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Abstract This work deals with Adem relations in the Dyer-Lashof algebra
from a modular invariant point of view. The main result is to provide an
algorithm which has two e ects: Firstly, to calculate the hom-dual of an
element in the Dyer-Lashof algebra; and secondly, to nd the image of a
non-admissible element after applying Adem relations. The advantage of
our method is that one has to deal with polynomials instead of homology
operations. A moderate explanation of the complexity of Adem relations is
given.

AMS Classi cation 55S10, 13F20; 55P10
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1 Introduction

The relationship between the (canonical sub-co-algebras) Dyer-Lashof algebra,
R[k] and the Dickson invariants DI[K] is well-known, see May’s paper in [3],
relevant parts of which will be quoted here. We provide an algorithm for calcu-
lating Adem relations in the Dyer-Lashof algebra using modular co-invariants.
Much of our work involves the calculation of the hom-duals of elements of R in
terms of the generators of the polynomial algebra D[k]. The results described
here will be applied to give an invariant theoretic description of the mod—p
cohomology of a nite loop space in [6].

We note that the idea for our algorithm was inspired by May’s theorem 3.7, page
29, in [3]. The key ingredient for relating homology operations and polynomial
invariants is the relation between the map which imposes Adem relations and
the decomposition map between certain rings of invariants. This relation was
studied by Mui for p =2 in [8], and we extend it here for any prime. Namely:
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220 Nondas E. Kechagias

Theorem 4.15 Let : T[n] ¥ R[n] be the map which imposes Adem
relations. Let { : S(E(n))®" [DIn] ,¥ S(E(n))B~ [BIn] be the natural
inclusion. Then £ i.e.forany e; 2 T[n] and d™M" 2 S(E(n))Ct D],

hd™M ™ (e))i =M(d™M); ey i:

Campbell, Peterson and Selick studied self maps f of QE,“HS"‘+1 and proved
that if £ induces an isomorphism on Hzp_3(QB“+1Sm+1;Z=pZ), then f, is a
homotopy equivalence for p odd and m even [2]. A key ingredient for their
proof was the calculation of

AnnPH (Q7"*s™*; z=pz)

They gave a convenient method for calculating the hom-dual of elements of
H (Qg‘+18m+1;Z:pZ) which do not involve Bockstein operations. Our algo-
rithm computes the hom-duals of elements of R[n] in terms of the generators
of the polynomial algebra D[n]. Please see Theorem 4.186.

A direct application of the last two theorems is the computation of Adem re-
lations. The main di erence between the classical and our approach is that
we consider Adem relations \globally" instead of consecutive elements and it
requires fewer calculations. This algorithm is described in Proposition 4.20.

The paper is purely algebraic and its applications are deferred to [6]. There
are three sections in this paper beyond this introduction, sections 2, 3 and 4.
Section 2 recalls well known facts about the Dyer-Lashof algebra from May'’s
article, cited above. In section 3, the Dickson algebra and its relation with the
ring of invariants of the Borel subgroup is examined. That relation is studied
using a certain family of matrices which suitably summarizes the expressions
for Dickson invariants in terms of the invariants of the Borel subgroup. In the
view of the author, the complexity of Adem relations is reflected in the di erent
ways in which the same monomial in the generators of the Borel subgroup can
show up as a term in a Dickson invariant. The ways in which this can happen
can be understood using these matrices. For p odd, the dual of the Dyer-Lashof
algebra is a subalgebra of the full ring of invariants. This subalgebra is also
discussed in full details. In the last section a great amount of work is devoted to
the proof of the analog of Mui’s result mentioned above. Then our algorithms
more or less naturally follows.

This paper has been written for odd primes with minor modi cations needed
when p = 2 provided in statements in square brackets following the odd primary
statements.

For the sake of accessibility we shorten proofs. A detailed version of this work
including many examples can be found at: http://www.uoi.gr/~nondas_k
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Adem relations in the Dyer-Lashof algebra 221

and also at:
http://www._maths.warwick.ac.uk/agt/ftp/aux/agt-4-13/full .ps.gz

This work is dedicated to the memory of Professor F.P. Peterson.

We thank Eddy Campbell very much for his great e ort regarding the presenta-
tion and organization of the present work and the referee for his encourangment
and valuable suggestions regarding the accessibility of our algorithm to the in-
terested reader. Last but not least, we thank the editor very much.

2 The Dyer-Lashof algebra

Let us briefly recall the construction of the Dyer-Lashof algebra. Let F be
the free graded associative algebra on ff'; i 0g and f f'; i > 0g over
K := Z=pZ with jf'j = 2(p — Di, [jfj=i]land j flj=2i(p—1)—1. F
becomes a co-algebra equipped with coproduct : F —¥ F [Elgiven by

f' = ' Mland f'= ' 8+ ' ¥
Elements of F are of the form
"= ifli;;; nfin
where (I;") = ((i1;:::51n); (1;:5 n)) with =0 or 1 and i a non-negative
" P P
integer for j = 1; ::: ;n, jFY"j =2(p—1) it — ee [jf"]j= it ]
t=1 t=1 t=1

Let I(1;") = n denote the length of I;" or !*" and let the excess of (I;") or 1"

X X
exc(F') =i — 1—2(p—1) ir, [exe(f)=i1— i
2 2
The excess is de ned A1, if I = ; and we omit the sequence ( 1;:::; n), if all
ej = 0. We refer to elements ' as having non-negative excess, if exc(f't) is
non-negative for all t.

