained by reflecting K through a disjoint hypersphere and
reversing the orientation. It is a natural goal to attempt to understand this
group and to find complete invariants for detecting when a knot is slice.

Knot concordance in the high-dimensional case is well understood. For even n
Kervaire [Ker65] showed that every knot K C S™*2 is slice, and for odd n > 3

© Geometry € Topology Publications



894 Stefan Friedl

Levine [Lev69] showed that K C S™*? is slice if and only if K is algebraically
slice (cf. section for a definition). In this way, the task of detecting slice
knots in higher dimensions was reduced to an algebraic problem which is well-
understood [Lev69b].

The classical case n = 1 turns out to be a much more difficult problem. Casson
and Gordon [CGTS|, [CGR6] defined certain sliceness obstructions (cf. section
1)) and used these to give examples of knots in S® which are algebraically slice
but not geometrically slice.

Letsche [Let00] introduced two new approaches to finding obstructions to the
sliceness of a knot. One approach used the concept of a universal group to
find representations that extend over the complement of a slice disk, the other
used eta invariants of metabelian representations of knot complements to give
sliceness obstructions. The idea of universal groups was taken much further in
a ground breaking paper by Cochran, Orr and Teichner [COT03] (cf. section
[B). The goal of this paper is to build on Letsche’s second approach.

1.2 Summary of results

Given a closed smooth three—manifold M and given a unitary representation
a: m (M) — U(k) Atiyah—Patodi-Singer [APST75H] defined n(M, a) € R, called
the eta invariant of (M,«). This invariant is closely related to signatures,
and therefore well-suited for studying cobordism problems. For a knot K we
study the eta invariants associated to the closed manifold My, the result of
zero—framed surgery along K C S3.

In proposition BTl we give a complete classification of irreducible, unitary,
metabelian (cf. section H) representations of m1(Mp). In theorem we show
that for a slice knot the eta invariant vanishes for certain irreducible metabelian
representations of prime power dimensions.

In section BJl we recall the Casson—Gordon sliceness obstruction theorem. We
show in theorem that for a given knot K the Casson—Gordon sliceness ob-
struction vanishes if and only if K satisfies the vanishing conclusion of theorem

Despite this equivalence of obstructions the eta invariant approach has several
advantages over the Casson-Gordon approach. For example we show in theorem
K1 that eta invariants vanish for tensor products of certain irreducible prime
power dimensional representations. This gives sliceness obstructions, which are
potentially stronger than the Casson—Gordon obstruction.
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Eta invariants as sliceness obstructions 895

Recently Cochran, Orr and Teichner [COT03], [COT04] defined the notion
of (n)-solvability for a knot, n € %N , which has in particular the following
properties.

(1) Slice knots are (n)-solvable for all n.

(

2)
(3) A knot is (0.5)—solvable if and only if it is algebraically slice.
4)

(

Given a homomorphism ¢: m (M) — G to a group G, Cheeger and Gro-
mov defined the L?-eta invariant 77(2)(M ,©) € R which is closely related to
Atiyah’s L?-signature. Cochran, Orr and Teichner used L?-eta invariants to
find examples of knots which are (2.0)—solvable, which in particular have zero
Casson—Gordon obstructions, but which are not (2.5)-solvable. Using similar
ideas Taehee Kim [Kim02] found examples of knots which are (1.0)—solvable
and have zero Casson—Gordon obstructions, but which are not (1.5)-solvable.
A quick summary of this theory is given in section

(n)—solvable knots are (m)-solvable for all m < n.

(1.5)-solvable knots have zero Casson—Gordon obstruction.

In section [ we give examples that show that L?-eta invariants are not com-
plete (non—torsion) invariants for a knot to be (0.5)—solvable respectively (1.5)—
solvable. In our examples we use a satellite construction to get knots whose
eta invariants can be computed explicitly by methods introduced by Litherland
[LitR4).

The systematic study of eta invariants corresponding to metabelian represen-
tations also allows us to find more refined obstructions to a knot being ribbon
(theorem B3). It is not known whether all slice knots satisfy the ribbon ob-
struction theorem. The fact that the ribbon obstruction is apparently stronger
than the corresponding sliceness obstruction is particularly interesting as this
could potentially provide a way to disprove the ribbon conjecture (that every
slice knot is ribbon). In proposition we give examples of knots for which
all abelian and metabelian sliceness obstructions vanish, but which do not sat-
isfy the condition for theorem R3] i.e. which are not ribbon. It is not known
whether these examples are slice or not.

We also apply our methods to the study of doubly slice knots (theorem RA).
It is a well-known fact that the doubly sliceness condition is much stronger
than the sliceness condition (cf. [S71], [Kim03], [Kim04]). We point out the
interesting fact that doubly slice knots satisfy the ribbon obstruction theorem,
which suggests that doubly slice knots have a ‘higher chance’ of being ribbon
than ordinary slice knots.
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We conclude this paper with a discussion of Gilmer’s [Gi83] [Gi93] and Letsche’s
[Let00] obstruction theorems in sections and During our work on eta
invariants as sliceness obstructions we found that both theorems have gaps in
their proofs. We explain where the problem lies and we show that Gilmer’s and
Letsche’s approach still give ribbonness obstruction. These ribbon obstructions
can be shown to be contained in theorem

This paper is essentially the author’s thesis. I would like to express my deepest
gratitude towards my advisor Jerry Levine for his patience, help and encour-
agement.

2 Basic knot theory and linking pairings

Throughout this paper we will always work in the smooth category. In the
classical dimension the theory of knots in the smooth category is equivalent to
the theory in the locally flat category. All homology groups are furthermore
taken over 7, unless otherwise indicated.

2.1 Basic knot theory

By a knot K we understand an oriented submanifold of S? diffeomorphic to
S1. A oriented surface F' C S% with 9(F) = K will be called a Seifert surface
for K. Note that a Seifert surface inherits an orientation from K, in particular
the map Hy(F) — H{(S®\ F),a — a, induced by pushing into the positive
normal direction is well-defined. The pairing

Hl(F)XHl(F) — 7
(a,b) +— lk(a,by)

is called the Seifert pairing of F'. Any matrix A representing such a pairing is
called a Seifert matriz for K. By [Mub6d, p. 393], [Lev70] two Seifert matrices
for a given knot K are S—equivalent. In particular the Alexander polynomial
Ak (t) := det(At — A?) € Z[t,t~ ] is a well-defined invariant of K, i.e. indepen-
dent of the choice of A, up to multiplication by units +¢.

Let N(K) be a solid torus neighborhood of K. A meridian p of K is a non-
separating simple closed curve in 9(/N(K)) that bounds a disc in N(K). The
notion of meridian is well-defined up to homotopy in S\ K. Alexander duality
shows that there exists an isomorphism e: H;(S®\ K) — Z such that e(u) = 1.
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We will mostly study invariants of M, the result of zero-framed-surgery along
K. This manifold has the advantage over S3\ K that it is a closed manifold
associated to K. Note that we have isomorphisms H; (Mg ) EH 1(SI\K) S Z,
we will denote this composition of maps by € as well.

2.2 Slice knots

We begin with a few definitions. We say that two knots K1, Ko are smoothly
concordant if there exists a smooth submanifold V' C S x [0,1] such that
V =2 81 x [0,1] and such that (V) = Ko x 0U —K; x 1. A knot K C S2 is
called smoothly slice if it is concordant to the unknot. Equivalently, a knot is
smoothly slice if there exists a smooth disk D C D* such that 9(D) = K.

A knot K is called topologically slice if K bounds a locally flat disk D C D*.
Locally flat means that one can find an embedding D x D? ¢ D* which extends
the embedding of the disk.

We say that the Seifert pairing on H;(F') is metabolic if there exists a subspace
H of half-rank such that the Seifert pairing vanishes on H. This is the case if
and only if K has a metabolic Seifert matrix A, i.e. if A is of the form

0 B
=(eb)
where 0, B, C, D are square matrices. If the Seifert pairing of a knot is metabolic
then we say that K is algebraically slice.

By Levine [Lev69] we now get the following implications
smoothly slice = topologically slice = algebraically slice.

The reverse implications do not hold. Casson and Gordon [CGS86] gave exam-
ples of algebraically slice knots which are not topologically slice. Freedman
[FQ90] showed that any knot with trivial Alexander polynomial is topologically
slice, whereas Gompf [Gom86] gave examples of knots with trivial Alexander
polynomial that are not smoothly slice.

In the following we will work in the smooth category. In particular by slice we
will mean smoothly slice.

For a slice disk D we define Np := D*\ N(D), where N(D) is a tubular
neighborhood of D in D*. We summarize a couple of well-known facts about
Np.

(1) O(Np)= Mk,
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(2) H.(Np)=H.(S"),
(3) the inclusion map Hi(Mg) — Hi(Np) is an isomorphism.

We will denote the induced map H;(Np) = Hi(Mg) S Z by € as well.

2.3 Universal abelian cover of My and the Blanchfield pairing

Let K be a knot. Denote the infinite cyclic cover of My corresponding to
€: Hi(Mg) — Z by Mg. Then Z = (t) acts on My, therefore H(Mk)
carries a A := Z[t,t~!]-module structure. Clearly H;(Mf) and the twisted
homology module Hi(Mpg,A) are canonically isomorphic as A—modules.
In the following we will give A the involution induced by ¢ = t~!. Let § :=
{f € Alf(1) = 1}. The A-module H;(Mg,A) is S-torsion since for example
the Alexander polynomial Ag(t) lies in S and Ag(t) annihilates Hi (Mg, A).
Blanchfield [B57] introduced the pairing

A Hi(Mg,A) x Hi(Mg,A) — ST'A/A o

(a,b) +— zﬁ Yo _la-te)t
where ¢ € Co(Mg,A) such that d(c) = p(t)b for some p(t) € S. It is
well-defined, non-singular and hermitian over A. For any A-submodule P C
Hi(Mg,A) define
Pt = {v e H (Mg, \N)| g (v,w) =0 for all w € P}.

