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406 Bronislaw Wajnryb

1 Introduction

Let S be a compact oriented surface of genus g > 0 with n > 0 boundary
components and k distinguished points. The mapping class group M, ,, 1 of S
is the group of the isotopy classes of orientation preserving homeomorphisms
of S which keep the boundary of S and all the distinguished points pointwise
fixed. In this paper we study the problem of finding a finite presentation for
Mg = Mgy no. We restrict our attention to the case n = 1. The case n = 0
is easily obtained from the case n = 1. In principle the case of n > 1 (and
the case of k& > 0) can be obtained from the case n = 1 via standard exact
sequences, but this method does not produce a global formula for the case of
several boundary components and the presentation (in contrast to the ones we
shall describe for the case n = 0 and n = 1) becomes rather ugly. On the other
hand Gervais in [6] succeeded recently to produce a finite presentation of My ,
starting from the results in [20] and using a new approach.

A presentation for ¢ = 1 has been known for a long time. A quite simple
presentation for g = 2 was established in 1973 in [1], but the method did not
generalize to higher genus. In 1975 McCool proved in [19], by purely algebraic
methods, that M, is finitely presented for any genus g. It seems that ex-
tracting an explicit finite presentation from his proof is very difficult. In 1980
appeared the groundbreaking paper of Hatcher and Thurston [9] in which they
gave an algorithm for constructing a finite presentation for the group M, for
an arbitrary ¢g. In 1981 Harer applied their algorithm in [7] to obtain a finite
(but very unwieldy) explicit presentation of M, ;. His presentation was simpli-
fied by Wajnryb in 1983 in [20]. A subsequent Errata [3] corrected small errors
in the latter. The importance of the full circle of ideas in these papers can be
jugded from a small sample of subsequent work which relied on the presentation
in [20], eg [14], [16], [17], [18]. The proof of Hatcher and Thurston was deeply
original, and solved an outstanding open problem using novel techniques. These
included arguments based upon Morse and Cerf Theory, as presented by Cerf
in [4].

In this paper we shall give, in one place, a complete hands-on proof of a simple
presentation for the groups M, o and M, 1. Our approach will follow the lines
set in [9], but we will be able to use elementary methods in the proof of the
connectivity and simple connectivity of the cut system complex. In particular,
our work does not rely on Cerf theory. At the same time we will gather all of the
computational details in one place, making the result accesible for independent
checks. Our work yields a slightly different set of generators and relations from
the ones used in [20] and in [3]. The new presentation makes the computations
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in section 4 a little simpler. We shall give both presentations and prove that
they are equivalent.

A consequence of this paper is that, using Lu [16] or Matveev and Polyak
[18], the fundamental theorem of the Kirby calculus [13] now has a completely
elementary proof (ie, one which makes no appeal to Cerf theory or high dimen-
sional arguments).

This paper is organised as follows. In section 2 we give a new proof of the
main theorem of Hatcher and Thurston. In section 3 we derive a presentation
of the mapping class group following (and explaining) the procedure described
in [9] and in [7]. In section 4 we reduce the presentation to the simple form of
Theorem 1 repeating the argument from [20] with changes required by a slightly
different setup. In section 5 we deduce the case of a closed surface and in section
6 we translate the presentation into the form given in [20], see Remark 1 below.

We start with a definition of a basic element of the mapping class group.

Definition 1 A (positive) Dehn twist with respect to a simple closed curve
« on an oriented surface S is an isotopy class of a homeomorphism h of S,
supported in a regular neighbourhood N of « (an annulus), obtained as follows:
we cut S open along «, we rotate one side of the cut by 360 degrees to the
right (this makes sense on an oriented surface) and then glue the surface back
together, damping out the rotation to the identity at the boundary of N. The
Dehn twist (or simply twist) with respect to « will be denoted by T,. If
curves a and [ intersect only at one point and are transverse then T, (), up
to an isotopy, is obtained from the union o U 3 by splitting the union at the
intersection point.

a1 a2 Q3

Figure 1: Surface Sy 1

Qg

B

We shall say that two elements a,b of a group are braided (or satisfy the braid
relation) if aba = bab.

Theorem 1 Let S,1 be a compact, orientable surface of genus g > 3 with
one boundary component. Let a;,b;,e; denote Dehn twists about the curves
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a;, B3i,€ on Sy 1 depicted on Figure 1. The mapping class group Mgy 1 of Sg1
is generated by elements b, b1,a1,€e1,az2,€e2,...,a4-1,€9-1,04 and has defining
relations:

(M1) Elements by and as are braided and bs commutes with by. Every other
pair of consecutive elements (in the above order) is braided and every other
pair of non-consecutive elements commute.

(M2) (b1a161a2)5 = bgagelalb%alelagbg
(Mg) d3a1a2a3 = d1’2d1’3d273, where

-1 -1 -1

di2 = (azeraiby) " ba(ageraiby), diz =tadiaty , dos=tidist] ",
-1 -1 —1;-1
tl = €j1ai1a3e€y, tQ = €20203€2, d3 = bgagelbl dl’gblel Gy b2 .

Theorem 2 The mapping class group Mas 1 of an orientable surface Sy 1 of
genus g = 2 with one boundary component is generated by elements bo, by, a1,
e1,ay and has defining relations (M1) and (M2).

Theorem 3 The mapping class group Mg of a compact, closed, orientable
surface of genus g > 1 can be obtained from the above presentation of Mg 1
by adding one more relation:

(M4)  [brareras. .. ag—1eg-104049€9—1Gg—1 - ..€1a1b1,dg] =1, where

t; = €;a;A;4+1€;, for i = 1,2, ey g — 1, dg = dLQ,
di = (bgagelbl_ltgtg .. .ti_l)di_l(bgagelbfltgtg .. .ti_l)_l, for i = 3,4, -

The presentations in Theorems 1 and 3 are equivalent to but not the same as
those in [20] and [3]. We now give alternative presentations of Theorems 1 and
3, with the goal of correlating the work in this paper with that in [20] and
[3]. See Remark 1, below, for a dictionary which allows one to move between
Theorems 1’ and 3’ and the results in [20] and [3]. See Section 6 of this paper
for a proof that the presentations in Theorems 1 and 1’, and also Theorems 3
and 3, are equivalent.

Theorem 1’ The mapping class group Mg 1 admits a presentation with gen-
erators ba,b1,a1,e1,a2,e2,...,a4-1,€9-1,04 and with defining relations:

(A) Elements by and as are braided and by commutes with by. Every other
pair of consecutive elements (in the above order) is braided and every other
pair of non-consecutive elements commute.

(B) (b1a161)4 = (agelalb%alelag)bg (agelalb%alelag)_lbg
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(C) 6261()16?3 = 7?1_17?2_1()2{2517?2_1()2{262 where
t1 = arbieray, to = ageregas, dz = (agegazeiaru)v(agesageraru)t,

-1 —-17-1; 7 -1
U= €y 0ag t2 bgtgageg, v:(agelalbl) bg(agelalbl).

Theorem 3’ The mapping class group Mg of a compact, closed, orientable
surface of genus g > 1 can be obtained from the above presentation of Mg
by adding one more relation:

2 71
(D)  [ageg—1ag—1...e1a1bjarer ... ag_1e4-10a4,dg] =1, where

7 _ -1 _ -1
dg = ug_lug_g N ulbl(ug_lug_g e ul) , Ul = (blalelag) viazeian,

u; = (€;—1a;€ia;41) viaii1e;a; for i=2,...,9—1,
v = (agelalb%alelaQ)bg(agelalb%alelag)_l,

V; = fi__llfi_lvi_lfifi_l for 1= 2, ey g — 1,

t~1 = alelblal, t~1 = Q;€;€;_1a; for 1= 2, ceeyg — 1.

Remark 1 We now explain how to move back and forth between the results
in this paper and those in [20] and [3].

(i) The surface and the curves in [20] look different from the surface and the
curves on Figure 1. However if we compare the Dehn twist generators in
Theorem 1’ with those in Theorem 1 of [20] and [3] we see that corre-
sponding curves have the same intersection pattern. Thus there exists a
homeomorphism of one surface onto the other which takes the curves of
one family onto the corresponding curves of the other family. The precise
correspondence is given by:

(b2,b1,a1,€1,a2,€2,...,09-1,€9—1,0g)
— (d, al,bl,ag,bg,ag, PN ,bn_l,an,bn),
where the top sequence refers to Dehn twists about the curves in Figure
1 of this paper and the bottom sequence refers to Dehn twists about the
curves in Figure 1 on page 158 of [20].

(ii) Composition of homeomorphisms in [20] was performed from left to right,
while in the present paper we use the standard composition from right to
left.

(iii) The element dy in this paper represents a Dehn twist about the curve ¢,
in Figure 1 of this paper. The element Jg in relation (D) of Theorem 3
represents a Dehn twist about the curve 3, in Figure 1. We wrote d,
as a particular product of the generators in M, 1. It follows from the
argument in the last section that any other such product representing d,
will also do.
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(iv) In the case of genus g = 2 we should omit relation (C) in Theorems 1’
and 3.

Here is the plan of the proof of the theorems. Following Hatcher and Thurston
we define a 2-dimensional cell complex X on which the mapping class group
M1 acts by cellular transformations and the action is transitive on the vertices
of X. We give a new elementary proof of the fact that X is connected and
simply connected. We then describe the stabilizer H of one vertex of X under
the action of M, and we determine an explicit presentation of H. Following
the algorithm of Hatcher and Thurston we get from it a presentation of M, ;.
Finally we reduce the presentation to the form in Theorem 1 and as a corollary
get Theorem 3.

Acknowledgements 1 wish to thank very much the referee, who studied the
paper very carefully and made important suggestions to improve it.

This research was partially supported by the Fund for the Promotion of Re-
search at the Technion and the Dent Charitable Trust — a non military research
fund.

2 Cut-system complex

We denote by S a compact, connected oriented surface of genus g > 0 with
n > 0 boundary components. We denote by S a closed surface obtained from
S by capping each boundary component with a disk. By a curve we shall mean
a simple closed curve on S. We are mainly interested in the isotopy classes of
curves on S. The main goal in the proofs will be to decrease the number of
intersection points between different curves. If the Euler characteristic of S is
negative we can put a hyperbolic metric on S for which the boundary curves
are geodesics. Then the isotopy class of any non-separating curve on S contains
a unique simple closed geodesic, which is the shortest curve in its isotopy class.
If we replace each non-separating curve by the unique geodesic isotopic to it we
shall minimize the number of intersection points between every two non-isotopic
curves, by Corollary 5.1. So we can think of curves as geodesics. In the proof
we may construct new curves, which are not geodesics and which have small
intersection number with some other curves. When we replace the new curve
by the corresponding geodesic we further decrease the intersection number. If
S is a closed torus we can choose a flat metric on S. Now geodesics are not
unique but still any choice of geodesics will minimize the intersection number
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of any pair of non-isotopic curves. If two curves are isotopic on S then they
correspond to the same geodesic, but we shall call them disjoint because we can
isotop one off the other. Geodesics are never tangent.

If & and [ are curves then |aN 3| denotes their geometric intersection number,
ie, the number of intersection points of a and 3. If « is a curve we denote by
[a] the homology class represented by o in Hq(S,Z), up to a sign. We denote
by i(a, 3) the absolute value of the algebraic intersection number of a and .
It depends only on the classes [a] and [f].

We shall describe now the cut-system complex X of S. To construct X we
consider collections of g disjoint curves v1,72,...,7y in S such that when we
cut S open along these curves we get a connected surface (a sphere with 2g+n
holes). An isotopy class of such a collection we call a cut system (vy1,...,7,).
We can say that a cut system is a collection of geodesics. A curve is contained
in a cut-system if it is one of the curves of the collection. If 4/ is a curve in S,
which meets v; at one point and is disjoint from other curves ~; of the cut sys-
tem (y1,...,7g), then (y1,...,%—1,7%,Yi+1,---,7g) forms another cut system.
In such a situation the replacement (yi,...,%,...,%g) — (V1s---sVir---17)
is called a simple move. For brewity we shall often drop the symbols for un-
changing circles and shall write (v;) — (7;). The cut systems on S form the
O-skeleton (the vertices) of the complex X. We join two vertices by an edge
if and only if the corresponding cut systems are related by a simple move. We
get the 1-skeleton X'. By a path we mean an edge-path in X!. It consists of
a sequence of vertices p = (v1,v9,...,v;) where two consecutive vertices are
related by a simple move. A path is closed if v1 = vp. We distinguish three
types of closed paths:

If three vertices (cut-systems) have g — 1 curves 7q,...,7y—1 in common and
if the remaining three curves yg,’y;, 7;’ intersect each other once, as on Figure
2, C3, then the vertices form a closed triangular path:

(C3) atriangle (vg4) — (v5) — (vg) — (vg)-

If four vertices have g — 2 curves 71,...,7y—2 in common and the remaining
pairs of curves consist of (v5-1,7%), (Vg—1,7)s (Vg—1:7g)> (Yg—1,7y) Where the
curves intersect as on Figure 2, C4, then the vertices form a closed square path:
(C4) asquare (v5-1,79) = (Yg—1,79) = (Vg—1,7g) = (Yg—1,7g) = (Yg—1,79)-
If five vertices have g—2 curves 71, ...,74—2 in common and the remaining pairs

of curves consist of (vg-1,7), (Yg-1:7)s (Vg—1:79)s (Vg—1,7¢) and (7g,75)
where the curves intersect as on Figure 2, C5, then the vertices form a closed

pentagon path:
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(C5) apentagon (v4-1,7) — (Yg-1,7g) — (YVg—1,Vg) — (Vg—1,Vg) —
(g>Yg) — (Yg-1,7g)-

"
9 ’
’
" ! g

Vg Vg1

7&-1
(C3) (C4) (C5)

Figure 2: Configurations of curves in paths (C3), (C4) and (C5)

X is a 2-dimensional cell complex obtained from X' by attaching a 2-cell to
every closed edge-path of type (C3), (C4) or (C5). The mapping class group
of S acts on S by homeomorphisms so it takes cut systems to cut systems.
Since the edges and the faces of X are determined by the intersections of pairs
of curves, which are clearly preserved by homeomorphisms, the action on X°
extends to a cellular action on X.

In this section we shall prove the main result of [9]:
Theorem 4 X is connected and simply connected.

We want to prove that every closed path p is null-homotopic. If p is null-
homotopic we shall write p ~ o. We start with a closed path p = (v1,...,vx)
and try to simplify it. If q is a short-cut, an edge path connecting a vertex v;
of p with v;, j > ¢, we can split p into two closed edge-paths:

P1 = (Vj,Vj415 oy Vks V2. .., 0i—1,d) and p2 = (@71, i1, Vita, - - ., vj).

If both paths are null-homotopic in X then p ~ o. We want to prove Theorem
4 by splitting path p into simpler paths according to a notion of complexity
which is described in the next definition.

Definition 2 Let p = (v1,vs,...,v;) be a path in X. Let « be a fixed curve
of some fixed v;. We define distance from « to a vertex v; to be d(a,v;) =
min{la NG| : B € v;}. The radius of p around « is equal to the maximum
distance from « to the vertices of p. The path p is called a segment if every
vertex of p contains a fixed curve o. We shall write a—segment if we want to
stress the fact that « is the common curve of the segment. If the segment has
several fixed curves we can write (o, 3,...,7y)-segment.
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Theorem 4 will be proven by induction on the genus of S, for the given genus it
will be proven by induction on the radius of a path p and for a given radius m
around a curve o we shall induct on the number of segments of p which have
a common curve v with |y N al = m. The main tool in the proof of Theorem
4 is a reduction of the number of intersection points of curves.

Definition 3 Curves a and J on S have an excess intersection if there exist
curves o and (', isotopic to « and (3 respectively, and such that |a N G| >
o/ N G'|. Curves a and 3 form a 2-gon if there are arcs a of « and b of (3,
which meet only at their common end points and do not meet other points of
«a or B and such that a Ub bound a disk, possibly with holes, on S. The disk
is called a 2—gon. We can cut off the 2—gon from « by replacing the arc a of «
by the arc b of 3. We get a new curve o (see Figure 3).

Lemma 5 (Hass—Scott, see [8], Lemma 3.1) If a, 3 are two curves on a sur-
face S having an excess intersection then they form a 2-gon (without holes) on

S.

Figure 3: Curves o and 3 form a 2-gon.

Corollary 5.1 Two simple closed geodesics on S have no excess intersection.
In particular if we replace two curves by geodesics in their isotopy class then
the number of intersection points between the curves does not increase.

