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Skein theory for SU(n)-quantum invariants

ADAM S. SIKORA

Abstract For any n > 2 we define an isotopy invariant, (I'), , for a certain
set of n-valent ribbon graphs I' in R?, including all framed oriented links.
We show that our bracket coincides with the Kauffman bracket for n = 2
and with the Kuperberg’s bracket for n = 3. Furthermore, we prove that
for any n, our bracket of a link L is equal, up to normalization, to the SU,,-
quantum invariant of L. We show a number of properties of our bracket
extending those of the Kauffman’s and Kuperberg’s brackets, and we relate
it to the bracket of Murakami-Ohtsuki-Yamada. Finally, on the basis of the
skein relations satisfied by (-),, , we define the SU,,-skein module of any 3-
manifold M and we prove that it determines the SL, -character variety of
1 (M) .
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1 Introduction

The SUs-quantum invariant of links, known as the Jones polynomial, can be
conveniently defined in terms the Kauffman bracket invariant, [Ka]. This ap-
proach has several advantages, for example, leading to definitions of skein mod-
ules and Khovanov homology' — two notions in the center of current active
research — see for example [Bu, FGL, Ga, Ge, GL, PS, S2] and [APS, BN, Go,
HK, Ja, K1, K2, KR, Le, Ra, Vi]. In [Ku], Kuperberg constructs a bracket
isotopy invariant of links and 3-valent graphs in R3, with properties analogous
to those of the Kauffman bracket, and shows that it coincides with the SUs-
quantum invariant. We extend his work, by defining a bracket isotopy invariant
(-),, for any n > 2 and by showing that it determines the SU,-quantum invari-
ant. More specifically, for any n > 2 we consider the set W, (R3) of n-webs
which are ribbon graphs I' in R3 whose coupons are either n-valent sources or

!The Kauffman bracket skein relations allow a particularly simple definition of Kho-
vanov’s SUs-homology groups, [Vi].
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n-valent sinks. In particular, W, (R3) contains all oriented framed links in R3
for any n. We define a bracket isotopy invariant of n-webs, (I'),, , and show that
it coincides with the Kauffman bracket for n = 2, and with the Kuperberg’s
bracket for n = 3.

For reader’s convenience, we state three different definitions of (-), : by skein
relations, (Theorem 1), by a state sum formula, (Proposition 2), and as a con-
traction of tensors, (Section 2). Furthermore, we show that for any n, (I'),
defines the SU,,-quantum invariant of I' with edges of I' labeled by the defin-
ing SU,-representation and the sinks and the sources of I' labeled by the ¢-
antisymmetrizer and its dual. The proofs are based on [RT].

We prove a number of properties of our bracket which extend those of the Kauff-
man’s and Kuperberg’s brackets. In particular, (), satisfies a skein relation
which relates a crossing to its two “smoothings”, cf. Proposition 2. Furthermore,
there is a state sum formula for (-), , Theorem 9, which has the “positivity”
property analogous to that used in the construction of Khovanov and Khovanov-
Rozansky homology groups, [K1, K2, KR], cf. Proposition 10. Our bracket can
be used for an alternative definition of Khovanov-Rozansky homology groups;

cf. Section 1.5.

There exists an alternative generalization of the Kauffman bracket due to Mu-
rakami, Ohtsuki, and Yamada. Their bracket is defined for certain 3-valent
colored graphs with a flow, [MOY, Mu]. It is expressed in terms of our bracket
in Sections 1.5 and 1.7. We believe that our bracket can be expressed in terms
of Murakami-Ohtsuki-Yamada bracket as well. Nonetheless, both approaches
have their advantages. Perhaps, an advantage of our approach is that (-), is
related directly to the representation theory of Ug,(sly,), and that for ¢ = 1
our skein relations are equivalent to the relations between characters of SL(n)-
representations. Furthermore, our relations seem to be the most appropriate
for the definition of SU,-skein modules of 3-manifolds, cf. Section 3.1. (Our
definition agrees with those of Ohtsuki and Yamada, [OY], and Frohman and
Zhong, [FZ], for n = 3.) Several important properties of the Kauffman bracket
skein modules have their generalizations to the SU,-skein modules for any n.
In this paper, we show that SU,-skein module of a manifold M for ¢t =1 is
a commutative ring isomorphic to the coordinate ring of the SL,-character
variety of 71(M). We postpone further study of the SU,,-skein modules to a
forthcoming paper.

Acknowledgments The author was partially sponsored by NSF grants DMS-
0307078 and DMS-0111298.
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Skein theory for SU(n)-quantum invariants 867

1.1 Webs

An n-web is a ribbon graph in R3, cf. [RT], whose every coupon is either an n-
valent sink or an n-valent source. We denote the coupons of the ribbon graphs
by discs rather than rectangles and we use a marking point to represent the

side of the coupon with no bands attached, & W
lep

Figure 1: An example of a 3-web

For reader’s convenience, we restate the definition of a web without invoking
the notion of a ribbon graph. The role of “edges” of webs is played by bands
which are embeddings of squares [0, 1] x [0, 1] into R3. The segments [0, 1] x {0}
and [0,1] x {1} are the source and the target of the band, respectively. Their
complement, [0,1] x (0, 1), is the interior of the band.

An n-web is an oriented surface embedded in R? composed of a finite number
of annuli, bands, and discs satisfying the following conditions:

(i) The annuli, disks, and the interiors of the bands are disjoint from each
other.

(ii) The sources and the targets of bands are disjoint from each other and all
of them lie in the boundaries of discs.

(ili) The boundary of every disk contains either precisely n sources and no
targets of bands, in which case the disc is called a source, or it contains
precisely n targets and no sources of bands. In the that case, the disk is
called a sink of the web.

(iv) The marked boundary points of disks lie outside the sources and targets
of bands.

Since each n-web retracts to its spine, which is an oriented graph, often the
bands and discs of webs will be called its edges and vertices, respectively. In
this terminology, each vertex v of a web is n-valent and all edges adjacent to v
are either directed outwards, if v is a source, or inwards, if v is a sink. Notice
that each web has an equal number of sources and sinks.

Our definition of n-webs is modeled on the notion of n-valent graphs considered
in [S1], cf. Section 3.2. The n-webs extend the notion of webs for the geometric
A;-spider introduced in [Ku], cf. Section 1.4.
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868 Adam S. Sikora

By analogy with the notion of a link diagram, an n-web diagram is a projection
7 : T — R? of an n-web I' into R? which is an embedding of T' except for a
finite set of transverse (double) intersections of bands of T' called crossings. We
require that m preserves the orientation of I' (considered as an oriented surface)
and that it embeds the sinks and the sources into R? away from the intersec-
tions. In particular, unlike in [RT], a web diagram is not allowed to have twists,

E , in their bands. Each web I is represented by a web diagram; for example:

N

Pyl

1.2 The bracket isotopy invariant of n-webs

For any permutation o € S, define the length of o, l(c), to be the minimal
number of factors in the decomposition of ¢ into elementary transpositions
(i,i+1),i=1,...,n—1,

o) =#{(i,j): 1 <i<j<mn, o(i)>a(j)} (1)
N\
For 0 € S, let | 0 | denote the positive braid with I(¢) crossings represent-
TNy
ing o. Such braid is unique. Let [n] = q;:qq:ln and let [n]! =[1] - ... - [n].