If P C Hi(M,A) is such that P = P+ then we say that P is a metabolizer for
Apr. If Ap; has a metabolizer we say that Ap; is metabolic.

For a Z—module A denote by T'A the Z—torsion submodule of A and let FA :=
AJTA.
Theorem 2.1 ([KeaZh] [Lef0), prop. 2.8])
(1) If K is slice and D any slice disk, then
P := Ker{H;(Mg,\) - FH{(Np,\)}
is a metabolizer for the Blanchfield pairing.

(2) The Blanchfield pairing for a knot K is metabolic if and only if K is
algebraically slice.

It is an open problem whether every slice knot K admits a slice disk D such
that the submodule Ker{H(Mg,A) — Hi(Np,A)} is a metabolizer for the
Blanchfield pairing. This is an important question since it is closely linked to
the ribbon conjecture (cf. BII).
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2.4 Finite cyclic covers and linking pairings

Let K be a knot, k some number. Denote by M, the k-fold cover of Mg
corresponding to 7 (Myg) < Z — Z/k, and denote by L the k-fold cover
of $% branched along K C S®. Note that Hj(Li) and Hi(Mj) also have
A-module structures.

Lemma 2.2
k ..
(1) |Hy(Ly)| = ][ Ax(e2™7%)]
j=1

where 0 on the right hand side means that Hy(Ly) Is infinite.

(2) There exist natural isomorphisms

Hl(Lk) = Hl(MK7A)/(tk_1)7
Hi(My) = Hi(Ly)®Z=H(Mg,\)/(t" —1) B Z.

Proof The first part is shown in [Gor77, p. 17]. For the second part consider
the long exact sequence

s Hy(Me) BN Hy(N) — Hy(My) — ...

It follows immediately that Hy(My) = Hi(Mg,A)/(t* —1) @ Z. The other
isomorphism is clear. D

Now let k be any integer such that Hp(Ly) is finite, then the map

ALk =AL: Hi(Ly) x Hi(Ly) — Q/Z
(a,b) — Za-c modZ,
where ¢ € Cy(Ly) such that d(c) = nb, defines a symmetric, non-singular
pairing which is called the linking pairing of Hi(Ly) = THi(My). For any
Z-submodule P, C T Hi(Mj) define

Pt = {v e TH{(M)|A(v,w) = 0 for all w € Py}.

If P, is a A—submodule with P, = Pkl then we say that P is a metabolizer
for the linking pairing Ar. If Ap has a metabolizer then we say that A\p is
metabolic. Note that if P, is a metabolizer for the linking pairing, then |Py|?> =
| H1 (L) -
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2.5 Homology of prime-power covers and the linking pairing

The following corollary shows that prime power covers of manifolds behave in
a more ‘controlled’ way.

Lemma 2.3 Let Y be a manifold such that H,(Y) = H,(S') and let k = p*
where p is a prime number. Write Y}, for the k—fold cover of Y corresponding
to H1(Y) = Hy(S') =Z — Z/k. Then H.(Y}) = H.(Y) @ torsion.

The following proof is modelled after [CGS86L p. 184].

Proof For any n € N U {oo} we can give H.(Y,) a A-structure. Since
Hy(Y,Z/p) = 0 we get the following exact sequence

0 — Hy (Yoo, Z/p) =5 Hy(Yoo, Z/p) — Hi(Y,Z/p) — Ho(Yao,Z/p) — 0.

Since H1(Y,Z/p) — Ho(Yoo,Z/p) is an isomorphism it follows from the se-
quence that the map H;(Yy,Z/p) LNy & 1(Yo,Z/p) is an isomorphism. Since
H;(Y) =0 for ¢ > 1 we also get that H;(Yo,Z/p) Lt H;(Ys,Z/p) is an
isomorphism for i > 1. Over Z/p we get (tF —1) = (#*° — 1) = (t — 1)?",
hence multiplication by (t* — 1) is an automorphism of H;(Ya,Z/p) as well.
Consider the long exact sequence

k_
o = H) (Yoo, Z/p) =5 H1 (Yoo, Z/p) — Hy (Y, Z/p) — Ho(Yoo, Z/p) — 0.

It follows that H;(Yy,Z/p) = Ho(Yoo,Z/p) = Z/p. Similarly we can show
that H;(Yy,Z/p) = 0 for ¢ > 1. The lemma now follows from the universal
coefficient theorem. ]

Corollary 2.4 Let k be a prime power.

(1) Hy(My) = Z&TH(My).
TH\(My) = Hi(Ly) = Hy (M, A)/(t* —1).

(2) Let D be a slice disk, denote the k-fold cover of Np by Ny, then
H{(Ny) =Z & TH(Ny) = Z & H (N, N)/(tF —1).

(3) Qi := Ker{THi(My,) — TH(Ny)} is a metabolizer for A\r,.

The first two statements are immediate corollaries. The third statement is well—
known (cf. [Gor77] or [Er03d]). It is important though that k is a prime power,
since it is crucial in the proof that Hy(Ng) =Z & TH;(Ng).
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Remark Let K be a slice knot, D a slice disk. Then P := Ker{H;(Mg,A)
— FH{(Np,A)} is a metabolizer for the Blanchfield pairing and Q) :=
Ker{TH{(M}) — THi(Ny)} is a metabolizer for Ar ;. Furthermore Py :=
m(P) C Hi(Mg,A)/(t* —1) can be shown to be a metabolizer for Ay . It is an
open problem whether P, = Q. If yes, then this would show that all the me-
tabolizers Qi can be lifted to a metabolizer for the Blanchfield pairing, which
would resolve the problems which appeared in [Gi93] and [Let00] (cf. sections

B3 and BA).

3 Introduction to eta-invariants and first application
to knots

3.1 Eta invariants

Let C be a complex, hermitian matrix, i.e. C = C?, then the signature sign(C')
is defined as the number of positive eigenvalues of C' minus the number of
negative eigenvalues. The following is an easy exercise.

Lemma 3.1 If C is hermitian then sign(PCP') = sign(C) for any P with
det(P) # 0. If furthermore det(C) # 0 and C' is of the form

0 B
(& )
where B is a square matrix, then sign(C) = 0.

Let M? be a closed manifold and a: 71(M) — U(k) a representation. Atiyah,
Patodi, Singer [APSTH] associated to (M, a) a number n(M,«) called the (re-
duced) eta invariant of (M, «).

The main theorem to compute the eta invariant is the following.

Theorem 3.2 (Atiyah—Patodi-Singer index theorem [APSTH]) If there exists
a manifold W* and a representation 3: w1 (W) — U(k)) such that O(W, 3) =
r(M3,a) for some r € N, then

1, . .
H(M, ) = —(signg(W) — k sign(1V),
where signg(W) denotes the signature of the twisted intersection pairing on

HY(W).
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3.2 Application of eta invariants to knots

For a knot K we will study the eta invariants associated to the closed manifold
Mp . In the context of knot theory they were studied by Levine [Lev94] who
used them to find links which are not concordant to boundary links. Letsche
ILet00] used eta invariants to study knot concordance in dimension three.

Definition For a group G the derived series is defined by G := G and
inductively G0+ =[G, GO)] for i > 0.

The inclusion map S® \ K — My defines a homomorphism 71(S% \ K) —
71 (M), the kernel is generated by the longitude of K which lies in 1 (S3\
K)? . In particular 7(S%\ K)/71(S% \ K)® — 71(Mg)/m1(Mg)® is an
isomorphism.

Let Mo be the zero-framed surgery on the trivial knot. Then Mo = S x §?
which bounds S! x D?, which is homotopic to a 1-complex. This proves that
the unknot has vanishing eta invariant for any unitary representation since any
representation of Mo extends over S x D3.

3.3 U(l)-representations

Let K be a knot, A a Seifert matrix, then we define the signature function
o(K): S' — Z of K as follows (cf. [Lev69, p. 242])

0.(K) :=sign(A(1 — 2) + AY(1 — 2)).
It is easy to see that this is independent of the choice of A.

Proposition 3.3 Let K be a knot, p a meridian and let o: m (Mg) — U(1)
be a representation.

(1) Let z:= «a(u), then
n(Mg,a) = o, (K).
(2) The function z +— o0,(K) is locally constant outside of the zero set of
Ag(t).
(3) If K is algebraically slice and z € S' such that Ay (z) # 0, then o, (K) =
0. In particular if z is a prime power root of unity, then o,(K) = 0.

(4) Given z a prime power root of unity, K + o,(K) defines a homomor-
phism from the knot concordance group to 7.
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Proof (1) See [Lit84].
(2) The function z — o,(K) is continuous on
{z € S A1 — 2) + A*(1 — %) is non-singular}.
an easy argument shows that this set equals
{1} u{z € SY|Ak(2) = det(Az — A") # 0}.

Levine [Lev69] showed that the signature function is continuous at z = 1.

(3) If z € S* such that Ag(z) # 0 then A(1 —z)+ AY(1— ) is non-singular
and the first part follows from lemma Bl The second part follows from
Ag(1) = 1 and the well-known fact that ®,-(1) = p for a prime p,
where ®,-(t) denotes the minimal polynomial of a primitive root of unity
of order p".

(4) Follows immediately from (3) and the additivity of the twisted signature
function. O

Let K be a knot, m € N, then we can form mK by iterated connected sum.
We say K is (algebraically) torsion if mK is (algebraically) slice for some m.
It follows from proposition (4) that 0,(K) = 0 for any algebraically torsion
knot K and z a prime power root of unity.

Levine [Lev69] showed that for n > 1 a knot K C S?"*! is slice if and only if
K is algebraically slice. Levine [Lev69b] and Matumuto [MaZ7] showed that K
is algebraically torsion if and only if n(Mg,«) =0 for all a: m(Mg) — U(1)
of prime power order. In particular, in the case n > 1 the U(1)-eta invariant
detects any non—torsion knot.

In the classical case n = 1 Casson and Gordon [CG86] found an example of a
non-slice knot which is algebraically slice. Jian [I81] showed using the Casson—
Gordon invariant that there are knots which are algebraically slice and which
are not torsion in the knot concordance group.