Proof If there is a 2-gon we can shorten one geodesic in its homotopy class,
by first cutting off the 2—gon and then smoothing corners. O

Lemma 6 Consider a finite collection of simple closed geodesics on S. Sup-
pose that curves o and [ of the collection form a minimal 2-gon (which does
not contain another 2-gon). Let o be the curve obtained by cutting off the
minimal 2-gon from « and passing to the isotopic geodesic. Then |[aNd'| =0,
IBNd| < |BNnal and |[yNd/| < |yNa| for any other curve « of the collection.
In particular if |[yNa| =1 then |[yNa'| =1. Also o] = [¢/].
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Proof Since the 2—gon formed by arcs a and b of o and [ is minimal every
other curve v of the collection intersects the 2—gon along arcs which meet a
and b once. Thus cutting off the 2—gon will not change |aN~| and it may only
decrease after passing to the isotopic geodesic. Clearly o and o/ are disjoint
and homologous on S and by passing to o’/ we remove at least two intersection
points of a with (. O

2.1 The case of genus 1

In this section we shall assume that S is a surface of genus one, possibly with
boundary. By S we shall denote the closed torus obtained by glueing a disk to
each boundary component of §. We want to prove:

Proposition 7 If S has genus one then the cut system complex X of S is
connected and simply connected.

On a closed torus S the homology class [a] of a curve « is defined by a pair of
relatively prime integers, up to a sign, after a fixed choice of a basis of Hy(S,7Z).
If [a] = (a1,a2) and [B] = (b1,b2) then the absolute value of their algebraic
intersection number is equal i(a, §) = |a1by — agby|. If « and [ are geodesics
on S then |aNg| = i(a, 3), therefore it is also true for curves on S which form
no 2-gons, because then they have no excess intersection on S.

Lemma 8 Let o, § be nonseparating curves on S and suppose that |aNg| =
k # 1. Then there exists a nonseparating curve § such that if k = 0 then
[0Nal=16NpG|=1andif k> 1 then |§Nal <k and |6 NG| < k.

Proof If |a N @] =0 then the curves are isotopic on S and they split S into
two connected components S; and Sy. We can choose points P and @) on «
and 3 respectively and connect them by simple arcs in S; and in S3. The
union of the arcs forms the required curve §. If £k > 1 and if the curves have
an excess intersection on S then they form a 2-gon on S. We can cut off the
2—gon decreasing the intersection, by Lemma 6. If there are no 2—gons then the
algebraic and the geometric intersection numbers are equal. In particular all
intersections have the same sign. Consider two intersection points consecutive
along . Choose ¢ as on Figure 4. Then [0 Na| =1 so it is nonseparating and
0Nl < k. O
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B

(67

o

Figure 4: Curve § has smaller intersection with « and .

Corollary 8.1 If surface S has genus 1 then the cut system complex of S is
connected.

Proof A cut system on S is an isotopy class of a single curve. If two curves
intersect once they are connected by an edge. It follows from the last lemma
by induction that any two curves can be connected by an edge-path in X. 0O

We now pass to a proof that closed paths are null-homotopic.

Lemma 9 A closed path p = (01, 92,03, 04,01) such that |02 Ndy| =0 is null-
homotopic in X.

Proof Let 8 = T;;l(dg) be the image of d3 by the Dehn Twist along ds.
Recall that as a set 8 = d9 U d3 outside a small neighbourhood of ds N d3.
From this we get that |3 Nd] = 1, |FNd3] =1 and |FNdy = 1. Thus
p’ = (01,02, 3,04,91) is a closed path which is homotopic to p because p — p’
splits into a sum of two triangles t1 = (3, 02,03, 3) and to = (3, 3,04,3). We
also have i(3,d1) = |i(d3,d1) £ i(d2,01)], so for a suitable choice of the sign of
the twist we have i(d3,01) > i(3,d1) unless i(d3,01) = 0. We may assume by
induction that i(d3,d1) = 0. If |d; N Jd3| > O then &; and d3 have an excess
intersection on S and form a 2-gon on S. We can cut off the 2-gon from &3
getting a new curve  such that [3] = [03], [BNds| =0, [BN ]| < [63 N ]
and |6 N 6;| = |03 N ;| for i # 1, by Lemma 6. We get a new closed path
p’ = (01,02, 3,04,01) and the difference between it and the old path is a closed
path q = (53, 02, 93,04, 3) with |5 Nd3] =0 and |62 Ndy| = 0. So by induction it
suffices to assume that [6; Nd3| = 0. If we now let 3 = Tj,(d3) then [ intersects
each of the four curves once so our path is a sum of four triangles and thus is

null-homotopic in X. D
Lemma 10 Ifp = (aq,...,q) is a closed path then there exists a closed path
p' = (of,...,q)) such that p’ is homotopic to p in X, [a;] = [o] for all i and
the collection of curves o/, ...,a}_, forms no 2-gons.
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Proof Suppose that there exists a 2—gon bounded by arcs of two curves in p.
Then there also exists a minimal 2-gon bounded by arcs of curves «; and «;.
If we cut off the 2-gon from «; we get a curve o such that [o;] = [of], o is
disjoint from o, |o; Na;| > |oy; N af| and |a, N | < |ay, N ;| for any other
curve a,, by Lemma 6. It follows that if we replace a; by o) we get a new
closed path p’ with a smaller number of intersection points between its curves.
The difference of the two paths is a closed path q = (;—1, aj, @41, ozfi,ai_l)
which is null-homotopic by Lemma 9. Thus p’ is homotopic to p in X . Lemma
10 follows by induction on the total number of intersection points between pairs

of curves of p. O

Proof of Proposition 7 Let p = (ai,...,ax,a1) be a closed path in X!.
We may assume that the path has no 2-gons. By Lemma 5 there is no excess
intersection on the closed torus S. It means that the geometric intersection
number of two curves of p is equal to their algebraic intersection number. Let
m = max{i(on,a;)|j = 1,...,k} be the radius of p around a;. Suppose first
that m = 1. Two disjoint curves on S have the same homology class, and
two curves representing the same class have algebraic intersection equal to O.
It follows that two consecutive curves in a path cannot be both disjoint from
ap. If & > 4 then either oy Nag| = 1 or |ag Nay] = 1. We get an edge
which splits p into two shorter closed paths with radius 1. If Kk = 4 and
lag Nag| =0 then p ~ o by Lemma 9. If £ =3 then p is a triangle. Suppose
now that m > 1. We may assume by induction that every path of radius less
than m is null-homotopic and every path of radius m which has less curves «;
with |1 N aj| = m is also null-homotopic. Choose the smallest i such that
i(a1, ;) = m. Then i(ay,a;—1) < m and i(aq,a;+1) < m. Choose a basis of
the homology group H;(S) which contains the curve a;. A homology class of a
curve is then represented by a pair of integers (a,b). We consider the homology
classes and their intersection numbers up to a sign. We have [a1] = (1,0),
[ai—1] = (a,b), o] = (p,m) and [oi+1] = (¢,d). The intersection form is
defined by i((a,b), (¢,d)) = |ad — bc|. Thus am —bp = £1,em —dp = £1,]b] <
m, |d| < m. We get m(ad —bc) = (£d +b). Since 2m > |b| + |d| we must have
lad — bc| =1 or ad — be = 0. In the first case i(a;—1, @ir1) = |ai—1 Nayy1| = 1.
We can “cut off” the triangle q = (a;—1, o, @11, ;—1) getting a path which is
null-homotopic by the induction hypothesis. If ad—bc = 0 then i(q;—1, iy1) =
’041'—1 ﬂaiH] =0. Let g = ngfl(ai). Then |ﬂﬂ Oéz'_1| =1 and |ﬂﬂai+1| =1.
We can replace «; by 3 getting a new closed path. Their difference is the closed
path q = (a;—1, @, @;y1, 8, a;—1) which is null homotopic by lemma 9. Thus
the new path is homotopic to the old path. For a suitable choice of the sign of
the Dehn twist we have i(3, 1) < m. It may happen that | Nag| > m. We
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can get rid of 2-gons by Lemma 10 and thus get rid of the excess intersection.
We get a homotopic path which is null-homotopic by the induction hypothesis.
This concludes the proof of Proposition 7 O

2.2 Paths of radius 0

From now until the end of section 2, we assume that S is a surface of genus
g > 1 with a finite number of boundary components. We denote by X the
cut-system complex of S. We assume:

Induction Hypothesis 1 The cut-system complex of a surface of genus less
than ¢ is connected and simply-connected.

We want to prove that every closed path in X is null-homotopic. We shall
start with paths of radius zero. The simplest paths of radius zero are closed
segments.

Lemma 11 A closed segment is null-homotopic in X .

Proof When we cut S open along the common curve « the remaining curves
of each vertex form a vertex of a closed path in the cut-system complex of a
surface of a smaller genus. By Induction Hypothesis 1 it is a sum of paths of
type (C3), (C4) and (C5) there. When we adjoin a to every vertex we get a
splitting of the original paths into null-homotopic paths. O

In a similar way we prove:

Lemma 12 If two vertices of X have one or more curves in common we can
connect them by a path all of whose vertices contain the common curves.

Proof If we cut S open along the common curves the remaining collection of
curves form two vertices of the cut-system complex on the new surface of smaller
genus. They can be connected by a path. If we adjoin all the common curves
to each vertex of this path we get a path in X with the required properties. O

Remark 2 If o and § are two disjoint non-separating curves on S then aU(
does not separate S if and only if [«] # [5]. In this case the pair a, § can be
completed to a cut-system on S.
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We shall now construct two simple types of null-homotopic paths in X.

Lemma 13 Let a1, as, as be disjoint curves such that the union of any two
of them does not separate S but the union of all three separates S. Then there
exist disjoint curves 31, (B2, B3 and a closed path

(C6) (a1, 00) = (a1, B2) — (o, a3) — (B1,a3) — (a2, a3)
— (a2, B3) — (ag, 1),

which is null-homotopic in X .

Proof Let 73,..., 74 be a cut system on a surface S — (a1 U az U a3) (not
connected), ie, a collection of curves which does not separate the surface any
further. Then (a1, a2,73,...,7¢) is a cut system on S. Let S; and Sy be the
components of a surface obtained by cutting S open along all a;’s and ;’s
An arc connecting different components of the boundary does not separate the
surface so we can find (consecutively) disjoint arcs by connecting ay with s,
by connecting ao with a3 and b3 connecting as with «; in Sp, and similar
arcs b}, by and b5 in Sy with the corresponding ends coinciding in S. The
pairs of corresponding arcs form the required curves (1, B2 and (3 and we get
a closed path p described in (C6). Moreover the curves o and [33 are disjoint
and [(2] # [B3]. To prove that the path is null-homotopic in X we choose
acurve 6 = Ty, (81). Then [0 Nai| =0 Nae| =[6NG1] =[6N G| =1 and
|0Nas| = [0N B3] = 0. Figure 5 shows how p splits into a sum of triangles (C3),
squares (C4) and pentagons (C5) and therefore is null-homotopic in X . O

(o1, B2) (a1, az)

N /

(B2, Bs) (6,83) —— (5,a3)

\/ /N

(a1, ag) (g, f3) <~ (ag,a3) <~—— (B1,a3)

Figure 5: Hexagonal path

Proposition 14 If p is a path of radius 0 around a curve « then p ~ o.
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Proof Let vy be a vertex of p containing «. We shall prove the proposition
by induction on the number of segments of p having a fixed curve disjoint from
«. Consider the maximal a—segment of p which contains the vertex vy. We
shall call it the first segment. Let v; be the last vertex of the first segment.
The next vertex contains a curve (3 disjoint from « such that g is the common
curve of the next segment of p. Since |a N 3| = 0 the simple move from vy
to the next vertex does not involve § hence v; also contains 3. Let vs be the
last vertex of the second segment. If there are only two segments then vy also
contains both a and . By Lemma 12 there is an («, 3)—segment connecting
v1 and vy. Then p is a sum of a closed a—segment and a closed F—segment.
So we may assume that there is a third segment. The vertex ¥ of p following
vo contains a curve v disjoint from « and < is the common curve of the third
segment. Let vg be the last vertex of the third segment. We shall reduce the
number of segments. There are three cases.

Case 1 Vertex vg does not contain . Since © contains « and does not
contain 3 we have |fN~vy| =1. Let S; be a surface of genus g — 1 obtained by
cutting S open along S U~. Vertices vy and © have g — 1 curves in common
and the common curves form a cut system u on Sj. The union 5 U~ cannot
separate S — « hence « does not separate S; and it belongs to a cut-system
u’ on S7. Vertices u and u/ can be connected by a path q in the cut-system
complex of S7. If we adjoin 3 (respectively ) to each vertex of q we get a path
qz (respectively qi). Path qg connects vy to a vertex ug containing a and f3
and path q; connects v to a vertex u; containing a and . The corresponding
vertices of qi1 and qg are connected by an edge so the middle rectangle on
Figure 6 splits into a sum of squares of type (C4) and is null-homotopic. We
can connect v; to uy by an («,3)—segment so the triangle on Figure 6 is a
closed B—segment and is also null-homotopic. The part of p between v{ and v
can be replaced by the lower path on Figure 6. We get a new path p’, which
has a smaller number of segments (no S-segment) and is homotopic to p in
X.

Case 2 Vertex ve contains v and a U~y does not separate S. If there exists
a vertex v which contains o and 3 and v we can connect it to v; and vy using
Lemma 12. We get a closed segment and the remaining path has one segment
less (Figure 7). Otherwise aU 3 U~y separate S and we can apply Lemma 13.
There exist vertices w; containing o and (3, wy containing G and v and ws
containing « and + and a f-segment from w; to wsy, a y—segment from wo
to w3 and an a—segment from ws to w;. The sum of the segments is null-
homotopic. We now connect v; to w; by an (o, 3)—segment and vs to wg by
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a B . Y
Vo U1 Vo >~V —————*> U3
(. BN P g
Ug — U1

Figure 6: Path of radius 0, Case 1

a (8,v)-segment. Thus the second segment of p can be replaced by a sum of
an a—segment and a y—segment, and the difference is a closed G—segment plus
a null-homotopic hexagonal path of Lemma 13 (see the right side of Figure 7).

g Y
V1 (%) U3
&) Y
u e s l6.)
(v, B)
(o, B) (B,7) 3 w2
D
(0%
w1 ws

Figure 7: Path of radius 0, Case 2

Case 3 Vertex vy contains v and « U~y separates S into two surfaces S
and So. If there were only three segments then, as at the vertex vy, the first
vertex of the first segment would contain both a and v and their union would
not separate S. This contradicts our assumptions. It follows in particular
that every closed path of radius zero with at most three segments (where the
common curve of each segment is disjoint from a fixed curve of the first segment,)
is null-homotopic. We may assume that the path p has a fourth segment with
a fixed curve ¢ disjoint from «. Since [y] = [a] we cannot have |yNJ| = 1.
Therefore § is not involved in the simple move from vz to the next vertex and
vs contains . In particular [y] # [0] and [o] # [0]. We may assume that [
lies in S7. If 0 lies in S5 then there is a vertex w which contains « and § and
0. We can connect w to v; by an («, 3)-segment, to vo by a f-segment and
to v by a d—segment. We get a new path, homotopic to p, which does not
contain (-segment nor y—segment (see Figure 8, left part.)
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Suppose now that J lies in S;. Consider the cut-system complex X7 of S and
choose a vertex s of X; which contains ¢ and a vertex s’ of X; which contains
3. Let q be a path in X; which connects s to s’. Let ¢ be a fixed vertex of the
cut-system complex Xy of Sy (if X5 is not empty.) We add « and all curves
of ¢t to each vertex of the path q and get an a—segment in X connecting a
vertex wg, containing J, to a vertex wj, containing 3. Then we add ~ and all
curves of t to each vertex of the path q and get a y—segment in X connecting
a vertex ws, containing ¢, to a vertex wj, containing 3. We now connect v; to
we by an a-segment, vy to w) by a f-segment, vz to wh by a y-segment and
v4 to ws by a d—segment (see Figure 8, the right side.) Corresponding vertices
of the two vertical segments on Figure 8, the right side, have a common curve
d;, a curve of a vertex of the path q disjoint from « and from -, and can be
connected by a §;—segment. We get a “ladder”such that each small rectangle
in this ladder has radius zero around ~ and consists of only three segments.
Therefore it is null-homotopic. Every other closed path on Figure 8, the right
side, has a similar property. We get a new path, homotopic to p, which does
not contain J-segment nor y—segment. D

)
3

g Y 4 B gl
U1 V2 U3 Vg V1 Vo v on
Bl 5 1o
(o, B) B /6 e s
«o aT T’Y s

w f f

1)

w2

- >~ ws

Figure 8: Path of radius 0, Case 3

2.3 The general case

We now pass to the general case and we want to prove it by induction on the
radius of a closed path.