Theorem 1 There exists a unique isotopy invariant of n-webs, (I'), € Z[qi%],
satisfying the following conditions:

0 ot (A )~ () =@-a ()
W (), = (), (), =),

5%)42 i JERTRPINY i\ S
(iii) <1§§ n:q( D’Zaesn(_qn )l() n.

(iv) (Tu ©>n = [n](T'),, . Here @ denotes the trivial framed knot unlinked
with T

(v) (0), =1 and, consequently, <@>n = [n].
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Skein theory for SU(n)-quantum invariants 869

Proof The hard part of the statement — the existence of the bracket — follows
from Theorem 17 stated in Section 2. The uniqueness of the bracket follows
from the fact that each web I' has an equal number of sinks and sources,
and, therefore, condition (iii) makes possible to represent (I'), by a linear
combination of brackets of framed links. On the other hand, the bracket for
framed links is determined by conditions (i),(ii), (iv) and (v). O

Relation (iii) appeared in an implicit form in [Bl, Yo| already.

The skein relations of Theorem 1, appear in the most natural, but not neces-
sarily, the simplest form. If w(I') denotes the writhe (ie. the sum of signs of
crossings) of a web diagram I', and v(I") is the number of sinks of T' then

P,(T) = q(nfl_n)w(F)—n(n—l)v(F) ).,

is invariant under all Reidemeister moves. Furthermore, it satisfies the standard
skein relations of the SU(n)-quantum invariants, cf. [Tu, Thm 4.2.1]:

o ("D, (/\\ )—q "P, g\ (a—q 1P”@@
o P, (LUQ) =

and the additional relation:

. P, 1y p, )
(‘?ﬁ }s (\J

Proposition 2 (Proof in Section 6)

), =2 0,y ()

where the band labeled by n — 2 represents n — 2 parallel bands.

The above relation generalizes the Kauffman bracket skein formula and it makes
possible to represent any link (or web) as a linear combination of webs with
no crossings. A state-sum formula for the bracket of webs with no crossings is
provided in Section 1.6. Note that various renormalizations of (-), are possi-
ble, leading to a skein formula of Proposition 2 without fractional coefficients.
Nonetheless, our definition seems to be the most natural one, cf. Section 2, and
leading to the simplest state sum formula.

The following result shows that the bracket (I'), for n odd does not depend on
the choice of marked points on the vertices of I'.
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Proposition 3 (Proof in Section 7) IfT', IV are n-webs which differ by the
choice of marked points on the boundaries of their discs (vertices) only, then

(i) (), =(I"), if n is odd, and
(i) (I), = (I"), mod 2 if n is even.

1.3 The Kauffman bracket and (-),

The Kauffman bracket [L] € Z[A¥!] is an invariant of unoriented framed links
L C 83 given by the following skein conditions:

Y -1 =z -
A=4D0+a =], [LuQ] =4 -a)), =1
Theorem 4 For any 2-web diagram D,
(D) = (-1 PP,
where A = q%, w(D) denotes the sum of signs of crossings of D and ¢(D) is

the number of components of the link represented by D. (On the right side D
is considered as an unoriented framed link diagram).

Proof The bracket (-), for links is uniquely determined by conditions (i),(ii),(iv)
and (v) of Theorem 1. Since (—1)*(P)+e(P)[D] satisfies these relations, the
statement follows. O

Note that the bracket of any 2-web I' can be expressed by the bracket of a
framed link by the following operations:

() ot () -l

These equations follow from Theorem 1. For example,

(-0 (10 -~1)-
#(otot-rtetaa) (), = o)),
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Skein theory for SU(n)-quantum invariants 871

1.4 Kuperberg’s bracket and (-),

Kuperberg defined an invariant of framed graphs which are defined as our 3-
webs but without marked points on their vertices, [Ku]. His bracket is defined

by the following relations, in which we substituted his ¢ by ¢~2:

Additionally, (i) and (ii) imply

(vi) qé% —q%% =(q—q‘1)»@

Theorem 5 Kuperberg’s bracket of any web T is equal to ¢~ V() ()4, where
v(I") is the number of vertices of I'. (By Theorem 3(i), (I')5 is well defined.)

Proof Tt is straightforward to check that ¢~*(1) (T"), satisfies relations (i),(iii),
(vi), and (vii). These equations uniquely determine Kuperberg’s bracket: (i)
makes possible to express Kuperberg’s bracket of every Kuperberg’s web as a
linear combination Kuperberg’s brackets of framed links. These are uniquely
determined by (i),(iii),(vi), and (vii). O

1.5 Bracket isotopy invariant of framed singular links

A singular framed link is a ribbon graph whose each vertex has two sinks and
two sources. In particular, every oriented framed link is singular.
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a>

Figure 2: Singular framed link with 2 singularities

There is a map
W, : {singular framed links in R*} — {n-webs in R3},

replacing each vertex in a singular framed link by two n-valent vertices con-

nected by n — 2 parallel edges:

For any singular link diagram D, let

_ (¥(D)),  w(D)/n
(D)n ([n B 2]!qn(n71)/2)v(D)

9

where v(D) is the number of singularities of D (ie. 4-valent vertices) and w(D)
is the number of positive crossings minus negative crossings.

Theorem 6 (I'), € Z[¢™], and

o (A), q@@n (5,
W (%), = 00, (),
(o), =q”(ﬂ ), (9),= (),

(iv) (LU©), = (L)
(0),, = 1 and, consequently, (@)n = [n].

Proof (i) follows from Proposition 2. (ii) follows from (i) and Theorem 1(i).
Parts (iii)—(v) follow from Theorem 1(ii),(iv) and (v). O

(+) is a version of the Kauffman-Vogel bracket, [KV], Furthermore, it is related
to the Murakami-Ohtsuki-Yamada bracket, [MOY, §3] (see also [Mu]) in the
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Skein theory for SU(n)-quantum invariants 873

following manner: Given a singular framed link L, label all its edges by 1 and
replace each of its vertices by a pair of 3-valent vertices,

-

Denote the colored ribbon graph obtained in this way by ®(L).

Proposition 7 (L), is equal to the Murakami-Ohtsuki-Yamada bracket of
®(L) when our q is identified with q? in [MOY].

Proof It follows from [MOY] that the MOY bracket of ®(L) satisfies condi-
tions (i)-(v) of Theorem 6. These conditions determine (-) uniquely. O

The above proposition relates the Murakami-Ohtsuki-Yamada bracket with our
bracket for some graphs only. We will see in Section 1.7, that Murakami-
Ohtsuki-Yamada bracket of every 3-valent graph with a flow is determined by
our bracket of a corresponding n-web.