The goal of this paper is to study to which degree certain non-abelian eta
invariants can detect algebraically slice knots which are not topologically slice.

4 Metabelian eta invariants and the main sliceness
obstruction theorem

A group G is called metabelian if G®) = {e}, a representation ¢: w1 (M) —
U(k) is called metabelian if it factors through 71 (M) /m (M) . Metabelian eta
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invariants in the context of knot concordance were studied by Letsche [Lef00)].
Our approach is influenced by his work.

For a knot K let 7 := 7 (Mf), then consider
1 - 70 /2® 5 72/7® & 7/7® -1,

Note that 7T1(M x)=m (M K)(l)~ where My denotes the infinite cyclic cover of
MK, hence Hl(MK,A) = Hl(MK) = Wl(MK)(l)/ﬂ'l(MK)(z). Since 7'('/7'('(1) =
Hy{(Mg) =7 the above sequence splits and we get isomorphisms

/7@ = /7 x 70 /7@ > 7« Hy (Mg, A),

where n € Z acts by multiplication by t"™. This shows that metabelian repre-
sentations of 71 (M) correspond to representations of Z x Hy (Mg, A).

4.1 Metabelian representations of (M)

For a group G denote by R (G) (resp. Rzrr’met(G)) the set of conjugacy
classes of irreducible, k-dimensional, unitary (metabelian) representations of
G. Note that the eta invariant of a manifold only depends on the conjugacy
class of a unitary representation. Recall that for a knot K we can identify

RZT’mEt(WI(MK)) = RZT(Z X H1(MK7A))'

The following proposition gives a very useful classification of all irreducible
metabelian unitary representations of 71 (M) (cf. [Let95] for a different ap-
proach).

Proposition 4.1 Let H be a A-module. Let z € S* and x: H — H/(tF —
1) — St a character, then

04(27X)2ZD<H — U(k)

0 ... 0 1\"/x(h) 0 0
0 0 0 x(th 0
(n,h) +— 2" (th)
0 ... 10 0 0 ... x(t*1h)

defines a representation. If x does not factor through H/(t' —1) for some | < k,
then «(; ) Is irreducible.

Conversely, any [a] € R}"(Z x H) has a representative o
above.

2x) With z,x as
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Proof It is easy to check that g, ) is well-defined. Now let [o] € R} (Zx H).
Denote by x1,...,x:: H — S' the different weights of a: 0 x H — U(k).
Since H is an abelian group we can write C* = @!_,V,, where V,, := {v €
CF|a(0, h)(v) = xi(h)v for all h} is the weight space corresponding to ;.

Recall that the group structure of Z x H is given by
(n,h)(m,k) = (n+m,t™h + k).
In particular for all v € H
(4,0)(0,#7 k) = (j,#/h) = (0, ) (j,0),
therefore for A := a(1,0) we get
Ala(0,t7h) = a(j,0)a(0,t”h) = a(j,t?h) = a(0, h)a(j,0) = a(0, h)A.
This shows that a(0,#/h) = A7 a(0,h)A’. Now let v € Vi(n), then
a(0,h)Av = Aa(0,th) A~ Av = Aa(0, th)v = Ax(th)v = x(th)Av,

ie. a(1,0): Vi) — Vi,@n) - Since a is irreducible it follows that, after reorder-
ing, x;(v) = x1(t'v) for all 4+ = 1,...,l. Note that A7 induces isomorphisms
between the weight spaces V,, and that A': Vi, — V,, is a unitary transfor-
mation. In particular it has an eigenvector v, hence Cv @ CAv @ ...CA" 1y
spans an a-invariant subspace. Since « is irreducible it follows that [ = k and

that each V, is one-dimensional.

Since « is a unitary representation we can find a unitary matrix P such that
PCe; = Vj, in particular, a; := P~'aP has the following properties.

(1) a0 x H) = diag(x(h), x(th),..., x(t"h)),

(2) for some z,...,2; € S
0 0 Zk
Z1 0 0
a(1,0) ==
0o ... Zk—1 0

Here we denote by diag(by,...,b;) the diagonal matrix with entries by, ..., bg.

i—1
H;:1 %j

Let z := Hle z; and let Q := diag(dy,...,dy) where d; := =5=~. Then
as := Qa1 Q has the required properties. O
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4.2 Eta invariants as concordance invariants

We quote some definitions, initially introduced by Levine [Lev94]. Let G be
a group, then a G-manifold is a pair (M, «) where M is a compact oriented
manifold and « is a homomorphism a: 71 (M) — G defined up to inner auto-
morphism.

We call two G-manifolds (Mj, «;),j = 1,2, homology G-bordant if there exists
a G-manifold (N, 8: m(N) — G) such that O(N) = M1U—Ms, H, (N, M;) =0
for j =1,2 and, up to inner automorphisms of G, g|m1(M;) = ;.

We will compare eta invariants for homology G—bordant G—manifolds.

Definition For a A-torsion module H define P/""(Zx H) to be the set of con-
jugacy classes of representations which are conjugate to «, ) with z € § 1 tran-

scendental and x: H/(t* — 1) — S factoring through a group of prime power
order. If W is a manifold with H;(W) = Z then we define P,zrr’met(m(W)) =
Pi"™(Z x Hi(W,A)).

We need the following theorem, which is a slight reformulation of a theorem by
Letsche [Let00] which in turn is based on work by Levine [Lev94].

Theorem 4.2 Let H be a A-torsion module, G := Zx H . If (Mj,a1),(Ma,az)
are homology G-bordant 3-manifolds and if § € P/""(G), then n(My,00a) =
T](Mg, 0o 042) .

Proof Write Py (m(M)) for the set of unitary representations a: w1 (M) —
U(k) with the following two properties (cf. [Lef00, p. 311])

(1) « factors through a non—abelian group of the form Z x P, P a finite
p—group and Z X P — Z induces an isomorphism on first homology,

(2) there exists g € m1 (M) that generates 71 (M) such that all eigenvalues of
a(g) are transcendental.

Letsche [Lef(0, prop. 1.7, cor. 3.10, thm. 3.11] showed that the statement holds
for all § € Pr(G). Clearly if a € Pi(G), then all its conjugates lie in Px(G) as
well.

It therefore suffices to show that a(, ) € Pi(Z x H) if [a(, )] € P/ (Z x H).
Let [a, ] € PY"(Z x H), ie. z € S' transcendental and y: H/(tF — 1) —
Z/m — S! where m is a prime power. Then the result follows immediately
from the observations that
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(1) all the eigenvalues of a(,,y(1,0) are of the form 2e2™/k " in particular

all are transcendental,

(2) sy ZxH — U(k) factors through Zx (Z/m)* and (Z/m)* is a group
of prime power order, where Z acts on (Z/m)* by cyclic permutation,
ie. by 1-(v1,...,0%) := (Vg 01,0, Vk—1),

(3) Hi(Z % (Z/m)*) — H\(Z) is an isomorphism. O

Let K be a slice knot with slice disk D and let «(, ) € R;;TT’met(ﬂl(M K))-
Consider the following diagram

m(Mg) — Zwx Hi(Mg,A) — Zwx H (Mg, A/ —1) 2% U(k)

! ! ! !
7T1(ND) — ZIXHl(ND,A) — ZIXHl(ND,A)/(tk—l) U(k)

If x vanishes on Ker{H;(Mg,A)/(t* — 1) — Hi(Np,A)/(t* — 1)} then x
extends to xn: Hi(Np,A)/(tF —1) — S! since S' is divisible. Further-
more, if y is of prime power order, then yn can be chosen to be of prime
power order as well. Note that a(;,): m1(Np) — U(k) is an extension of
Qzx): T1(Mg) — U(k). This proves the following.

Lemma 4.3 (1) o(.,) extends to a metabelian representation of m(Np) if
and only if x vanishes on Ker{H;(My,\)/(t* —1) — H{(Np,\)/(tF —
1)}.

(2) If o, €PI™(m1(M)) extends to a metabelian representation of 71 (Np)
then g, ) extends to a representation in P} (m1(Np)).

Theorem 4.4 Let K be a slice knot and D a slice disk. If o extends
to a metabelian representation of w1 (Np) and if a € P/ (m(Mkg)), then
n(Mg,a) = 0.

Proof By lemma we can find an extension 3 € P{""(m(Np)). We can
decompose Np as Np = W* U, S x D3 where Mo = S x S? is the zero-
framed surgery along the trivial knot in S® and W is a homology Z-bordism
between My and Mp. The statement now follows from theorem and the
fact that the unknot has zero eta invariants, since (W,id) is a homology Z x
H, (W, A)-bordism between (Mg ,i,) and (Mo, ). O

Algebraic € Geometric Topology, Volume 4 (2004)



908 Stefan Friedl

4.3 Main sliceness obstruction theorem

Theorem 4.5 Let K be a slice knot, k a prime power. Then there exists a
metabolizer P, C THy(My) for the linking pairing, such that for any represen-
tation a: m(Mg) — Zx Hy (Mg, A)/(t* —1) — U(k) vanishing on 0 x P and
lying in Py (11 (M )) we get n(Mg,a) = 0.

Proof Let D be a slice disk. Let
Py, := Ker{H,(Mg,\)/(t* —1) — H{(Np,\)/(t* —1)},

this is a metabolizer for the linking pairing by proposition Z4l The theorem
now follows from lemma and theorem E41 O

In the following we will show that some eta-invariants of slice knots van-
ish for non-prime power dimensional irreducible representations. Let a; €
Ry, (G), a2 € Ry, (G), then we can form the tensor product a; ® ag € Ry, 1, (G).

Proposition 4.6 If ky, ke are coprime, then

Oky,z1,x1) © Ok zo,x2) = C(kika,z122,X1x2)"

If furthermore (g, -1 \1)» Q(ky,z0,x0) ar€ irreducible, then ok, i v,) @ Oy,
is irreducible as well.