Induction hypothesis 2 A closed path of radius less than m is null-homo-
topic.

We want to prove that a closed path p of radius m around a curve « is null-
homotopic. The general idea is to construct a short-cut, an edge-path which
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splits p and is close to « and to a fixed G—segment. The first step is to construct
one intermediate curve.

Lemma 15 Let v and 72 be non-separating curves on S such that |y1Nya| =
n > 1. Then there exists a non-separating curve § such that |y Né| < n and
|72 N8| < n. Suppose that we are also given non-separating curves «, 3 and
an integer m > 0 such that |aN B < m, |1 Nal <m, |y2Nal < m, and
|BN~1| = |6N~2| = 0. Then we can find a curve § as above which also satisfies
|0 Na| <m and |6 N 3| =0.

Proof We orient the curves 7; and v and split the union ~v; U vy into a
different union of oriented simple closed curves as follows. We start near an
intersection point, say P, on the side of v after v; crosses it and on the side
of 71 before 7o crosses it. Now we move parallel to v; to the next intersection
point with 9, say P». We do not cross v2 at P» and move parallel to v, in
the positive direction, back to P;. We get a curve §;. Now we start near P
and move parallel to y; until we meet an intersection point, say Ps, which is
either equal to P, or was not met before. We do not cross v» at P3 and move
parallel to o, in the positive direction, back to P,. We get a curve d. And so
on. Curve §; meets y; near some points of 1 N~ys, but not near P; and it meets
Yo near some points of v; N2, but not near P;11. So J; meets both curves
less than n times. Let 4 denote the (oriented) homology class represented by
an oriented curve v in Hi(S,Z). We have ¥ +42 = 01 + ... + 0x. Now we
repeat a similar construction for the opposite orientation of v starting near the
same point P;. We get new curves €q,...,6, and 31 — ¥ = €1 + ...+ &-. Also
81 — & = 72. Combining these equalities in H;(S,Z) we get & + Ei# 8 =1,
o+ Ei# €& =", Zi# 5; — Ei# € = 2. A simple closed curve separates S
if and only if it represents 0 in H;(S,Z). Since v; and 2 are non-separating
it follows that either §; and some §;, ¢ # 1, are not separating or €; and some
€, © # 1, are not separating. And each of them meets v; and 7o less than n
times, so it can be chosen for §. If we are also given curves o and 8 and integer
m > 0 which satisfy the assumptions of the Lemma then |y1 Na| + |[y2 Na| =
Y6 Nal = Xle; Nal < 2m — 1 therefore one of the constructed nonseparating
curves intersects « less than m times and is disjoint from [3. m|

Lemma 16 Let v and 72 be disjoint non-separating curves on S such that
Y1 U 2 separates S. Then there exists a non-separating curve § such that
|v1 Nd] =1 and |y2 N d| = 1. Suppose that we are also given non-separating
curves «, 3 and an integer m > 0 such that |aNG| <m, [aNp|=1if m =1,
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liNal <m, |y2Nal <m, and |[BNy| =|8N~2] =0. Then we can find a
curve ¢ as above which also satisfies |6 Na| < m and [6 NG| < m.

Proof By our assumptions y; Uy separates S into two components S; and
So. We can choose a simple arc d; in S; which connects v, to 72 and a simple
arc ds in So which connects v; to 2. Then we can slide the end-points of d;
and ds along v; and 79 to make the end-points meet. We get a nonseparating
curve ¢ which intersects y; and 7o once. Suppose that we are also given curves
a and ( and an integer m > 0. We need to alter the arcs d; and ds, if
necessary, in order to decrease the intersection of § with o and §. We may
assume that 3 lies in S7. We have to consider several cases.

Case 1 Curve « lies in S;. Then dy is disjoint from «. If m = 1 then
laN 3] =1 so the union awU 3 does not separate its regular neighbourhood and
does not separate S1. We can choose d; disjoint from « and S and then ¢ is
also disjoint from « and (.

Suppose that m > 1. If « separates S; (but does not separate S) then it
separates 1 from -5 in Sj. There exists an arc d in S; which connects v
with v and is disjoint from «, if o does not separate S, or meets « once,
if o separates S;. We choose such an arc d which has minimal number of
intersections with 4. If |8 Nd| > m then there exist two points P and @ of
G N d, consecutive along (3, and not separated by a point of SN «a. We can
move along d to P then along 3, without crossing 3, to @), and then continue
along d to its end. This produces an arc which meets a at most once and has
smaller number of intersections with 3. So we may assume that [FNd| = m
and that every pair of points of 3N d consecutive along (3 is separated by a
point of fNa. We now alter d as follows. Consider the intersection dN(aUf).
If the first or the last point along d of this intersection belongs to a we start
from this end of d. Otherwise we start from any end. We move along d to the
first point, say P, of intersection with o U 8. If P € a we continue along «,
without crossing it, to the next point of N 3. Then along 3, without crossing
it, to the last point, say @, of 8 Nd on d, and then along d to its end. The
new arc crosses (3 at most once, near (), and crosses « less than m times. If
P € 8 we continue along 3, without crossing (, to @ and then along d to its
end, which produces a similar result. We can choose such an arc for d; and
then the curve 0 satisfies the Lemma.

Case 2 Curve a meets y; or 2. Then m > 1, because if m = 1 and
|v1 Na] = 0 and « crosses 7, into S7 then it must cross it again in order to
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exit S7, and this contradicts |y2 Na| < m. The arcs of « split S (and Sz)
into connected components. One of the components must meet both v, and
~v2 (Otherwise the union of all components meeting v; has « for a boundary
component and then « is disjoint from 77 and 75.) Choosing d; (respectively
dy) in such a component we can make them disjoint from «. Now we want to
modify d; in such a way that |[dy Na| =0 and |d; N G| < m. There are three
subcases.

Case 2a There exists an arc a; of « in S; which connects v; and v5. Choose
dy parallel to this arc. It may happen that d; meets 8 m times. Then aq is
the only arc of a which meets 5. We then modify d; as follows. We move from
71 along di until it meets 8. Then we turn along §, away from aq, to the next
point of a;. We turn before crossing a; and move parallel to a; to 72. The
new arc does not meet o and meets (8 less than m times.

Case 2b There exists an arc of « in S; which connects v; and (8 and there
exists an arc of « which connects v and 8. Then there exist points P and Q)
of aN 3, consecutive along 3, and arcs a1 and as of a such that a; connects
v1 to P and ao connects ) to v2. We move along a; to P then along (3,
without crossing 3, to ), and then along as to 72. The new arc does not meet
«a and meets 3 less than m times.

Case 2c¢ If an arc of o in S; meets [ then it meets only ;. (The case of o
is similar.) We consider an arc d in S7 which is disjoint from « and connects 1
and yy. We start at 72 and move along d to the first point of intersection with
B. Then we move along (3, without crossing it, to the first point of intersection
with a. Then we move along «, away from (3, to ;. The new arc does not
meet a and meets § less than m times. If 3 is disjoint from « then [ is either
disjoint from a component of S; — o which connects v; to o or is contained
in it. We can find an arc in the component (disjoint from «) which connects
~v1 with 2 and meets (§ at most once.

So in each case we have an arc d; which is disjoint from « and meets (§ less
than m times. We now slide the end-points of d; along v; and vy, to meet the
end-points of de. Each slide can be done along one of two arcs of «;. Choosing
suitably we may assume that d; meets at most m/2 points of « sliding along
~v2 and at most (m — 1)/2 points of « sliding along 7;. The curve § obtained
from dy; and dy meets o and 3 less than m times.

Case 3 The curve « lies in S3. Then |a N f] = 0 so we must have m > 1.
We can choose ds which is disjoint from (§ and meets a at most once and we
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can choose d; which is disjoint from « and meets 3 at most once. The curve
6 obtained from d; and do meets a and (§ less than m times. D

Lemma 17 Let §; and 6o be non-separating curves on S and let wy be a
vertex of X containing 6, and let wo be a vertex of X containing 6. Then
there exists an edge-path q = (wy = 21,29,...,2; = wy) connecting wy and
wsy . Suppose that we are also given non-separating curves «, 3 and an integer
m > 0 such that |aNp| <m, [anp|=1ifm=1, |51Nal <m, [deNa| <m,
and |3Nd1| = |BN 2| = 0. Then there exists a path q as above and an integer
j, 1 <j <k, such that d(z;,8) < m for all i, d(z;,a) <m for 1 <i<j<k
and z; contains 09 for j < i < k.

Proof We shall prove the lemma by induction on |§; N d2| = n.
If §1 = 09 we can connect wi and ws by a §;—segment, by Lemma 12.

If n =1 there exist vertices uy, ug in X which are connected by an edge and
such that 61 € uy, d2 € uy. Now we can connect u; to w; and wg to ug as in
the previous case.

If n =0 and J2 Uy does not separate S then there exists a vertex v containing
both curves d9 and ;. We can connect v to w; and wy as in the first case.

Suppose now that n = 0 and that J, U d; separates S. Then, by Lemma 16,
there exists a curve § such that |02 N d| = |03 N | = 1. We can find a vertex v
containing § and we can connected v to wy and wsy as in the second case. If we
are also given curves «, and 3 and an integer m we can choose § which also
satisfies |a N ] < m and | NJ| < m. Then the path obtained by connecting
v to wy and we have all vertices in a distance less than m from [ and in a
distance less than m from «, except for the final d3—segment which ends at wo
(Curve d3 may have distance m from «.)

If n > 1 then by Lemma 15 there exists a curve § such that [6; Nd| < n and
|02 N 0| < n. We choose a vertex v containing §. By induction on n we can
connect v to wy; and we. If we are also given curves a and 3 and an integer
m then we can find ¢ which also satisfies [0 N | < m and |6 N G| = 0. By
induction on n we can connect w; to v and v to wy by a path the vertices
of which are closer to § than m, and closer to a than m except for a final
do—segment which ends at ws. O

As an immediate corollary we get:

Corollary 17.1 Complex X is connected.
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We need one more lemma before we prove that every closed path is null-
homotopic in X.

Lemma 18 Let a, 3, v be non-separating curves on S such that |aNG| = m,
lany| < m, |8N~y] = 1. There exists a non-separating curve § such that
0Nal<m, [0NG]=0and 0N~y <1. If m=1 then [6N~v| =0 and [J] is
different from [a], [(] and [7].

Proof When we split S along vU [ we get a surface S; with a “rectangular”
boundary component 0 consisting of two [S—edges (vertical) and two y—edges
(horizontal on pictures of Figure 9). We can think of S; as a rectangle with
holes and with some handles attached to it. Curve « intersects S7 along some
arcs a; with end-points P; and @; on 0. If, for some ¢, points P; and @); lie
on the same (F—edge then m > 1 and we can construct a curve ¢ consisting
of an arc parallel to a; and an arc parallel to the arc of 3 which connects P,
and Q; passing through the point y N 3. Then |§ NG| =0, [d Na| < m and
|60N~y| = 1. Recall that if two curves intersect exactly at one point then they are
both non-separating on S. Therefore § satisfies the conditions of the Lemma.
If for some ¢ points P; and Q; lie on different v—edges of 9 then we can modify
the arc a; sliding its end-point P; along the v edge to the point corresponding
to @;. We get a closed curve § satisfying the conditions of the Lemma. So we
may assume that there are no arcs a; of the above types.

Suppose that for every pair i,j the pairs of end-points F;, Q; and P;,Q; do
not separate each other on 9. Then we can connect the corresponding end
points by nonintersecting intervals inside a rectangle. In the other words a
regular neighbourhood of « U@ in S; is a planar surface homeomorphic to a
rectangle with holes. Since S7 has positive genus there exists a subsurface of 57
of a positive genus attached to one hole or a subsurface of S; which connects
two holes of the rectangle. Such a subsurface contains a curve d which is non-
separating on S and is disjoint from «,  and 7 and the homology class [0] is
different from [a], [5] and [y]. This happens in particular when m = 1 because
then there is at most one point on every edge and the pairs of end points of
arcs do not separate each other.

So we may assume that m > 1 and that there exists a pair of arcs, say ay
and a9, such that the pair P;, ()1 separates the pair P», Q)2 in d. Since an arc
a; does not connect different y—edges we must have two points, say P, and
P,, on the same edge. Suppose that they lie on a G—edge, say the left edge.
Choosing an intermediate point, if there is one, we may assume that P; and P
are consecutive points of « along 3. We have different possible configurations
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of pairs of points. For each of them we construct curves J;, as on Figure 9.
Each §; is disjoint from (3 and intersects v at most once, and if it is disjoint
from + it intersects some other curve once. So §; is not-separating. We shall
prove that we can always choose a suitable §; with [§; N a| < m. Observe that
6; may meet « only along the boundary 9, and not along the arc connecting
P to Ps.

Case 1 Points @)1 and ()9 lie on the same y—edge, say lower edge. If there
is no point of « on 7 to the left of Q1 then |9y Na| < m. If there is a point of
a on 7 to the left of @; then |92 Nal < m.

Case 2 Points @1 and Q2 lie on different y—edges. Then |43 Na| < m.
Case 3 Points @1 and Q2 lie on the right edge. Then |04 Na| < m.

Case 4 One of the points Q;, say @1, lies on a y—edge and the other lies on a
[B—edge. Let u;, 1 =1,...,6 denote the number of intersection points of o with
the corresponding piece of 9 on Figure 9. Then us+uy = us+ug = NG| =m
and u; +uz < m. Also |01 Na| = uj +uy, |65 Na| =uy +us, |06 Na| = ug+us
and |07 Na| = ug + ug. Moreover, since P, and Q2 are connected by an arc of
a, they represent different points on S (otherwise it would be the only arc of
a) and uy # ug. It follows that |0; Na| < m for ¢ =1,5,6 or 7.

We may assume now that for every pair of arcs (i, ) whose end-points separate
each other no two end-points lie on the same f—edge. If P, and @Q; lie on a
v—edge and P; lie in between then a; together with the interval of v between
P; and Q; form a nonseparating curve which meets « less than m times. So we
may assume that P, and P lie on different G—edges, say P; on the left edge
and P» on the right edge, and ()1 and )5 lie on the lower edge. Replacing )1
or (2 by an intermediate point, if necessary, we may also assume that for every
point Q; between Q1 and (s the corresponding point P; also lies between
@1 and Q2. Now if there is no point of a on the left edge below P then
|01 V| < m. If there is such point of a consider the one closest to P; and call
it P3. Then, by our assumptions, point ()3 lies on the lower edge to the left of
Q2 and [ds Nal < m.

This concludes the proof of the Lemma. O

Proposition 19 A path p of radius m around « is null-homotopic.

Proof Let vy be a vertex of p containing . We say that p begins at vg.
Let v; be the first vertex of p which has distance m from «. Let q be the
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Figure 9: Constructing curve §

maximal segment of p, which starts at v; and contains some fixed curve (3
satisfying |3Na| = m and such that no vertex of q contains a curve 3 satisfying
|8'Nal < m. Let vy be the last vertex of q. Let u; be the vertex of p preceding
vy and let us be the vertex of p following vy. Vertex u; contains a curve v
such that |y1 N a| < m. Vertex ug is the first vertex of the second segment
which has a fixed curve 7, such that |y2 Na| < m. If u; contains 3 then
|v1 N B] = 0. Otherwise, since v; does not contain ~y;, the move from wu; to
vy involves v1 and [, so |y1 NG| = 1. If vy contains o then |y, NG| =0. It
may also happen that |72 Na| < m and that § € ug. Then also |y NG| = 0.
Otherwise |y2 N3] = 1. We want to construct vertices w;, w}, wy and w) and
edge paths connecting them, as on Figure 10, so that the rectangles are null
homotopic. Then we can replace the part of p between u; and us by the path
connecting consecutively u; to w}, w} to wi, wy to wa, wy to w)y and w) to
us. We denote the new path by p’.