Khovanov and Rozansky use () to define a homology theory whose extended
Euler characteristic is the SU,-quantum invariant, [KR].

1.6 State sum formula for the brackets of planar webs

An important future of Kauffman bracket is that it is given by a simple state
sum formula. We describe a generalization of this formula for our bracket of
n-webs below. An n-web diagram I' is planar if it has no crossings. Since
Proposition 2 makes possible to express the bracket of any n-web as a linear
combination of brackets of planar n-webs, we formulate a state sum formula
planar webs only.

A state S of a planar n-web diagram I' is a labeling of its annuli and bands
e by numbers S(e) € {1,...,n} such that the bands attached to every disc are
labeled by different numbers. (There is no restriction on labeling of annuli.)

Note that every state of I' determines an ordering of edges adjacent to every
vertex v of I'. However, there is also a natural ordering of edges adjacent to v,
which does not depend on the choice of a state: If v is a sink then we order
the edges from 1 to n by starting at the base point of the disc v and then by
moving clockwise around its boundary. If v is a source then we start at the
base point of the disc v and move counter-clockwise around its boundary.

Algebraic € Geometric Topology, Volume 5 (2005)
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Figure 3: The canonical ordering of bands adjacent to a sink and a source for n =3

For any state S and a vertex v of I', let P(S,v)(7) denote the label associated
by the state S with the ith band attached to v. Hence P(S,v) € S,,.

For any state S, we define the rotation indezx of S as follows.
rotn(S) =Y ind(a)(2S(e) —n — 1), (2)

where the sum is over all annuli and bands of I'. If e is an annulus, then
ind(e) is either +1 or —1 depending on whether e is oriented anti-clockwise or
clockwise. The indices ind(e) for edges e of " are defined as follows: For each
band e in an n-web I' choose a smooth embedded arc

ae : [0,1] — the band e U the sink of e U the source of e
connecting the marked points of the sink and the source.

Choose the arcs a, such that for different bands e,e’ the arcs ., a. are
disjoint, except possibly meeting at one or two of their endpoints. The union
(U, e taken over all bands e of T' forms an oriented n-valent graph I in R2.
We say that IV is a core of T' if for every vertex v of I the tangent vectors at
v of arcs having one of their endpoints at v are pointing in the same direction.

Figure 4: A core in a 3-web

Given a core IV of T, for every band b in I" we define its winding number,

ind(b) = — / 1 () )y
0

T omi Jy ap(t)
where we identify R? with C and assume that «; : [0,1] — C. Note that
ind(b) = % mod Z, where (3 is the angle between the tangent vectors to «; at

its endpoints.
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Lemma 8 (Proof in Section 8) For any state S of an n-web I', rot,(S) is
independent of the choice of a core of I'. Furthermore, rot,(S) is an isotopy
invariant of T' and rot,(S) € Z.

Theorem 9 (Proof in Section 8) For any planar n-web T,
<F> _ quotn(S) H(_q)l(P(S,v))
n Y
S v

where the sum is taken over all states of I' and the product is over all its
vertices.

We leave the proof of the following proposition to the reader.

Proposition 10 Let I' be a planar n-web obtained by resolving all crossings
of a link by the skein relation of Proposition 2, (In other words, let I' be one
of the leaves of the skein tree of L ). Then ), I(P(S,v)) is even for any state
S. Consequently, all coefficients of ('), € Z[¢g*™'] are non-negative.

1.7 Murakami-Ohtsuki-Yamada colored 3-valent graphs

Murakami, Ohtsuki, and Yamada defined an SU, -quantum invariant of links
by using 3-valent graphs with a flow. Inspired by their work, we say that
a 3-valent oriented, framed graph embedded into R? is a Murakami-Ohtsuki-
Yamada graph (MOY-graph, for short) if the edges of T' are labeled by positive
integers forming a flow on I':

We allow annuli embedded into R3 colored by positive integers as components
of MOY-graphs as well.

An MOY-graph I' is an M OY,,-graph if the labels of its edges and annuli do
not exceed n. The purpose of this section is to show that our bracket of n-
webs defines a bracket invariant of MOY,,-graphs, which coincides (up to a
normalization) with the Murakami-Ohtsuki-Yamada bracket.

For any MOY,,-graph diagram I" with no crossings, let W (I") be a ribbon graph
obtained by replacing all vertices of I' as follows:

- n—i-j.

Algebraic € Geometric Topology, Volume 5 (2005)



876 Adam S. Sikora

As before, an edge of a web labeled by i denotes ¢ parallel edges. Let
[[n = (W(I')

-
Corollary 11 [I'],, is an isotopy invariant of MOY,, -graphs.

We are going to show that [['],, is a renormalization of the Murakami-Ohtsuki-
Yamada bracket of I'.

For any MOY-graph I" denote the labels of edges e of T by |e|. For any vertex
v of I', denote the adjacent edge with the largest label by ej, and the left and
the right of the two other adjacent edges by e] and by ej respectively. Hence
the adjacent edges to v in I' are either

ng% : A
é(/) % e2

By the definition of a flow, |ej| = |e}| + |e$]| for any vertex wv.

We say that a function s assigning an |e|-element subset of {1,...,n} to every
edge e of T' is an n-state (or, simply, a state) of T" if s(e}) N s(ey) = O and
s(e}) Us(el) = s(ey) for every vertex v.

Note that our definition coincides with the definition of [MOY] if the sets s(e) =
{i1, .., 0} and {i — ”771,15 — ”771, ey B — ”Tfl} are identified.

Any n-state s splits I' into several simple closed loops (which may intersect
each other), each labeled by an integer between 1 and n. Following [MOY], let
the rotation number of an n-state s be

rot(s) = Z(S(C) U —2’_ 1)T0t(C) € %Z,

C

where the sum is over all simple closed loops C' of the splitting of T by s, s(C)
is the label of C, and rot(C) is either +1 or —1 depending on whether C is
oriented anti-clockwise or clockwise.

As in [MOY], for any two sets si,s2 C {1,...,n} we denote by m(si,s2) the

number of pairs (i1,42) C s1 X So such that i1 > io.

Proposition 12 (Proof in Section 9) For any MOY,, -graph diagram T with
no crossings

T =NT) T @t [ (—g)melehs),

n-states s vertices v
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N(T') is a normalization factor,

N ) = [Telt- T ™= 1 — feglt

e (2

where the first product is taken over all edges of I' and the second product is
over all vertices of T'. (Annuli of T' are not considered as edges.)

In order to avoid confusion with our bracket, we denote the n-th Murakami-
Ohtsuki-Yamada bracket of an MOY,,-graph I by {T'},,.