Z2,X2)

Proof Denote by eji,...,ex1 and ejqa,...,ex,2 the canonical bases of Ck
and CF2. Set f; = €imodki,1 @ €imodks,2 for @ =0,...,k1ka — 1. The f;’s are
distinct, therefore {f;}i=o, . kko—1 form a basis for Ck ® C*2. One can easily

see that a; ® ag with respect to this basis is just (g, k2120, x1x2) -

The last statement follows from the observation that if xix2: H/(tF1F2 — 1)

factors through H/(t* — 1) for some k < kik, then one of the x;: H —
H/(t* — 1) factors through H/(tk — 1) for some k < k;. O

For a prime number p and a A-module H denote by P,ig (Z x H) the set

of representations « . ) in Pé’"’"(Z x H) where x factors through a p-group.
i b t Pyp— j

Define P,if; "Ny (ME)) = P,;’;"(Z X Hi(Mg,N)).

Theorem 4.7 Let K be a slice knot, ki,..., k. pairwise coprime prime pow-
ers, then there exist metabolizers Py, C THy(My,),i = 1,...,r for the linking
pairings, such that for any prime number p and any choice of irreducible rep-
resentations «;: m(Mg) — Z x Hy(Mg,A)/(tk — 1) — U(k;) vanishing on
0 x Py, and lying in ngmet(m(MK)) we get n(Mg,01 ® -+ @ ;) = 0.
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Proof Let D be a slice disk and let Py, := Ker{H(Mg,\)/(t" — 1) —
H(Np,A)/(t¥ —1)}. All the representations o, ..., q, extend to metabelian
representations of Np, hence a1 ® - - - ® «- also extends to a metabelian repre-
sentation of Np. Write a = a, ,,), then a1 @ --- @ a; = TEepp— since
the k; are pairwise coprime. This shows that a1 ®---®aq, € P,i:rm,ff p(m(M K))s

therefore n(Mg,a; ® -+ ® a;) = 0 by theorem E41 O

Remark Theorem E4 holds in fact for locally flat slice disks, and therefore
theorem E7 holds in fact for topologically slice knots. Indeed, let D be a
topological slice disk for K, i. e. an embedding D C D* such that d(D) =
K and such that D is locally flat, i.e. there exists an embedding f: D X
D? — D* which extends the embedding D C D*. We write again Np :=
DT\ f(D x D?). Let a € P"""™(m(Mg)) which extends to a representation
B € P,irr’met(m(ND)). We can conclude that signg(Np) — ksign(Np) = 0.
Since Np is in general not a smooth manifold we can not appeal to theorem
to conclude that n(Mg,a) = 0.

Now consider the Kirby—Siebenmann invariant ks(Np) of Np. By [Ra96l p.
10] we have ks(Np) = isign(Np) — (M) where pi(Mg) denotes the Rochlin
invariant. Note that (M) equals the Arf invariant for K, which vanishes for
topologically slice knots. Therefore ks(Np) = 0, by [FQ90], p. 125] there exists
an 7 such that Np#rS? x S? is smooth. Hence we get
n(Mg,a) = signg(Np#rS? x 5?) — ksign(Np#rS? x 52)
= signg(Np) — ksign(Np) = 0,

where the second to last equality follows from Novikov signature additivity, and
the observation that

signﬁ(rs2 x §%) = ksign(rS? x S?)
since (3 is a trivial k—dimensional representation.

Proposition B0l shows that a3 ® - - - ® v, is irreducible since ged(ky, ..., k) =1,
i.e. the theorem shows that certain non-prime-power dimensional irreducible
eta invariants vanish for slice knots. Letsche [Let00] pointed out the fact that
non prime power dimensional representations can give sliceness (ribbonness)
obstructions. In his thesis [Fr03d] the author shows that in fact Letsche’s non
prime power dimensional representations are tensor products of prime power
dimensional representations.

We say that a knot K has zero slice—eta—obstruction (SE-obstruction) if the
conclusion of theorem holds for all prime powers k, and K has zero slice—
tensor—eta—obstruction (STE-obstruction) if the conclusion of theorem ET]
holds for all pairwise coprime prime powers ki,..., k.
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Question 4.8 Are there examples of knots which have zero SE-obstruction
but non zero STE-obstruction?

Remark It is easy to find examples of a knot K and one-dimensional represen-
tations «a, 3 such that n(Mg,«) =0 and n(Mg,3) =0 but n(Mg,a®3) # 0.
This shows that in general n(Mgk,a ® (3) is not determined by n(Mg,«) and

(Mg, 3).

Note that if THy(My) = 0, then RZT’met(m(MK)) = (), therefore theorem 7]
only gives a non-trivial sliceness obstruction if T'H; (M) # 0 for some prime
power k. This is not always the case, in fact Livingston proved the following
theorem.

Theorem 4.9 [Liv02, thm. 1.2] Let K be a knot. There exists a prime
power k with THy(My) # 0 if and only if Ak(t) has a non-trivial irreducible
factor that is not an n-cyclotomic polynomial with n divisible by three distinct
primes.

In section [l we will use this theorem to show that there exists a knot K with
Hy(Ly) = 0 for all prime powers k, but H;(Lg) # 0. This shows that m;(Mg)
has irreducible U (6)-representations, but no unitary irreducible representations
of prime power dimensions. In particular not all representations are tensor
products of prime power dimensional representations.

5 Casson-Gordon obstruction

5.1 The Casson-Gordon obstruction to a knot being slice

We first recall the definition of the Casson-Gordon obstructions (cf. [CGS6]).
For m a number denote by C,, C S' the unique cyclic subgroup of order m.
For a surjective character y: Hy(My,) — Hi(Ly) — Cp, set Fy := Q(e2™/™).

Since Q3(Zx Cy,) = H3(Zx Cyy,) is torsion (cf. [CE64]) there exists a 4-manifold
Vi and maps €¢: m (V) — Z, x': m(Vx) — Cy, such that 9(Vg, € x ') =
r(My, e x x) for some r € N. To simplify notation we will denote the maps ¢’
and x' on m(V}) by € and x as well.

The (surjective) map € x x: m1(Vy) — Z x Cyp, defines a (Z x Cy,)-cover Voo of
V. Then Hy(Cy(Vx)) and F,(t) have a canonical Z[Z x Cy,]-module structure
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and we can form H3(Cx(Veo) ®@z(zx 0] Fx (1)) =: Ha(Vi, Fy(t)). Since F\(t) is
flat over Z[Z x C,,] by Maschke’s theorem (cf. [La93]) we get

H*(Vka Fx(t)) = H*(C*(Voo) ®Z[ZXC‘m} Fx(t)) = H*(VOO) ®Z[Zxcm] Fx(t)a

which is a free F (t)-module. If x is a character of prime power order, then the
F\(t)-valued intersection pairing on Ha(Vj, F\(t)) is non-singular (cf. [CG86,
p. 190]) and therefore defines an element (Vi) € Lo(F\(t)), the Witt group
of non-singular hermitian forms over F,(t) (cf. [La93], [Ra98]). Denote the
image of the ordinary intersection pairing on Hs(Vj) under the map Lo(C) —
Lo(Fy(1)) by to(Vi).

Casson and Gordon [CGR6| show that if x: Hy(Lg) — C,, is a character with
m a prime power, then

L(6(Vi) — to(Va) € Lo(Fy(t) @2 @

T

T(K7 X) =

is a well-defined invariant of (My,e X x), i.e. independent of the choice of Vj.
Furthermore they prove the following theorem.

Theorem 5.1 [CGR6, p. 192] Let k be a prime power. If K C S is slice
then there exists a metabolizer Py for the linking pairing, such that for any
x: THy(My) — Cyp, m a prime power, with x(P) =0 we get 7(K,x) = 0.

5.2 Interpretation of Casson-Gordon invariants as eta invari-
ants of M,

For a number field F C C we consider F' with complex involution and F'(t)
with the involution given by complex involution and ¢ = t~!. For z € S!
transcendental and 7 € Lo(F(t)) we can consider 7(z) € Lo(C). Note that
sign: Lo(C) — Z defines an isomorphism.

Let K be a knot, & any number, m a prime power and x: Hi(Lg) — C,, a
character and (V,e x x: m1 (Vi) — Z x Cp,) such that 9(Vi, € x x) = r(Mg, € X
X)-

For a character x: Hi(Lg) — C,, define characters x? by setting x/(v) :=
x(v)7, for z € S* define

ﬁ(z,xj)37rl(Mk) — Hl(Mk):Z@Hl(Lk) — Sle(l)

(n,v) = 2" (v).
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Proposition 5.2 If z € S' transcendental, then
Sng(T(K, X)(Z)) = n(MKy ﬁ(z,xl))'

Proof Let z € S! transcendental, define 6: Z x C,, — S* by 0(n,y) := 2"y.
Then

8(Vk, 0o (e X X)) = T(Mk,e o (6 X X)) = T(Mk,ﬁ(z’xl)).

We view C as a Z[Z x Cy,])-module via § o (e x x) and C as an F,(t) module
via evaluating ¢ to z. Note that both modules are flat by Maschke’s theorem,
hence

HJ(Vi,C) = Hy(Cu(Vao)) ®zizxc,) C
= (H2(Ci(Vo)) @zizxCm) Fx (1)) @F, 1) C
= Hy(Vi, F\(t)) ®p, 1) C.

This also defines an isometry between the forms, i.e. signg(Vy) = sign(Vi(2)).
This shows that

(M, B(2,x1)) = signg(Vi) — sign(Vi) =

= sign(t(Vi)(2)) — sign(to(Vi)) = rsign(r (K, x)(2))- -

Remark The eta invariant carries potentially more information than the func-
tion z +— sign(7(K,x)(2)), since for non-transcendental z € S! the number
7.(K, x) is not defined, whereas n(Mj, B(zx1)) is still defined. For example the
U(1)-signatures for slice knots are zero outside the set of singularities, but the
eta invariant at the singularities contains information about knots being doubly
slice (cf. section B3)).

