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406 Bronislaw Wajnryb

1 Introduction

Let S be a compact oriented surface of genus g 0 with n 0 boundary
components and k distinguished points. The mapping class group Mg:nx of S
is the group of the isotopy classes of orientation preserving homeomorphisms
of S which keep the boundary of S and all the distinguished points pointwise

xed. In this paper we study the problem of nding a nite presentation for
Mg:n = Mg:n:0. We restrict our attention to the case n =1. The case n =0
is easily obtained from the case n = 1. In principle the case of n > 1 (and
the case of k > 0) can be obtained from the case n = 1 via standard exact
sequences, but this method does not produce a global formula for the case of
several boundary components and the presentation (in contrast to the ones we
shall describe for the case n = 0 and n = 1) becomes rather ugly. On the other
hand Gervais in [6] succeeded recently to produce a nite presentation of Mg:,
starting from the results in [20] and using a new approach.

A presentation for g = 1 has been known for a long time. A quite simple
presentation for g = 2 was established in 1973 in [1], but the method did not
generalize to higher genus. In 1975 McCool proved in [19], by purely algebraic
methods, that Myg;1 is nitely presented for any genus g. It seems that ex-
tracting an explicit nite presentation from his proof is very di cult. In 1980
appeared the groundbreaking paper of Hatcher and Thurston [9] in which they
gave an algorithm for constructing a nite presentation for the group Mg, for
an arbitrary g. In 1981 Harer applied their algorithm in [7] to obtain a nite
(but very unwieldy) explicit presentation of Mg:1. His presentation was simpli-

ed by Wajnryb in 1983 in [20]. A subsequent Errata [3] corrected small errors
in the latter. The importance of the full circle of ideas in these papers can be
jugded from a small sample of subsequent work which relied on the presentation
in [20], eg [14], [16], [17], [18]. The proof of Hatcher and Thurston was deeply
original, and solved an outstanding open problem using novel techniques. These
included arguments based upon Morse and Cerf Theory, as presented by Cerf
in [4].

In this paper we shall give, in one place, a complete hands-on proof of a simple
presentation for the groups Myg.o and Mg:1. Our approach will follow the lines
set in [9], but we will be able to use elementary methods in the proof of the
connectivity and simple connectivity of the cut system complex. In particular,
our work does not rely on Cerf theory. At the same time we will gather all of the
computational details in one place, making the result accesible for independent
checks. Our work yields a slightly di erent set of generators and relations from
the ones used in [20] and in [3]. The new presentation makes the computations

Geometry and Topology, Volume 3 (1999)



An elementary approach to the mapping class group of a surface 407

in section 4 a little simpler. We shall give both presentations and prove that
they are equivalent.

A consequence of this paper is that, using Lu [16] or Matveev and Polyak
[18], the fundamental theorem of the Kirby calculus [13] now has a completely
elementary proof (ie, one which makes no appeal to Cerf theory or high dimen-
sional arguments).

This paper is organised as follows. In section 2 we give a new proof of the
main theorem of Hatcher and Thurston. In section 3 we derive a presentation
of the mapping class group following (and explaining) the procedure described
in [9] and in [7]. In section 4 we reduce the presentation to the simple form of
Theorem 1 repeating the argument from [20] with changes required by a slightly
di erent setup. In section 5 we deduce the case of a closed surface and in section
6 we translate the presentation into the form given in [20], see Remark 1 below.

We start with a de nition of a basic element of the mapping class group.

De nition 1 A (positive) Dehn twist with respect to a simple closed curve

on an oriented surface S is an isotopy class of a homeomorphism h of S,
supported in a regular neighbourhood N of  (an annulus), obtained as follows:
we cut S open along , we rotate one side of the cut by 360 degrees to the
right (this makes sense on an oriented surface) and then glue the surface back
together, damping out the rotation to the identity at the boundary of N. The
Dehn twist (or simply twist) with respect to  will be denoted by T . If
curves and intersect only at one point and are transverse then T ( ), up
to an isotopy, is obtained from the union [ by splitting the union at the
intersection point.

Figure 1: Surface Sgy;1

°

We shall say that two elements a;b of a group are braided (or satisfy the braid
relation) if aba = bab.

Theorem 1 Let Sg; be a compact, orientable surface of genus g 3 with
one boundary component. Let a;j;bj;ej denote Dehn twists about the curves
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is iy i on Sg;1 depicted on Figure 1. The mapping class group My;1 of Sg:q

relations:

(M1) Elements b, and a, are braided and b, commutes with by. Every other
pair of consecutive elements (in the above order) is braided and every other
pair of non-consecutive elements commute.

(MZ) (b1a1e1a2)5 = bgagelalbfalelagbz
(M3) d3a1a2a3 = d1;2d1;3d2;3, where

di:2 = (@2e181b1) thp(aze181b1), diz = tpdiotyt, dos = tydiatyt,
t1 = ejajape;, th = ejapazey, dz = bzagelbl_ldl;gblel_laz_lbz_l.

Theorem 2 The mapping class group Mj.; of an orientable surface Sp.; of
genus g = 2 with one boundary component is generated by elements by;b1;as;
e1; a2 and has de ning relations (M1) and (M2).

Theorem 3 The mapping class group Myg.o of a compact, closed, orientable
surface of genus g > 1 can be obtained from the above presentation of Mg,
by adding one more relation:

(M4)  [braseiay:::ag—18g—18gageg—18g—1 :::€1a1bh1;dg] = 1, where
tj = ejajaj+16i, for i=1;2;:::;9—1, dp =di2,
di = (bzazelbl_ltzt3 - :ti_l)di_l(bzazelbl_ltztg ctie) 7, for i =354;:009

The presentations in Theorems 1 and 3 are equivalent to but not the same as
those in [20] and [3]. We now give alternative presentations of Theorems 1 and
3, with the goal of correlating the work in this paper with that in [20] and
[3]. See Remark 1, below, for a dictionary which allows one to move between
Theorems 1! and 3° and the results in [20] and [3]. See Section 6 of this paper
for a proof that the presentations in Theorems 1 and 1°, and also Theorems 3
and 3°, are equivalent.

Theorem 1° The mapping class group Myg:1 admits a presentation with gen-

(A) Elements b, and a, are braided and b, commutes with b;. Every other
pair of consecutive elements (in the above order) is braided and every other
pair of non-consecutive elements commute.