It is sometimes conven_ient to use Iower_notation for elements of F and its
quotients. We de ne f'x = F1 imjuiX [f'x = fi_j;x]. Let I = (iy;:5in) and
"= (1;: n), then the degree of Q.+ is
1
E > X t—1 e *x. t—1
firi=2(p—-1) itp - etp fg = it2 I
t=1 t=1 t=1
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222 Nondas E. Kechagias

In lower notation we see immediately that f,.» has non-negative excess if and
only if (I;") is a sequence of non-negative integers: exc(l;") = 2i; —e;.

Given sequences | and 1° we call the direct sum of 1 and 1 the sequence
I 1= (ig;2ning i 0%,). Using a sequence | we use the above idea for the
appropriate decomposition. Let 0k denote the zero sequence of length K.

Remark Let hN; %i be the monoid generated by N and % in the rationals.
Let hN; 2i" be the monoid which is the n-th Cartesian product of hN; 3i. Then
(1;") 2hN; 3i" - (Z=2Z)". [1 2N"]

F admits a Hopf algebra structure with unit : K —¥ F and augmentation
. F —¥ K given by:
n_ L1, ifi=0
()= 0; otherwise.

De nition 2.1 There is a natural order on the elements .. de ned as fol-
lows: for (1;™) and (1%"") we say that (I;") < (1% if exc(l;;")) = exc(1]; ™)
for 1 1 tand exc(ly;"y) <exc(ly;")) forsome 1 t n.

We de ne T = F=lgyc, Where lgxc is the two sided ideal generated by elements
of negative excess. T inherits the structure of a Hopf algebra and if we let T[n]
denote the set of all elements of T with length n, then T[n] is a co-algebra of

nite type. We denote the image of f,.» by e;.~. Degree, excess and ordering
for upper or lower notation described above passes to T and T[n].

The Adem relations are given by:

(P—D(@i—-s)—1

. Er+ps—pi€i, If r>s
r—i—1 r+ps—pi®i

x :
eres = (_l)r_l
i

andifp>2andr s,
> e —1)(i—s
er 6= (=1 (2 — 1):(2 - i) €r+ps—pi—1=28i +
i
> ez G- Di—9) -1

7 er+ps—pi &
r—1=2—i repsTRL =

Let 1agem be the two sided ideal of T generated by the Adem relations. We
denote R the quotient T=lagem and this quotient algebra is called the Dyer-
Lashof algebra. R is a Hopf algebra and R[n] is again a co-algebra of nite
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Adem relations in the Dyer-Lashof algebra 223

type. We will denote the obvious epimorphism above which imposes Adem
relations by >

T ¥ Rwith (&)=  a1.0Qy
If (1;™) is admissible then Q.- is the image of ;..

The following lemma will be applied in section 4.

Lemma 2.2 a) (epep) = QoQpx-1; (e180) = 0.

b)  (eprs1=2€1=2) = Qu=2Qpk-141-2; (E32€1=2) = 0.

c)  (epx+1€1) = Q1Qpr—144; (e261) =0.

d) (epke1) = QoQpr—141; (Epe1) = 2QoQx.

e) (epk €1=2) = Qo Qp-141p; (1 €122) = Q122Q1=.
f)  (Epks1=2€1=2) = 0; (€32 €1) = Q1Q1.

9)  (epk+1 €122) = Qu=2Qpk-141-2; (€2 €12) = 0.

The passage from lower to upper notation between elements of R is given as
follows. Let Jx™ and Ix" be lower and upper sequences as de ned above. Then,

Qi "Qjn 1Ql1;; nQin

up to a unit in Z=pZ, where in = j,, and

. 1 . . " " - 1 . . " .
In—t = §(2Jn—t + jln—t+1X"n—t+1)); Jn—t = E(Zln—t — JIn—t+1X"n—t+1J)

De nition 2.3 We say that an element Q.+ is admissible, if 0 2iy —2it—1 +
ee—1 for2 t n-—1.

The ordering described above passes to R and R[n].

Since R[n] and T[n] are of nite type, they are isomorphic to their duals as
vector spaces and these duals become algebras. We shall describe these duals
giving an invariant theoretic description, namely: they are isomorphic to sub-
algebras of rings of invariants over the appropriate subgroup of GL(n;K) in
section 4.
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224 Nondas E. Kechagias

3 The Dickson algebra and a special family of ma-
trices

The Dickson algebra is a universal object in modular invariants of nite groups.
Applications involve computations of Dickson invariants of di erent height. We
provide formulas of this nature which will be applied in the proof of Theorem
4.16. Being very technical, those formulas can be studied easier using matrices.

Let VX denote a K-dimensional vector space generated by fe;;::;exg for
1 k n. Let the dual basis of V" be fxj;::;Xng and the contragradi-
ent representation of W (V") =¥ Aut(V")  GLpn induces an action of
GLy on the graded algebra E(X1;::55%Xn) CPIy1; 5 ynl, [PV i ynll, where
Xj =Vij. Let E(n) = E(X1;::5;Xn) and S[n] = K[y1;  ;yn]. The degree is
given by jxijj =1 and jyijj = 2 (if p = 2, then jyij = 1).

The following theorems are well known:

Theorem 3.1 [4] S[n]°" :=D[n] = K [dno;  ;dn;n—1]$he Dickson alge-
bra, is a polynomial algebra and their degrees are jdn.jj =2 p" —p' , [2"—2'].

Theorem 3.2 [7] S[n]:=B[n]=K[hy; ;hp] is a polynomial algebra and
their degrees are jhij = 2p'~t (p — 1), [2'1].

Although relations between generators of the last two algebras can be easily
described, it is not the case between invariants of parabolic subgroups of the
general linear group.