Proposition 5.3 Let K be a knot, k any number, m a prime power and
x: Hi(Lg) — Cy, a character, then the following are equivalent.

(1) 7(K,x) =0¢€ Lo(Fy(t)) @z Q.
(2) sign(p(t(K,x))(2)) =0 € Q for all transcendental 2€S*, p € Gal(F, Q).
(3) n(Mg, B(z,s)) = 0 € Z for all (j,m) =1, all transcendental z € St

Proof The equivalence of (1) and (2) is a purely algebraic statement, which
is shown in a separate paper (cf. [Fr(3]) using results of Ranicki’s [Ra98]. The
equivalence of (2) and (3) follows from proposition and the observation
that if p € Gal(Fy,Q) sends e*™/™ to €*™/™ for some (j,m) = 1, then
p(T(K,x)) = 7(K,x?) and hence

sign(p(7(K, x))(2)) = sign(r(K, x?)(2)) = n(Mp, B(. 3))- -
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5.3 Interpretation of Casson-Gordon invariants as eta invari-
ants of My

The goal is to prove a version of proposition with eta invariants of Mg
instead of eta invariants of M.

Proposition 5.4 Let K be a knot, z € S' and x: Hy(My,) — Hi(Ly) — Cy,
a character. Let 3 = B(,y): m(My) — U(1) and a = a(,): m(Mg) —
U(k), then

k
U(MIG Oé) - n(M/m 5) = Z O 2mij/k (K)
j=

If K is algebraically slice and Hi(Ly) is finite, then n(Mg,«) = n(My, 3).

Proof In [Er03b] we show that if Mg — M is a G—cover and ag: m(Mg) —
U(1) is a representation then

U(MGa aG) = n(Mv a) - n(Mv Oé(G)),

where a(G): 71 (M) — G — U(C[G]) = U(CI®) is given by left multiplication
and «: m (M) — U(k) is the (induced) representation given by

a: m(M) —  Aut(Clmi(M)] @clr, (M) C)
a — (p®v—ap®v).

In our case G = Z/k and one can easily see that a = a. ). Since Z/k is
abelian it follows that o(G) = @le a; where o;: m(Mg) — U(1) is given by
;(2) := /% The proposition now follows from lemmas 22 and B3 O

We say that a knot K C S® has zero Casson-Gordon obstruction if for any prime
power k there exists a metabolizer P, C TH1(M}) for the linking pairing such
that for any prime power m and x: THy(My) — Cp, with x(Py) = 0 we get
T(K,x) =0 € Lo(Fy (1)) ® Q.

The following is an immediate consequence of propositions and (.41

Theorem 5.5 Let K be an algebraically slice knot. Then K has zero SE-
obstruction if and only if K has zero Casson-Gordon obstruction.
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6 The Cochran-Orr-Teichner-sliceness obstruction

6.1 The Cochran-Orr-Teichner-sliceness filtration

We give a short introduction to the sliceness filtration introduced by Cochran,
Orr and Teichner [COTO3]. For a manifold W denote by W™ the cover
corresponding to 71 (W)™ . Denote the equivariant intersection form

Hy(W™) x Hy(W™) — Zlmy (W) /my (W)™)]

by A, and the self-intersection form by . An (n)-Lagrangian is a submodule
LC HQ(W(")) on which A\, and pu, vanish and which maps onto a Lagrangian
of )\0: HQ(W) X HQ(W) — 7.

Definition [COTO03, def. 8.5] A knot K is called (n)-solvable if My bounds
a spin 4-manifold W such that H;(Mg) — Hi(W) is an isomorphism and such
that W admits two dual (n)-Lagrangians. This means that ), pairs the two
Lagrangians non-singularly and that the projections freely generate Ha(W).

A knot K is called (n.5)-solvable if My bounds a spin 4-manifold W such
that Hi(Mg) — Hi(W) is an isomorphism and such that W admits an (n)-
Lagrangian and a dual (n + 1)-Lagrangian.

W is called an (n)-solution respectively an (n.5)-solution for K.

Remark

(1) The size of an (n)-Lagrangian depends only on the size of Ho(W), in
particular if K is slice, D a slice disk, then Np is an (n)-solution for K
for all n, since Ho(Np) = 0.

(2) By the naturality of covering spaces and homology with twisted coeffi-
cients it follows that if K is (h)-solvable, then K is (k)-solvable for all
k <h.

Theorem 6.1

(1) The following are equivalent.
(a) K is (0)-solvable.
(b) Arf(K) = 0.
(b) Ag(t) ==+1 mod 8.
(2) A knot K is (0.5)-solvable if and only if K is algebraically slice.
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(3) If K is (1.5)-solvable then K is algebraically slice and K has vanishing
Casson-Gordon invariants.

(4) There exist algebraically slice knots which have zero Casson-Gordon in-
variants but are not (1.5)—solvable.

(5) There exist (2.0)-solvable knots which are not slice.

Statements (1), (2), 3) and (5) are shown in [COT03]. Taehee Kim [Kim02]
showed that there exist (1.0)—solvable knots which have zero Casson-Gordon
invariants, but are not (1.5)—solvable (cf. also proposition [ZTT]).

For any n € N Tim Cochran and Peter Teicher have examples (unpublished) of
knots that are (n)-solvable but not (n.5)—solvable, in particular are not slice.
It is unknown whether for n € Ny every (n.5)—solvable knot is (n+1)-solvable.

6.2 [?—eta invariants as sliceness-obstructions

In this section we very quickly summarize some L?—eta invariant theory.

Let M3 be a smooth manifold and ¢: 71(M) — G a homomorphism, then
Cheeger and Gromov [ChGS8H] defined an invariant 7®) (M, ) € R, the (re-
duced) L%-eta invariant. When it is clear which homomorphism we mean, we
will write n® (M, G) for n® (M, p).

Remark If O(W,v) = (M3,¢), then (cf. [COTO3, lemma 5.9 and remark
5.10], [LS03])
0 (M, ) = sign'® (W, ¢) — sign(W),

where sign® (W, 1)) denotes Atiyah’s [AT6] L>-signature.
Let QA := Q[t,t7Y].

Theorem 6.2 [COT(3]
(1) If K is (0.5)-solvable, then n® (Mg, Z) = 0.
(2) If K is (1.5)-solvable, then there exists a metabolizer Py C Hi (Mg, QA)
for the Blanchfield pairing
Agro: Hi(Mg,QA) x Hi(Myk,QA) — Q(t)/Q[t, t 1]
such that for all x € Py we get n?) (Mg, 3;) = 0, where 3, denotes the
map

7T1(MK) — 7 X Hl(MK,A) — 7 X Hl(MK,@A)
idX)\Bl’Q(Z‘,—
_—

L Z x Q(t)/Qlt, ).
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We say that a knot K has zero abelian L?-eta invariant sliceness obstruction if
n®(Mg,Z) = 0 and K has zero metabelian L?-eta invariant sliceness obstruc-
tion if there exists a metabolizer Py C Hy (Mg, QA) for Ap; g such that for all
x € Py we get n® (Mg, B,) = 0. Note that if K has zero metabelian L?-eta
invariant then it is easy to see that the integral Blanchfield form is metabolic
as well and hence K is algebraically slice by proposition 211

7 Examples

In this section we will construct

(1) a knot which has zero abelian L?-eta invariant, but is not algebraically
slice,

(2) a (1.0)-solvable knot which has zero metabelian L?-eta invariant, but
non-zero SE—obstruction,

(3) a knot which has zero ST E-obstruction but non-zero metabelian L?-eta
invariant (following Taehee Kim [Kim02]).

The idea in examples (2) and (3) as well as in the examples of section
is to start out with a slice knot K and make ‘slight’ changes via a satellite
construction. The change in the eta invariants can be computed explicitly.

7.1 Satellite knots

Let K,C € S3 be knots. Let A ¢ S\ K a simple closed curve, unknotted
in S, note that S3\ N(A) is a torus. Let p: (N(A4)) — 9(N(C)) be a
diffeomorphism which sends a meridian of A to a longitude of C and a longitude
of A to a meridian of C'. The space

S3\ N(A) U, S3\ N(C)

is a 3—sphere and the image of K is denoted by S = S(K,C,A). We say S
is the satellite knot with companion C, orbit K and axis A. Note that this
construction is equivalent to replacing a tubular neighborhood of C by the
torus knot K C S3\ N(A).

Proposition 7.1 If C is slice, then for any K and A the satellite knot
S(K,C,A) is concordant to K. If K C S' x D?> C S% and C are ribbon,
then any S(K,C,A) is in fact ribbon.
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Proof Let K C S'xD? C 83 andlet C be aslice knot. Let ¢: S'xI — S3x1I
be a null-concordance for C, i.e. ¢(S' x 0) = C and #(S* x 1) is the unknot.
We can extend this to a map ¢: S* x D?x I — S3x I such that ¢: S' x D?x0
is the zero-framing for C'.

Pick a diffeomorphism f: S3\ N(A) — S' x D? such that the meridian and
longitude of A get sent to the longitude and meridian of S' x 0. Now consider

b S x T — K x T SB\N(A) x I 2% 61« p2x 12 83 % 1.

Note that ¢: S'x D?x1 is a zero framing for the unknot, since linking numbers
are concordance invariants and ¢: S! x D? x 0 is the zero framing for C'. This
shows that ¥: S'x1 — S% x 1 gives the satellite knot of the unknot with orbit
K, ie. K itself. Therefore v gives a concordance between S = ¢(S! x 0) and
K =19(S'x1).

Now assume that K,C are ribbon. Then we can find a concordance ¢ which
has no minima under the projection S x [0,1] — S3 x [0,1] — [0, 1]. It is clear
that 1) also has no minima, capping off with a ribbon disk for K we get a disk
bounding S with no minima, i.e. S is ribbon. ]

Proposition 7.2 [COT04, p. 8] Let K be an (n.0)-solvable knot, C a (0)—

solvable knot, A C S3\ K such that A is the unknot in S3 and [A] € m1(S®\
K)™ . Then S = S(K,C, A) is (n)-solvable.