(B) (brazer)* = (azeiab?ajeian)by(azeiash?aseray)th,
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(C)  exeihidz = t7 165 thototy ty thotob,  where
ti = aihieray, tH = aeieray, d3 = (agegagelalu)v(agegagelalu)_l,
u=e,a; 'ty hatrazes, v = (aze1aib1) by (azeiashy).

Theorem 3" The mapping class group Myg:o of a compact, closed, orientable
surface of genus g > 1 can be obtained from the above presentation of Mg:q
by adding one more relation:

(D) [ageg—18g—1::: e1a1b§a1e1 .ilag—18g—18g;dg] = 1, where

dy = Ug—1Ug—2:::U1bg(Ug—1Ug—2:::U1) "L, Uy = (bagerdz) tviazeray,

Ui = (eji—1@i€jaj+1) *viaj+1€ja; for i=2;:::;9—1,
v1 = (aze1a1hfaseraz)by(azerarhiasesaz)~t,

vi=t it ittty for i=2:59 -1,

th = ajeihia;, t =ajejei—1a; for 1=2;:::;9—1.

Remark 1 We now explain how to move back and forth between the results
in this paper and those in [20] and [3].

(i) The surface and the curves in [20] look di erent from the surface and the
curves on Figure 1. However if we compare the Dehn twist generators in
Theorem 1' with those in Theorem 1 of [20] and [3] we see that corre-
sponding curves have the same intersection pattern. Thus there exists a
homeomorphism of one surface onto the other which takes the curves of
one family onto the corresponding curves of the other family. The precise
correspondence is given by:

¥ (diag;bi;az;bo;as;iiiibn—1;an;bn),
where the top sequence refers to Dehn twists about the curves in Figure

1 of this paper and the bottom sequence refers to Dehn twists about the
curves in Figure 1 on page 158 of [20].

(i) Composition of homeomorphisms in [20] was performed from left to right,
while in the present paper we use the standard composition from right to
left.

(ili) The element dy in this paper represents a Dehn twist about the curve g
in Figure 1 of this paper. The element dy in relation (D) of Theorem 3
represents a Dehn twist about the curve 4 in Figure 1. We wrote dgq
as a particular product of the generators in Myg:1. It follows from the
argument in the last section that any other such product representing dg
will also do.
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(iv) In the case of genus g = 2 we should omit relation (C) in Theorems 1°
and 3.

Here is the plan of the proof of the theorems. Following Hatcher and Thurston
we de ne a 2{dimensional cell complex X on which the mapping class group
Myg:1 acts by cellular transformations and the action is transitive on the vertices
of X. We give a new elementary proof of the fact that X is connected and
simply connected. We then describe the stabilizer H of one vertex of X under
the action of Mg:;1 and we determine an explicit presentation of H. Following
the algorithm of Hatcher and Thurston we get from it a presentation of Myg:;.
Finally we reduce the presentation to the form in Theorem 1 and as a corollary
get Theorem 3.

Acknowledgements | wish to thank very much the referee, who studied the
paper very carefully and made important suggestions to improve it.

This research was partially supported by the Fund for the Promotion of Re-
search at the Technion and the Dent Charitable Trust | a non military research
fund.

2 Cut-system complex

We denote by S a compact, connected oriented surface of genus g > 0 with
n 0 boundary components. We denote by S a closed surface obtained from
S by capping each boundary component with a disk. By a curve we shall mean
a simple closed curve on S. We are mainly interested in the isotopy classes of
curves on S. The main goal in the proofs will be to decrease the number of
intersection points between di erent curves. If the Euler characteristic of S is
negative we can put a hyperbolic metric on S for which the boundary curves
are geodesics. Then the isotopy class of any non-separating curve on S contains
a unique simple closed geodesic, which is the shortest curve in its isotopy class.
If we replace each non-separating curve by the unique geodesic isotopic to it we
shall minimize the number of intersection points between every two non-isotopic
curves, by Corollary 5.1. So we can think of curves as geodesics. In the proof
we may construct new curves, which are not geodesics and which have small
intersection number with some other curves. When we replace the new curve
by the corresponding geodesic we further decrease the intersection number. If
S is a closed torus we can choose a flat metric on S. Now geodesics are not
unique but still any choice of geodesics will minimize the intersection number
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of any pair of non-isotopic curves. If two curves are isotopic on S then they
correspond to the same geodesic, but we shall call them disjoint because we can
isotop one 0 the other. Geodesics are never tangent.

If and arecurvesthenj \ j denotes their geometric intersection number,
ie, the number of intersection points of and . If is a curve we denote by
[ ] the homology class represented by in Hy(S;Z), up to a sign. We denote
by i( ; ) the absolute value of the algebraic intersection number of and

It depends only on the classes [ ] and [ ].

We shall describe now the cut-system complex X of S. To construct X we

We can say that a cut system is a collection of geodesics. A curve is contained
in a cut-system if it is one of the curves of the collection. If y! is a curve in S,
which meets y; at one point and is disjoint from other curves yy of the cut sys-

In such a situation the replacement hyy;:::;yi;:iii;ygh ¥ hyg;:ii:; ?;:::;ygl
is called a simple move. For brewity we shall often drop the symbols for un-
changing circles and shall write hy;ji ¥ hy?i. The cut systems on S form the
O{skeleton (the vertices) of the complex X. We join two vertices by an edge
if and only if the corresponding cut systems are related by a simple move. We
get the 1{skeleton X!. By a path we mean an edge-path in X?. It consists of

related by a simple move. A path is closed if vi = vx. We distinguish three
types of closed paths:

if the remaining three curves yy;yy;yy intersect each other once, as on Figure
2, C3, then the vertices form a closed triangular path:

(C3) atriangle hygi ¥ hyJi ¥ hygdi ¥ hygi.

pairs of curves consist of (Yg—1;Yg), (Yg—1:Vg). (Yg—1:Yg): (Yg—1;Yg) Where the
curves intersect as on Figure 2, C4, then the vertices form a closed square path:

(C4) asquare hyg—1;ygi ¥ hyg_s;ygi ¥ hyg_q;vgi ¥ hyg—a;ygi ¥ hyg—1;vgi.

of curves consist of (Yg—1;Yg), (Yo-1:Yg), (Yg—1:Y9): (Yg—1:Yg) and (Yg; Vg
where the curves intersect as on Figure 2, C5, then the vertices form a closed
pentagon path:
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(C5) apentagon hyg—1;ygi ¥ hyg—1;ygi ¥ hyg_s;ygi ¥ hyg_;;ygi ¥
hygo§ygi ¥ hyg—1;Ygi-

0

Yg
Yq Yq : 0
0 Yo-1 Yq
Yg Yg—1
y Yg Yg—1
9 Yg 0
yg -1
(C3) (CH (C5)

Figure 2: Con gurations of curves in paths (C3), (C4) and (C5)

X is a 2{dimensional cell complex obtained from X! by attaching a 2{cell to
every closed edge-path of type (C3), (C4) or (C5). The mapping class group
of S acts on S by homeomorphisms so it takes cut systems to cut systems.
Since the edges and the faces of X are determined by the intersections of pairs
of curves, which are clearly preserved by homeomorphisms, the action on X°
extends to a cellular action on X.