Proposition 13 (Proof in Section 10) For any M OY,,-graph diagram I" with
no crossings,

(T} =g A5kl 3 o) [ greensennr2,

states s vertices v

The following lemma is needed to relate the brackets {-}, and (),

Lemma + Definition 14 For any MOY-graph T,
(L) = 2rot(s) mod 2

does not depend on the n-state s of I'.

Proof Since 2rot(s) = (n + 1)) ~rot(C) mod 2, it is enough to show that
for any state s, the induced splitting of I" into simple loops {C} is such that
> crot(C) does not depend on s. To prove that, consider all cups and caps,
¢, of T'. Each of them, being a part of an edge of I', has an associated flow
lc|. Let rot(c) be either +1/2 or —1/2 depending on whether ¢ is oriented
anti-clockwise or clockwise,

rot(c) = —1/2 rot(c) =1/2 rot(c) =1/2 rot(c) = —1/2

Note that
Z rot(C) = Z le|rot(c),
C cups and caps: ¢
and hence the left hand side does not depend on s. O

By Proposition 13,
{T},q1 Zoletlles] e z[gFa]
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and, by Proposition 12, substitution q% — —q gives

({F}nqézv\ezﬂ'kg‘) i — Z q2rot(s) H (_q)ﬂ(s(ezl))7s(eg)):

q 2 —— q .
states s vertices v

= [T - (=)™ /N (D).

Corollary 15 The value of the Murakami-Ohtsuki-Yamada bracket of any
MOY,,-graph T" is determined by (W(I"))

n"

2 Definition of the bracket using tensors

We will state now another, more explicit definition of the bracket of n-webs,
which utilizes the construction of Reshetikhin and Turaev, [RT]. Given a ribbon
Hopf algebra H, they constructed an isotopy invariant for ribbon graphs whose
edges are labeled by representations of H and whose vertices are labeled by H -
invariant tensors. We are going to see that our bracket (I'),, is the Reshetikhin-
Turaev quantum sl(n) invariant for I considered as a ribbon graph whose edges
are decorated by the defining representation V' and whose sinks and sources and
decorated by an element of the 1-dimensional representation A"V C V®" and
by its dual, respectively.

Let V' be an n-dimensional vector space over C(gq) with a basis ey, ..., e,,. Given
a web diagram I' decompose it into pieces with the following tensors associated

with them: N ,
AN @

Idy Idy- R R
where R: V@V — V@V is given by
e; ® e; ifi>7,
qe; @ e; if i = j, (4)
ej®e+(q—qg Ve ®e; ifi<j.
" 2\ S

Yiet®@ej — 0 e ®@el —g* s 1Y e@et 1Y " el ey
VeV o5Cg) VeV —Cg Clg—-VeVv: Clq—VeV
(5)

% )%% (6)

T :V® - C(q) T;:C(q) — VOn,

~

R(e;®ej) =q

3=
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where

T.() =T =Y (-0 Pesq) @ o) @ .. ® €5(n). (7)
oc€Sn
and
T (er ®.. ®e;) = (—q)H@) if (1, ,n) — (i1, ..., 1n) is a permutation o
0 otherwise.

(®)

Definition 116 For any n-web diagram I' decomposed into pieces as above, let
(I'),, € Q(gn~) be the scalar obtained by the contraction of the corresponding
tensors.

Theorem 17 (Proof in Section 5) (i) The bracket defined above is an iso-
topy invariant of n-webs.

(ii) It satisfies the properties of the bracket stated in Theorem 1.

Consequently, Definition 16 coincides with the definition of the bracket given
in Theorem 1.

3 The SU(n)-skein modules of 3-manifolds

3.1 The definition of the skein module

Let M be an orientable 3-manifold, possibly with non-empty boundary, and let
n > 2. Let W, (M) denote the set of all isotopy classes of n-webs embedded into
M, including the empty web, (. Consider a ring R with a specified invertible
element t. The SU(n)-skein module of M with coefficients in R is the quotient
of the free R-module RW, (M) by relations

(i) t% —t*lﬂx —(t”—t*")»@
(ii) “@ —tng—lu , @ _tl_n2U’

. Oo-
) R ey L
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Note that the above relations correspond to equations (i)-(v) of Theorem 1,
after the substitution ¢t = q%. We denote the quotient module by S, (M; R, t).

The SUs-skein module was defined independently in [FZ], and earlier, for 3-
dimensional thickenings of surfaces, in [OY]. The definitions of Frohman-Zhong
and Ohtsuki-Yamada are equivalent to ours, since their skein relations are the
skein relations for ¢—v(") (I'),,, when A = —q% = —t, cf. Theorem 5.

Theorem 4 implies the following:

Corollary 18 Sy(M; R, t) is isomorphic to the Kauffman bracket skein module
of M with coefficients in R and A =t.

It follows directly from the definition, that if f : R — R’ is a homomorphism
of rings such that f(¢) =t then

So(M; R, t')=8,(M;R,t) ®r R'.

Since for any ring R with an invertible element ¢ there is a map f : Z[t*!] — R,
Theorem 1 can be restated as follows:

Corollary 19 For any ring R with an invertible element t, S,(R3; R,t) = R

Below, we describe the relation between S, (M;R,t) and SL,(R)-representa-
tions of (M), which generalizes the theorems of Bullock, [Bu], and ours with
J. Przytycki, [PS], for the Kauffman bracket skein modules. Further analysis
of SU(n)-skein modules is postponed to [S2]. The discussion below and the
results of [S2] show that SU(n)-skein modules have many properties analogous
to those of of the Kauffman bracket skein module.

3.2 SU(n)-skein modules and character varieties

\ /)
Since the skein relation (i) above reduces to % =y { fort= 1, the n-webs

in M, which are freely homotopic to each other, are identified in S, (M; R, 1).
Consequently, the operation of taking the disjoint union, I'y,T's — I'y U T'g,
extends to a well defined product in S,(M; R, 1) making this module a com-
mutative R-algebra.

Furthermore, note that as an R-algebra, S,(M;R,1) is isomorphic to A, (M)
(over the ring of coefficients R) defined in [S1]. Hence, by [S1, Theorem 3.7]
we have:
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Corollary 20 If K is an algebraically closed field of characteristic 0 then
Sn(M;K, 1) ~ O(X,(m1(M))), where O(X(M)) denotes the ring of global
sections (the coordinate ring) of the S L, (K)-character variety of 71 (M).

The SL,(K)-character variety, X,(G), of a group G is an affine algebraic
scheme over K “describing” the SL, (K)-representations of G up to conjuga-
tion. More precisely, the closed points of X,,(G) (ie. the maximal ideals in
O(X(G)) correspond to the semi-simple SL, (K)-representations of G up to
conjugation. For a precise definition of SL,-character varieties see [S1, LM].