7.2 Eta invariants of satellite knots
Let S be a satellite knot with companion C, orbit K and axis A.

Proposition 7.3 [[if84, p. 337 If A € 71(S®\ K)) then the inclusions
SP\N(K) — SP\N(K)\N(C) < (53 \ N(A)U, 83\ N(C)\N(K) = S*\N(S)

induce isometries of the Blanchfield pairing and the linking pairing of S and K
for any cover such that Hy(Lk j) is finite.

This lemma shows in particular that we can identify the set of characters on
H,(Lg ) with the set of characters on Hy(Lgy). The following corollary follows
immediately from [Tr73].

Corollary 7.4 If S = S(K,C, A) as above, then S and C have S—equivalent
Seifert matrices.
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Let S = S(K,C,A) be a satellite knot with 4 € m(S*\ K)I. Let k be
any number such that Hy(Lg ) is finite. The curve A C S8 \ N(K) is null-
homologous and therefore lifts to simple closed curves Ay,..., Ay € Lk .

Theorem 7.5 Let z € S' and x: Hi(Lky) = Hi(Lsi) — S1 a character.

Then
k

T,(MS7 a?x,z)) = n(MK? ag(,z)) + Z U(M(% ai)a
=1

where a; denotes the representation m (Mc) — U(1) given by g+ x(A;)<9).

Proof Litherland [Lit84] proved a general statement how to compute the
Casson-Gordon invariant of S in terms of the Casson-Gordon invariant of K
and the basic invariants of C'. Translating the proof into the language of eta
invariants shows that

k
K
N(Ms i, B0, 2) = n(Mick, B .y) + Y n(Me, ai).
i=1
For full details we refer to [Er03d]. Casson-Gordon invariants only make sense
when k and the order of x are prime powers, but the proof can be used to show
the above statement about eta invariants.

By corollary [Z4] the knots K and S have S—equivalent Seifert matrices, in

particular the twisted signatures are the same (cf. proposition B3]). The theorem
now follows immediately from proposition B4l O

Iterating the satellite construction we can generalize the theorem as follows (cf.
[Liv02l p. 405]). Let K € S% beaknot and Ay,..., Ay € S\ K be simple closed
curves which form the unlink in S3 and such that A; =0 € 71(S® \ K)). Let
C1,...,Cs be knots. Then we can inductively form satellite knots by setting
Sp := K and S; the satellite formed with orbit S;_1, companion C; and axis
A;. Note that A; € 71(S%\ S;_1)™. We write

Si=: S(K,Cq,...,Ci, Ay, .. Ay).
Theorem 7.6 Let S := S(K,Cy,...,Cs, A1,...,As) as above. Let k be any

number such that Hy(L ) is finite, z € St and y: Hi(Lsy) — S1 a character,
denote the corresponding character Hy(Lk ) — S1 by x as well. Then

U(MS,OZ(SX,Z)) (MK7 XZ +ZZ77 MC 7azy
7j=114i=1

Here oy denotes the representation m1(Mc;) — U(1) given by g—x((4;))9),
where (A;)1,...,(A;)x denote the lifts of A; to Lgy.
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7.3 Computation of L?—eta invariants

The following proposition makes it possible to compute L?—eta invariants in
many cases.

Proposition 7.7 ([COTO03|, [Fr03c]) Let K be a knot, then

) = o, .
0 2) = [ oK)

We quote a theorem by Cochran, Orr and Teichner on the computation of
L?-eta invariants for satellite knots. Recall that for € Hy(M A) we defined
Bt m(Mk) — Z x Hi(Mg,A) — Zx Hi(Mg,QA)
idX A\ T,—
A, 7w Q) Q7).
Theorem 7.8 ([COT04, p. 8] [Kim02, prop. 5.3]) Let S = S(K,C,A) with
Acm(S3\K)Y. Let x € H(Mg,A) = Hy(Mg,\), then

@ (Mg, Bz) + 1@ (Mc,Z) i B,(A) #
n® (Mg, ) if B,(A) =

where A is considered as an element in Hi(Mg, ).

s, 00) = { 8

In [Fr03c] we give a different approach to the computation of metabelian L?-eta
invariants based on an approximation theorem by Liick and Schick [LSOT].

7.4 Examples

Let Bl =

== =

1
0
0

o~ OO
_ =0 O

0 0

this Seifert matrix is obviously metabolic. The Alexander polynomial is Ap, (t)
= (12 —t +1)2. The signature function z +— o, (By) is zero outside of the set of
zeros of the Alexander polynomial since the form is metabolic. The zeros are
e2mi/6 2m51/6 and at both points the signature is —1. Let

11
B (1 1).
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Then Ap,(t) =t> —t+1, and

| 2 forte(lD)
O g2nit (B3) —{ 0 fortel0, %) (%71]

Finally let

1 00010
110101
0 00111
Bs:=1 o9 10101
1 01011
0 1 1101

Then Ap,(t) = ®14(t) =1 —t+ 12— 3 +t* — 7 + 15 and

_ 2 forte (L)
oemit(B3) = { 0 fortel0,74)U

Proposition 7.9 (Example 1) There exists a (0)—solvable knot K with zero
abelian L?-eta invariant but which is not algebraically torsion.

Proof Recall that for a knot Arf(K) = 0 if and only if Ag(—1) = +£1
mod 8. By [Lev69] we can find a knot K with Seifert matrix 7Bs @& —6Bx,
then Arf(K) = 7Arf(Bs) — 6Arf(By) = 0, using the above calculations we get
0.(K) =2 for z=e?™*/> k =1,2,3,4 and Js1 02(K) = 0. This shows that K
has all the required properties. O

Proposition 7.10 (Example 2) There exists a (1.0)—solvable knot K with
zero metabelian L?—eta invariant, but non-zero SE-invariants.

Proof Let p(t) = —2t + 5 — 2t~!. By Kearton [Kea73] there exists a knot
K5 =2 85 C S7 such that its Blanchfield pairing is isomorphic to
A/p(t)? x A/p(t)2 — STIA/A
(a,b) +— ap(t)~2b

Let A be a Seifert matrix for K5, and K C S® be a slice knot with Seifert
matrix A. Since the Blanchfield pairing is determined by A, the Blanchfield
pairing of K is isomorphic to the Blanchfield pairing of K5. A computation
using lemma 22 shows that |Hi(Lg4)| = 225.

Let N be a non—negative integer greater or equal than X := max{n(Mxg, a)|a €
Ry(m1(Mk))}. Note that Ry(mi(Mg)) is compact since m (M) is finitely
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generated. Using of results of Levine [Lev94, p. 92] one can show that X is
finite (cf. [Fr03d] for details).

Let F be a Seifert surface for K. We can view F' as a disk with 2¢g 1-handles
attached. Then the meridians Ai,..., Ay, € S3\ F of the handles form the
unlink in S3 and the corresponding homology classes give a basis for Hy(S3\ F).
Note that A; € m(S%\ K)M. Denote the knot of the proof of proposition
by D and let C'= (N 4 1) - D, and form the iterated satellite knot

S = S(K,C,...,C,Al,...,AQQ).

We claim that the satellite knot S satisfies the conditions stated in the propo-
sition. S is (1.0)-solvable by theorem and has zero metabelian L%—eta
invariant by theorem since K is slice, |, g1 0-(C) = 0 by construction of C
and since K, and therefore also S, has a unique metabolizer for the Blanchfield
pairing.

We have to show that for all Py C Hi(Ls4) with Py = Pj with respect to
the linking pairing Ag4, we can find a non-zero character x: Hq(Lgs4) — St
of prime power order, vanishing on Py, such that for one transcendental z we

get T,(MSya(z,X)) # 0.

Let Py be a metabolizer and x: Hyi(Ls4) — S I a non-trivial character of order
5, vanishing on Pj. Denote the corresponding character on Hy(Lk 4) by x as
well. For any z € S' we get by corollary

29 4

T,(MS7 a?x,z)) = U(MIG a&,z)) + Z Z n(MC? aij)a
j=1i=1

where a;; denotes the representation 71 (Mc) — U(1) given by g — X((A;);)@
and (A;); denotes the i'" lift of A; to Liy. By definition of N and by
proposition we get

U(MSva(SXJ)) > —N+ Z§i1 Y iy n(Me, aig)
=N+ 350 i Oy (©)
= —N+ Z§i1 Z?=1(N + 1)UX((AJ-)Z-)(B2)
Note that n(Mc, a;;) > 0 for all 4, j since o, 2ri/5(C) > 0 for j =0,...,4. The

lifts (A;); are easily seen to generate H;(Lk 4), hence x((A;);) # 1 for at least

(4
one (i,7) since x is non-trivial. But o, (C) = 2(N + 1) for w = €>™9/5 j =
1,2,3,4. It follows that n(MS,an Z)) >—-N+2(N+1)>0 for all z. O

For completeness sake we add the following example which was discovered by
Taehee Kim [Kim02].
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Proposition 7.11 (Example 3) There exists a knot S which is algebraically
slice, (1.0)—solvable, has zero STE-obstruction but non-zero metabelian L?-eta
invariant.

Proof Denote by ®30(t) = 1+t —t3 —t* — 15+ 17 + 8 the minimal polynomial
of €2m/30 " Ag in the proof of proposition there exists a ribbon knot K
such that the Blanchfield pairing is isomorphic to

A/ ®3o(t)? x A/P3o(t)> — STIA/A
(a,b) — a<I>30(t)‘2b

An explicit example of such a knot is given by Taehee Kim [Kim02), Section 2].
Note that K has a unique metabolizer P for the Blanchfield pairing. Further-
more Hi(Lg ) = 0 for all prime powers k by theorem Let C be a knot
with Seifert matrix By and A € 71(S% \ K)®) unknotted in S* and such that
Bz(A) # 0 for some x € P.

By corollary [[4] the knot S is algebraically slice, since K is algebraically slice.
S is (1.0)—solvable by proposition since Arf(C') =0.