In this section we shall prove the main result of [9]:
Theorem 4 X is connected and simply connected.

We want to prove that every closed path p is null-homotopic. If p is null-
homotopic we shall write p 0. We start with a closed path p = (v1;:::;Vvk)
and try to simplify it. If q is a short-cut, an edge path connecting a vertex v;j
of p with vj, j > i, we can split p into two closed edge-paths:

If both paths are null-homotopic in X then p 0. We want to prove Theorem
4 by splitting path p into simpler paths according to a notion of complexity
which is described in the next de nition.

De nition 2 Let p = (vi;Vvp;:::;vk) beapathin X. Let bea xed curve
of some xed vj. We de ne distance from  to a vertex v; to be d( ;vj) =
minfj \ j: 2 vjg. The radius of p around is equal to the maximum
distance from  to the vertices of p. The path p is called a segment if every
vertex of p contains a xed curve . We shall write {segment if we want to
stress the fact that is the common curve of the segment. If the segment has
several xed curves we can write ( ; ;:::;y){segment.
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Theorem 4 will be proven by induction on the genus of S, for the given genus it
will be proven by induction on the radius of a path p and for a given radius m
around a curve  we shall induct on the number of segments of p which have
a common curve y with jy \ j=m. The main tool in the proof of Theorem
4 is a reduction of the number of intersection points of curves.

De nition 3 Curves and on S have an excess intersection if there exist
curves ' and !, isotopic to and  respectively, and such that j \ j >
i °\ Y. Curves and form a 2{gon if there are arcs a of and b of |,
which meet only at their common end points and do not meet other points of

or and such that a [ b bound a disk, possibly with holes, on S. The disk
is called a 2{gon. We can cut o the 2{gon from by replacing the arc a of
by the arc b of . We get a new curve ! (see Figure 3).

Lemma 5 (Hass{Scott, see [8], Lemma 3.1) If ; are two curves on a sur-
face S having an excess intersection then they form a 2{gon (without holes) on
S.

/SN

Figure 3: Curves and form a 2{gon.

Corollary 5.1 Two simple closed geodesics on S have no excess intersection.
In particular if we replace two curves by geodesics in their isotopy class then
the number of intersection points between the curves does not increase.

Proof If there is a 2{gon we can shorten one geodesic in its homotopy class,
by rst cutting o the 2{gon and then smoothing corners. ]

Lemma 6 Consider a nite collection of simple closed geodesics on S. Sup-
pose that curves and of the collection form a minimal 2{gon (which does
not contain another 2{gon). Let ! be the curve obtained by cutting o the
minimal 2{gon from and passing to the isotopic geodesic. Thenj \ % =0,
i N\ %<j \ jandjy\ Y% jy\ |jforany other curve y of the collection.
In particular if jy\ j=1thenjy\ % =1. Also[ J=[ Y.
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Proof Since the 2{gon formed by arcs a and b of and is minimal every
other curve y of the collection intersects the 2{gon along arcs which meet a
and b once. Thus cutting o the 2{gon will not change j \yj and it may only
decrease after passing to the isotopic geodesic. Clearly and ¢ are disjoint
and homologous on S and by passing to ! we remove at least two intersection
points of  with . O

2.1 The case of genus 1

In this section we shall assume that S is a surface of genus one, possibly with
boundary. By S we shall denote the closed torus obtained by glueing a disk to
each boundary component of S. We want to prove:

Proposition 7 If S has genus one then the cut system complex X of S is
connected and simply connected.

On a closed torus S the homology class [ ] of a curve is de ned by a pair of
relatively prime integers, up to a sign, after a xed choice of a basis of H1(S; Z).
If [ ] = (a1;a2) and [ ] = (by;b2) then the absolute value of their algebraic
intersection number is equal i( ; ) = jaibp —aybij. If and are geodesics
onSthenj \ j=i( ; ), therefore it is also true for curves on S which form
no 2{gons, because then they have no excess intersection on S.

Lemma 8 Let , be nonseparating curves on S and supposethatj \ j=
k & 1. Then there exists a nonseparating curve such that if k = 0 then
N j=j\ j=landifk>1thenj \ j<kandj \ j<k.

Proof If j \ j=0 then the curves are isotopic on S and they split S into
two connected components S; and S,. We can choose points P and Q on

and  respectively and connect them by simple arcs in S; and in S,. The
union of the arcs forms the required curve . If k > 1 and if the curves have
an excess intersection on S then they form a 2{gon on S. We can cut 0 the
2{gon decreasing the intersection, by Lemma 6. If there are no 2{gons then the
algebraic and the geometric intersection numbers are equal. In particular all
intersections have the same sign. Consider two intersection points consecutive
along . Choose ason Figure 4. Thenj \ j=1 so it is nonseparating and
j \ j<k. O

Geometry and Topology, Volume 3 (1999)



An elementary approach to the mapping class group of a surface 415

Figure 4: Curve has smaller intersection with  and

Corollary 8.1 If surface S has genus 1 then the cut system complex of S is
connected.

Proof A cut system on S is an isotopy class of a single curve. If two curves
intersect once they are connected by an edge. It follows from the last lemma
by induction that any two curves can be connected by an edge-path in X. O

We now pass to a proof that closed paths are null-homotopic.

Lemma 9 A closed path p=( 1; 2; 3; 4; 1) such that j 2\ 4j =0 is null-
homotopic in X.