In our construction vertex w; contains a nonseparating curve §; disjoint from
B. If |[yin B =0 welet 6; = v;, w; = w, = u; and the corresponding rectangle
degenerates to an edge. If |y; N 3] = 1 we proceed as follows. By Lemma 18
there exists a nonseparating curve ¢; such that |6; N 3| =0, |§; N | < m, and
|0; Nyl < 1. If |0;Ny;] = O (this is always the case if m = 1) then [4;] # [y;] and
[0;] # [5] because they have different intersections. There exists a vertex w),
containing d; and ; and a vertex w; containing §; and 3. We can connect u;
to w} by a ;—segment, w) to w; by a §;—segment and w; to v; by a f—segment.
The corresponding rectangle has radius zero around §;, so it is null-homotopic
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by the Induction Hypothesis 2.

If |6; N 7;] = 1 there exist vertices w] and w; which are connected by an edge
and contain 7; and ¢; respectively. We connect w) to w; by a ~;—segment.
We now apply Lemma 17 to vertices w; and wv; with 1, d9, a, B replaced by
d;, 8,7, B respectively and m > 1. There exists a path connecting w; to v;
such that all vertices of the path have distance less than m from ~; and 3.
The corresponding rectangle has radius less than m around ~; so it is null-
homotopic, by the Induction Hypothesis 2.

We now apply Lemma 17 to vertices w; and wy. There exists a path q =
(w1 = z1,29,...,2;, = we) connecting w; and wy such that d(z;, ) < m for
all 4, d(z;,a) <m for 1 <i < j <k and z; contains d2 for j < ¢ < k. In
particular the middle rectangle on Figure 10 has radius less than m around 3 so
it is null-homotopic by the Induction Hypothesis 2. All vertices of the new part
of path p’ have distance less than m from a except for the final v,—segment
from w) to wug, if |y2 N B] = 1, or final do = y9-segment of q, if [yo NG| =0
and the right rectangle degenerates. Thus p’ has smaller number of segments
at the distance m from «, it has no S—segment, and it is null-homotopic by
induction on the number of segments of p at the distance m from some curve
Q. O

B V2

Figure 10: Reducing a path of radius m

This concludes the proof of Theorem 4.

3 A presentation of M,

In this section we shall consider a surface S of genus g > 1 with one boundary
component 9. Let M, be the mapping class group of S. Let X be the
cut-system complex of S described in the previous section. We shall establish
a presentation of M, 1 via its action on X. The action of My on X is
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defined by its action on vertices of X. If v = (Cy,...,C,) is a vertex of X and
g€ Mg,l then g(’U) = <g(Cl)7 <o 7g(Cg)>

We start with some properties of homeomorphisms of a surface. Then we de-
scribe stabilizers of vertices and edges of the action of M, on X . Finally we
consider the orbits of faces of X and determine a presentation of X .

In order to shorten some long formulas we shall adopt the following notation
for conjugation: a * b= aba~!. As usually [a,b] = aba~'b~1.

Remark 3 Some proofs of relations between homeomorphisms of a surface
are left to the reader. The general idea of a proof is as follows. We split the
surface into a union of disks by a finite number of curves (and arcs with the
end-points on the boundary if the surface has a boundary). We prove that the
given product of homeomorphisms takes each curve (respectively arc) onto an
isotopic curve (arc), preserving some fixed orientation of the curve (arc). Then
the product is isotopic to a homeomorphism pointwise fixed on each curve and
arc. But a homeomorphism of a disk fixed on its boundary is isotopic to the
identity homeomorphism, relative to the boundary, by Lemma of Alexander.
Thus the given product of homeomorphisms is isotopic to the identity.

Dehn proved in [5] that every homeomorphism of S is isotopic to a product of
twists. We start with some properties of twists.

Lemma 20 Let o be a curve on S, let h be a homeomorphism and let o/ =
h(a). Then T = hT,h™t.

Proof Since h maps « to o/ we may assume that (up to isotopy) it also maps
a neighborhood N of a to a neighborhood N’ of o’. The homeomorphism h~!
takes N’ to N, then T, maps N to N, twisting along «, and h takes N back
to N'. Since T, is supported in N, the composite map is supported in N’ and
is a Dehn twist about /. O

Lemma 21 Let 7v1,79,...,7 be a chain of curves, ie, the consecutive curves
intersect once and non-consecutive curves are disjoint. Let N denote the regular
neighbourhood of the union of these curves. Let c¢; denote the twist along ;.
Then the following relations hold:

(i) The “commutativity relation”: cjc; = cje; if |i — j| > 1.

(ii) The “braid relation”: c;cj(v;) =j, and cicje; = cjeicy if |i—j| =1.
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(ili) The “chain relation”: If k is odd then N has two boundary components,
01 and 0y, and (cica...cp)*! = Ty Ty,. If k is even then N has one
boundary component 9y and (cics ... cp)?F 2 = Ty, .

(iv) (cacresen)(cacseses)(cacicses) = (cacsescq)(cacicsce)(cqcsesey).

(v) (cica...cp)ftt = (crea...cp1)*(cpcp1...coc?ca. .. cr_1cp) =

(cpCp_1...cacicy...ch_1ck)(cica. .. cr_1)F.

Proof Relation (i) is obvious. It follows immediately from the definition of
Dehn twist that ca(y1) = ¢; *(72). Both statements of (ii) follow from this and
from Lemma 20. Relation (iii) is a little more complicated. It can be proven
by the method explained in Remark 3. Relations (iv) and (v) follow from the
braid relations (i) and (ii) by purely algebraic operations. We shall prove (iv).

(62016302)(04036564)(02016362) — (C9C3C1C2C4C5C3C4C2C3C1CY =
C2C3C4C1C5C2C3C2C4C3C1 Co = CC3C4C3C1C5C2C3C4C3C1C =

C4C2C3C4C1C5C2C4C3C1 CoC4 = C4CC3C1C4CC4CC3C1C2C4 =

C4C5C2C3C1C4C9C3C1C2CHC4 — C4CHCC3C1C2C1C4C3CCHCY, =

C4C5C3C2C3C4C1C2C3C2C5C, = C4C5C3C2C3C4C3C1C2C3C5C, =

€4C5C3C4CC3C4C1 CaC3C5Cy = (cacsescy)(cacicsca)(cqcsesey).

We now prove (v). We prove by induction that for s < k we have (cica...cx)® =
(crea ... cp—1)%(ckCr—1 ... Cck—st1). Using (i) and (ii) one checks easily that for
i > 1 we have ¢;j(ciea...cr) = (cica ... cx)ci—1. Now

(crea...cp)*t = (crea .. cp1)*(ckCro1 - Ch_sy1)(crCa. .. c) =
(ciea...ch_1)%c1Ca ... ChCho1 ... Chs = (c1Co...Ch1) T repcr1 ... Chs.
For s =k +1 we get (cica...cp)" = (ciea.. . cp1)¥(cpep—1 ... crcica. .. cp).

This proves the first equality in (v). By (i) and (i) (cxcr_1...caclea ... cp_1ck)
commutes with ¢; for ¢ < k, which implies the second equality. O

The next lemma was observed by Dennis Johnson in [12] and was called a
lantern relation.

Lemma 22 Let U be a disk with the outer boundary 0 and with 3 inner holes
bounded by curves 01,032,035 which form vertices of a triangle in the clockwise
order. For 1 <1 < j <3 let o j be the simple closed curve in U which bounds
a neighbourhood of the “edge” (0;,0;) of the triangle (see Figure 11). Let d
be the twist along 0, d; the twist along 0; and a;; the twist along o ;.

Then ddydad3 = a1 2a13a23.
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Figure 11: Lantern relation

We now describe a presentation of the mapping class group of a disk with holes.

Lemma 23 Let U be a disk with the outer boundary 0 and with n inner
holes bounded by curves 01,02,...,0,. For 1 < i < j < n let o;; be the
simple closed curve in U shown on Figure 12, separating two holes 0; and 0;
from the other holes. Let d be the twist along 0, d; the twist along 0; and a; ;
the twist along «; ;. Then the mapping class group of U has a presentation
with generators d; and a;; and with relations

Ql) [dz,dj] =1 and [di,axk] =1 for all i,j,k‘.
Q2) pure braid relations
a) a;,sl*ai’j:ai,jifr<s<i<j or i<r<s<yjy,

b) a;’i*as’j:am*as’j if r<s<y,

—1 . ] . .
c) Ay * Qrs = Qs j * Gy if r<s<yj,

(
(
(
(
(
(

d) [ai,j,a;’]l. xapsl =11 r<i<s<j.

Proof Relations (Q2) come in place of standard relations in the pure braid
group on n strings and we shall first prove the equivalence of (Q2) to the
standard presentation of the pure braid group. The standard presentation has
generators a; j and relations (this is a corrected version of the relations in [2]):

(i) arixaij=a;;if r<s<i<j or i<r<s<j,
(ii) a;’; * Qg = apj*kag; if r<s<j,

(ili) [ar;,as;] = [agi,a;’;] if r<s<y,

(iv) ays*aij = [arj, asj]*ai; if 7 <i<s<j.

So relations (a) and (b) are the same as (i) and (ii) respectively. We can
substitute relation (iii) in (iv) and get (d), after cancellation of a,s. When we
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O O O O O

0 1 82 82 0 'j an

Q5

Figure 12: Generators of My,

substitute (ii) for the first three terms of (iii) we get (c), after cancellation of
-1
s "

We now consider the disk U with holes. When we glue a disk with a distin-
guished center to each curve 9; we get a disk with n distinquished points. Its
mapping class group is isomorphic to the pure braid group P, with generators
a; ; and with relations (Q2). In the passage from the mapping class group of
U to the mapping class group of the punctured disk we kill exactly the twists
d;, which commute with everything. One can check that the removal of the
disks does not affect the relations (Q2) so the mapping class group of U has a
presentation with relations (Q1) and (Q2). O

a

We now consider the surface S. We shall fix some curves on S. The surface
S consists of a disk with g handles attached to it. For ¢ = 1,...,9 and j =
1,...,9—1 we fix curves o, 3, €; (see Figure 1). Curve «; is a meridian curve
across the i-th handle, 3; is a curve along the i-th handle and ¢; runs along
i-th handle and (1 + ¢)-th handle. Curves oy, as, ..., a4 form a cut-system.

We denote by Iy the set of indices Iy = {—¢,1—¢g,2—g,...,—1,1,2,...,9—1,g}.
When we cut S open along the curves oy, ..., a, we get a disk Sy with 2¢ holes
bounded by curves 0;, i € Iy, where curves 9; and 0_; correspond to the same
curve a; on S (see Figure 13). The glueing back map identifies 9; with 0_;
according to the reflection with respect to the z—axis. Curves on S can be
represented on Sy. If a curve on S meets some curves «; then it is represented
on Sy by a disjoint union of several arcs. In particular ¢; is represented by two
arcs joining 0_; to 0_;—1 and 9; to d;4+1. We denote by 9; ;, i < j € Iy, curves
on S represented on Figure 13. Curve 0; ; separates holes d; and 0; from the
other holes on Sy. We now fix some elements of M, ;.

Definition 4 We denote by a;, b;, e; the Dehn twists along the curves «;, 3;, €;
respectively. We fix the following elements of M, 1:
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s = biajarby.

t; = e;a;a;41e; for i =1,...,9— 1.
dio = (bl_lal_lel_lagl) * by.

For i < 5 € Iy we let

di’j = (ti_lti_g sttty oo tg) * dLQ if 1 >0,

dij= (" 17t oo 7 sty g ty) % dig if i < 0 and i+ j > 0,
dij=(t"7 (471 5. 7 s tjq . ta) xdio if i< 0, §>0and i+j <0,
dij= (t25 gt 5 gt ] gt oty s e s T ) wd g i 5 <0,

dij = (61 dj1 gt ody a1 17 i) x (s%ad) if i+ j = 0.

The products described in the above definition represent very simple elements
of Mgy 1 and we shall explain their meaning now. We shall first define special
homeomorphisms of Sg.

Definition 5 A half-twist h; ; along a curve d;; is an isotopy class (on Sy
relative to its boundary) of a homeomorphism of Sy which is fixed outside &; ;
and is equal to a counterclockwise “rotation” by 180 degrees inside d; ;. In
particular h; ; switches the two holes 0; and 0; inside d;; so it is not fixed on
the boundary of Sy, but h%’ ;18 fixed on the boundary of Sy and is isotopic to
the full Dehn twist along 9; ;.

Lemma 24 The result of the action of t, (respectively s) on a curve 0;; is
the same as the result of the action of the product of half-twists hj, p41h—p—1,—k
(respectively the result of the action of h_1 1) on 6; j. So t;, rotates d; ; around
Ok.k+1 counterclockwise and around §_j_1 _j, conterclockwise and switches the
corresponding holes. If the pair (i,j) is disjoint from {k,k + 1,—k,—k — 1}
than tj leaves d;; fixed. It also leaves curves 0y 41 and d_j_1 _j, fixed. In a
similar way s rotates 0; ; counterclockwise around 6_1,1 and switches the holes.
If (i,7) is disjoint from (—1,1) than s leaves ¢; ; fixed. Also 6_;; is fixed by
s.

Proof The result of the action can be checked directly. m]

Lemma 25 The element d;; of M1 is equal to the twist along the curve 0; ;
for all i,j.

Proof We start with the curve (s and apply to it the product of twists

bila e agt. We get the curve 6; 9. Therefore, by Lemma 20, dy 5 is equal
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to the twist along d12. For i # —j we start with ;> and apply consecutive
factors ¢; and s, one at a time. We check that the result is d; ; so d;; is the
twist along d; ;, by Lemma 20. For d_; ; we use (iii) of Lemma 21. The curve
0_1,1 is the boundary of a regular neighbourhood of a; Uy and (a1b1)6 = $2a‘11
by (i) and (ii) of Lemma 21, therefore d_1 1 = (a1b1)® is the twist along J_;
by (iii) of Lemma 21. Now we apply a suitable product of ¢;’s and d;;+1’s to
0_1,1 and get 0_; ;. Therefore d_; ; is equal to the twist along d_; ; by Lemma

20. O

@) |

Figure 13: Curves d; ; on Sy

We can explain now the relations in Theorem 1.

Lemma 26 The relations (M1), (M2) and (M3) from Theorem 1 are satisfied
in Mg71.

Proof Relations (M1) follow from Lemma 21 (i) and (ii). Curves (i, aq,¢€;
form a chain. One boundary component of a regular neighbourhood of a; US;U
€1 isequal to (. It is easy to check that asejaq b%al eraz(f2) is equal to the other
boundary component. By Lemma 21 (iii) and by Lemma 20 we have (byaje;)* =
boaseiarbiaieragbs(ageiarbiareraz) ™. This is equivalent to relation (M2) by
Lemma 21 (v). Consider now relation (M3). Applying consecutive twists one
can check that (byage1b;)(d13) = 03, where &3 is the curve on Figure 1. Thus
ds represents the twist along §3. When we cut S along curves oy, as, az and
03 we split off a sphere with four holes from surface S. Since elements d; ;
represent twists along curves J; ;, relation (M3) follows from lantern relation,
Lemma 22. D

Our first big task is to establish a presentation of a stabilizer of one vertex of X .
Let vy be a fixed vertex of X corresponding to the cut system (g, o, ..., ay).
Let H be the stabilizer of vy in Mg ;.
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Proposition 27 The stabilizer H of vertex vy admits the following presenta-
tion:

The set of generators consists of a1, as,...,aq, s, t1, t2, ..., ty_1 and the
d;;’s for i <j, 4,5 € Iy.

The set of defining relations consists of:
P1) [as,aj] =1 and [a;,dj] =1 forall i,j,k € Iy.
P2) pure braid relations

a) dilxdij=dijif r<s<i<j or i<r<s<j,

)

b) d;g*ds,j:dr,j*ds,j if r<s<ijy,

)

d) [dij,di}wdpg] =110 r<i<s<j.

5] T,

(
(
(
(
(c) dr_’;*dr,szd&j*dr,s if r<s<yjy,
(
(
J

P4) Szzd_171a1_4 and t?:di,i-i-ld—i—l,—iai_ZaH-Zl fort=1,...,9—1.
P5) [ti,s]=1for i=2,...,9—1.

Pﬁ) stlstlztlstls.

P7) [s,ai]=1for1<i<g, tixa;=aj4; for1 <i<g-1,

la;,tj] =1 for 1<i<g, j#i,i—1.