Since Hi(Lg)=H1(Lk)=0 for all prime powers k, we get RZT’met(m(MK))
= () for all prime powers k, hence S has zero STE-obstruction. By theorem [[8
S has non-zero metabelian L?—eta invariant since ,(5) = ,(K)+ [¢1 0-(C) =
4

3 and P is the unique metabolizer. O

8 Ribbon knots, doubly slice knots and the obstruc-
tions of Gilmer and Letsche

8.1 Obstructions to a knot being ribbon

An immersed ribbon disk is an immersion D — S3 which bounds K such that
the singularities are only of the type as in figure[ll i.e. the self-intersection lies
completely in the interior of one of the two sheets involved. The singularities
can be resolved in D* to give an embedded slice disk. Slice disks which are
isotopic to such disks are called ribbon disks. If a knot has a ribbon disk we say
that the knot is ribbon. Note that this is a purely 3—dimensional definition.

It is a longstanding conjecture of Fox (cf. [Fox61l, problem 25]) that all slice
knots are ribbon. In theorem we give a condition for a knot to be ribbon
which is ostensibly stronger than the corresponding condition (theorem ET) for
a knot to be slice. It is an intriguing question whether one can use these results
to disprove Fox’s conjecture.
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Figure 1: Immersed ribbon disk.

Proposition 8.1 ([Gor&1), lemma 3.1] [Kea75bbl lemma 2.1]) If K is ribbon
and D C D* a ribbon disk, then the maps
iv: m(SP\K) — m(D*\D)
H{(Mg,\) — Hi(Np,A)

are surjective.

Proposition 8.2 Assume that K is ribbon, D a ribbon disk, then Hy(Np,A)
is Z-torsion free, in particular P := Ker{H(Mg,A) — H1(Np,A)} is a me-
tabolizer for Apg;.

Proof According to [Lev77, thm. 2.1 and prop. 2.4] there exists a short exact
sequence
0 — Ext} (H1(N, M,\)) — H,(N,A) — Ext} (Hy(N, M,A)) — 0.

Here Hy(N,A) denotes Hq (N, A) with involuted A-module structure, i.e. t-v :=
t~'v. Furthermore Ext} (Hy(N, M, A)) is Z-torsion free (cf. [Lex77, prop. 3.2]).
In order to show that H;(NV,A) is Z-torsion free it is therefore enough to show
that Hy(N,M,A) = 0. Consider the exact sequence

Hy(M,A) — Hi(N,A) — Hi(N,M,A) — Ho(M,A) — Ho(N,A) — 0.

The last map is an isomorphism. By proposition the first map is surjective.
It follows that Hy(N,M,A) =0.

The second part follows immediately from theorem BTl O

Theorem 8.3 Let K C S® be a ribbon knot. Then there exists a metabolizer
P C Hi(Mg,A) such that for any o € P{""(m(M)) vanishing on 0 x P we
get n(My,a) = 0.

Proof Let P := Ker{H;(Mg,A) — H1(Np,A)} where D is a ribbon disk
for K. Then P = P+ by proposition Let a € Py(m(M)) which vanishes
on 0 x P, then « extends to a metabelian representation of m1(Np), hence
(Mg, a(.,y)) = 0 by lemma and theorem E41 O
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We say that K has zero eta invariant ribbonness obstruction if the conclusion
holds for K.

Remark One can show that if P is a metabolizer for Ag; and k is such that
Hl(Lk) is ﬁnite, then P, := Wk(P) C THl(Mk) = Hl(M,A)/(tk — 1) is a
metabolizer for A ;. In particular if K is and & any number such that H;(Ly)
is finite then there exists a metabolizer Py for the linking pairing such that
for all x: THy{(Mj) — S* of prime power order, vanishing on P, and for all
transcendental z € S' we get (Mg, y)) = 0.

Comparing this result with theorem E7] we see that the ribbon obstruction is
stronger in two respects. When K is ribbon

(1) we can find metabolizers Py, which all lift to the same metabolizer of the
Blanchfield pairing,

(2) the representations for non-prime power dimensions don’t have to be ten-
sor products.

We will make use of this in proposition

Remark (1) Note that the only fact we used was that for a ribbon disk
Hy(Mg,N) — Hy(Np,A) is surjective.
(2) Casson and Gordon [CGS86l p. 154] prove a ribbon—obstruction theorem
which does not require the character to be of prime power order, but has
a strong restriction on the fundamental group of m(Np).

(3) In [Fr03c] we show that if a knot K has zero eta invariant ribbonness
obstruction, then K has in particular zero metabelian L?eta invariant
sliceness obstruction. In proposition we will see that the converse is
not true.

8.2 Obstructions to a knot being doubly slice

A knot K C 83 is called doubly slice (or doubly null-concordant) if there exists
an unknotted smooth two-sphere S C S* such that SN S3 = K. It follows
from the Schoenflies theorem that a doubly slice knot is in particular slice.
Fox [Eox61] posed the question which slice knots are doubly slice. Doubly slice
knots have been studied by Sumners [S71], Levine [Lev89], Ruberman [Ru&3]
and Taehee Kim [Kim02].

We say that knot K is algebraically doubly slice if K has a Seifert matrix of
the form <g g) where B, (' are square matrices of the same size. Sumners
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[STT] showed that if K C S® is doubly slice, then K is algebraically doubly
slice. This result can be used to show that many slice knots are not doubly
slice.

We prove the following new doubly sliceness obstruction theorem.

Theorem 8.4 Let K C S® be a doubly slice knot. Then there exist metabo-
lizers Py, Py, C Hi(Mg,A) for the Blanchfield pairing such that

(1) Hi(Mg,A) =P @ P,

(2) for any o € P"(Z x Hy(Mg,A)) vanishing on 0 x P;, i=1,2, we get
n(Mg,a) =0.

Proof Let S C S* be an unknotted two-sphere such that SN .S? = K. Inter-
secting S with {(z1,...,25) € R®|x5 > 0} and {(x1,...,25) € R’|x5 < 0} we
can write write S = D? Ug D3 and S* = D{ Ugs D3. Let N; = D} \ D?, then
NiN Ny =53\ K and Ny UNy = S*\ S. From the Mayer-Vietoris sequence
we get

Hl(MK, A) = Hl(Nl, A) & Hl(Ng, A)

since Hy(Mg,A) = H1(S?\ K,A) and H;(S*\ S,A) =0 since S is trivial.

Now let P; := Ker{H(M,A) — Hi(N;,A)}, the proof concludes as the proof
of the main ribbon obstruction theorem since Hy(Mg,A) — Hi(N;, A) is
surjective for ¢ =1, 2. O

Remark (1) The proof of theorem B shows in particular that if K is dou-
bly slice we can find a slice disk D such that Hi(Np,A) is Z-torsion
free.

(2) Comparing theorem with theorems E7 and we see that doubly
slice knots have zero (doubly) ribbon obstruction.

Question 8.5 Using the notation of the proof we get from the van Kampen
theorem that for a doubly slice knot

Z = m (DY \ DY) %7, s\ 1) 71 (D3 \ D3).

Can we conclude that 71(S®\ K) — m1(D} \ D?) is surjective for at least one
1?7 If yes, then this would show that a doubly slice knot is in fact homotopically
ribbon. One can go further and ask whether doubly slice knots are in fact
ribbon or doubly ribbon. The first part of the question is of course a weaker
version of the famous ‘slice equals ribbon’ conjecture.
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Remark Taehee Kim [Kim03], [Kim04] introduced the notion of (n, m)-solva-
bility (n,m € iN). He used L*-eta invariants to find highly non-trivial exam-
ples of non doubly slice knots, in particular for each n € N he found examples
of knots which are (n,n)-solvable but not (n + 1,n + 1)-solvable.

8.3 The Gilmer—obstruction

In sections and we quickly recall the obstructions of Gilmer [Gi83],
[Gi93] and Letsche [Let00]. The papers claim to define sliceness obstructions.
While investigating the precise connection to our obstructions we found that
unfortunately the proofs in their paper contain gaps. We show that Gilmer’s
and Letsche’s results give ribbon obstructions and we give a precise description
of the problems that must be solved in order to show that they are really
sliceness obstructions.

Let K be a knot, F' a Seifert surface. Pick a basis a1,...,ay, for H;(F), denote
by A the corresponding Seifert matrix. Let I' := (A’ — A)~' A! and k such that
Hy(Ly) is finite. Define ¢y: Hi(F) — Hy(F) to be the endomorphism given
by T¥ — (I' — 1)¥ and define B¥ ¢ H{(F,Q/Z) to be the kernel of ¢}, ® Q/Z.
For a prime number p define B;f to be the p-primary part of B*. Let Y be S°
cut along F' and denote by aq,..., s € Hi(Y') the dual basis with respect to
Alexander duality, i.e. lk(a;, o) = d;5.

Pick a lift of Y to L. Denote the lifts of a; by &;. These generate Hy(Ly),
in fact

Hy(Ly) = (P Zaw) /T,
We therefore get a well-defined isomorphism
B¥ — HY(Ly,Q/7Z) = Hom(H,(Ly),Q/7Z)
Y.ria; — (& — ;) where r; € Q/Z.
Different lifts of Y to Lj give different characters, but the associated Casson-

Gordon invariants agree. Hence we get a well-defined Casson-Gordon invariant
7(K,x) € Lo(F\(t)) ® Q for y € B*.

We say that a knot K has zero Gilmer obstruction for a Seifert surface F' and
a prime p if there exists a metabolizer H for the Seifert pairing on H;(F') such
that for all prime powers k, 7(K, B;f N(H ® Q/Z)) = 0. More precisely, for a
character x € BE N (H ® Q/Z) we get 7(K,x) =0 € Lo(Fy(t)).