Proof Let =T 21( 3) be the image of 3 by the Dehn Twist along ».
Recall that as a set = , [ 3 outside a small neighbourhood of , \ 3.
From this we get that j \ 2 = 1,j \ 3j=1andj \ 4 = 1. Thus
P' = ( 1; 2; ; 4; 1) is a closed path which is homotopic to p because p — p’
splits into a sum of two triangles t; = ( ; 2; 3; )and ta =( ; 3; 4; ). We
also have i( ; 1) =ji( 3; 1) i( 2; 1)j, so for a suitable choice of the sign of
the twist we have i( 3; 1) > i( ; 1) unless i( 3; 1) = 0. We may assume by
induction that i( 3; 1) = 0. If j1\ 3 >0 then ; and 3 have an excess
intersection on S and form a 2{gon on S. We can cut o the 2{gon from 3
getting anew curve suchthat[ ]=1[3],] N\ 3=0,] \ 1J<j3\ 1
and j \ jj=j3\ jjfori &1, by Lemma 6. We get a new closed path
P'=(1; 2; ; 4; 1) and the di erence between it and the old path is a closed
path g=( ; 2; 3; 4; )withj \ zj=0andj >\ 4 =0. So by induction it
su cestoassumethatj 1\ 3j=0. Ifwenowlet =T,(3)then intersects
each of the four curves once so our path is a sum of four triangles and thus is
null-homotopic in X. O
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Proof Suppose that there exists a 2{gon bounded by arcs of two curves in p.
Then there also exists a minimal 2{gon bounded by arcs of curves ; and j.
If we cut o the 2{gon from ; we getacurve !suchthat[ iJ=["!, !is
disjoint from i, j i\ ii>j i\ Yandj m\ Y j m\ ij for any other
curve m, by Lemma 6. It follows that if we replace ; by ! we get a new
closed path p’ with a smaller number of intersection points between its curves.
The di erence of the two paths is a closed path g = ( i-1; i} i+1; ? i—1)
which is null-homotopic by Lemma 9. Thus p’ is homotopic to p in X. Lemma
10 follows by induction on the total number of intersection points between pairs

of curves of p. O

We may assume that the path has no 2{gons. By Lemma 5 there is no excess
intersection on the closed torus S. It means that the geometric intersection
number of two curves of p is equal to their algebraic intersection number. Let
m = maxfi( 1; j)ij = 1;:::;kg be the radius of p around ;. Suppose rst
that m = 1. Two disjoint curves on S have the same homology class, and
two curves representing the same class have algebraic intersection equal to 0.
It follows that two consecutive curves in a path cannot be both disjoint from

1. If k>4 theneither j 1\ 3gj=1o0rj 1\ 4 = 1. We get an edge
which splits p into two shorter closed paths with radius 1. If k = 4 and
j 1\ 3j=0thenp o byLemma9. If k=3 then p is a triangle. Suppose
now that m > 1. We may assume by induction that every path of radius less
than m is null-homotopic and every path of radius m which has less curves ;
with j 1\ jj = m is also null-homotopic. Choose the smallest i such that
i( 1; i)=m. Theni( 1; i—1) <mand i( 1; j+1) m. Choose a basis of
the homology group H1(S) which contains the curve ;. A homology class of a
curve is then represented by a pair of integers (a;b). We consider the homology
classes and their intersection numbers up to a sign. We have [ 1] = (1;0),
[ i—1] = (&b), [ il = (p;m) and [ i+1] = (c;d). The intersection form is
de ned by i((a;b);(c;d)) =jad—bcj. Thusam—bp= 1;,cm—dp= 1;jhj <
m;jdj m. We get m(ad—bc) =( d b). Since 2m > jbj + jdj we must have
jad—bcj=1or ad—bc=0. Inthe rstcase i( j—1; j+1) =] i-1 \ i+1) = 1.
We can \cut 0 " the triangle g = ( i-1; i; i+1, i—1) getting a path which is
null-homotopic by the induction hypothesis. If ad—bc =0 then i( j—1; j+1) =
j i-1\ j+1j=0.Let =T iil( i).Thenj \ jj=landj \ j+1j=1.
We can replace j by getting a new closed path. Their di erence is the closed
path g = ( i-1; i; i+1; ; i-1) Which is null homotopic by lemma 9. Thus
the new path is homotopic to the old path. For a suitable choice of the sign of
the Dehn twist we have i( ; 1) <m. It may happen that j \ 1j m. We
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An elementary approach to the mapping class group of a surface 417

can get rid of 2{gons by Lemma 10 and thus get rid of the excess intersection.
We get a homotopic path which is null-homotopic by the induction hypothesis.
This concludes the proof of Proposition 7 ]

2.2 Paths of radius 0

From now until the end of section 2, we assume that S is a surface of genus
g > 1 with a nite number of boundary components. We denote by X the
cut-system complex of S. We assume:

Induction Hypothesis 1 The cut-system complex of a surface of genus less
than g is connected and simply-connected.

We want to prove that every closed path in X is null-homotopic. We shall
start with paths of radius zero. The simplest paths of radius zero are closed
segments.

Lemma 11 A closed segment is null-homotopic in X.

Proof When we cut S open along the common curve  the remaining curves
of each vertex form a vertex of a closed path in the cut-system complex of a
surface of a smaller genus. By Induction Hypothesis 1 it is a sum of paths of
type (C3), (C4) and (C5) there. When we adjoin  to every vertex we get a
splitting of the original paths into null-homotopic paths. O

In a similar way we prove:

Lemma 12 |If two vertices of X have one or more curves in common we can
connect them by a path all of whose vertices contain the common curves.

Proof If we cut S open along the common curves the remaining collection of
curves form two vertices of the cut-system complex on the new surface of smaller
genus. They can be connected by a path. If we adjoin all the common curves
to each vertex of this path we get a path in X with the required properties. O

Remark 2 If and are two disjoint non-separating curves on S then [
does not separate S if and only if [ ] & [ ]. In this case the pair , can be
completed to a cut-system on S.
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We shall now construct two simple types of null-homotopic paths in X.

Lemma 13 Let i1, », 3 bedisjoint curves such that the union of any two
of them does not separate S but the union of all three separates S. Then there
exist disjoint curves 1, 2, 3 and a closed path

(C6) h 1; 20 Bh q; 2i Bhq; 31 Bhoq; 3i

h 2; 3i
h 2, 3t ¥ h o 1,

which is null-homotopic in X.