Q IPL n—i i
Let Fi_y (x) = (x—u), then fies () =+ (—1)" %P dy_y;i and hy =
Q u2v k-1 i=0
(Yk — u). Moreover, (see [5]),
u2v k-1 n—i+s—js

> Y
dnin—i = (hjs)p (@))

1 jl< <ji ns=1
Let m = (mg;::;;mp—1) and k = (Kq;:::;Kn) be sequences of non-negative

integers. Let d™ denote an element of D[n] given by r@dm{ and h¥ denote
t=0

an element of B[n] given by @ h't‘t. Let I denote the t-th element of the
t=1
sequence | = (i;::;0y,) from the left: ie. I == 1),.

For any non-negative matrix C with integral entries and 1 = (1;::;;1), the
matrix product 1 C is a sequence of non-negative integers, then h' < stands
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for Q hEl Do | et C(dn;j) = fn! 2 B[n] and h' is a non-trivial summand in
t=1
Remark 1) Before we start considering sets of matrices, we would like to

stress the point that the zero matrix is excluded from our sets, unless otherwise
stated.

2) Until the end of this section, we number matrices beginning with (0;0) in

. 1C)
the upper left corner. In this case h € stands for @ hE den
t=1
Let 0 j n—21. Here j corresponds to the value n—i in formula 1.

De nition 3.3 For each matrix A = (aj;) such that aj; is a non-negative
= PL

integer, ajt=n—j and ajt=0for i &j, wede nean n n matrix
t=0 ] t=0 i

C(A) = (bij) = by; :bpn—1) such that b = ajp! 1T traio+ *air | et ys

call this collection An;j.

For C 2 An;j, 1 C is the j-th row of C which is the only non-zero row of that
matrix.

Let us also note that there is an obvious bijection between Ap;j and C(dn;j).

P ic
Lemma 3.4 dn;j = h**~.
C2An;

De nition 3.5 Letm = (mg; ;mp—1) beasequence of zeros or powers of p.
Let Anm,J =fm CJ = (mob(o), ;mn—lb(n_l))j CJ = (b(o), ;b(n—l)) 2 An;jg
Pl )
and A'=Ff m C;jCj2An;g.
j=0
Note that di erent elements of A" may provide the same element of B[n] and
this is the reason why Adem relations are complicated as we shall examine more

in Proposition 3.10. We shall also note that the motivation of this section was
exactly to demonstrate this di culty using an elementary method.

The following lemma is easily deduced from formulae 1.

Lemma 3.6 Let m = (mg; :Mp—1) such that m; = 0 or pKi, then
dm = nY’ldm@ — > Y(ht)(C(l))t—l .
n;i )
0 C2AM t=1
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226 Nondas E. Kechagias

Coe cients might appear in the last summation. Hence one needs to partition
the set A])' as the following lemma suggests.

Lemma 3.7 Let m=(mgp; ;mn—1) be a sequence of zeros or powers of p.
PL Pl .

Let A = (air) and A’ = (a},) such that ai;a}; 2N,  ajr= a&=n—j if
t=0 t=0

m; & 0, otherwise the last sums are zero. Suppose that 1 A =1 A’ and let
Tiy; 1) igg denote their di erent columns. Consider only their di erent rows and
for each column i, partition them according to where 1’s appear: fj1;:::;jsg
and fj};:::;jlg. If for each ji there exists a j! such that the number of zeros next
to aj,;j, and a?r;jg are equal and this is true for all i, then 1 C(A) = 1 C(A).

Proof We use the de nition of C(A) in 3.3. ]

On 1xn or nx1 matrices we give the left or upper lexicographical ordering
respectively.

De nition 3.8 Let m be a non-negative integer, we denote by ja,;j(m) the
set of partitions of m in jAn;jj terms. A typical element of j5_,j(m) is of the
form = ( 1;25 jani)-

For = ( 155 jangi) 2jan;j (M), let () denote the integer HL'H

P
Lemma 3.9 Let mj=  m;j, p . Then
=0

- > Yoo > 9 % pig;
dyj = G:) n Cjii2An;j

) 0 “j =0

G240 5y )

Proof First, we show the formulae above for m;; and then we extend by
direct multiplication. O

Proposition 3.10 Let m = (mg;::;;mp—1) be a sequence of non-negative
integers, then

. >y 8 v pag
< IY ] Cj;i2An;j
dm = G:) ph 0§ n-1

0 j n—10 4 =0 =0

G024, 55 (M5 )
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The following lemma which is of great importance for dealing with Adem rela-
tions involving Bockstein operations is proved using appropriate matrices.

Lemma 3.11 Each term of dy.t.s is also a term of dy.sdy+¢kx. Here 0 s<k
t

and 1 t. Moreover, no term of dy.sdx+tk — dk+t:s IS divisible by ? h;j.
k+1

In order to prove the main theorem in the next section, the following formula
for decomposing Dickson generators will be needed. This formula is a special
case of the lemma above. Formulas of this kind might be of interest for other
circumstances involving the Dickson algebra. One of them may be the transfer
between the Dickson algebra and the ring of invariants of parabolic subgroups.

Lemma 312 Let 0 s< k Thel’l dk;Sdk+1;k - dk+1;S =
E S t+2 t S s+1 s—1 s—1
p p p p p p p
t_Odk—i—lﬁ—Tdk—t—Lk—t—th—t*-dk—sodk—sk—s—l4_dk—$1hk—s+1'
Proof We shall use induction and the well known formula dy.s = df_;._; +

Lemma 3.13 Each term of dx+qkdk+ts is also a term of dy+q;sdk+tx. Here

0 s<kandO0 g<t. Moreover, no term of dx+q;sk+t;k — Ok+q:kOk+t;s 1S
t
divisible by Q hj.
k+q+1

Proof We consider (k +t) (k+t) matrices of the following form:
2 3 2

k+q k+q

j j
s-th k+g—s ¥ ] s-th k+t—s j I

j B j
k-th t T k-th qt j

J J

The last column of the matrices above is of size t —q. If this column is full of
non-zero elements in the last matrix, we require the same in the k-th row of

the rstymatrix. Then our matrices ungder.consideration become:
gn atrices ungler 5 e 3

k+g—s 8 k+q—s e

j j
) j

_ J
i ar ]
J J
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228 Nondas E. Kechagias

Now the assertion follows because there is no other choice for the rst matrix
of this kind. For the general case, let the non-zero elements in the last column

of the second matrix be | <t—q. Then the situation is as follows:

2 K+ 3 2 " 3

k+q—s ¥ k+t—s—I

t—1I ' q?