Gilmer’s theorem (cf. [Gi93, p. 5]) claims that a slice knot has zero Gilmer
obstruction for all Seifert surfaces and all primes. Unfortunately the proof has
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a gap. On page 6, the statement that H ® Q/Z is the kernel of p, (Gilmer’s
notation in the paper) is not necessarily true since tensoring with Q/Z is not
exact. This becomes a problem if H;(R) is not torsion free, where R denotes
a 3-manifold which bounds the union of F' with a slice disk D. One can show
that the question whether H;(R) is torsion free is closely related to the question
whether Ker{H;(Mg,A) — Hi(Np,A)} is a metabolizer for the Blanchfield
pairing.

Furthermore the proof of the cancellation lemma 5 has a gap as well, namely on
the second to last line. Note that the same problem appears in Gilmer’s earlier
paper [Gi83)].

Going carefully through the proof of Gilmer’s theorem, or the equivalent version
in terms of eta invariants in [Fr03d] one can see the following.

Theorem 8.6 Let K be a slice knot and F a Seifert surface. Then K has
zero Gilmer obstruction for F' and all but finitely many primes p.

In [Fr03d] we show that if a knot satisfies the vanishing condition on eta invari-
ants of theorem then the Gilmer obstruction vanishes for all Seifert surfaces
and all primes. In particular this shows the following theorem.

Theorem 8.7 Let K be a ribbon knot or a doubly slice knot, then K has
zero Gilmer obstruction for all F' and all primes.

8.4 The Letsche—obstruction

For x € Hi(Mg,A) we define the map
az: m(Mg) — m(Mg)/m(Mg)® = Zx H (Mg, A)

HOABET) g SIA/A,

We say that a knot K has zero Letsche obstruction if there exists a metabolizer
P C Hi{(Mg, ) such that for any k, any € P and any 0 € R(Z x ST'A/A)
such that foay, € P (11 (Mk)) we get n(Mg,f0o0a,) = 0. Letsche (cf. [Lef00),
p. 313]) claims that every slice knot has zero Letsche obstruction. Unfortunately
the statement of the last paragraph of the proof of lemma 2.21 is incorrect since
maps x1, X2 to S' whose nt" powers X1, X5 agree for some n > 1, don’t have
to be identical, i.e. x1 # x2. In particular given an abelian group P and a map
x: nP — S! for some n > 1 there is no canonical way to extend y to P.
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The situation in Letsche’s paper is as follows. Let D be a slice disk for K, then
by theorem Bl P := Ker{H;(Mg,A) — FH{(Np,A)} is a metabolizer, but
only characters which vanish on @ := Ker{H;(Mg,A) — H;(Np,A)} extend
over the slice disk complement. Note that @Q = nP for some n € N. If x € P
and n # 1, then a; does not vanish on the metabolizer P but only on QQ = nP.
Letsche’s attempt to get around this problem introduced the above mentioned
problem.

On the other hand if @ = P, i.e. if Ker{H;(Mg,A) — Hi(Np,A)} is a me-
tabolizer for the Blanchfield pairing, then the Letsche obstruction vanishes. In
particular we get the following weaker statement.

Theorem 8.8 Let K C S3 be a slice knot, D a slice disk. If Ker{H;(M,A)
— Hy(Np,A)} is a metabolizer for the Blanchfield pairing, then K has zero
Letsche obstruction. In particular ribbon knots and doubly—slice knots have
zero Letsche obstruction.

Remark Note that there is no restriction on the dimensions of the repre-
sentations. In [Fr03d] we show that all unitary irreducible representations of
7Z x STIA/A are in fact tensor products of unitary representations of prime
power dimensions.

We give a complete proof, which differs somewhat from Letsche’s original proof.

Proof Let x € P. Considering the long exact sequence we see that =z =
J(w) for some w € Hy(Np,Mg,A). Letsche [Lefi)] showed that in fact
Hy(Np,Mg,N) = TorpyHo(Np, Mg,A) and that there exists a Blanchfield
pairing

)\Bl,ND3 TOI‘AHQ(ND,MK,A) X TOI‘AHl(ND,A) — S_lA/A

such that Agi(z,y) = Agi,np (W, ix(y)) for y € Hi(Mg,A). We get a commu-
tative diagram (cf. [Lef00, cor. 2.9])

m(Mg) —  ZxH(Mg,A)  22e@0 o108 2 k)

! ! | |

idxApi,Np (W,—) 0

m(Np) — ZxTorpaHi(Np,A) ——L2—— ZxS~'A/A = U(k).

This shows that 6o «, extends over 71 (Np). The first part of the theorem now
follows from theorem 24l The second part follows from theorem BTl proposition
and the remark after theorem O

Algebraic € Geometric Topology, Volume 4 (2004)



Eta invariants as sliceness obstructions 929

8.5 More Examples

In [Er03c] we show that if for a knot the metabelian eta invariant ribbon ob-
struction vanishes, then all the abelian and metabelian sliceness obstructions
vanish. The following example shows that furthermore the ribbon obstruction
theorem is in fact stronger than these obstructions, considered as ribbonness
obstructions.

Proposition 8.9 (Example 4) There exists a knot S which is algebraically
slice, (1.0)-solvable, which has zero STE-obstruction and zero metabelian L?—
eta invariant but which does not satisfy the condition for theorem 83, i.e. S is
not ribbon.

Proof Let K be the ribbon knot of proposition LTIl Recall that Ag(t) =
®30(t)? and that K has a unique metabolizer P. In particular Hy(Lg ) = 0 for
all prime powers k and a computation using lemmaZ2shows that |H; (L )| =
625.

Now let C' be the knot of the proof of proposition [Z9}, recall that | 10:(C) =0.
Let Ps := ms(P) C Hi(Mk,) be the projection of P. Let A be a simple closed
curve in S%\ K, unknotted in S3, such that A € m1(S%\ K)M), which lifts to a
simple closed curve A in the 6-fold cover which presents a non—trivial element
of order 5 in Hi(Mkg)/Fs.

We claim that the satellite knot S := S(K, C, A) satisfies the conditions stated
in the proposition. The proof of proposition [[.T1] shows that S = S(K,C, A)
is algebraically slice, is (1.0)-solvable, has zero STE-obstruction and zero
metabelian L?-eta invariant obstruction.

As remarked above, the Blanchfield pairing of S has a unique metabolizer P.
Let
X: Hy(Mg,A) — Hi(Mg,A)/(t° = 1) — Hi(Lgg) — S

be a non-trivial character of order 5, vanishing on Ps; C Hi(Lgge) such that
x(A) # 1 € S*. By corollary

k
n(Ms, Ot(SX,z)) = n(Mk, az’;z)) + Z n(Mc, o),

i=1
where «; denotes the representation m (M¢) — U(1) given by g — x(A;)€@).
The first term is zero since K is ribbon and P is the unique metabolizer of
the Blanchfield pairing (cf. theorem B3). The second term is non-zero since
X(Az) # 1 for at least one ¢ and by the properties of C'. This shows that
n(MS’O‘Eng)) #0, i.e. S is not ribbon by theorem B3] O
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Remark (1) The knot S constructed in the proof has in fact the extra
property that the Gilmer and the Letsche obstruction vanish. Indeed, in
unpublished work we show that the Gilmer (respectively Letsche) obstruc-
tion is equivalent to the vanishing of certain eta invariants corresponding
to irreducible prime power dimensional representations (respectively ten-
sor products thereof). By construction the knot S has no irreducible
prime power dimensional representations.

(2) It is in fact possible to construct an example of a knot with all the above
properties such that no multiple of S is ribbon.

Note that it is not known whether the example given in the above proposition
is slice or not.

Proposition 8.10 (Example 5) There exists a ribbon knot S with the follow-
ing property. There exists a prime power k such that for all metabolizers P we
can find « € Pgmmet(m(MK)) with a(0 x P) = 0 but such that n(Mg,a) # 0.

Note that we do not restrict ourselves to representations «, ), with x of
prime power order. The proposition shows that theorems and can’t be
strengthened to include all non prime power characters. The example shows
that the set P,irr’met(m (Mk)) is in a sense maximal, i.e. that the prime power
condition on the characters is indeed necessary.

Proof Consider A(t) = f(t)f(t ') where f(t) = 4 — 3t + 2t% + 43 — 7t* +
t5 + 2t — 3t" + ¢®. Terasaka [Te59] shows that any polynomial of the form
f(t)f(t~1) can be realized by a slice knot. But this shows that A(t) can be
realized by a metabolic Seifert matrix, hence there exists a ribbon knot K with
Ak (t) = A(t). A computation shows that Hi(Lg ;) = 1296 = 36%. Let N be
an integer greater than max{n(Mg,a)|a € Rs(mi1(Mg))}. As in the proof of
proposition [LT0 we see that such an N exists.

Let 1211, ... ,fls € Hi(Lkys) be all elements. One can find simple closed curves
Ay,..., A, C 83\ K such that A; € m(S%\ K)) and such that for all i =
1,...,s the homology class A; is represented by one of the k lifts of A4; to
L. Possibly after crossing changes of the representatives one can assume that
Ay, ..., A, form in fact the unlink in S2. Let C be a ribbon knot with Seifert
matrix &Y 1B, and form the iterated satellite knot

i=1
S:=S(K,C,...,C,Aq,..., Ay).
Note that S is ribbon by proposition [1]
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Let P be a metabolizer for the Blanchfield pairing and let
Ps :=m5(P) C Hi(Mg,N)/(t> — 1) = Hi(Lk ).

Let x: Hi(Ls) — S I be a non-trivial character of order 6, vanishing on Ps.
Then for all transcendental z € S we get

n(Ms,s, Oé(SX,z)) = n(Mgg, a&,z)) + Z§:1 Z?:l n(Mc;, aij)
< N+ (N + Do (4, (Br)-

Since x is of order 6 and by construction of Aj,...,As, we can find (i,7)
such that x((4;);) = €*™/%, but recall that o,(B;) = 0 for all z except for
z = 2™/ 275i/6 where ¢,(B;) = —1. This shows that n(Ms,oz*(gx’z)) <N+
(N+1)(-1)=-1. O

Remark The degree of the Alexander polynomial of K is quite large, but it
was the polynomial of lowest degree we could find with |H;(Ly)| being divisible
by 6 for some prime power k.
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