Proof Let ys,..., yg be a cut system on a surface S—( 1 [ 2 [ 3) (not
connected), ie, a collection of curves which does not separate the surface any
further. Then h 1; 2;y3;:::;ygl isacutsystemon S. Let S; and S, be the
components of a surface obtained by cutting S open along all ;’s and vy;’s.
An arc connecting di erent components of the boundary does not separate the
surface so we can nd (consecutively) disjoint arcs b; connecting 1 with 5,
b, connecting » with 3 and bz connecting 3 with 1 in S1, and similar
arcs b}, b} and b} in S, with the corresponding ends coinciding in S. The
pairs of corresponding arcs form the required curves 1, , and 3 and we get
a closed path p described in (C6). Moreover the curves » and 3 are disjoint
and [ 2] & [ 3]. To prove that the path is null-homotopic in X we choose
acurve =T ,(1). Thenj \ 1j=]J \ 2J=jJ \ 1J=j \ 2j=1and
j \ 3j=]j \ 3j=0. Figure 5 shows how p splits into a sum of triangles (C3),

squares (C4) and pentagons (C5) and therefore is null-homotopic in X. O
h 1, 2i = h g i
6 @ 1
@ —

ho si —=h; i —=h; i
@ L1 1@

@ = = @& I?

ha; 2f ——h o 3i ——h o 3i ——h g si

Figure 5: Hexagonal path

Proposition 14 If p is a path of radius 0 around a curve then p o.
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Proof Let vg be a vertex of p containing . We shall prove the proposition
by induction on the number of segments of p having a xed curve disjoint from

. Consider the maximal {segment of p which contains the vertex vg. We
shall call it the rst segment. Let v; be the last vertex of the rst segment.
The next vertex contains a curve  disjoint from  such that is the common
curve of the next segment of p. Since j \ j = 0 the simple move from v;
to the next vertex does not involve  hence v, also contains . Let v, be the
last vertex of the second segment. If there are only two segments then v, also
contains both and . By Lemma 12 there is an ( ; ){segment connecting
v and vo. Then p is a sum of a closed {segment and a closed {segment.
So we may assume that there is a third segment. The vertex v of p following
Vo contains a curve y disjoint from and y is the common curve of the third
segment. Let vz be the last vertex of the third segment. We shall reduce the
number of segments. There are three cases.

Case 1 Vertex v, does not contain y. Since v contains y and does not
contain we have j \yj=1. Let S; be a surface of genus g — 1 obtained by
cutting S open along [ y. Vertices v, and v have g — 1 curves in common
and the common curves form a cut system u on S;. The union [y cannot
separate S — hence  does not separate S; and it belongs to a cut-system
u’ on S;. Vertices u and u’ can be connected by a path q in the cut-system
complex of S;. If we adjoin  (respectively y) to each vertex of g we get a path
g (respectively q1). Path g» connects v, to a vertex u, containing and
and path g, connects v to a vertex u; containing and y. The corresponding
vertices of q; and g, are connected by an edge so the middle rectangle on
Figure 6 splits into a sum of squares of type (C4) and is null-homotopic. We
can connect vy to up; by an ( ; ){segment so the triangle on Figure 6 is a
closed {segment and is also null-homotopic. The part of p between v; and v
can be replaced by the lower path on Figure 6. We get a new path p’, which
has a smaller number of segments (no {segment) and is homotopic to p in
X.

Case 2 Vertex v, contains y and [y does not separate S. If there exists
a vertex v which contains and and y we can connect it to v, and v, using
Lemma 12. We get a closed segment and the remaining path has one segment
less (Figure 7). Otherwise [ [y separate S and we can apply Lemma 13.
There exist vertices wy containing and , wp containing and y and wj
containing and y and a {segment from w; to wy, a y{segment from w,
to wz and an  {segment from w3 to w;. The sum of the segments is null-
homotopic. We now connect v, to wy; by an ( ; ){segment and v, to w, by
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Vo = v = Vv, = ¥ Y = V3
@ 6 6
(:@%@ y
% U, = ug

Figure 6: Path of radius 0, Case 1

a ( ;y){segment. Thus the second segment of p can be replaced by a sum of
an {segment and a y{segment, and the di erence is a closed {segment plus
a null-homotopic hexagonal path of Lemma 13 (see the right side of Figure 7).

_ Y _
Vi Va2 V3
_ Y _
Vi v2 Vs Qv
@ 6 (:)
%@ > ‘
Wy ————— W3

Figure 7: Path of radius 0, Case 2

Case 3 Vertex v, contains y and [y separates S into two surfaces S;
and S,. If there were only three segments then, as at the vertex vi, the rst
vertex of the rst segment would contain both and y and their union would
not separate S. This contradicts our assumptions. It follows in particular
that every closed path of radius zero with at most three segments (where the
common curve of each segment is disjoint from a xed curve of the rst segment)
is null-homotopic. We may assume that the path p has a fourth segment with
a xed curve disjoint from . Since [y] = [ ] we cannot have jy \ j = 1.
Therefore is not involved in the simple move from v3 to the next vertex and
vz contains . In particular [y] &[] and [ ] & [ ]. We may assume that
liessin S;. If liesin S, then there is a vertex w which contains and and

. We can connect w to v, by an ( ; ){segment, to v, by a {segment and
to vz by a {segment. We get a new path, homotopic to p, which does not
contain {segment nor y{segment (see Figure 8, left part.)
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Suppose now that lies in S;. Consider the cut-system complex X; of S; and
choose a vertex s of X; which contains and a vertex s’ of X; which contains

. Let g be a path in X; which connects s to s’. Let t be a xed vertex of the
cut-system complex X, of S, (if X, is not empty.) We add  and all curves
of t to each vertex of the path q and get an {segment in X connecting a
vertex w, containing , to a vertex w), containing . Then we add y and all
curves of t to each vertex of the path g and get a y{segment in X connecting
a vertex ws, containing , to a vertex wj, containing . We now connect v; to
w, by an  {segment, v, to w} by a {segment, vz to w} by a y{segment and
v4 to w3 by a {segment (see Figure 8, the right side.) Corresponding vertices
of the two vertical segments on Figure 8, the right side, have a common curve

i, a curve of a vertex of the path g disjoint from and from y, and can be
connected by a j{segment. We get a \ladder"'such that each small rectangle
in this ladder has radius zero around y and consists of only three segments.
Therefore it is null-homotopic. Every other closed path on Figure 8, the right
side, has a similar property. We get a new path, homotopic to p, which does

not contain  {segment nor y{segment. O
Vi —— Vo ¥, V3 —— Vg V1 — Vo y — V3 — V4
A A 6 &
A 0 — 0
(" f\A A W2 W3
[ Aol &
A
w A6 6
A W2 — W3

Figure 8: Path of radius 0, Case 3

2.3 The general case

We now pass to the general case and we want to prove it by induction on the
radius of a closed path.