L e e e ) +
1

Hence we have to consider the following (k + q)x(k + ) matrices:
2 3 2 3

g k+q—s 1 % g k+t—s—1 1 %
t—1 1 q 1
Here the s-th column of the second matrix and the k-th column of the rst one

have been raised to the power pt~9~!. Because the exponents are of the right
form the assertion follows. O

For the rest of this section we recall the ring of invariants (E(Xy;:::;Xn) [
Plys;:yn)) G from [7]. Here p > 2.

Theorem 3.14 [7] 1) The algebra (E(n) CSI])Br is a tensor product be-
tween the polynomial algebra B[n] and the Z=pZ -module spanned by the set
of elements consisting of the following monomials:

21 m nmm s nand0 s;< <sp=s-—1

S1505 Sm

Its algebra structure is determined by the following relations:
a) (Mss,L2%2=0,for1 s n0 s; s—1.
b) Ms.s, s LR 2(LETHm=1 =

e Q P _
(_1)m(m D=2 an:1( Mr;r—ll—? 2hr+1 Ll hsdr—l;sq)
r=sq+1
Herel m n,m s n,and0 s;< <Spy=s-—1.

2) The algebra (E(n) CSI])®Ln is a tensor product between the polynomial
algebra D[n] and the Z=pZ -module spanned by the set of elements consisting
of the following monomials:

P21 m n;and0 s3< <sy, n-—1

S150 Sm
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Its algebra structure is determined by the following relations:
a) (Mns;slh?)2=0forl1 m njand0 s;< <su, n-—1.

b) Mispsm LS 2dM-1 = (=1)m™M=D=2\ P72 My, LR2.

..... n;n—1
Herel m n,and 0 s < <Spy, n-—1.

are jMps;:ismd = M+2(L+  +p" ) — (S +  +pom)) and jLA 7 =

20—2)(L+ +p"h).

De nition 3.15 Let S(E(n))Br be the subspace of (E(n) CS[h])B" generated

by:

iy @ I%I/I - L P=2M 5. (L P2 g -

”) =1 Szt—1+1,52t—1( 52t—l+1) 52t+1,52t( 52t+1) S2t—1+1,0

for0 s;<::<sy» n-—1,

iii) Ms,+1;5,(Ls)P2
Q El\l/l p—2 p—2 —

L 32t+1§52t(|—52t+1) M32t+1+1232t+1(|—52t+1+1) _d32t+1§0
t=

for0 s;<:i:<Syi1 nN;

and S(E(n))CL be the subspace of (E(n) CSh])®Lr generated by:

Q Mn;SZt_1;52t(Ln)p_2 fOf 0 S]_ << Sz‘ n— 1,
t=1
» Q _
Mn;sl—l(Ln)p 2 Mn;521;52t+1(Ln)p 2 fOF 0 S]_ < < SZ‘+1 < n.

t=1

The following lemmata provide the decomposition of Mp.s:m(Ln)P~2 in
S(E(n))Br [B]n] and relations between them.

Lemma 3.16 Let s < *, then Mgs—1L2 *M-.._1LP™? can be written with
respect to basis elements of B[k] [CS{E)B«.

Lemma 3.17 Let m<s—1, then Mg..s_1LE >Mpm.m—1LR 2 can be written
with respect to basis elements of S(E (k))Bx [CBJK].

Legma 3.18 Mn;s;m(l—n)p_2 =
Mg+1:q(La+1)P"* M1t (L+1)P " ?her2:::hn (dgsdem — dgpm Atis)=dg+1:0-

Here di;j =1 and dj;j =0 if i <j.

Algebraic & Geometric Topology, Volume 4 (2004)
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Corollary 3.19 Let = [™!] and " = (115 1) 2 (Z=2Z)", then
S(E(n))®n is spanned by at most  monomials:
8
1+ 2 nf
M = = Mn;slz;SZ]LB_Z Ml 2s, .y sn] LP~2 if n is even
- n—17+
= M, LA emb i p2emie s 1sn]|_p 2 if n is odd

The analogue corollary holds for S(E(n))Bn.

The Steenrod algebra acts naturally on S(E(n))®" [DIn] and S(E(n))B» [

B[n].
Let §: S(E(n))®Lr [DIn] ,¥ S(E(n))Br [BN] be the inclusion, then {d™M")
means the decomposition of d™M" in S(E(n))B» [B]n].

Lemma 3.20 Let 0  s1(s}) < ka(k}) < 2 < sp(sh) < ko(kh) n—1.If
Pl R - Pl [
M= N ) = mie” — ) + 1(p”—ps9—p"?),
then s; = s} and kI = k). Moreover, if |n addition 0 ko(k}) < si(s}) and
Pl : [ T = .
L MNP @ pR) P = mi(p" —p') + (p" — pko) +

P
0" pSi — ki), then s; = s} and k;j = kI.

4 Calculating the hom-duals and Adem relations

We start this section by recalling the description of R[n] as an algebra, for
p odd please see May [3] Theorem 3.7 page 29. The analogue Theorem for
p =2 was given by Madsen who expressed the connection between R[n] and
Dickson invariants back in 1975, [9].