(P8) sxd;j=d;; if i#+1 and j#=£1 or if i=—-1 and j=1,
sxd_1j=dy; for 2<j<g, sxdj_1=d;; for —g<i<-=2,
tpxdij=d;i; if 1<k<g—1 and (j=i+1=k+1, or j=i+1=—-k
ori,j & {xk,£(k+1)}),

tp*xdpj =dpi1; for 1<k<g-1 and k+2<j<g,

tpxdy j—1=d;_p for 1<k<g—1 and —g<i<—-k—2,
texdg—1k =dgrt1, tkxdg—1k+1 =dgppt1*dgp, for 1<k<g-—1
tpxd_p—1;=d_p; for 1<k<g-—1 and j> -k, j#kk+1,
tpxdip, =djpy1 for 1<k<g—1 and i<k, i#—k,—k—1.

Proof An element of H leaves the cut-system vg invariant but it may permute
the curves «; and may reverse their orientation. Clearly a; belongs to H. One
can easily check that t;(o;) = ajt1, ti(ir1) =y, ti(ag) = a for k # i+ 1.
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s(aq) is equal to a; with the opposite orientation and s is fixed on other «;’s.
Thus t;’s and s belong to H. By Lemma 25 we know that d; ; is a twist along
the curve d;; so it also belongs to H. We shall prove in the next section that
the relations (P1) — (P8) follow from the relations (M1) — (M3), so they are
satisfied in M, 1 and thus also in H. The group H can be defined by two
exact sequences.

(1) 12725 —+%, -3, — 1.

(2) 1—-Hy— H—+¥, — 1.

Before defining the objects and the homomorphisms in these sequences we shall
recall the following fact from group theory.

Lemma 28 Let 1 - A — B — C — 1 be an exact sequence of groups with
known presentations A = (a;|Q;) and C = (¢;|W;). A presentation of B can
be obtained as follows: Let b; be a lifting of ¢; to B. Let R; be a word obtained
from W; by substitution of b; for each c¢;. Then R; represents an element d;
of A which we write as a product of generators a; of A. Finally for every a;
and b; the conjugate b; x a; represents an element a; ; of A, which we write as
a product of the generators a; .

Then B = <ai,bj|Qj,Rj = dj,bj * Q; = aid').

We now describe the sequence (1) and the group +X,. This is the group of
permutations of the set Iy = {—g,1—g¢,...,—1,1,2,...,g} such that o(—i) =
—o(i). The homomorphism +¥, — 3, forgets the signs. A generator of the
kernel changes the sign of one letter. The sequence splits, 3, can be considered
as the subgroup of the permutations which take positive numbers to positive
numbers. Let 7 = (4,7 4+ 1) be a transposition in X, for i = 1,2,...,9 — 1.
Then

(Sl) [Ti,Tj] =1 for ’Z —_]’ > 1,

(S2) 7 *Tit1 :7'1111*7'%' fori=1,...,9—2,

(S3) 2=1fori=1,...,9—1.

This defines a presentation of ¥,. Further let o; for ¢ = 1,...,g denote the
change of sign of the i-th letter in a signed permutation. Then 01»2 =1 and
l0i,05] =1 for all 4, j. Finally the conjugation gives 7;%0; = 011, ;%041 = 0}
and [0j,7;] =1 for j #i and j # i+ 1. In fact it suffices to use one generator
o = o1 and the relations o; = (1,_17-2...71) * 0. We get the relations

(S4) o2 =1,
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(S5) [o,7] =1 and [(77Ti—1...71)*o,75]=1 for 1<i<g—1 and j#1
and j#i+1,

(S6) [(7Ti—1...m1)* 0,0l =1 and [(7Ti—1...71) * 0, (TjTj—1...T1) % 0] =1
for 1<4,7<g—1.

Group £3J, has a presentation with generators o, 1,...,7,—1 and with defining
relations (S1) — (S6).

We shall describe now the sequence (2). A homeomorphism in H may per-
mute the curves «; and may change their orientations. We fix an orientation of
each curve a; and define a homomorphism ¢1: H — £3, as follows: a home-
omorphism h is mapped onto a permutation i — =£j if h(e;) = o; and the
sign is “+47 if the orientations of h(a;) and of «; agree, and “—” otherwise.
If h preserves the isotopy class of «; and preserves its orientation then it is
isotopic to a homeomorphism fixed on «;. The kernel of ¢; is the subgroup
Hj of the elements of H represented by the homeomorphisms which keep the
curves aig,o,...,q, pointwise fixed. We want to find a presentation of H
from the sequence (2). We start with a presentation of Hy. An element of Hy
induces a homeomorphism of Sy. When we glue back the corresponding pairs
of boundary components of Sy we get the surface S. This glueing map induces
a homomorphism from the mapping class group of Sy onto Hy.

We shall prove that the kernel of this homomorphism is generated by products
did:}, where d; is the twist along curve 9;, so both twists are identified with
a; in Hy. It suffices to assume, by induction, that we glue only one pair of
boundaries 9; and d_; on Sy and get a nonseparating curve a; on S. Homeo-
morphism did:} induces a spin map s of S along «; (see [2], Theorem 4.3 and
Fig. 14). Let v be a curve on S which meets «; at one point P. Let hg be
a homeomorphism of Sy which induces a homeomorphism h of S isotopic to
the identity and fixed on «a;. We shall prove that for a suitable power k the
map s¥h is fixed on v (after an isotopy of S liftable to Sp). If h(7) forms a
2—gon with v we can get rid of the 2—gon by an isotopy liftable to Sy (fixed on
a;). If h(v) and 7 form no 2-gons then they are tangent at P. Let us move
h(y) off v, near the point P, to a curve 7/. If 4/ and v intersect then they
form a 2-gon. But then h(v) and ~ form a self-touching 2-gon (see Figure 14).
Clearly the spin map s or s~! removes the 2-gon. If 4/ and ~ are disjoint then
they bound an annulus. If the annulus contains the short arc of «; between
~' and v then h(7y) is isotopic to 7 by an isotopy liftable to Sy. If the annu-
lus contains the long arc of «; between +' and ~ then the situation is similar
to Figure 14, but h(y) does not meet v outside P. The spin map s or s !
takes h(y) onto a curve isotopic to 7 by an isotopy liftable to Sy. So we may
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assume, by induction on |h(y) N~|, that h(y) = . We proceed as in Remark
3. We spilt S into disks by curves «;, 7, and other curves disjoint from «;.
Homeomorphism h takes each curve to an isotopic curve and the 2—gons which
appear do not contain «;. Thus all isotopies are liftable to Sj.

It follows that the kernel is generated by did:} ’s. By Lemma 23 the map-

Figure 14: Self-touching 2—-gon

ping class group of Sp has a presentation with generators dj, and d; ; and with
relations (Q1) and (Q2), where a;; = d; j, i,j € Iy. Therefore Hy has a pre-
sentation with generators ai,...,a4 and d;; for ¢ < j € Ip and with relations
(P1), (P2). In these relations d; ; is represented by a Dehn twist along d; ;.

We come back to sequence (2). We see from the action of ¢; and s on «; that we
can lift 7; to ¢; and o to s. Relations (S1) and (S2) lift to (P3). Relations (S3)
and (S4) lift to (P4). Relation (S5) lifts to [(tjt;—1...t1)*s,t;] = 1 for j # i and
j # i+1 and it follows from (P3) and (P5). We shall deal with (S6) a little later.
We now pass to the conjugation of the generators of Hy by s and t;. Since
s> € Hy and t2 € Hy, by (P4), it suffices to know the result of the conjugation
of each generator of Hy by either s or by s~!, and by either t; or by t,;l, the
other follows. The result of the conjugation is described in relations (P7) and
(P8). Finally we lift the relation (S6). We start with the case [r o, 0]. It lifts
to tysty stysTl s = (by (P6)) tistylssT s Ty = tysty 2T We
have t? € Hy, by (P4), and the conjugation of an element of Hy by s and ¢; is
already determined by (P7) and (P8). So we know how to lift [r; * 0,0] = 1.
In the general case we have a commutator [(¢;ti—1...t1)* s, (tjt—1...t1) * s].
If ¢ > j then, by (P3) and (P5), this commutator is equal to the conjugate of
[t1 % s,s] by tjtj_1...t1t;ti—1...t2. This is a conjugation of an element of Hy
by t1’s, so the result is determined by (P7) and (P8).

This concludes the proof of Proposition 27. O

We shall prove now that M, 1 acts transitively on vertices of X, so there is
only one vertex orbit, and that H acts transitively on edges incident to vg, so
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there is only one edge orbit. When we cut S open along the curves aq,..., a4
we get a disk with 2g holes. It is homeomorphic to any other such disk and we
can prescribe the homeomorphism on the boundary components, hence every
two cut systems can be transformed into each other by a homeomorphism and
M1 acts transitively on X 0. Let w be a vertex connected to vy by an edge.
Then w contains a curve (3 which intersects some curve «; at one point and is
disjoint from the other curves of vy9. We cut S open along a1, as,..., a4, 3 and
get a disk with 2g — 1 holes, including one “big” hole bounded by arcs of both
a; and B. If we cut S along curves belonging to another edge incident to vy we
get a similar situation. There exists a homeomorphism of one disk with 2¢g — 1
holes onto the other which preserves the identification of curves of the boundary
and takes the set a1, a,..., a4 onto itself. It induces a homeomorphism of S
which leaves vy invariant and takes one edge onto the other. Thus H acts
transitively on the edges incident to vy.

We now fix one such edge and describe its stabilizer. If we replace curve aj
of cut-system vg by curve 87 we get a new cut-system connected to vy by an
edge. We denote the cut-system by v{, and the edge by ep. Let H' be the
stabilizer of ey in H.

Lemma 29 The stabilizer H' of the edge ey is generated by a%s, tist1, ag,
dog, d_oo, d_11d_12d1 207 %ay", and ta,. .., ty_1.

Proof An element h of H' may permute curves as,...,a, and may reverse
their orientations. It may also reverse simultaneously orientations of both
curves a1 and (3 (it preserves the orientation of S so it must preserve algebraic
intersection of curves). We check that a%s reverses orientations of 31 and aq,
t1st] reverses orientation of as and leaves (31 and «q invariant. Elements t;
permute the curves as, ..., a,. Modulo these homeomorphisms we may assume
that A is fixed on all curves «; and (7. It induces a homeomorphism of S cut
open along all these curves. We get a disk with holes and, by Lemma 23, its
mapping class group is generated by twists around holes and twists along suit-
able curves surrounding two holes at a time. Element d_; 1 = (a?s)? represents
twist around the big hole (the cut along a; U 31). Conjugates of as by t;’s
produce twists around other holes. The conjugate of da 3 by (tlstl)_l is equal
to d_s3 and the conjugate of d_o3 by (tat1st1)™! is equal to d_3 5. Every
di ;+1 can be obtained from these by conjugation by ¢;’s, 7 > 1. It is now
clear that every curve d; ; with ¢,j # £1 can be obtained from dz 3 and d_o»
by conjugation by the elements chosen in the Lemma. So the corresponding
twists are products of the above generators. We also need twists along curves
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which surround the “big” hole and another hole. Consider such a curve on Sjy.
It must contain inside both holes 0_1 and 01, including the arc between them
corresponding to (31, and one other hole. One such curve, call it v, contains
0_1,01,02. By Lemma 22 the twist along v is equal to d_l,ld_mdl,gal_?a;l.
Any other curve which contains 0_1,01,0; with ¢ > 1 is obtained from v by
application of ¢;’s. The curve which contains 9_1, 01, 0_o is obtained from -~
by application of (t1st1)~! and a curve which contains d_1,9;,0; with i < —2
is obtained from the last curve by application of ti_l ’s. Therefore all generators
of H' are products of the generators in the Lemma. O

We now distinguish one more element of M, 1, which does not belong to H.
Let r = a1bia;. The element r is a “quarter-twist”. It switches curves aq and
B, 2= sa% = h_1, is a half-twist around 6_1; and rd = d_1,1. Also r leaves
the other curves «; fixed, so it switches the vertices of the edge eg, r(vo) = v,
and 7(v) = vo.

We now describe precisely a construction from [15] and [9] which will let us
determine a presentation of M, ;. This construction was very clearly explained
in [10].

Let us consider a free product (H * Z) where the group Z is generated by .
An h-product is an element of (H * Z) with positive powers of r, so it has a
form hirhor ... hyrhgy. We have an obvious map n: (H *Z) — M, through
which the h—products act on X. We shall prove that n is onto and we shall
find the h products which normally genarate the kernel of 7.

To every edge-path p = (v, v1,...,vx) which begins at vy we assign an h—
product g = hyrhor...hgrhiyy such that hyr...hyr(vg) = v, for m =
1,...,k. We construct it as follows. There exists hy € H such that hq(vg) = v
and hj(v)) = vi. Then hir(vg) = vi. Next we transport the second edge to
vo. (hir)~Y(v1) = vo and (h17)1(vy) = v]. There exists hy € H such that
har(vg) = vy and hyrhar(vg) = va. And so on. Observe that the elements h; in
the h—product corresponding to an edge-path p are not uniquely determined.
In particular hiyi is an arbitrary element of H. The construction implies:

Lemma 30 The generators of H together with the element r generate the
group Mg 1.

Proof Let g be an element of Mg ;. Then g(vy) is a vertex of X and can
be connected to vy by an edge-path p = (vg,v1,...,vr = g(vo)). Let g1 =
hirhar ... hgr be an h—product corresponding to p. Then g1 (vg) = vx = g(vo),
therefore n(g; 1) g = hi11 leaves vy fixed and belongs to the stabilizer H of vg.
It follows that g = n(hirhor ... hyrhgyr) in M. O
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By the inverse process we define an edge-path induced by the h—product g =
hirhor ... hgrhii1. The edge-path starts at vy then vy = hyr(vg), ve =
hirhar(vg) and so on. The last vertex of the path is vy = g(vo).

Remark 4 An h—product g represents an element in H if and only if v = vg.
This happens if and only if the corresponding edge-path is closed. We can
multiply such g by a suitable element of H on the right and get an h—product
which represents the identity in M, 1 and induces the same edge-path as g.

We now describe a presentation of M, ;.

Theorem 31 The mapping class group Mg admits the following presenta-
tion:

The set of generators consists of a1, az,...,aq, s, t1, ta, ..., tg_1, r and the
d;;’s for i < j, 1,5 € Iy.

The set of defining relations consists of relations (P1) — (P8) of Proposition 27
and of the following relations:

1, and

(P9) r commutes with a?s, t1st1, as, dasz, d_22, d_l,ld_l,gdl,gaIQaQ_
tg,...,tg_l.

(P10) 72 = sa?.

P11 kir)® = (k;jsap)? for i =1,2,3,4, where

( ) Ly Iy T,

ki =ai, ko = dia, k3 = a; tay2d1ad—21d 22, ks = ay 'aytaz ' dy ody 3da s,
(rksrks 1)? = sa?kssatks ', where ks = agtldl_é, (rait1)® = (sa?ty)*.

Relations (P9) — (P11) say that some elements of H * Z belong to ker(n), so
Theorem 31 claims that (H % Z) modulo relations (P9) — (P11) is isomorphic
to Mg71.

Relations (P9) tell us that » commutes with the generators of the stabilizer H’
of the edge ey. We shall prove this claim now. An element h of H’ leaves the
edge eq fixed but it may reverse the orientations of « and 1. The element
r? = sa? does exactly this and commutes with 7. Modulo this element we may
assume that h leaves a7 and (1 pointwise fixed. But then we may also assume
that it leaves some neighbourhood of @1 and (; pointwise fixed. On the other
hand 7 is equal to the identity outside a neighbourhood of a7 and (; so it

commutes with A.
From relations (P9) and (P10) we get information about h—products.

Claim 1 If two h-products represent the same element in M, and induce
the same edge-path then they are equal in (H * Z)/(P9).
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Proof If two h-—products g1 = hir...rhgy and go = fir...rfry1 induce
the same edge-path p = (vg,v1,...,v;) then hyr(vg) = fir(vo). Therefore
hitfir(vo) = 7(vo) and hy'fy € H' commutes with » in (H * Z)/(P9). Now
firfo = hlhl_lflrfg = harfy in (H % Z)/(P9). Therefore go and a new h-
product hyrforfsr...rfry1 are equal in (H % Z)/(P9) and induce the same
edge-path p. If we apply r‘lhl_l to the vertices (vi,vg,...,v;) of p we get a
shorter edge-path which starts at vy and is induced by both shorter h—products
hor...rhgyy and fir...rfr41. Claim 1 follows by induction on k. D

Two different edge-paths may be homotopic in the 1-skeleton X'. This means
that there is a backtracking v;, v;11,v; along the edge-path.