Up to nilpotent elements, the ring O(X(G)) can be described as follows: A
characteristic function f : SL,(K) — K is any polynomial in the entries of
the matrices in SL,(K) which is invariant under the conjugation by SL,(K).
Characteristic functions of SL,,(K) form a K-algebra generated by the functions
fn(A) = tr(A™). Let X'(G) be the set of all generalized SL,,-characters of G,
that is K-valued functions on G of the form ¢ = f o p, where p: G — SL,(K)
is a representation and f is a characteristic function on SL,(K). With any
g € G there is the associated “evaluation at ¢” function 7, : X'(G) — K,
7,(¥) = ¥(g). The K-algebra O(X(G))/+/0 is isomorphic to the K-algebra
generated by all 74 for all g. If we think of the functions 7, as regular functions
on X/ (G), then for any finitely generated group G, X/ (G) becomes an affine
algebraic set whose coordinate ring is isomorphic to O(X(G))/+/0.

4 Preliminaries for the proofs

4.1 The quantum s/, group and its defining representation

Let U = Up(sl,) be defined as in [KS, Sect. 6.1.3]. Note that Reshetikhin’s
and Turaev’s definition of Uy (sly,), [RT, Sect. 7.1], coincides with our definition
of Up, after taking into account the following changes:

e X" and X; in [RT] are E; and F; in [KS],

e h used by Reshetikhin and Turaev is equal to 2k in [KS].
In this paper we will use Klimyk-Schmiidgen h only. Let V = C][h]]™ be
the defining representation of Uy, presented explicitly in [KS, Sect. 8.4.1].
Additionally, consider the quantum group U, = Uy(sl,,), [KS, Sect. 6.1.2], and
its defining representation, V' = C(q)", as defined in [KS, Sect. 8.4.1]. This

double meaning of V' will not lead to confusion since the U, and Uj actions
on V agree if ¢ and K; are identified with e” and e respectively. In both
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cases, €1,...,e, will be the weight basis of V' with the heighest weight vector
e1, see [KS, Sect. 8.4.1].

The defining representation p : U, — End(V) is given by the matrices

p(Ki) =q 'Ei+qEiiin+ Y, B i=1,2,..,n-1, (9)
J#Li+1
p(E;) = Ei, p(F;) =Eiip, i=1,2,...,n—1, (10)

where E;; denotes the matrix whose all entries are 0 except for the (,7)th
entry which is 1, cf. [KS, Sect. 8.4.1].

4.2 The Hecke algebra associated with U,

For the purpose of studying U,(sl,)-actions on V& we define the Hecke al-
gebra, Hj, as follows. Let Hjp be the non-commutative, associative algebra
over C(t) generated by elements gfl, cees g,fl subject to the following relations:
gi9; = g9j9i for i —j| > 2, ¢;9i+19i = Gi+19iGi+1, for i = 1,..,k — 1, and
(i —t")(gi+t™") = 0 for all i. The algebra Hj, is an k!-dimensional space with
basis vectors h,, for o € Si, which satisfy the following multiplication rules

(l) (h(i,i+1) — tn_l)(h(i7i+1) + t_n_l) = O fOI' Z = 1, ceey T — 1,
(ii) hghr = hgr if l(oT) =1(0) + (7).

We have g; =1 h(;y1). Although various definitions of Hecke algebra appear
in the literature, see for example [KS, Sect. 8.6.4], [CP, Sect. 12.3], [Gy], they
are all isomorphic to our Hj after a proper extension of base field. In fact,
substituting the quadratic equation (i) above by any other quadratic equation
with distinct roots leads an isomorphic algebra, after a finite extension of the
base field. For example, Gyoja’s ¢ in [Gy] is our t>" and Gyoja’s h(c) is ours
t( D) p - Our somewhat cumbersome notation is chosen so that hiiiv1)’s
satisfy the same quadratic equation as R for q = t". Therefore, from now on,
we will assume that ¢ = t". We summarize the basic relations between H,, and
the defining representation V' of U, :

Proposition 21
(i) Hj, acts on V®* in such a way that the actions of h, and of on
V& coincide.

(ii) The Hj, and U, actions on V®* commute.
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(iii) (Frobenius-Schur duality) The images of the maps U, — End(V®*) and
H, — End(V®*) are centralizers of each other. In particular, any U,-
equivariant endomorphism of V®F is of the form w — x - w for a certain
T € Hy,.

In [Gy, page 843], Gyoja defines two elements e, e_ which in our notation are:

er = ¢" Dhy, and em =3 (¢ ), (11)
oESK oESK
and shows that
hoey = e1hy = anill(U)eJr and hgye_ =e_h, = (—qinTH)l(U)e,, (12)
for any o € Si. Furthermore, for Py = o ¢t ey /Py are primitive
idempotents of Hy: e;/P; is the symmetrizer and e_/P_ is the antisym-
metrizer.

5 Proof of Theorem 17

The isotopy invariance of the n-bracket follows from [RT, Theorem 5.1] and
from the following proposition.

Proposition 22

(i) The tensors (5.1.1)-(5.1.3) in [RT] for the defining U}, -representation are
h
given by our formulas (3)-(5). (Recall that q¢ = e 5", where hgp is the
Reshetikhin-Turaev h.)
(i) The map (7), Ty : C(q) — V®", is U,-equivariant.
(iii) The map (8), 7_ : (V*)®" — C(q), is U,-equivariant.

Proof of Proposition 22(i) By [KS], the R-matrix acts on V ® V' by the
matrix

1 _

q QZ(Eu ® Bi) + Z(Eu ®Ej)+(q—q ") Z(E'L] ® Eji) | . (13)
i i#j (]

(This matrix is denoted by Ry in [KS], cf. the first paragraph of Section 8.4.2

and (60) in [KS].) Here, as before, E;; represents the map 67 : V. — V, 67 (ex,) =

d;rei. By composing the map represented by (13) with the transposition 7 :

VeV —-V&V, 7(v1,v) = (v2,v1), we obtain the map R given by (4).
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The “cap” maps in [RT, (5.1.1-2)] are given by the contraction map V*®@V —
C[[A], (z,y) = z(y) and the map V ® V* — C[[A]], (y,z) — x(v"tuy). The
“cup” maps are their duals. Let us recall the meaning of v~lu in [RT]: Let
p be the half-sum %ZaeAJr a of primitive roots of sl, and let p; € Z be the
coordinates of p in the basis of the Cartan subalgebra of sln given by simple
roots ai,...,an_1. By [RT, (7.1.1)], v~tu = exp(2h ZZ 1 piH;). (Recall that
Reshetikhin-Turaev h is twice the h we use.) Therefore the following lemma
completes the proof of Proposition 22(i).

-1

Lemma 23 v Zk—n—1lo,

u acts on V' by sending ej to g
Proof Positive roots in the Cartan subalgebra of sl,, are of the form «;; =
a; + ojp1 + ... + oy, for 1 < i < j <n— 1. Therefore, oy, appears %k(n — k)
times in p and p = 3k(n — k).

By [KS, Section 8.4.1], Hjey, is —ey if i =k, ey if i =k — 1, and 0 otherwise.
Therefore,

g le, ifi=k
exp(hH;)ex = < qep if i=k-1
ek otherwise.