Induction hypothesis 2 A closed path of radius less than m is null-homo-
topic.

We want to prove that a closed path p of radius m around a curve is null-
homotopic. The general idea is to construct a short-cut, an edge-path which

Geometry and Topology, Volume 3 (1999)



422 Bronislaw Wajnryb

splits pandiscloseto andtoa xed {segment. The rststep isto construct
one intermediate curve.

Lemma 15 Let y; and y, be non-separating curves on S such that jy; \y»j =
n > 1. Then there exists a non-separating curve such that jy; \ j <n and
j¥2 \ j < n. Suppose that we are also given non-separating curves , and
aninteger m>0suchthatj \ j m,jy1:\ j<m,jy2\ j m,and
J \vij=]j \y2j=0. Thenwe can ndacurve as above which also satis es
j N\ j<mandj \ j=0.

Proof We orient the curves y; and y, and split the union y; [ y2 into a
di erent union of oriented simple closed curves as follows. We start near an
intersection point, say P;, on the side of y, after y; crosses it and on the side
of y1 before y, crosses it. Now we move parallel to y; to the next intersection
point with y,, say P,. We do not cross y, at P, and move parallel to y», in
the positive direction, back to P;. We get a curve ;. Now we start near P,
and move parallel to y; until we meet an intersection point, say P3, which is
either equal to Py or was not met before. We do not cross y, at P3 and move
parallel to y-, in the positive direction, back to P,. We get a curve ;. And so
on. Curve ; meets y; near some points of y; \y2, but not near P; and it meets
y2 near some points of y; \ 'y, but not near Pj+;. So ; meets both curves
less than n times. Let y denote the (oriented) homology class represented by
an oriented curve y in Hyi(S;Z). We have y; +y, = 1+ :::+ . Now we
repeat a similar construction for the opposite orientation of y, starting near the
same point P;. We get new curves 1,..., rand y1 —vy> = 1+ Pt Also
17 = V2 Combiging thesngquaIities in Hi(S;Z) we get 1+ g1 i = VY1,
1+ &1 i =VYl, je1 i— ie1 i = Y2. Asimple closed curve separates S
if and only if it represents 0 in H{(S;Z). Since y; and y, are non-separating
it follows that either ; and some j, i & 1, are not separating or ; and some
i, 1 & 1, are not separating. And each of them meets y; and y, less than n
times, so it can be chosen for . If we are also given curves and and integer
m > 0 which satisfy the assumptions of the Lemma then jy1 \ j+jy>\ j=
JiN J= Ji\ ] 2m—1 therefore one of the constructed nonseparating
curves intersects  less than m times and is disjoint from . O

Lemma 16 Let y; and y, be disjoint non-separating curves on S such that
v1 [ Y2 separates S. Then there exists a non-separating curve  such that
jy1\ j=1and jy2\ j= 1. Suppose that we are also given non-separating
curves , andaninteger m>O0suchthatj \ j m,j \ j=1ifm=1,
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jyi\ j<m,jy2\ J m,andj \yij=j \y2j=0. Thenwe can nda
curve as above which also satis esj \ j<mandj \ j<m.

Proof By our assumptions y; [ y2 separates S into two components S; and
S,. We can choose a simple arc d; in S; which connects y; to y, and a simple
arc d, in S, which connects y; to y,. Then we can slide the end-points of d;
and d, along y; and y, to make the end-points meet. We get a nonseparating
curve which intersects y; and y, once. Suppose that we are also given curves

and and an integer m > 0. We need to alter the arcs d; and dy, if
necessary, in order to decrease the intersection of with and . We may
assume that lies in S;. We have to consider several cases.

Case 1 Curve lies in S;. Then dy is disjoint from . If m = 1 then
j N\ j=1sotheunion [ does not separate its regular neighbourhood and
does not separate Si. We can choose d; disjoint from and and then is
also disjoint from  and

Suppose that m > 1. If separates S; (but does not separate S) then it
separates y; from y, in S;. There exists an arc d in S; which connects y;
with y, and is disjoint from , if  does not separate S;, or meets  once,
if  separates S;. We choose such an arc d which has minimal number of
intersections with . If j \.dj > m then there exist two points P and Q of

\ d, consecutive along , and not separated by a point of \ . We can
move along d to P then along , without crossing , to Q, and then continue
along d to its end. This produces an arc which meets  at most once and has
smaller number of intersections with . So we may assume that j \dj=m
and that every pair of points of \ d consecutive along is separated by a
point of \ . We now alter d as follows. Consider the intersection d\( [ ).
If the rst or the last point along d of this intersection belongs to  we start
from this end of d. Otherwise we start from any end. We move along d to the

rst point, say P, of intersection with [ . If P 2 we continue along
without crossing it, to the next pointof \ . Then along , without crossing
it, to the last point, say Q, of \d on d, and then along d to its end. The
new arc crosses at most once, near Q, and crosses  less than m times. If
P 2 we continue along , without crossing , to Q and then along d to its
end, which produces a similar result. We can choose such an arc for d; and
then the curve satis es the Lemma.

Case 2 Curve meets y1 or yo. Then m > 1, because if m = 1 and
jy1\ j=0and crosses y, into S; then it must cross it again in order to

Geometry and Topology, Volume 3 (1999)



424 Bronislaw Wajnryb

exit S1, and this contradicts jyo\ j m. The arcs of split S; (and S)
into connected components. One of the components must meet both y; and
y2 (Otherwise the union of all components meeting y; has for a boundary
component and then s disjoint from y; and y,.) Choosing d; (respectively
d») in such a component we can make them disjoint from . Now we want to
modify d; in such a way that jd; \ j=0 and jd; \ j < m. There are three
subcases.

Case 2a There exists an arc a; of in S; which connects y; and y,. Choose
dy parallel to this arc. It may happen that d; meets m times. Then a; is
the only arc of  which meets . We then modify d; as follows. We move from
y1 along di until it meets . Then we turn along , away from az, to the next
point of a;. We turn before crossing a; and move parallel to a; to y,. The
new arc does not meet and meets less than m times.

Case 2b There exists an arc of in S; which connects y; and  and there

exists an arc of  which connects y, and . Then there exist points P and Q

of '\ , consecutive along , and arcs a; and a, of such that a; connects

y1 to P and a, connects Q to y,. We move along a; to P then along

without crossing , to Q, and then along a, to y,. The new arc does not meet
and meets less than m times.