For convenience we shall write | instead of (I;").
Let In; = (?{z 9; }{z :}). Here 0 i n—1and n—i denotes the number of

1
p-th powers. The degree jQi,.,j = 2p'(p"~" — 1) [2" —2'] and the exc(Qi,,,;) =
O;if i<n,and 1ifi=0.

o 3ot = G DGR R e " = g

i+1 n—i—1 n—i—1

and 0 i n—1. Thedegree jQy,,j = 2p'(p"~'—1)—1 and the exc(Qy,,) = 1.
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Let Knsi = (? ?? Z %} {Z_%) (?_{Z 9}_{2_} ?,{ 9) Here " =

i—s+1

(?;_{Z 9} {z ; 0; i,?,{z_?) and 0 s <i n-—1. There are two Bockstein

operations |n thls ele_ment_ at the s-th and i-th position from the left. The
degree jQk,.;J = 2(p'(P"™" — 1) — p°) and the exc(Qk,..;) = 0.
Let On;i = (0;::5;0;1;0;:::;0), where there are n—i zeros. Its degree is jeo, .;j =

2P 1(p—1) [2‘_1] and exc(eo,;) =0. Here 1 i n.

Let Jn ii—1 — F Z %1? {Z_?)X(? {Z ’%?’{Z ?) Here " = (? {2;9’ 1?’{2 ?)
andl i n.lIts degree Quniid = 2p'~ 1(p—l)—l and the exc(Qg,..;i_,) =
1.

Let Kniisii-1 = (?_{z 9 |2 ’1 {z_g)x(?_{z 9; }i{_zsii ?‘f_z-?) Here

"= (?_{z 9 }’_{z_&’?’{ ?) and 0 s <i—1 n-—1. Its degree

jQKn;i;s;i—lJ = 2(p - p - pl l) and the eXC(QKn;i;s;i—l) = 0
Let no= ((Qo) ) = ((QO)”)

ni = (QJn-i) (Q(p"l(p” —1);:5n T =1);p" 171 pl)X) 0 i n—1:
nsi — (QKH_S_i) _(Q(p'—l(pn |_1) ps l;:::; i—s— l(pn i 1);:::; n— '—1;p”_i_l;:::;p;1)x") ,
0 s<i n-—1,

ni= e, = (ePTAPTDne-LL0n 0)) ion;

niisi—1 = (€gpig) = (617 T

n;i;_s;i—l : (eKn;i;s;l 1) -

(plfl(pnfl_l)_psfl;:::; i—s— l(pn i 1);:::; n— |_1 pn i— 1 p O)X
(e )
0 s<i—1 n-—1.

Theorem 4.1 (Madsen p = 2, May p > 2) As an A algebra R[n] = free
associative commutative algebra generated by T n.i; ni, and nsi JO i

n—1,and 0 s<ig,[fnijO i n—1g], modulo the following relations:
a) ni ni=0.
b) nis n;i — n;sji n0- Here 0 s<i n—1.

d) s niongj nk = nsionjik %;01 Here 0 s<i<j<k n-1.
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Theorem 4.2 [5] R[n] = S(E(n))®“~ [DIn] [R[n] = D[n]] and T[n] =
S(E(n))Br [B]In] [T[n] = B[n]] as algebras over the Steenrod algebra and the
isomorphism is given by  ( ni = (an;i) ) =dnn-i, (ni= (QJn;i) ) =

Mn‘|(|_n)p_2, ( n;s;i = (QKH;S;i) ) = Mn‘SJ(Ln)p_z Here 0 i n— l al’]d
0 s<i.
(ni = €opni ) = hi, (niicr = (Eapiisn) ) = Miica(Li)P2,

( niisii-1 = (eKn;i;s;ifl)) = (Ms+1;s(|—s+1)p_2Mi;i—l(l—i)p_z):ds+1;0- Here
1 1 nand0 s<i-—1.

Under isomorphism  in Theorem 4.2 we identify R[n] with S(E(n))®tr [
D[n] and B[n] with S(E(n))Br [B]InN].

The set T[n] and R[n] of admissible monomials in T[n] and R[n] provide vector
space bases respectively. Let : R[n] —T[n] be the map given by

Qi) =¢e
The image of the dual of these bases are denoted by T[n] in (T[n]) =
S(E(n))B [H[n] and R[n] in (R[n]) = S(E(n))®-~ [CO[n]. Of

course there are also the bases of monomials which are denoted by
n(S(E(n))Br [BIn]) and ,(S(E(n))®" [DJn]) respectively. We shall note
that T[n] = n(S(E(n))B~ CBIn)).

The decomposition relations between the other two bases are not obvious and
this is the rst topic of this section. Campbell, Peterson and Selick provided
a method to pass from ,(D[n]) to R[n] in [2]. We shall establish some
machinery to work with those bases.

De nition 4.3 Let min and max be the set functions from (S(E(n))®-r 1
D[n]) ( (B[n] CSUEL)B") ) to the monoid hN; 1 i"  (Z=2Z)" given by
1) min(@n:i) = Inji,  max(@n:i) = ("~ b oL pnT : ;0;::5,0)%x(0; 125, 0);
2) min(Mn;sl—glp_Z)) = Jn;s,
max(Mn;sLS ™2 = (— :::;E 11 1 1) (0;::50;1);
3 123

n—s—1
3) min(Mn;s;ml—gp 2)) = Kn:s:m and
Ol 70) = gl g D

n—m— 1
and the rule min(dd'MM’) = min(d) + min(d) + min(M) + min(M’). Here
d, d2 (D[n]) and M, M!2 (S(E(n))®L"). The same holds for max.
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Note that the function min always provides an admissible element and {(dn:i)
contains a monomial with a unique admissible sequence, namely h min(dn:i) |
and a monomial with a unique maximal sequence, namely h max(@ni) — The
same is true for elements Mn.s—1L2 2 and MpsmLR 2. Moreover, {(d™M)
might contain a number of monomials with admissible sequences and this is
the main point of investigation because of its applications in [6]. Namely, those
monomials provide possible candidates for (di'M) . Primitives in R are well
known and so are their duals as generators in R . But it is not the case for
their expression with respect to the Dickson algebra. On the other hand, the
action on the Dickson algebra is well known on S(E(n))®“n [DJn] and hence it
is easier to compute the annihilator ideal in the mod-p cohomology of a certain
nite loop space.