Consequently, (v u)e, = ¢ 2Pk t20r-1¢), = k=D (n—ktl)=k(n—k)g, — o2k—n—1c

Proof of Proposition 22(ii) — U;-equivariance of 7.

U, acts on the n-th power of the defining representation V, via the map

n— ®n
U, 25 uEn 2 Bnd(ven),

where A""1: U, — U} is the (n — 1)st power of the comultiplication in U,.
The following explicit formulas for A"~! follow by induction on n from the
definition of A, [KS, Prop 6.1.2.5]:

AN EK)=K;®..@ Kj,fori=1,..,n—1, (14)
A" Zl@ ®1®E OK;® .0 Ki,fori=1,..,n—1,  (15)
7j=1

where the index j over E; means that it takes the j-th position in the tensor
product. For A""!(F;) we have a similar expression:

A" Y(F, ZK ® .0 K ®F®1® .1 (16)
7j=1
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Since U, acts on C(gq) by counit map, € : U; — C(gq), which sends E;, F; to
0 and K; to 1, we need to show that A" }(K;)T, = Ty, and A" Y E)T, =
A" YE)T, =0 for i = 1,....,n — 1. In order to prove the first equality notice
that by (9) and (14) A" (K;) multiplies the e; component in e,y @ ... ®
€o(n) DY ¢~! and it multiplies the e;;1 component by ¢. Since it leaves all
other components unchanged, A" !(K;) - (1) @ -+ B Ex(n) = €u(1) @ . @ €o(n)
and, consequently, A" 1 (K;)T, = T.. We complete the proof by showing that
A" Y E)T, = 0. The proof of A" 1(F,)T, = 0 is analogous and left to the
reader.

For simplicity, denote e,(1) ® ... ® €,(,) € V™ by e,. By (1),

o)+ 1 ifot(i) <o '(i+1)

l(c) —1 otherwise.

1((i,i + 1)o) = {

Therefore,
Ty = Z (—Q)l(a) (eo — qe(i,i+1)a)7
U—l(i;’fffl(i-ﬁ—l)
and our goal is to prove that
A"YE) - (eo — qe(iitnyo) =0, (17)

for o such that o=1(i) < o=1(i + 1). We have

J
1.1 F;, K;...  K; - e, =

0 if o(j) # i

€s(1) ... Q ea(j71)® 67;{’_1 ®eg(j+1) ®...Q €o(n) if 0’(]) =4 and O'_l(i + 1) <jJ

ges(1) ® ... @ €g(j—1)® ei{H R€u(jt1) ® ... @ €g(pn)y if 0(j) =i and o(i+1) >
Therefore, if 0=1(i) = j then A" Y(E;) e, =

_ 2ol _ q ifo™ (@) <o l(i+1)

e e R eq (i e; €o(i ..Qe

o(1) o(j—1) i+1 o(7+1) o(n) 1 otherwise.
This implies (17) and, therefore, completes the proof of Uj-equivariance of 7.

Proof of Proposition 22(iii) — U,-equivariance of 7_

We need to prove that for any = € U, and any w = v;, @ ... ® vj, € VO,
e(x)T_(w) = T_ (A" 1(x) -w). This equality reduces to the following three sets
of equations for i =1,....,n —1:

T (A" N(K) - w) = T (w) (18)
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T_ (A" Y(E;) -w) =0 (19)
T_ (A" Y(F) - w) = 0. (20)
Both sides of (18) vanish if the numbers (i, ...,4,) are not distinct. On the
other hand, if these numbers are distinct then A" }(K;)-w = w and (18)

follows. We will complete the proof by showing (19) — the proof of (20) is
analogous.

Observe that A"™1(E;)-vj, ®...®v;, is alinear combination of terms vg, ®...Qvy,,
such that the n-tuple (ki, ..., k,) is obtained from (ji, ..., j,) by changing one
of the indices from i to ¢ + 1. Since 7_(vg, ® ... ® v, ) = 0 if the numbers
ki, ...,ky are not a permutation of 1,...,n, the left side of (19) vanishes unless
1y ey Ji—1, 51+ 1, Ji41, vy Jn are a permutation o of 1,...,n, for some [ such that
j1 = 1. In this case ji =i for some k # [ and we can assume that k& < [. Under
above assumptions,

l
_ k _
A" HE) (v, ®...0v;) = v ® ..V .0 ¢ v ®@... Qv +

k l
Ujy X .0 v; X...Q Vi+1 RX... X Vjp-

Hence, 7_ (A" Y(E;) - (vj, ® ... ®v;,)) = (—¢)!(GHD9) . g7t 4 (—g)). Since
I((i,1 + 1)o) = I(0) + 1, the left hand side of (19) vanishes and the proof of
Proposition 22(iii) is completed.

Proof of Theorem 17(ii) In the previous section, we proved that (-), is

an isotopy invariant of n-webs. Now we are going to show that it satisfies
properties (i)-(v) formulated in Theorem 1.

(i) Since Klimyk’s and Schmiidgen’s R is our q%]%, our R satisfies
1. 1
("R —a)(q"R+q"") =0
by [KS, Proposition 8.4.24] and, hence,
L 1l -
¢R—q¢ "R =(q—q¢ "I
This implies the skein relation (i) of Theorem 1.

(ii) Since the two relations (ii) of Theorem 1 are inverses of each other, we
will show the first of them only.

)
The “kink,” | , defines a map on V' which is Uj-equivariant. Since V' is an

irreducible module, this map is a multiple of Idy and, therefore, for our purpose
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it is enough to show that the kink maps e; to q”_%ei for some (and hence for
arbitrary) i. Choose ¢ = n. Since the arc @ maps V to itself by sending e;
to ¢>~""le;, the kink maps e, to Ce,, where C =Y }_, #"¥g?k=n=1 and fff’
are the coefficients of the R-matrix,
R(en ®ey,) = Zf?jkei ® e;.
2
L for k=n 1

. . q 1
Since 77k = C=q""n.
nk { 0 otherwise,

(iii) This property will be proved in the next section.

(iv) The bracket of the trivial knot diagram is given by the contraction of the
cup and the cap tensors, where the cup and the cap are chosen with coinciding
orientations. Therefore

<©>n — Zq%—n—l — [n]

By the construction of the bracket, (I't UT),, = (I'1),,- (I'2),, , for disjoint (and
hence unlinked) web diagrams I'y, I's.

(v) This is obvious. O

6 Proof of Proposition 2 and of Theorem 1(iii)

We will often use the following equality

S (=)@ =" )] (21)

O'ESn
following from [Gy, (3.1)].

Lemma 24 < > = qn(n{l) - [n]!