Case 2c Ifanarcof in S; meets then it meets only y;. (The case of y»
is similar.) We consider an arc d in S; which is disjoint from and connects y;
and y,. We start at y, and move along d to the rst point of intersection with

. Then we move along , without crossing it, to the rst point of intersection
with . Then we move along , away from , to y;. The new arc does not
meet and meets less than m times. If is disjoint from then s either
disjoint from a component of S; —  which connects y; to y, or is contained
in it. We can nd an arc in the component (disjoint from ) which connects
y1 with y, and meets at most once.

So in each case we have an arc d; which is disjoint from  and meets less
than m times. We now slide the end-points of d; along y1 and y, to meet the
end-points of d,. Each slide can be done along one of two arcs of y;. Choosing
suitably we may assume that d; meets at most m=2 points of  sliding along
y2 and at most (m — 1)=2 points of sliding along y1. The curve obtained
from d; and d, meets and less than m times.

Case 3 Thecurve liesin Sy. Thenj \ j =0 sowe must have m > 1.
We can choose d, which is disjoint from  and meets at most once and we
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can choose d; which is disjoint from  and meets at most once. The curve
obtained from d; and d, meets and less than m times. D

Lemma 17 Let ; and , be non-separating curves on S and let w; be a
vertex of X containing 1 and let w, be a vertex of X containing . Then

wy. Suppose that we are also given non-separating curves , and an integer
m=>Qsuchthatj \ j m,j \ j=1lifm=1,j:\ j<m,j>\ j m,
and j \ 1j=]j \ 2j =0. Then there exists a path q as above and an integer
j, 1 j<k,suchthat d(zj; )<m forall i, d(zj; )<mforl i j<Kk
and z; contains , for j <i k.

Proof We shall prove the lemma by induction on j 1 \ 2j =n.
If 1 = , we can connect w; and wy by a 1{segment, by Lemma 12.

If n =1 there exist vertices u;, u, in X which are connected by an edge and
such that 1 2 u;, 22 u,. Now we can connect u; to wy; and w, to u, as in
the previous case.

Ifn=0and ,[ 1 doesnotseparate S then there exists a vertex v containing
both curves , and 1. We can connect v to w; and wy as in the rst case.

Suppose now that n = 0 and that , [ ; separates S. Then, by Lemma 16,
there exists a curve suchthatj >\ j=j 1\ j=1. Wecan nd a vertex v
containing and we can connected v to w; and wy as in the second case. If we
are also given curves , and and an integer m we can choose  which also
satis esj \ j<mandj \ j<m. Then the path obtained by connecting
v to w; and w, have all vertices in a distance less than m from and in a
distance less than m from , except for the nal ;{segment which ends at w»,
(Curve » may have distance m from )

If n > 1 then by Lemma 15 there exists a curve such that j 1\ j<n and
J 2\ j < n. We choose a vertex v containing . By induction on n we can
connect v to wy and w,. If we are also given curves and and an integer
m then we can nd which also satis esj \ j<mandj \ j=0. By
induction on n we can connect w; to v and v to w, by a path the vertices
of which are closer to  than m, and closer to  than m except for a nal
2{segment which ends at w;. O

As an immediate corollary we get:

Corollary 17.1 Complex X is connected.
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We need one more lemma before we prove that every closed path is null-
homotopic in X.

Lemma 18 Let , ,y benon-separating curveson S suchthatj \ j=m,
j \y] m,j \yj=1. There exists a non-separating curve such that
N j<m,j\ j=0andj \yj LlL.ifm=1thenj \yj=0and[]is
di erentfrom [ ], [ ] and [y].

Proof When we split S along y [ we get a surface S; with a \rectangular”
boundary component @ consisting of two {edges (vertical) and two y{edges
(horizontal on pictures of Figure 9). We can think of S; as a rectangle with
holes and with some handles attached to it. Curve intersects S; along some
arcs a; with end-points P; and Q; on @. If, for some i, points P;j and Q; lie
on the same {edge then m > 1 and we can construct a curve consisting
of an arc parallel to a; and an arc parallel to the arc of  which connects P;j
and Q; passing through the point y\ . Thenj \ j=0,j \ j<m and
J \yj = 1. Recall that if two curves intersect exactly at one point then they are
both non-separating on S. Therefore satis es the conditions of the Lemma.
If for some i points P; and Q; lie on di erent y{edges of @ then we can modify
the arc a; sliding its end-point P; along the y edge to the point corresponding
to Qj. We get a closed curve satisfying the conditions of the Lemma. So we
may assume that there are no arcs a; of the above types.

Suppose that for every pair i;j the pairs of end-points Pj; Q; and Pj;Q;j do
not separate each other on @. Then we can connect the corresponding end
points by nonintersecting intervals inside a rectangle. In the other words a
regular neighbourhood of [ @ in S; is a planar surface homeomorphic to a
rectangle with holes. Since S; has positive genus there exists a subsurface of S;
of a positive genus attached to one hole or a subsurface of S; which connects
two holes of the rectangle. Such a subsurface contains a curve  which is non-
separating on S and is disjoint from , and y and the homology class [ ] is
di erentfrom [ ], [ ] and [y]. This happens in particular when m = 1 because
then there is at most one point on every edge and the pairs of end points of
arcs do not separate each other.

So we may assume that m > 1 and that there exists a pair of arcs, say a;
and a, such that the pair P;; Q; separates the pair P»; Q> in @. Since an arc
aj does not connect di erent y{edges we must have two points, say P; and
P,, on the same edge. Suppose that they lie on a {edge, say the left edge.
Choosing an intermediate point, if there is one, we may assume that P, and P,
are consecutive points of along . We have di erent possible con gurations
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of pairs of points. For each of them we construct curves ;, as on Figure 9.
Each ; is disjoint from  and intersects y at most once, and if it is disjoint
from y it intersects some other curve once. So ; is not-separating. We shall
prove that we can always choose a suitable ; with j ; \ j<m. Observe that
i may meet only along the boundary @, and not along the arc connecting
P, to P,.

Case 1 Points Q1 and Q: lie on the same y{edge, say lower edge. If there
is no point of on y to the left of Q; then j 1 \ j<m. If there is a point of
on y to the left of Q1 then j >\ j<m.

Case 2 Points Q; and Q; lie on di erent y{edges. Thenj s\ j<m.
Case 3 Points Q1 and Q; lie on the right edge. Thenj 4\ j<m.