De nition 4.4 Let W be the correspondence between ,(S(E(n))®-n [CDIn])

and R[n] given by d #¥ W(d) = Q . () and the corresponding one between
n(S(E(n))B~ [B]In]) and T[n] denoted by W1 where

wrh'M") =e

J+ 1Jn;sy "'Z[:[%]K”?Szﬁsa:l '
The maps W and Wt are set bijections.
Let be the map
L n(S(E(n)®H" [DIN]) —  n(S(E())®" CBIN]) (2)
de ned by (d) =h min(®,

Note that e (d):€ ... 2T[Nn]. The following diagram is commutative.

n(S(E(M)E [BI) — n(S(E(M)®" (D) 1" hN;3i"  (Z=22)"
# Yo # W -

TIn] — R[n]
De nition 4.5 A mgnomial in n(S(E(n))B~ [BIN]) is called admissible if
it is an element of L (S(E(n))®“ [CDIn]) .

Lemma 4.6 Let hYM" 2 S(E(n))B» [B]n]. The following are equivalent:
i) hIM" is admissible;

i) jt Jjees for t=1;::n—1 and h? is divisible by @ (Nspprq+2::hp) 2041 for
=
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odd (see 3.19); or Q (hsye+2::hp) 2t, otherwise. If Spteq +2 OF Sppep +2 =
n + 1, then the correspondmg product must be 1.

iii)  (Wr(h'M") is admissible in R[n].

Proof This follows from the following relation:

=Y
-2 _ -2 —2
Mk;SLE — M5+1;SL2+1hS+1...hk + MS+t;S+t—1L2+t dS+t—1;ShS+t+l"'hk . EX'

t=2
plicitly, if h¥" = n?= Qo(h52t+1+2 hn) 2¢+1, then min(d™M™) = (3% ™). Here
t=
rQl 3 n—1i* n _ . .
d™M" MM s, LB 2 MEeZs, 2 e M 282 and me =l — Ly,
i=0
Mo = J%- D

Firstly, we shall show that {‘ fasin 3, i.e. forany e, 2 T[n] and d™M",
hd™M"; (er)i = M(d™M"): eyi:

Here, h—; —i is the Kronecker product. This is done by studying all monomials
in T[n] which map to primitives in R[n] after applying Adem relations.

P n(mx) .
Let n(mx") = mj+ . Let mxy @ R[N] ¥ [ R[n] be the iterated
coproduct n(mx') times. Let J be admissible, e; = Qj, then

Q= e;] = e;] = ( €3, 1 Iﬂn(mx")); Ji=J
n(mx")QJ = a\Jl;:::;Jn(mX--)QJ0 1 CQke

n(mx’ )
Since J; may not be in admissible form, after applying Adem relations we have
NI

hd™M™; ei = thldm.iM"; n(mxv) €11 = thldm.iM"; n(mxeri =

n;i nil

i=0 i=0
. P P n(y) |l &
h 2 dmim e, i = @hd‘m; ey, rQthsJ 2 LR72 e i
i=0 ' i i i i j
t—1
m — @ mj my — @ i;Omi
Lemma 4.7 Letd™ = " d.i. Then (d™M)= "~ h; and
i=1 t=1
( @d™M) = empemo+mi i€mo+:mn_r -
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Proof By direct computation. O

Lemma 4.9 Let e, 2 T[n] be such that e, = 1 @ R i ).

s=1
Herel ji<::<jJi n.Then (&) =Qnn-i =Y (dn:n-i) in R[N].

Proof The sequence | is given by:
O q g Y 1

5?; ;0; 7““*1‘%;?; ; 0; 7”“*2"'i; ;;_;,g;p“‘j}i;?;_ @ _;?g

J1 Ji—2—i1 Ji—Ji—1 n—ji

Please note the analogy between | above and the corresponding row of a
matrix in An.n—i in section 3. Here p™ := 0, whenever m < 0. We shall
work out the rst steps to describe the idea of the proof. First, we consider
the last n — i+ 1 elements of max(dn;n—i): (p"7";0;:::;0) which becomes
. .- N=Ji-N- . H H : e
(?,_,&p ¥ ?’_{z_’?)' Thus applying Adem relations on certain positions

Ji—li—1 n—ji
on Q . (nni) Qi isobtained and the lemma follows. ]

Proposition 4.1G— et e; 2 T[n] be the hom-dual of a monomial hd 2 T[n]
such that jhlj =2 p" —p"" and h’ is not a summand in (1). Then (&) =0
in R[n].

Proof Please see:
http://www._maths._warwick.ac.uk/agt/ftp/aux/agt-4-13/full .ps.gz O

Now the following theorem is easily deduced because R[n] is a coalgebra, the
map is a coalgebra map, and primitives which do not involve Bockstein op-
erations have been considered.