Claim 2 If two h-products represent the same element in M, and induce
edge-paths which are equal modulo back-tracking then the A—products are equal
in (H=*2Z)/((P9),(P10)).

Proof Consider an h—product g = g;hj417hir2r, where g; is an h—product
inducing a shorter edge-path p and the edge-path induced by g has a back-
tracking at the end: g;(vo) = vi, gihit17(vo) = vit1, and gihir1rhipor(vy) =
v;. Clearly the h—product g;h;+17rr induces the same edge-path. In partic-
ular g;h; 1 17%(vg) = v; hence there exists b’ € H such that n(g;hi172h) =
n(gihir1mhivor). Now by Claim 1 the h—products are equal in (H * Z)/(P9).
But g;hir172h is equal in (H * Z)/(P10) to a shorter h—product which in-
duces the edge-path p. Claim 2 follows by induction on the number of back-
trackings. O

Relations (P11) correspond to edge-paths of type (C3), (C4) and (C5). Six
relations correspond to six particular edge-paths.

Asin (P11) we let ky = a1, ke =di12, k3= dl,gd_g,ld_ggaQ_Qal_l,

ky = ay'ay ag dyody sdo s = ds, ks = agdity, ke = ait.

We now choose six h-products. For i = 1,2,3,4 let ¢, = (kir)?, g5 =

(rksrks')? and g¢ = (rks)®. Product g; appears in the corresponding rela-
tion in (P11).

For i =1,...,6 let 7; be the corresponding curve on Figure 15, represented on
surface Sy (75 = [2).

For ¢ = 1,2,3,4 homeomorphism k; leaves all curves «; invariant. Also
kir(ar) = i, kir(vi) = 61, kir(81) = ai. It follows that the h—product g;
represents the edge path p; = (1) — (vi) — (1) — (o).

Geometry and Topology, Volume 3 (1999)



444 Bronislaw Wajnryb

06 06 (O
W@ (@@ @6

6

Figure 15: Curves ~;

It is not hard to check that for ¢ = 5,6 the h—product g; represents the edge-
path p;, where

Ps = ((a1, ) — (B1,a2) — (B1,75) — (a1,75) — (@1,02)).

Ps = ({a1,a2) — (B, a2) — (B1,e1) = (6, €1) — (Y6, 01) — (@2, a1)).

Since g; represents a closed edge-path it is equal in Mg to some element
hi € H. Then V; = g;h, L also represents p; and is equal to the identity
in Mg;. We shall prove in the next section that h; is equal in H to the
right hand side of the corresponding relation in (P11) and thus V; = 1 in
(H «Z)/((P9), (P10), (P11)).

We already know, by Theorem 4, that every closed path in X is a sum of paths
of type (C3), (C4) and (C5). Some of these paths are represented by the paths
P1 — Pg.- We say that a closed path is conjugate to a path p; if it has a form
qlqqu_l, where q; starts at vg and qo is the image of p; under the action
of some element of M, 1. We shall prove that every closed path is a sum of
paths conjugate to one of the paths p; — pg or their inverses. This will imply
Theorem 31.

Geometry and Topology, Volume 3 (1999)



An elementary approach to the mapping class group of a surface 445

We shall start with Harer’s reduction for paths of type (C3) (see [7]). We
fix curves ag,...,a, and consider cut-systems containing one additional curve.
Consider a triangular path ((«), (5), (7)). Give orientations to curves «, (3,7 so
that the algebraic intersection numbers satisfy (o, 3) = (a,y) = 1. Switching
[ and 7, if necessary, we may also assume (3,7) = —1. We cut S open along
aa,...,04 and get a torus S124—1 with 2g — 1 holes. Each square on Figure 16
represents a part of the universal cover of a closed torus, punctured above holes
of S1924—1. We show more than one preimage of some curves in the universal
cover. A fundamental region is a square bounded by « and § with 29 —1 holes,
one of them bounded by the boundary 0 of S. We may assume that + crosses
«a and 3 in two distinct points. Then ~ splits the square into three regions: Fj
to the right of ~ after v crosses «, F5 to the left of v after v crosses 3, and
Fy (see Figure 16 (a)). Reversing the orientations of all curves we can switch
the regions F; and F,. Let [; be the number of holes in F; for ¢ = 0,1, 2.
We want to prove that every triangular path is a sum of triangular paths with
l1 <2, 15 =0, and with the hole d not in the region F;. We shall prove it
by induction on Il + l. A thin circle on Figure 16 denotes a single hole and a
thick circle denotes all remaining holes of the region.

Suppose first that [y > 1. Move curves «, 3, v off itself (on a closed torus)
in such a way that the region bounded by « and o' contains only one hole,
belonging to F}, the region bounded by 3 and (3 contains another hole of Fj
and the region bounded by v and ' contains both of these holes. Up to an
isotopy (translating holes and straightening curves) the situation looks like on
Figure 16 (c).

Now consider Figure 16 (b) — an octahedron projected onto one of its faces.
All faces of the octahedron are “triangles” in X . In order to understand regions
Fy, F1, F5 corresponding to each face we translate the fundamental domain to
a suitable square in the universal cover. For every face different from (a, 3,7)
the region F; has at least one hole less than [; and the region F{ has all of
its original holes and possibly some more. Clearly the boundary of the face
(a, B,7) is a sum of conjugates of the boundaries of the other faces. So by
induction we may assume that [; < 1. By symmetry we may assume that
lo <1 and l; > 2. We chose new curves o, 3 and 4 whose liftings are
shown on Figure 16 (d). Consider again the octahedron on Figure 16 (b). Now
region F5 is fixed for all faces of the octahedron and region Fj has all of its
original holes and some additional holes for all faces different from («,/3,7).
So by induction we may assume that [y < 2 and Iy < 1. Suppose I; = 2 and
lo = 1 and choose new curves o/, ' and +' as on Figure 16 (e). Again consider
the octahedron. Now for each face different from («, 3,7) at least one of the

Geometry and Topology, Volume 3 (1999)



446 Bronislaw Wajnryb

7y o
a a O
iz 1o
0O ; B gt g’
F /
y o 0 5 bl o 5
I B
B g 5 P 0% 7
y 5 o (@)
O O
« o B «
(a) (b) (c)
o O O O O
5/ O 'y/ 6, 7 ’Y/ ’ B/ /6,
y & oy st B V,O
J
O O O
s 3 g g B , g
O ’ v ’Y’ O O ’ ’Y, Yy O o ! v
O Ol o O
(d) (e) (f)

Figure 16: Reduction for paths of type (C3)

regions F; and F5 looses at least one of its holes. Suppose now that each region
has exactly one hole. Consider curves o, ' and 4 on Figure 16 (f). Again
for each face of the corresponding octahedron different from the face («, 3,7)
at least one of the regions F; and F5 looses at least one of its holes. So we
may assume that ls = 0 and [; < 2. Finally it may happen that a hole in F}
is bounded by 0. We can isotop 7 (on the torus with holes) over Fy to the
other side of the intersection of o and (. Clearly F} becomes now Fj. We can
repeat the previous reduction and the hole 0 will remain in Fy. Thus we are
left with four cases:

lh=10=0,

lh=1,1=0,

l1 =2, lo =0 and the two holes in Fj correspond to the same curve «y,

l1 =2, I = 0 and the two holes in I} correspond to different curves a; and

Oéj.
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Clearly each case is uniquely determined up to homeomorphism (of one square
with holes onto another, preserving «). Paths p;, ¢ = 1,2, 3, 4 represent triangle
paths of these four types with « corresponding to «y, 0 corresponding to (;
and ~ corresponding to 7;. Given any path of type (C3) we can map it onto
a path which starts at vg. Applying an element of H we may assume that
the second vertex is v,. Then the path is of the type considered in the above
reduction and it is a sum of conjugates of p1, p2, P3, P4 and their inverses
(we may need to switch # and ~ in the proof).

Consider now the path p5. When we cut S open along aj,a9,...,a4, 41 and
~v5 we get a disk with two “big” holes and 2g —4 “small” holes. Any other path
q of type (C4) produces a similar configuration. There exists g € G which
takes ps on q. Therefore every path of type (C4) is a conjugate of ps.

Consider now pg and another path q of type (C5). When we cut S open along
the first four changing curves of pg: a1, s, 31,€1 and along all fixed curves of
the cut systems we get a disk with one “big” hole and 2g — 4 “small” holes.
When we do the same for the curves in q we get a similar configuration. We
may map q onto a path

(a1, a2) — (B1,a2) — (Br,e1) = (v,€1) = (v, 01) — (a2, 1))

in which only the curve v is different from the corresponding curve g in pg
and all other curves are as in pg. Consider curve 5 = §2 on Figure 15. Curve
~5 can be homotop onto the union of 31, €; and a part of a;. Since ~ intersects
(1 once and does not intersect oy nor € it must intersect 5 once. Therefore
we may form a subgraph of X as on Figure 17.

(a2, 1) — (a2, 1) — (e1,51)
AN ya
(o1,76) D (€1,76)

! !

(o1,75) D (€1,7s5)
/ AN
(a1,7) ~— (€1,7)

Figure 17: Reduction for paths of type (C5)
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Here bottom and middle square edge-paths are of type (C4). In the square
edge-path on the left side (and on the right side) only one curve changes so
the path is a sum of triangles by Proposition 7. The top pentagon edge-path
is equal to pg. The new edge-path coincides with the outside pentagon. It is a
sum of conjugates of the other edge paths.

We can now complete the proof of Theorem 31. Let W € H % Z be such that
n(W) = 1. We want to prove that W =1 in (H % Z)/((P9), (P10), (P11)).
Modulo (P10) we can write W as an h—product g which represents a closed
edge path p. By Theorem 4 the edge-path p is a sum of conjugates of path
of type (C3), (C4) and (C5). By the above discussion it is a sum of conjugates
of the special paths p; — pg and their inverses, modulo backtracking. So,
modulo backtracking, p = Hqifi(p;.tl)qi_l for some f; € M, 1. Each path
q; fi(pil)qi_l can be represented by an h—product g;. Since the path is closed
we have n(g;) € H, so we can correct the h-product g; and assume that
n(g;) = 1. The product IIg; represents the path Hqifi(pjjl)qi_l, so, by Claims
1 and 2, W is equal to Ilg; in (H *x Z)/((P9),(P10)). It suffices to prove
that ¢; = 1 in (H *Z)/((P9), (P10), (P11)). Let k = j; and suppose that g;
represents a path q; fi(pk)qi_l. Let u; be an h—product representing q;. Then
u;(vg) = fi(vo) is the first vertex of f;(px), hence n(u;)~'f; = h; € H. Recall
that pi can be represented by an h—product Vi which is equal to the identity in
(H «Z)/((P9), (P10),(P11)). The h-—product u;h;Vj represents q;f;(pr) and
there exists an h-product u;h;Vyw; such that n(u;h;Viw;) = 1 and w;h; Viw;
represents the edge-path q; fi(pk)qi_l. Clearly u;h;w; represents the edge-path
qlql_1 which is null-homotopic by backtracking. By Claims 1 and 2 the h—
product g; is equal to u;h;Vyw; in (H xZ)/((P9), (P10)), u;h;Viw; is equal to
uhw; in (H+Z)/((P9), (P10), (P11)) and uh;w; = 1 in (H*Z)/((P9), (P10)).

The path inverse to py is represented by some other h—product V; but then
Vi V[ represents a path contractible by back-tracking. Thus V;V/ =1 in (H *
Z)/((P9),(P10)) and V;, = 1 in (H*Z)/((P9), (P10), (P11)) hence also V) =1

in (H *Z)/((P9), (P10), (P11)).

This concludes the proof of Theorem 31. O

4 Reduction to a simple presentation

Let us recall the following obvious direction of Tietze’s Theorem.
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Lemma 32 Consider a presentation of G with generators ¢y, ..., g, and rela-
tions Ry,...,Rs. If we add another relation R4, 1, which is valid in G, we get
another presentation of G. If we express some element g1 of G as a product
P of the generators g1, ...,qg; we get a new presentation of G with generators
g1, .-, 9k+1 and with defining relations Ry,. .., Rs, gk__&lP. Conversely suppose
that we can express some generator, say gy, as a product P of g1,...,gk_1. Let
us replace every appearence of g in each relation R;, i = 1,...,s by P, getting
a new relation P;. Then G has a presentation with generators gi,...,gr_1 and
with relations Py, ..., Ps.

We start with the presentation of the mapping class group M, 1 established
in Theorem 31. The generators represent the mapping classes of corresponding
homeomorphisms of the surface S = S, 1 represented on Figure 1. We adjoin
additional generators

(3) b = al_lral_l, by = (t1a1b1) * d12, €1 = (Td1,2a2_1) * by
eir1 = (titiy1) xe; for i=1,...,9—2.

These generators also represent the corresponding twists in M, ;. We adjoin
the relations (M1) — (M3). Now, by Theorem 31, generators s, t;,d; j, can be
expressed in M 1 by the formulas from Definition 4. We substitute for each of
these generators the corresponding product of by, b1, a1,e1,a2,...,a4—1,€9-1,04
in all relations (P1) — (P11) and in (3). We check easily that the relations (3)
become trivial modulo the relations (M1) — (M3) (the last one will be proven
in (17).) We want to prove that all relations (P1) — (P11) follow from relations
(M1) — (M3).

Remark 5 We shall establish many auxiliary relations of increasing complex-
ity which follow from the relations (M1) — (M3). We shall explain some standard
technique which one can use (some proofs will be left to the reader). From the
braid relation aba = bab one can derive several other useful relations, like:
axb=>b"1xa, ax(b?) =b"'x(a?®), (ab) *a = b. When we want to prove that
[a, b] = 0 we shall usually try to prove that axb = b. The relation aba = bab tells
us that a can “jump” over ba to the right becoming b. By consecutive jumping
to the right we can prove that aj(ejajazejesas) = (ejajazeiesas)es. We also
get ejajageiesas = ejagesareias and (brajeias) * by = (bglagleflafl) % by.
We shall say that some relations follow by (J) — jumping, if they follow easily
from (M1) by the above technique.

We start the list of the auxiliary relations.

(4) ti *x a; = Qjp1, ti * aip1 = a3, tixap =ap for k#i,i+1,

Geometry and Topology, Volume 3 (1999)



450 Bronislaw Wajnryb

sxa;=a; for i=1,...,9 by (J).

Let wp = ageg—10g9—1€9—2...e€1a1b1.
5 o kb =dig, wyl kb = o kai=e;, wy' xe; =
( ) wo * 02 = 1,2, wo *01 = ap, wO * a; = €4, wO * € = Aj41,

dioxby = b xdya, digxes = ey xdya, [dig,ai] =1, [di2,ej] =1, for j #2,
[di2,t;] =1 for j# 2.

Proof of (5) We have wy '+by = (by (M1)) (b; 'a; e; ay ) *by = dy 5. Other
results of conjugation by wg follow by (J). Now

dio*b = (bflafleflaglbgagelalbl) x by = (by J)
1

(b ray ey tag oy ey el_lagl) « by = (by jumping from left side to the right)
(0710 e ey tay ) x by = byt % dy o
Other relations follow from (M1) by conjugation by wg . O
(6) ap xd;j =d;; forall i,7,k, by (J) and (4) and (5).

) tixtin =t *xt; fori=1,2,...,9—2,

(7
(by the calculations similar to the proof of Lemma 21 (iv)),
[tisti] =1 for |i — k| > 1, [t;,s] =1 for i > 1, by (M1).

Using relations (5) and (7) we can write the elements d; ; in a different way.
(8) d; A+l = (t'_ltiti_gti_l ... tltz) * d172 for i > 0,

dj—1—i= (7t 5 g ) * d gy for i >0,

di,i+1 = (tz’—lti) * dz’—l,z’, tk * di,i+1 = di,i+1 fOI" |]{3 — Z| 75 1.

Let wy = agejarblajeias.

(9) (b1a1€1)4 = bgwlbgwfl, wq * bg = wl_l * bg, [wl * bg,bg] =1

Proof of (9) We have bywiby = (by (M2)) (biajeraz)® = (as in the proof of
Lemma 21 (v)) (braier)*w; = (by (J)) wi(brajer)?.
Also bg(bla1€1)4 = (b1a161)4b2, by (Ml)

Therefore wlbgwl_l = bQ_l(blalel)4 = (b1a161)4b;1 = wl_lbgwl commutes with
b2. O

(10) stys = blalela%elalbltl = tlblalela%elalbl hence styst] = tist1s
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Proof of (10) We have a sequence of transformations by (J).
st1s =
blalalblelalagelblalalbl = blalalelblalblagelalalbl =

biararerarbrazaieiaiaiby = brajerarerbrazereiaierby
biaierarbraseiazeiarbier = biajerazaibiazeiaibiaze; =
blalelagagelalbltl.