Proof The above bracket is given by the contraction of 7_ with 7.,

(T = ¥ a0 =

O'ESn
by (21). O
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Consider the skein

—n L
A=Y (=) o

; (22)
O'ESk ”.\J

WX
where, as before, is the unique positive braid with (o) crossings repre-

senting o. Given an (k, k)-tangle T, , denote by 7 (T) the (k — 1,k —1)-

..- .
tangle obtained from T by closing up its last string, ' . The definition

of m,(T') obviously extends to all skeins T' being linear combinations of (k, k)-
tangles.

Lemma 25 7y 1(Apy1) = Apg F[n — k).

Proof Each permutation o € Si;1 can be written in the form
(ilail - 17 "'ail - jl)(i%iQ - 1> "'7i2 - j2)"'(2.lail - 17 "'ail - jl)7 (23)

where i1 < i9 < ... < 7;. Furthermore, such presentation is unique. (These
statements can be proved by induction on k.) By splitting the set of all per-
mutations ¢ € Sk41 into those with ¢ < k and those with 4 = k + 1, we
get

k
Tt (A1) = Ap[n] + > (=g =

=1

The ¢-th summand in the sum on the right side takes into account all permuta-
tions o € Sy with i = k+ 1 and j; = i. Note that the action of A; on V&F
coincides with the one of e_, defined in (11), and hence composing Aj with
a single positive crossing on two adjacent strings yields —q_nTHAk. Therefore,
after applying relation (ii) of Theorem 1 to remove the kink in the skein above

n+l .
- )kfz

and after replacing the k — i crossings by the factor (—g we get

k
1=n —1 —ntl g i p—n~
Tt 1 (A1) :Ak[n]JFZ(—q e G A L V-
=1
2%k

k
—n= lon —2(k—1 n— l—q~
Akl + Aeg™" " (=a ) 3 a D = Mgl + A" =
=1
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n _ . n—2k n—2k _ ,—n
A (1= 20 ) - (L) = et -

q—q! q—q

Recall that Ty € V®" was defined in (7) and h; ;41 in Section 4.2.

Corollary 26

O'ESn

_nt1
Lemma 27 h(i,i+1)T+ = (—q" 7 )T4.

Proof Denote ey(1) @ ...e5(n) € V& by e, as before. By Proposition 21(1)
and (4),

hiiiv1)€o = 4 " €(0(i)0(i+1))o T

s ¢ (g~ g Ve, ifo(i) <o(i+1)
0 otherwise

Let A; be the set of these permutations ¢ € S,, for which o(i) < o(i+ 1), and
let Ay =S, \ A;. Furthermore, let

T; = Z (_Q)l(a)em

UeAi
for i =1,2. Then

_1 o
| e = 07 Poen, (0" Veom oty = (24)
g n ZaeA2(_Q)l((a(z)’a(zﬂ))a)ﬂ (o(i),o(i+1))e = 4 »(—q)T1.
Similarly,

_1 o 1 — o
hiivnTr =g n Z (—q)" )e(a(i),a(i+1))a+q w(g—q ") Z (—9)e,. (25)
oEA; ogEA;

Note that 0 € A; < (0(i),0(i +1))o € Ay and I((0(i),0(i + 1))o) =1(0) + 1,
for o € A;. Therefore, after substituting 7 = (0(i),0(i + 1))o in the first sum
of (25) we get

1
haivnDt = ¢ Y (=)' e +q (g — ¢ Ty

Hence, by (24), h(; i) (Th + T2) = (—qfnTH)(Tl + Ty). ]
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Proof of Theorem 1(iii) We need to prove that the skeins S = :

and ¢"(™" YA, coincide as operators on V®". Since S is Uy-equivariant, by
Proposition 21(iii), it is is equal to the map w — z-w : V" — V& for
certain z € H,. Since the image of S is 1-dimensional, x is either a multiple
of e; or e_. (This statement follows from the fact that H, is isomorphic to
the group ring of S,, over C(t).) Lemma 27 indicates that S is a multiple of
e_, ie. § = ce_ for certain c € C(q%). On the other hand, A, coincides with
e_ as an operator on V®". Therefore, we need to prove that ¢ = ¢"("~ and
for that it is enough to consider the closures of S and A,. Now, the statement
follows from Lemma 24 and Corollary 26. O

Proof of Proposition 2 By Theorem 1(iii) and Lemma 25,

E;H = "D (mg(Ag)) = gD g M — 9]1A,,

1-n

\
By substituting »@ —qn %\N for Ay we get the statement of Proposition
O

7 Proof of Proposition 3

We prove the statement for sources only — the proof for sinks is analogous. We
begin with two preliminary results.

Recall that for any two sets of integers, Sy, .59,
ﬂ(sl,SQ) = #{(il,ig) c Sl X SQ T > ig}.

The proof of the following lemma is left to the reader:

Lemma 28 If S = {s1,...,s5} € N = {l,..,n} and S’ = N\ S, then
(S, 8) = Sk 5 — BELD,

- 1 e ky E+1 L n
Tk =\ ka1 . n, 1 e n—k )’

Lemma 29 For any o € S,,

Let

k

(o) =UoTnp) +2) oli) — k(n+1). (26)
=1
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Proof Fix k <n. By (1), l(c) = A+ B+ C, where
A=#{i<j<n—-k:0()>0(j)}, B=#{n—-k<i<j<n:0(i) >0},
C=#{i<n—k<j:o(i)>o()h

Similarly,
Uotnk) = #{i <j < k:omk(i) > oTnk(f) -+
#{k <i<j<n:omp() >omnp()} +#{i <k <j:omr(i) > oTk(d)}
Note that the first, second, and the third summands above are equal B, A, and

k(n — k) — C respectively. By Lemma 28, C' = Zle o(i) — k(k;l), and hence
the statement follows. O

Let 7/ : V®" — 7Z(q) be the tensor associated with /m
—

k n-k
for some k. We need to show that 7/ = 7_ for n odd and 7/ = 7_ mod 2 for
n even, where 7_ : V®" — 7Z(q) is the tensor defined by (6) in Section 2. Here

is another presentation of the above graph:

1 Kk+n
The tensor 7' is given by the contraction of cups and caps placed on strings
1,...,k with the tensor 7_. Hence 7" : V®" — Z(q) equals 7_¥, where

\Ij(ea) =Corpy ° q2 Zf:l U(i)ik(nJrl)'

Since 7_(e,) = (—¢)"?) and
T (V(ey)) = (—q)lOmmr) g2ty o) =k(n+1),
Now the statement follows from Lemma 29. D

8 Proofs of Lemma 8 and Theorem 9:

For any core I of an n-web T let

rot,r(S) = _ind(e)(2S(b) —n—1) € Z. (27)
€
Lemma 30 For any core I'' of T, rot,, 1/(S) € Z.
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Proof Let IV be a core of I' and let v be the marked point of a disc of T
Suppose that T is isotoped to I' and I" is isotoped to a core I' of I" such that
the tangents at the endpoints of edges of I are unchanged, except for those at
v. Then the indices, ind(e), remain unchanged, except for those edges e which
are adjacent to v. For these edges indg, (e) = indr/(e) + 3, for some 3 (which
is the same for all edges e adjacent to v). Since

> BESB)-n-1)=0,

e adjacent to v

rot_ =,(S) = rot,/(S).

n,I”
Fix a vector w. By performing appropriate isotopies of I' and of IV we may
assume that I" is such that the tangent vector to any endpoint v of every edge
of T” is either @ or —w depending if v is the marked point of a source or a
sink. In this situation, ind(e) € Z for all edges e of I and, consequently,

rot, v (S) € Z.