Theorem 4.11 Let ' be the restriction of  between the subcoalgebras T’[n]
and R'[n] where no Bockstein operations are allowed. Let { : D[n] ,¥ B[n]
be the natural inclusion. Then (%) 4, i.e. for any e, 2 T[n] and d™ =

rQldnm;} 2 D[n],
i=
hd™; U(er)i = M(d™); e i
We shall extend last Theorem to cases including Bockstein operations as well.

Please recall that min(Mn;sL;(]p_Z)) =Jns.

Algebraic & Geometric Topology, Volume 4 (2004)



236 Nondas E. Kechagias

Proposition 4.12 a) Let J = Jnge—1 + (H_1s  On—t+1) + Iy Such that
" )=Qi,. fors+1 t n.Then (e5)=Qj,.=Y(MnsLh?).

t—1;s
b) Let J be a sequence of length n such that jJj = 2(p" —p°)—1 and J is
not of the form described in a), then (e;) = 0.

c) '{\(Mn;sl—ﬂ_z): (Mn;sl—ﬂ_z)-

Proof Please see:
http://www._maths._warwick.ac.uk/agt/ftp/aux/agt-4-13/full .ps.gz O

Lemma 4.13 a) Let the sequences Kni+1qt and Ine+e1, then
e(Kn;t+l;q;t+|n;t+1) = QKn;q;t'

b) Let the sequence K = Kpgt+(l;  On—q) +(I{ On—y) such that If = I
IE_q, (e,a-) = Qs and  (ey2) = Quy,, - If we allow Adem relations everywhere

in the rst t positions except at positions between g and g + 1 from left, then

"(ex) = exs Where K? = Kp.q:t + (|(']';5 On—q) + pt_q_mz(lg;ml On—q) + (Oq
H_gm, On—t) o K! = Knigt+p ™0 ™ (1 srm—q On—g)+(Oq H_gm, On—t)-
For the rstcase (ep) = Q'E_q-mz’ (e|g) = thqum2|g_ml and m =mq + my,

and for the second s+m; q and (e.--q+|8) = Qpt—a—my 0

q;s+m17q-

Proof This is an application of theorem 4.11. O
Proposition 4.14 a) Let K = Kpt+1:st + (I] On—t) + In:t+1 such that
")) = Qi for m  t n—1. Then (ex) = Qkpam = ¥(Mn:smLh 2.
b) Let K = Kn;m+]_;t;m + (It0 On—t) + In;m+1 SUCh that 0(e|2) = (?h;S fOI’

s t m-—1 Then (ek)= Qknom = ¥Y(MnsmLh ).

c) Let K=Knrrqt+ 1 +lInea form g<t n—1with I =1"+1",
1'= (Ig On—q), 1" =(I; On—¢) such that: 0(e,;-) = Qi,.m and 0(elg) = Qigs
and not of the form 0(e,;-) = Q.. and 0(elg) = Qigm- Then (ex) =
QKn;s;m = LIJ(Mn;S;mLP]_Z)'

d) Let K be a sequence of length n such that jKj = 2(p" —p% —p™) and K
is not of the form described in a), b) and c¢) above, then (ex) =0.

e) '{\(Mn;s;ml—rpl_z)z (Mn;s;ml—ﬂ_z)-

Proof Please see:
http://www._maths_warwick.ac.uk/agt/ftp/aux/agt-4-13/full .ps.gz O
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Theorem 4.15 Let :T[n] ¥ R[n] be the map which imposes Adem rela-
tions. Let §: S(E(n))®Lr [DIn] ,¥ S(E(n))Br [BN] be the natural inclusion.
Then {, i.e. for any e, 2 T[n] and d™M" 2 S(E(n))®- [DIn],

hd™M ™ ()i = M(d™M); ey i:

Theorem 4.16 Let d™M" be an element of (S(E(n))®-" [DJn)), then the
following algorithm calculates its image in R[n] :
>

d™M” = hd™; Qai(Qu+ minm™y))
J min(dm)

1) Find all elements Qj in R[n] such that jd™j = jQjj and J > nin(d™),
Pl :

i.e. solve the Diophantine equation ki(p" — p") = jdMj for (Ko;:::; kn—1) >
0

(mo; ::;;mp—1). For each such a sequence J, let J(1) = J — mp(1;:::;1) and
consider W™1(Q; 1) = d”'® in D[n].

2) Let de" = (Q min(de")) .

3) Let d™® = adr;% and d¥ be an element in step 1) corresponding to
n;0

the biggest sequence among those which have not been considered yet. If

d<@ = dM® then (k) = hd™;Qki = 1. Otherwise, proceed as follows:

nd the coe cient, (), of (d*®) in {d™D), ) =hd™;Qki. Then add

1) QK+ min(v™) In dTM”
4) Repeat step 3).

Proof Since R[n] is a free module over D[n] with basis all elements which
involve Bockstein operations, the computation of d™M" reduces to that of d™,
i.e.

X -
d™m = hd™; Qs1(Qay) D
J in(d™)
d™"M" = e hd™: Qi .
' QuiI(Qu+ inv™y)
J min(dm)

P Pl
Let dM = m(Q1) and n(m) = m¢. Because of the de nition of the
t=0
hom-dual, we have : hd™; Q . @mi = 1 and hd™; Qi = ayy & 0 for a
sequence | such that in the n(m)-times iterated coproduct:
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N N i

ag) Q1) is @ summand. Thus | min(d™). Let Iy > > 1 >
t=0 1

min(d™) be all sequences such that jQ.j = jQ ..cmi-

We quote from May page 20: if for each d™M " we associate its coe cients aqy
as a matrix (@ _;,«@mm);a)), then this matrix is upper triangular with ones
along the main diagonal. This allows us to express one basis element d™M"
with respect to the dual basis of admissible monomials.