The second equality follows immediately by symmetry. m]

Let wy = egagela%elageg.
(11) (areraz)* = t1ata3 = dyod o1, [d12,d—21]=1.

—1
d_g’_l = Wy * dl’g = Wqy * dLQ = (blalelag) * bg

*dy,2
((b1a161a2a261albl)_ltl_lbl_lal_lel_lagl) x by = (by (J))
)

((blalelagagelalbl)_lbl_lal_lel_lagl) x by = (by (9)) (braieiag) * by.

Conjugating (9) by (bl_lal_lel_lagl) we get (ajejaz)? = diad_o_1. Also, by
(M1),

t2a%a% = (a1eiaz)*. This proves the first relation. The second relation fol-

lows from it by (5). Conjugating (9) by wy' we get, by (5), (are1a2)* =
dl,gwgdl,gwgl and wy xdio = w2_1 % di2. Therefore, from the first relation,
d_27_1 = Wy * d172 = w;l * d172 = (blalelag) x by . O

Definition 6 If A is a product of the generators we denote by A’ the element
obtained from A by replacing each generator by its inverse. We call A’ the
element symmetric to A.

Remark 6 Relations (M1) and (M2) are symmetric. They remain valid when
we replace each generator by its inverse. Therefore every relation between some
elements of M, (products of generators) which follows from (M1) and (M2)
remains valid if we replace each element by the element symmetric to it.

(12) For i+ j#0 d;; is symmetric to d:;_i.
Proof of (12) Element d; 2 is symmetric to d:;)_l, by (11). Also t} = tl_l
and s’ = s7'. We see immediately that dg’j = d:;_i for 2 > 0. If 4 < 0 and
t+ 7 > 0 then
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)

and d_} ;= (t;1) ...ty s tg) xd).

dij= (" oty sy te) xdy o
(2

Jumping with the positive powers of ;. to the left we get

A7) ;= (tia.. sttty sy s ) wdy g =

(toicy...tist; . tz_l)*d12_d{i,j‘ N

(13)  dis142 = (7)) * dijis1 = (titis1) *diipq for i=1,...,9—2.
+

Proof of (13) For i = 1 we have (tat?ty) * d1o = (by 11)
(62(12(1362610,1(1261610,10,26162(120,36262_10,2_161_1(11_261_10,2_162_1) *d_o 1

= (by (J)) (62(120,36261ala26161a262a3a1_161_10,2_162_1) xd_g 1= (by (J))
(e2azazezeraagereral 1a2€1_1€2a2_1a3€2_1) xd_g_1 = (by (J))

(62&2&36261&261 1&1&161&261_162612_1&362_1) xd_g_1 = (by (J))

(a3 esageralelagesas) * d_ 2,—1 = (by (6) and (11)) agl xdyo = (by (6)) diga.

So (13) is true for i = 1. We continue by induction. Conjugating relation (13)
by titiy1tire we get, by (8) and (7), relation (13) for index i+ 1. O

(14) t? = di7i+1d_i_17_ia;2ai__~_21.

Proof of (14) The relation is true for : = 1, by (11). We proceed by induction.

th = (6 ) = 7 = (6100 * (i d i 1_ia-2a;f1>
— (by (7), (13), (8) and (4)) dinisad iz 10,80, 0
(15) d_;; is symmetric to d:;i.

Proof of (15) The relation is true for ¢ = 1. The general case follows from
(14), (4), (5), (12) and the definitions. O

(16) [b1,d_92] =1
Proof of (16) By the definition d_o5 = (t; *d12) * (s?af) = (by (4))
a%((dmtl_l) * 82).

1_

Now tl_l x5 = tl_lstlss_ = (by (10)) blalela%elal_lbl_l.
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Taking squares we get tl_l % 52 = blalela%e%a%elaflbfl and

d_go = a%dlgblalela%e%a%elal_lbl_ldl_é. Now b; commutes with d_s 2, by (4),
(5) and (J). O

(17) (titi-i—l)*ei = €;4+1 for ¢ = 1,...,9—2.

Proof of (17) We have, by (J), (titit1) xe; =

(eiaiai—i-l€i€i+1ai+lai+2€i+l) * € = (eiaiai+1€i+1€iai+l) * € = €i41- (]

(18) [bl7di,i-‘r1] =1 Zf 7> 1,

len,diiy1) =1 if |k—i| #1,i >0, dijp1*ex=e; ' xdijp1 if |k—i = 1.

Proof of (18) By (13) and (J)

das = (e 'ay ey lag ay ey tay ey by tay ey tag ) x by =
(el_la2_1e;laglal_lbl_leflaflaglefleglagl) * by.

Now b; commutes with da 3, by (J). For i > 2 we have b; commutes with d; ;11
by (M1) and (8). Conjugating by a1bit; we get, by (7) and (J), [e1,d;i+1] =1,
for i > 2. We also have dj o %b; = bl_1 xdj 2, by (5). We conjugate this equality
by u = ai1bitity and get do3 xe; = el_l % dy 3, by (8) and the first part of the
proof. Conjugating relations (5) and the above relations by suitable products
titiy1 we get all remaining relations, by (17). O

(19) [bl, dLQSdLQ] = 1, hence [S,dl’gsdl’g] = 1,

[ej,di’i+1tjdi7i+1] = 1, hence [tj7di,i+1tjdi,i+1] = 1, if |Z — ]’ =1.

Proof of (19) By (5) we have (dj2sdi2) * by = (dLgblalalblbl—l) * dyg =
(dy2b1) *d1 2 = by. The other case is similar, but we use (18) instead of (5). D

1

Remark 7 Relation uvuv = vuvu implies (uv)*u = v 1*u and (v tv=1)*

u = v *u. Relations (19) will be often used in this form.

Observe that relations (4) — (14) imply in particular that relations (P1) and
relations (P3) — (P7) follow from (M1) and (M2). We shall prove now that
relations (P8) follow from (M1) and (M2).
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Definition 7 We say that homeomorphism ¢ (respectively t;ldkH,kH or s)
moves a curve d; ; properly if it takes it to some curve 9, 4.

Lemma 33 If t;, (respectively s) moves curve 0;; to some curve 0,4 then
ty x d; j = d,q (respectively sxd; j =d, ).

Remark 8 Since the action of ¢, and s on a curve 9; ; is described by Lemma
24 and is easily determined, Lemma 33 helps us to understand the result of the
conjugation. In fact the action corresponds exactly to relations (P8), so we
have to prove that relations (P8) follow from (M1) and (M2).

Proof of Lemma 33 We know that [t;,d;i+1] =1, by (8), (7), and (5).

If i <0and i4j =1 then t; 1) «d;; = (65115 . 47 s7 1. t) xdig =
di—1j-1-

For ¢ > 0 or i < 0, i+ 7 > 0 all other cases of conjugation by t; follow from
(5), (7) and the definitions. The other cases of ¢ # —j follow by symmetry.

Consider conjugation by s for i ## —j. Again it suffices to consider ¢ > 0 or
1 < 0, i+7 > 0. The other cases follow by symmetry. We have s_l*dl,j =d_1;.

If i > 1 then d@j = (by (7)) (tz’—l coetotjoq . .t3) * d273 and s * di’j = di’j, by
(7), (6) and (18).

Ifi<1thend;j= (by7) (t7; y...t; tj—1...t3) *d_o3. Also st xd o3 =
(s7H 7 s ig) wdy o = (st s ) xdas = (by (10)) (7 s M s ) xdas =
d_23 (by (6) and (18)). So sl x dij =d;j, by (7).

We now consider conjugation of d_; ;. Clearly s*d_11 =d_11, by (M1). Also
skd_g99 =d_99, by (6) and (16). For i > 1 we have [s,t;] = 1, by (M1), hence
sxd_;; =d_;; for all j, by the first part of the proof.

Consider conjugation by t.
For k > j we have tj xd_j; = d_;;, by (7) and the first part.
Curves t;(0—; ;) and t;_1(d—; ;) are not of the form dy .

Consider k = j — 2 (the other cases follow by conjugation and by the first part
of the proof). We have

d_jj = (dj15t; 8 5dj251) *da—j ;2 = (by (8) and (13))

(t52 5t 1o go1tjatj—at; 17 5dj 2 5o1) ¥ do—jjo = (by (7) and (8))

(25t 2t 5 dj 051ty 1dj—25-1) * da—jj—2. Now, by (7) and (19),

tilyrd g = (¢ 5t ydj o gty adj a1ty l) xdajj 9 = d_j; (by the

previous case). O
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We now pass to the biggest task of this section: the relations (P2).

(20) d; ; commutes with d_yq if 7,5 # £1,

d; ; commutes with dj, ;41 if all indices are distinct.

Proof of (20) We know by Lemma 33 that d; ; commutes with s, hence also
with d_; 1. Consider the other cases. We assume first that £ > 0. Consider
curves 0; ; and 0 x4+1. We want to move the curves properly to some standard
position by application of products of s and t,,’s. This moves holes (see def-
inition 5) and corresponds to conjugation of d;; and dj 41, by the previous
lemma.

Case 1 ¢ # —j Observe that for every k either t; 1t or t,;iltlzl moves 9;
properly. Both products take 6341 42 onto 0y x+1 and conjugation of dyi1 g2
by either product produces d, j+1. If either |i| or |j| is bigger than k4 1 we
may assume, moving ¢&; ; properly, and not moving 0y, 51, that either |i| or |j|
is equal to k+2. Then either txtx41 or t,;lt,;il moves ¢; ; properly and moves
Ok k41 t0 Opt1 k42 and leaves at most one index |i| or [j| bigger than k + 1.
Applying this procedure again, if necessary, we may assume j < k. If j > 0
we can move 9;; properly, without moving d 41, and get a curve J;; with
j < 0. Now applying consecutive products ty,41tm, or t_lﬂt,_nl we reach k= 1.

m
Further moves will produce one of the following three cases:

Case 1la d;» commutes with d_g _;. True, by (11).

Case 1b d; > commutes with d_3 _1 or d_3 _». We can conjugate d_3 o by
t; and get d_3 1. Now d_3 1 = t2_1 *d_9 1 = (by (11)) (ez_laglaz_lez_lwz) *
di2 = (by (J) and (5)) (e;laglelaldiéeglaglefl) x a1 = (by (J) and (5))
(e;ldiéaglez_lelalaz_lel_l) *aj.

The last expression commutes with d; 2, by (J) and (5).

Case 1c d_ 1 commutes with d34. The proof is rather long. We consider
relation (M3): d3 = aglaglal_ldmdl,gdg,g, where

ds = (bl_lbzagel620,20,362()1_1(11_161_10,2_1) *x by =

(bl_lb2a26162a2a362b2a261a1) x by. It follows, by (J), that d3 commutes with
aseiesasases, hence ds = (bl_l((agelegagageg)_l * bg)bl_lal_lel_lagl) * by. We
now conjugate relation (M3) by u = (asezazesaserarb) lagesazeiarb;. When
we write dyo = (b]'ay "ey tay ') * by we see that dy o commutes with u, by (J).
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All other factors on the RHS commute with u by (J), so we may replace dz in
the relation (M3) by u* ds =

(asesazesaserarby) ™ « ((azesazerar ((azeresazages) ™' xbo)by tay ey lag ") x by).
We conjugate each term by (asesazesaseiaiby)™! and get

u * d3 = (egagezaser ((eaasazesesas) ! x d172)a1_161_1a2_162_1) *dig.

We now conjugate each term of relation (M3) by ¢ 1t§1 =

e5lazleslarlay ey lag ez L.
The RHS becomes a;laglal_l(tz_l * d1,2)((t2_1t51t2) *dy2)ds3 4.

The LHS becomes

(e5taztezta;t) « ((e1((e2agazezesaz) ™ x dyo)(a; er ay ey ) * di o).

€y ag

We conjugate each bracket.

(e5taztesta; ) v e =e.

(e5'az ez a;  (e2a0azesesaz) ™) x dio = (by (J) and (5)) (t3't5 ') *dia.
(e 'az ey tag tay e ay ey ) w dig = (by (J) and (5)) (a7 ey 'ty ") * dus.

We shall prove that all terms of the obtained equation commute with d_s _1,
except possibly for ds4. Therefore dz 4 also commute with d_s ;. Clearly
ai,e1,as,as,as,ty,t3 commute with d_p _; by (5) and symmetry. Also dj 2
commutes with d_ _; by Case la and d; 3 and dz 3 commute with d_o 1 by
Case 1b. Therefore t;l *dy 9 = t1 *dg 3 commute with d_, _; and (t;ltgltz) *
dio = (by (7) and (5)) (tsty')* dip commutes with d_p 1. It follows that
d34 commutes with d_o _;

Case 2 ¢ = —j We have to prove that dj 41 commutes with d_;; if j #
k.k+ 1. If j < k then the result follows by Lemma 33 and by Case 1. If
J > k42 we can properly move 0y 41 to d;_2 1, without moving d_; ;. So
we may assume j = k + 2. We have

d—jj = (dir1praty ity i) ¥ dogp = (by (6) and (14))
(d:llc—Q,—k—ltk'f‘ltkd:llc—l,—k)* A k-

We conjugate d, 11 by (d:,lg_2 _k_ltk_i_]_tkd:i_l _k)_l and get, by Case 1 and
(13), (d—1—p—kty tpp1d—t—2,—k—1) * dijo1 = d—1—p—k * kg1 42 = diy1hr2,
which commutes with d_j, ;, by the first part of Case 2.

Suppose now that k£ < 0. Cases la and 1b follow by symmetry. In the Case
lc we arrive by symmetry at the situation where we have to prove that di o
commutes with d_4 _3. Conjugating by totitsts we get a pair dg4, d—2 1,
which commutes by Case 1lc. Now Case 2 follows by symmetry. O
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Lemma 34 If tk_:ldk7k+1 takes a curve 0; j to 6,4 then tk_:lkog_l'_l xd;j=dpg-

Proof We shall list the relevant cases. If ¢ or j is equal to k it becomes k+1,
if 4 or j is equal to —k it becomes —k — 1. In particular tk_ldk’k+1(5_k7k) =
0_k—1k+1. Indices k+1 and —k — 1 are forbidden, they do not move properly,
except for O 41 and d_p_1 —f which are fixed by tk_:ldk7k+1. Other indices i,
j do not change.

We now pass to the proof of the Lemma. If ¢ = —j the result follows from
the definitions and from (20) and Lemma 33. Suppose ¢ # —j. If i and j are
different from k then d; ; commutes with dj, ;41, by (20), and t,:l moves 0; j
properly, so we are done by Lemma 33. If ¢ and j are different from —k we
can replace t;ldk7k+1 by tkd:}g_l’_ka%aiﬂ, using (14), and we are done by a
similar argument. m]

Lemmas 33 and 34 allow us to reduce relations (P2) to relatively small number
of cases. We can apply product of half-twists hy ;41 and h_;_q _; either in
the same direction, conjugating by {5, or in opposite directions, conjugating
by t,;ldhk“, and move properly curves corresponding to elements d, , in the
relations (P2) into a small number of standard configurations.

(21) d;; commutes with d,, if r<s<i<j or i<r<s<j.

Proof of (21) Moving curves d; ; and 6, s properly we can arrive at a situation
s=r+lorj=i+lor—r=s=1or —i=7j=1. Inparticularifi <r < s < j

and r = —s then conjugating by tgdié .. .ts_ldl__l&s_l we get a pair d_1,1, d; ;.
Then (21) follows from (20). O
(22) dj v dij=dpjxdij if r<i<j.

Proof of (22) Indices (i,—¢) move together (either remain fixed or move to
(i—1,1—1) or to (i +1,—i — 1)) when we conjugate by tj or s or ¢, 'dj k1
Moving curves properly we can arrive at one of the following four cases depend-
ing on the pairs of opposite indices.

Case 1 There is no pair of opposite numbers among r,7,7. We may assume
that (r,i,7) = (1,2,3).
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dl_% xdy3 = (by (13)) (dl_étl—ltz—l) xd1o = (by (5) and (19)) (tl_ltz) wdio.
d1,3 * d273 = (tgdl’gtgltltg) * d1,2 = (by (5) and (7)) (tgtldlgtg) % d172 _ (by
(19)) (tatrty 1) x dio = (by (5) and (7)) (t7 t2) * dio.