O

Since any two cores of I' are isotopic to each other and rot,, /(S) varies contin-
uously under isotopy of I", rot, r+(S) is independent of the choice of I". This
completes the proof of Lemma 8.

Proof of Theorem 9 By Theorem 17(i), (I'),, is given by a contraction of
tensors corresponding to the vertices and “caps” and “cups” of I'. (By assump-
tion of Theorem 9, I" has no crossings). Note that the summands in that sum
are in 1-1 correspondence with the states of I' and that each of the summands
is a power of +¢. By deforming I' by an isotopy if necessary, we can choose a
core IV of T' so that the tangent vectors to the edges of I at their endpoints
point all in the same direction. It is easy to see that for such I, ¢"(5) is
the power of ¢ given by the cups and caps of I'. Furthermore, any state S and
any vertex v, the tensor associated with v contributes (—¢)"*(5*) to the state
sum. ]

9 Proof of Proposition 12

For any k > 0 we identify the basis vectors e;, ®...®e¢;, € V@ with sequences
(i1, ...,ix) € {1,...,n}¥. For any a = (ay,...,a;) we denote the set {ay,...,az}
by a. Furthermore, we denote {1,...,n} by n.
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An enhanced state S of MOY,-graph T" is a function which assigns to each
edge e a sequence S(e) = (i1, ...,4¢) of |e| distinct elements of the set n, such
that S(el) U S(ey) = S(ef) for any vertex v. Any enhanced state S defines a
state S of ' labeling every edge e of I' by the set S(e).

For a sequence a of numbers (a1, ..., ax ), which does not contain any repetitions,
we denote by [(a) the length of the permutation which puts the numbers of the
sequence in the increasing order.
Denote the tensors associated with the graphs
a\ /b C
d d . (28)
o ay b

by Ty : VOt L Y&k g Y&l Ty . YOk @ VOl _, VOk+L There are obtained by

a partial contraction of four tensors: a cap, a cup, a sink, and a source, and are
given by the following formulas

Ti(c) = Y tla,be,d)a®b, Ta(a,b) =Y t(ab,c,d)ec,
a,b,d c,d
where a € 2¥, b € al, c € AFT, d € @™, m = n —k — 1 and t(a,b,c,d) is
defined as follows: t(a,b,c,d) = 0 unless

(The first condition implies that a@, b, and d are disjoint and the sequences a, b, d
have no repeating elements.) If these conditions are satisfied then

t(a'7 b? c7 d) =

(_q)l(a)+l(b)+l(d)+n(a,5)+w(au5,¢i)_(_ l(e)+U(d)+m(e,d) . 221 L di—(n+1)m

q)

The first two factors above come from the tensors associated with the vertices
of graphs (28). The third factor corresponds to caps and cups of graphs (28).
And since w(aUb,d) = (¢, d), we get

t(a,b,c,d) = (_q)l(a)—l—l(b)—i—l(c)—i—w(&,B) ) q2l(d)+27r(a,c?)+2 >, di—(n+l)m (29)

If conditions (i) and (ii) above are satisfied then by Lemma 28,

m k+1 m
2(¢,d)+2) _di—(n+1)m _chl (E+D(k+1+1)+2> di—(n+1)m =
=1 =1
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=n+l)n—(k+D)E+I+1)—(n+1)m=mn—-k-0)k+1).
Hence, under conditions (i) and (ii) above,
t(a,b,¢,d) = (—q)!@FOH(O+n(a, b) . 2+ (n=k=D)(k+1)

m(m 1)

By (21), > ses., o) = ¢ [m]! Therefore, if we denote ) ,t(a,b,c,d) by

t(a,b,c), then
t(a,b,¢) = (—g)!@HOHE+7(@D) | B (LI CY) k-1 =

(n—k—=0)(n+k+1-1)

_ (_q)l(a)+l(b)+l(c)+7r(a,5) N R [n k- l]'

The complete contraction of tensors associated with vertices, cups, and caps of
W(T') produces
[Tl = (W(I)),, = > _W(S)
S

where

S) = ") T t(S(e}). S(eb), S(ed))

(The first of the above factors is the contraction of the tensors associated with
“caps” and “cups” in I'.) Hence

g —legD(n+legl—1)
\IJ(S) — qrot(S) . (_q)Zte( (e)+>>, m(S(e?),S(ey )Hq 0 2+ ol—1 [n_ ‘68”!

where the sum ) is taken over all edges of I' which are not annuli. For any
state s of I', we denote sum »_ W(S) over all enhanced states S such that
S =s, by ®(s). Hence, by (21),

B(s) = N (L) - ") . (—g)Xws(ei)s(e5))

where

le] (le] 1) (n=legD(ntlegl-1)
NO) =TJa = lelt-]]q 2 [n — leg]]!
v

e

Since
n(n—1) + lef| = le§*
5 —

]' v v
5 —legl)(n + legl = 1) =

1 1 1
gl = 1)+ 5 (1eb] + let] + legl = [ebl? = [€31® = e ) = Sled] - e3l,

and each edge appears as e} for two different vertices v,

le2—le] | lel—le|? n(n—1)—[e}|-[e3| oI
=1l = lel'-I]e = ]« 2 [n — [eg]]!
e e v
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Hence,

N) =TTt TTa™ = = e

O
10 Proof of Proposition 13
For any
s : {edges of T'} — subsets of {1,...,n}
let . . .
§: {edges of I'} — subsets of {—n; ,—n; +1,.., n; +,
be such that §(e) = {i1 — 2, ..., ix — 2L} if s(e) = {i1,...,ix}. We observed

in Section 1.7 already, that s is a state of I' if and only if § is a MOY-state of
T.

Let I' be an MOY,-graph diagram with no crossings. We can assume that I'
is composed of caps, cups, and vertices of the following form:

Ny %
AT

Since these pictures are obtained by rotating the pictures of [MOY, Fig. 1.3]
by 180° and exchanging e; with es, the Murakami-Ohtsuki-Yamada weight
associated to the vertices above is

qle’f|~|65|/4—7T(8(65),S(e¥))/2'
But since
m(s(ez),s(e1)) + m(s(er), s(e2)) = ler] - [e2],

this weight equals to
g lerlleal/44m(s(en).s(e2))/2,

Since the Murakami-Ohtsuki-Yamada rotation index of § is rot(s),

{F}n — Z qrot(s) Hq*|57fHelz)|/4+7T(5(611))75(572J))/2’

statess v

and the statement follows.
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