We consider the rst sequence I1. Our task is to evaluate (j,). Let Q, be
the iterated coproduct applied n(m)-times. We shall write 1; as a sum of n(m)
sequences such that each of them is a primitive element of R[n] equals to one of
those involved in  min(d™). This is possible, since n(m)  N( min(Y71(Q1,))).
The common element dnm;g between llJ_l(Q(,l)) and d™ does not change the co-
e cient (y,), because no Adem relation can reduce Q) to a smaller sequence.
Instead, we consider Qp,—moino (71 = ¥W7H(Q,))=dm8) and Q¢ .. @™)—molno)
(d™® = dM=dM3). Now the iterated coproduct is applied n(m(1))-times.

For the second part of step 3), we use = , lemma 4.9 and proposition
4.10. All elements e; 2 T[n], which have the property e, = Qy,,_;, are
known. Moreover, the dual of those elements, (e;) 2 B[n], are summands in
(dn:n—i). Using commutativity in D[n] induced by symmetry in coproduct, we
deduce that the required coe cient is the coe cient of (d1) in {(d™®). o

Remark Suppose that (Q,) is to be expressed with respect to
n(S(E(n))®-" [CO[n]), then one starts with the biggest sequence, say
K@), W‘l(QK(l)) = (Qkq)) . then substitutes in the next element
Y71(Qke) = Qke) +akekw@xa) D Qke) = Y 'Qkwe) —
ak 2):k WY 1 (Qk(2)) and so on.

Let us make some comments. If the degree m of a monomial d™ is quite high,
then there exist many elements of the same degree such that the dual of their
images under  do not appear in d™ for a variety of reasons. We shall give a
re nement of the algorithm described above through the next lemmas.

De nition 4.17 Let d™ = rQldnm;ii be a monomial in the Dickson algebra and

i=0

P
mi = ajpt. Letip =maxfijm; &0gand 0 t<ig. Let (t) bea positive
t=0

_ (=)
integer suchthatt vy(s) n—1fors=1;:: (t) and (n—=y(s)) =n—t.
1
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8
§ v(@) & s—1
. o esen . — =2
Ey@i=yC)e ) zif0 myq — peH wy @iy )
= 0, otherwise

Here 1 minfa

s—1 _is=20 (Hg.
y(s);C+‘(t;y(1);:::;y( (t)))_JZ::l(n_y(J))

rQl

Proposition 4.18 Let d™ = dni be a monomial in the Dickson algebra
i=0
as above. Then d™ contains
o - 1
. YNB)  ey@iy @) X (Y6
(ty(1);:5v( (D) Jj=1
Bw(mdn = P )

1

with coe cient

ty@Q); vy (9);0,1)+
y@::ny( ()
> Y m;

(- v0(1) 0¢ 0
®. _ 4, &Y @iy O,
121 ey 00y::v0( O())
Here fy(1);:::y( (t)g and Fy'(1);::;y°( '(t))g are partitions of ft + 1;:::; ng
of consecutive and non-consecutive elements respectively. For the de nition of
Lty (2):yoC oy and i(6 y'(1); 5 yP( °(1))), please see the second case in the
proof bellow because they strongly depend on the particular partition.

1

Proof Please see:
http://www._maths.warwick.ac.uk/agt/ftp/aux/agt-4-13/full .ps.gz O

Next we consider a lemma in the \opposite" direction of last Proposition.
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Lemma 4.19 Letk n—iandi<n, then: dn;k,fir °= w(dn;krf’:“ °) +
L] = mMinC i 0)PX 4 k=min( 1i; o)PX+( o—min( i o)) 4min( i; o)
min( ' o) minC v o) P@mn—ick” dnai 7 ° ° ik )

. .. . . k k .
Proof We consider all admissible sequences in |(df,;n_i) (i(dnn=i)) °. D

Note that dnfrf’fi"“””’ ° can be computed by repeated use of the formulae in the

last lemma for all possible choices.

Remark We must admit that if m(n) >> 0, then there exist many candidates
for m’ and the bookkeeping described above can not be done by hand. We
believe that it is harder but safer to consider all possible choices.

Next, the algorithm which calculates Adem relations using modular invariants
is demonstrated.

Proposition 4.20 Let e; 2 T[n]. The following algorithm computes (g;) in
R[n].

Pl .
i) Let < =fm = (mo;:::;mn—1)g be all solutions of jlj = m;(p" —p") +
0

P
(p"—pSi —pki). Note that s; and k; are uniquelly de ned by lemma 3.20. Let
1

K be the set of all admissible sequences K such that j K j=j I jand K 1.
Moreover, Qx 2 R[n] and Qx =¥~ 1(d™M ) for m 2 <.

i) Let h" = wl(e;) and nd by the coe cient of h'" in 4d™M ) for all
elements of <.

iii) Compute the image of d™M in (R[n]) .

iv) Use the Kronecker product to evaluate (e;) :

Start with the rstnon-zero by.x,, (e1) contains aj.k,Qk;; i.e. thg; (e))i=
ar:k, = b1k, . Proceed to the next sequence K, and use by.x, (whether or not

is zero) and the image of dk2 to compute the coe cient a;.k, of QX2 in (gy).
Repeat last step for all remaining sequences.

We close this work by making some remarks about evaluating (e;) using matri-
ces introduced in section 4. Since (e;) = h!" is an element of B[n], one has to
nd all sequences m = (mg;  ;mp—1) such that d™ contains (g¢;) as a sum-

mand. This is equivalent to nd all matrices C such that (g)) = h§1 ©)e-
t=1
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and then group them in di erent sets such that each set corresponds to an m.
The coe cient o, of QOm in (e;) is a function of the order of the set corre-
sponding to m. Given h!", there is a great number of choices for C depending
on 1° as the interested reader can easily check and this is the reason for the
high complexity of Adem relations.
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