Case 2 i = —r We may assume that (r,i,7) = (—1,1,2).
A2y, #dip = (s72a7*) *dia = (by (19)) (s 'di28) *dip=d_12*d12.

Case 3 r = —j We may assume that (r,4,5) = (—2,1,2). We have to prove
that d:il xdig = d_go*di 2. We conjugte by dl_étl. The right hand side
becomes s? * dy 2 and the left hand side becomes (di%tltfls_ldiéstl) *xdio =
(by (5) and (19)) (sd; s~ dy}) *dio = (by (19)) %% dy 2.

Case 4 i= —j We may assume that (r,i,j) = (=2,—1,1).

d:;_l xd_q1 = a‘ll(d:%’_l x %) = (by (19) and symmetry) af((sd—g _1571) *
52) = d_2’1 * d—l,l- O

(23) dy Jxdpg=dij*dp; if T <i<j.

Proof of (23) Let us apply symmetry to relation (22). We get
d_j—r * d:]{_i = d:]{_r * d:]{_i if —j < —i < —r. This is relation (23) after a
suitable change of indices. O

(24) [di,j,d;}*dr’s]zl if r<i<s<y.

Proof of (24) Again we have to consider different cases depending on pairs of
opposite indices. For each of them we move curves properly to some standard
position. If we apply symmetry we get [d_; _j,d—j _» xd_s_,] = 1. Now
conjugate by d:]{_r and get [d—s,—md:;_r*d—j,—i] =1if —j<—s<—i<—r.
This is again relation (24) with different pairs of opposite indices. So i = —j
is equivalent to r = —s and s = —j is equivalent to r = —i. We are left with
the following five cases.

Case 1 There is no pair of opposite numbers among r,4,s,j. We may assume
that (r,i,s,j) = (1,2,3,4). Conjugate by tgl.

tgl * d274 = d273 .

(t5 dyg) * dis = (tady 5ty '3 t2) x dig = (by (7)) (tady staty 't57) x dig = (by
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(5)) (tztgdl_étz_l) «dy o = (by (19)) (tatsta)*di2 = dy 4, and it commutes with
d2,37 by (21)

Case 2 r = —i We may assume that (r,i,s,j) = (—1,1,2,3). We conjugate
by ty .

tylxdig =dio.

(t3'd 1 g) % d_1 = (t5's™ ad 5ty ") w dy o = (by (7) and (19)) (s™'ta) xdyo =
d_1 3, and it commutes with d 2, by (21).

Case 3 r = —s We may assume that (r,4,s,7) = (=2,1,2,3). By (23) we
have d:%’3 *d_99 = da3*d_o92, so we have to prove that d; 3 commutes with
do 3 * d_22. We conjugate by t2_1 and get

t2_1 xdyg=dip.

(tz_ldzg) *d_99 =d_33, and it commutes with d; 2, by (21).

Case 4 r = —j and i # —s We may assume that (r,i,s,j) = (=3,1,2,3).
By (23) we have d::li?) % d_39 = dy3 *d_32. After conjugation by tl_ldz_’:l%
we have to prove that t;' +d_35 = d_3; commutes with (tl_ld;é) xdiz =
(tl_ldiétl_l) «dg3 = (by (19)) da3. This is true by (21).

Case5 = —s Wemay assume that (r,i,s,j) = (—2,—1,1,m), where m = 2
or m = 3. By (23) we have d:é,m % d_o91 = dym *d_o1. After conjugation
by s_ldl_ﬂln we have to consider s~ % d_o1 = d_o_1 and (s‘ldl_ﬂln) *d_1m-
For m = 2 the last expression is equal (s‘ldl_és_l) % dy o = dy 2, by (19). For
m = 3 we get (s_ldiés_l) *dy g = (s_ltgdiétgltgs_l) xdio = (by (19)) di3.
Both elements commute with d_5 1, by (21). O

This concludes the proof of the fact that relations (P2) follow from (M1) —
(M3).

We now pass to the relations (P9) — (P11).

Consider first relations (P9). Clearly a; commutes with all the elements in
(P9), by (4) and (6), so it suffices to prove that b; commutes with these el-
ements. It commutes with a}s, t1st1, ag, and t;, for i > 1, by (J). Also b
commutes with d_g 2, by (16), and commutes with da 3 by (18). Finally it com-
mutes with dy 2sd 2, by (19), hence also commutes with d_171d_172d172a1_2a2_1 =
a‘llSQS_ldLgdegal_QaQ_l = a%sd1725d172a2_1. This proves relations (P9). Relation
(P10) follows from the definitions and (M1).

We now pass to relations (P11).
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For i = 1,2,3,4 we have g; = (k;v)®. By (6) k; * a; = ay therefore it suffices
to prove that k; x by = bl_1 * k;. Then
g, = (kia1b1a1)3 = (by (6)) k‘ialbla%kiblkia%blal = kialskisal and this is
exactly relation (P11) for i =1,2,3,4.

(25) ki b = bl_1 * k.
Proof of (25) Since ki = a; the result follows from (M1). O
(26) ko xb; = bl_1 * ko.
Proof of (26) Since ks = d; 2 the result follows from (5). O
(27) k3% by = byt ks.

Proof of (27) We have

]{33 = al_la2_2d172d_2’1d_2’2 = al_la2_2d1’2t1_1S_ld1728t1t1_1d17282a111d1_ét1 =

(by (5) and (J)) al_ltl_ld1,23_1d1723d17252a%d1_ét1 = (by (19))
al_ltl_ld1728d1728a%t1 = (by (5) and (J)) al_ltl_l(dmblal)‘ltl.

Let u = t1b1d; 2a1b; . It follows from (5) and (J) that uxa; = dy 2, uxe; = by,
uxay = ar, u*da = az. Conjugating (11) by u we get (dlgblal)4 =
as(u * d_g 1), hence k3 = (by (4)) (tl_lu) xd_g_1 = (bidi2a1b1) * d_g 1.
We want to prove that b; and ks are braided. It suffices to prove it for their
common conjugates. We conjugate by bl_1 and get b; and (dj2a1b1) *d_2 1.
Now we conjugate by al_lbl_ldl_é and get, by (5), (6) and symmetry, d;o and
by xd_o_1 = d:%’_l * b;. Now we conjugate by d_p _; and get, by (20), di2
and by, which are braided. O

(28) ]{Z4 * bl = bl_l * k4

Proof of (28) By the definition and by (M3) we have ky = d3 = (bgageib; ') *
dy 3. Conjugating k4 and by by t;lblel_laz_lbz_l we get di2 and by, which are
braided, by (5). O

(29) g5 = satkssatks !
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Proof of (29) By the definition g5 = (rk5rk5_1)2 where k5 = Gle_étl- We
shall prove that » commutes with k5rk5_1. Then g5 = r2k5r2k5_1 = sa%k5sa%k5—1,
as required.

k5rk‘51 = agdf’%elala261a1b1aleflaflaglefldl,gagl = (by (J) and (5))
a%di%elalblaflefldm = (by (J))

a%diéb{laflelalbldm.

The last expression commutes with a; and by, by (J) and (5)). O

(30) g6 = (sait)?

Proof of (30) By the definition gg = (rait;). The required relation is proved
by a rather long computation, using (J). Observe first that sa? = (b1a;)3, and
that ra; = (brai)?. We also have

2
ti(bia1)*t1 = erarazerbraribiaieraraze; =
erarbraserarbrarerarazer = brejarbraserarbraierase; =
biraierarbraserarbraieras = biarejajazeibiaibiaierar =

2
(blal)tl(blal) €1a9
and

2
eraz(brar)?t; = biejaragbiareraraze; = biejajazerbiareraze; =
biejajazeibiazareras = biajeraiazerbiareras = (biar)ti(brar)ejas =
biaierarbraserareras = brajbieraibiazeraias = biaibrarerarbraserar =
2

(blal) tl(blal).

The required result follows from the above relations. O

This concludes the proof of Theorem 1.

5 Mapping class group of a closed surface

We shall consider in this section the mapping class group M, of a closed surface
Sg0 of genus g > 1. We shall keep the notation from the previous section. In
particular Mg is the mapping class group of S = S, 1 and S, is obtained
from S by capping the boundary 9 of S by a disk D with a distinguished
center p, and then forgetting p. We have two exact sequences

1= 25 My 15 Mgo1 — 1
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g e
1 — 71(Sg,0,1,p)—Mgo1—Mgo0 — 1

In the first sequence the Dehn twist A = Ty belongs to the kernel of ¢. We
shall prove now that it generates the kernel. When we split the surface S, 1

open along the curves (,a1,€1,a9,...,€64-1,04 We get an annulus N, and
one boundary of N is equal to 0. If h € ker(¢) than h takes each curve
v € {fi,a1,€1,00,...,€64-1,04} onto a curve h(y) which is isotopic to v in

Sg,0 by an isotopy fixed on p. Therefore v and h(y) form 2-gons which are
disjoint from p and hence from D. It follows that h is isotopic in Sy 1 to a
homeomorphism equal to the identity on all curves (1,1, €1, 0,...,€6-1, 4.
But then it is a homeomorphism of the annulus N so it is isotopic to a power
of A.

The second sequence is described in [2], Theorem 4.3. The kernel of e, is
generated by spin-maps T./T I where v and +/ are simple, nonseparating
curves which bound an annulus on Sy 1 containing the distinguished point
p. The composition e,¢ is an epimorphism from the group M, onto the
group My, = M, 00 and its kernel is generated by A and by the spin maps
T,T; 1 where v and 4 are simple, nonseparating curves on S which bound
an annulus with a hole bounded by 0. Clearly all such annuli are equivalent by
a homeomorphism of S, hence all spin maps are conjugate in M, 1. It suffices
to consider one spin map T(s/gTé;l, where 9, and 5; are curves on Figure 18.
T, is equal to the element dg in the relation (M4).

; ok

Figure 18: Spin maps in the proof of Theorem 3

Let w = biajeras. .. ag_leg_lageg_lag_l ...aseja1by. It is easy to check, draw-
ing pictures, that w(dy) = 5;. Therefore, by Lemma 20, relation (M4) is equiv-
alent, modulo relations in M1, to Ts, = T(;;. By the above argument M,
has a presentation with relations (M1) — (M4) and relation A = 1. We have to
prove that the last relation follows from the others.

Let M' = (My1)/(M4). Let dy, dy, dgi1, ¢, ¢ be twists along curves dg,
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g5 Og+1, v, 7 respectively, depicted on Figure 18. Each element of M,

represents an element in M’ which we denote by the same symbol.

From now on, till the end of this section, symbols denote elements in M’. We
want to prove that A = 1.

All relations from Lemma 21 are true in M’. We have dg * by = bl_1 * dy and
d, commutes with every a; and e;. By Lemma 21, (iii) and (v) we have:

242
A = (ageg_1a4—1 ... e1a1b1dy)?97% =

(ageg—1ag—1 ... era1)® (bay . .. agag . .. a1b1)(dgbiar ... agaq. .. a1bidy),
dgdy = (ageg_1a4-1. .. e1a1)? =

(ageg—1ag—1 ... e202)*97%(e1as . .. agag ... azer)(areras ... aqaq. .. aze1ay),
(ageg—1ag—1 - - . e202)%972 = cc
(

dgb1a1)4 = Cdg_H.

We also see that ¢ dg_&l and d;d;l are spin maps, hence ¢ = dy 41 and dy = dj,.
Therefore

(ageg—1ag—1 ... e2a2)?972 = (dgbla1)4,

dg = (ageg—1ag-1. .. e2a2)%97%(eray . .. aglg ... aze1)(ateias ... aqay. .. aze1a1),
hence

(areraz...agaq...a2e1a1) = (eraz...aga4. .. a261)_1(d9b1a1)_4d§.

Further

A = (ageg_1ag-1 ... era1)¥ (biay . .. agag ...a1by)(dgbras ... agay...a1b1dy) =
dgbl(alelag . Qghg . .. aze1aq)bi(dgbiar ... agay ... a1bidy) =

dgbl(elag S GGl ... azel)_l(dgblal)_4dgbl(dgbla1 c..Qghg . ..a1bidg).

Now (dgbiag ...agaq...a1b1dy) commutes with dgy, by (M4), and commutes
with b; and ay, by (J), hence

A =
dgbl(elag -..Gglg . .. agel)_l(dgblal)_l(dgblal s Qglg ... albldg)(dgblal)_3d3b1

= d2brarbydy(ay by 'dy 1 )3d2by = 1, by (J).

This concludes the proof of Theorem 3.
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6 Equivalence of presentations

In this section we shall prove that the presentations of M, 1 in Theorems 1 and
1" are equivalent. The relations (M1) coincide with the relations (A). It follows
from relations (A) that bo commutes with the left hand side of the relation (B).
Thus (B) is equivalent to

(bgagelalb%alelagbg)(agelalb%alelag)_l = (b1a161)4.

Multiplying by (ageiaib?aieias) on the right we get

(boageiarblajeashy) = (biarer)*(agejarbiareias) = (bjajeiaz)’®, as in the
proof of Lemma 21 (v), and we get a relation identical with (M2).

We now pass to relation (M3). We shall transform it using relations (M1) and
(M2) and then we shall conjugate it by w = agesasejaib; to get the relation
(C). Since (M1)=(A) and (M2) is equivalent to (B) in presence of (M1), it will
prove that (M3) is equivalent to (C) in presence of (M1) and (M2). It follows
from (M1) and the definitions that each factor on the right hand side of (M3)
commutes with ajasas, therefore ds also commutes with ajasas. Recall the
relations (5), (7) and (19) from section 4, which follow from the relations (M1)
and (M2).

(5) dipgti = tidy2,

(7)  titaty = tatita,

(19) tod otadi 2 = diptady ota.
We now have

dy2dy 3da 3 = diotady oty M titady oty 't = (by 7)

dyatady otitaty 'dy oty 't = (by 5) dyatatidyatady oty 'ty 7t = (by 7)

dy atot1dy otady oty 7 st = (by 19) dyatatity 'dyatady ot ;! = (by 7 and 5)
7 dy otot1dy otady oty Myt = (by 5) 7 dyatady ot1taty 'dy oty = (by 7 and 19)
t7 1y dy otady otitady oty 1 = (by 5 and 19) t7 't 'dy otatity 'dy otad o.

We now conjugate everything by w and, using (M1), we get

wkxap =by, wxey =ay, wxay=e1, Wkey =as, Wkaz= e,
wxt; = arbiera; =t1, w*ty = asesejay =to, w * dl’g = by.

Therefore after conjugation by w the right hand side of (M3) becomes the right
hand side of (C).
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We have shown in the proof of relations (20), Case lc, using only relations
(M1), that

ds = (bfl((agelegagageg)_l * bg)bl_lal_lel_lagl) * by.

When we conjugate the last expression by w we get exactly the expression for
ds in Theorem 1.

This proves the equivalence of the presentations in Theorems 1 and 1’.

In order to compare Theorems 3 and 3’ we need another set of generators. Let
us call the curves (32, 81,1, €1, a2...,€4-1, 04 — the generating curves. Let (3,
be the curve shown on Figure 1 and let 3 be a curve which intersects e;,_o once
and intersects (3, once and is disjoint from the other generating curves. Then
the curves (5, aq,€5-1,04-1,...,€1, 1,31 have the same intersection pattern
as the generating curves and the curve 3, plays the same role with respect to
these curves as the curve d, with respect to the generating curves. Let b, and
by be twists along the curves 3, and (), respectively. Then, by Theorem 1, we
have a new presentation of My with generators b5, a4,€4—1,a9-1,...,a1,b1
and with defining relations (M1’), (M2’), (M3’) corresponding to (M1), (M2),
(M3). It is a presentation of the same group and therefore, when we express b,
in terms of the generators from Theorem 1, it is equivalent to the presentation
((M1), (M2), (M3)) and to the presentation ((A), (B), (C)). By Theorem 3
the group M, o has a presentation with relations (M1’), (M2’), (M3’) and one
more relation

(M4")  [ageg—1ag-1- .. erarblae; ... ag—1€g-1ag,bg] = 1.

Here b, is some product of generators which represents the Dehn twist of Sy
along the curve ;. All such products are equivalent modulo relations (M1'),
(M2’), (M3’). Relation (D) of Theorem 3’ has the same form with b, replaced
by Jg. Therefore in order to check that the presentations in Theorems 3 and
3/ are equivalent it suffices to prove that the expression for Jg in (D) also
represents the Dehn twist with respect to the curve ;. This task (of drawing
very many pictures) is left to the reader.
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