Case 4 One of the points Q;, say Qi, lies on a y{edge and the other lies on a
{edge. Letuj, i =1;:::;6 denote the number of intersection points of with

the corresponding piece of @ on Figure 9. Then uz+us =us+ug=j \ j=m

andup+u, m. Alsoj 1\ j=ui+uUs,js\ j=ui+uz, js\ J=Ux+uUs

and j 7\ j=u +ug. Moreover, since P, and Q, are connected by an arc of
, they represent di erent points on S (otherwise it would be the only arc of
) and uy & ug. It follows that j ;\ j<m for i =1;5;6 or 7.

We may assume now that for every pair of arcs (i;J) whose end-points separate
each other no two end-points lie on the same {edge. If P; and Q; lie on a
y{edge and P; lie in between then a; together with the interval of y between
P; and Q; form a nonseparating curve which meets less than m times. So we
may assume that P; and P, lie on di erent {edges, say P1 on the left edge
and P, on the right edge, and Q1 and Q- lie on the lower edge. Replacing Q1
or Q2 by an intermediate point, if necessary, we may also assume that for every
point Q; between Q; and Q. the corresponding point P; also lies between
Q1 and Q.. Now if there is no point of on the left edge below P; then
j 1\ j<m. If there is such point of  consider the one closest to P; and call
it P3. Then, by our assumptions, point Q3 lies on the lower edge to the left of
Qrandjg\ j<m.

This concludes the proof of the Lemma. O

Proposition 19 A path p of radius m around is null-homotopic.

Proof Let vy be a vertex of p containing . We say that p begins at vg.
Let v; be the rst vertex of p which has distance m from . Let g be the
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Figure 9: Constructing curve

maximal segment of p, which starts at v; and contains some xed curve
satisfying j \ j = m and such that no vertex of q contains a curve ! satisfying
i ™\ j<m. Let v, be the last vertex of g. Let u; be the vertex of p preceding
vi and let u, be the vertex of p following v,. Vertex u; contains a curve yi
such that jy1 \ j < m. Vertex u, is the rst vertex of the second segment
which has a xed curve y, such that jy» \ j m. If u; contains  then
jy1 \ ] = 0. Otherwise, since vi does not contain y1, the move from u; to
vy involves y; and ,so jy1 \ j=1. If v, contains y, then jy,\ j=0. It
may also happen that jyo\ j<m and that 2 u,. Then also jy»\ j=0.
Otherwise jy,\ j = 1. We want to construct vertices w;, w}, w, and w) and
edge paths connecting them, as on Figure 10, so that the rectangles are null
homotopic. Then we can replace the part of p between u; and u, by the path
connecting consecutively u; to w}, w) to wy, wy to wy, wy to w and w) to
uy. We denote the new path by p’.

In our construction vertex w; contains a nonseparating curve ; disjoint from

S jyiN j=0welet j=vyj, wj= w? = u;j and the corresponding rectangle
degenerates to an edge. If jyi \ j =1 we proceed as follows. By Lemma 18
there exists a nonseparating curve ; suchthatj;\ j=0,ji\ j<m,and
Ji\vij 1. 1fj i\yij = 0 (this is always the case if m = 1) then [ ;] & [y;] and
[ i] & [ ] because they have di erent intersections. There exists a vertex w!
containing j and y; and a vertex w; containing ; and . We can connect uj;
to w! by a yi{segment, w! to w; by a j{segment and w; to vi by a {segment.
The corresponding rectangle has radius zero around j, so it is null-homotopic
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by the Induction Hypothesis 2.

If j i \'yij = 1 there exist vertices w! and w; which are connected by an edge
and contain y; and ; respectively. We connect w! to u; by a y;i{segment.
We now apply Lemma 17 to vertices w; and v; with 1; 2; ; replaced by
i; ,Yi; respectively and m > 1. There exists a path connecting w; to v;
such that all vertices of the path have distance less than m from y; and
The corresponding rectangle has radius less than m around y; so it is null-
homotopic, by the Induction Hypothesis 2.

We now apply Lemma 17 to vertices w; and w,. There exists a path q =

all i, d(zi; )<mforl i j<kandz contains » for j<i k. In
particular the middle rectangle on Figure 10 has radius less than m around so
it is null-homotopic by the Induction Hypothesis 2. All vertices of the new part
of path p’ have distance less than m from  except for the nal y,{segment
from w) to up, if jy2\ j=1,0r nal , =yy{segment of q, if jy\ j=0
and the right rectangle degenerates. Thus p’ has smaller number of segments
at the distance m from , it has no {segment, and it is null-homotopic by
induction on the number of segments of p at the distance m from some curve

O
Y2
— Uz — V1 — V2 — U2 —
(S (S (S
Y1 Y2
?
0 — — 2

Figure 10: Reducing a path of radius m

This concludes the proof of Theorem 4.

3 A presentation of Mg

In this section we shall consider a surface S of genus g > 1 with one boundary
component @. Let Mg be the mapping class group of S. Let X be the
cut-system complex of S described in the previous section. We shall establish
a presentation of Myg:1 via its action on X. The action of Myg;; on X is
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We start with some properties of homeomorphisms of a surface. Then we de-
scribe stabilizers of vertices and edges of the action of Mg;; on X. Finally we
consider the orbits of faces of X and determine a presentation of X.

In order to shorten some long formulas we shall adopt the following notation
for conjugation: a b =aba~!. As usually [a;b] = aba~tb~2.

Remark 3 Some proofs of relations between homeomorphisms of a surface
are left to the reader. The general idea of a proof is as follows. We split the
surface into a union of disks by a nite number of curves (and arcs with the
end-points on the boundary if the surface has a boundary). We prove that the
given product of homeomorphisms takes each curve (respectively arc) onto an
isotopic curve (arc), preserving some xed orientation of the curve (arc). Then
the product is isotopic to a homeomorphism pointwise xed on each curve and
arc. But a homeomorphism of a disk xed on its boundary is isotopic to the
identity homeomorphism, relative to the boundary, by Lemma of Alexander.
Thus the given product of homeomorphisms is isotopic to the identity.

Dehn proved in [5] that every homeomorphism of S is isotopic to a product of
twists. We start with some properties of twists.

Lemma 20 Let beacurveon S, let h be a homeomorphism and let ° =
h( ). Then T o =hT h™L,

Proof Since h maps to ! we may assume that (up to isotopy) it also maps
a neighborhood N of  to a neighborhood N? of . The homeomorphism h™!
takes N’ to N, then T maps N to N, twisting along , and h takes N back
to N'. Since T is supported in N, the composite map is supported in N! and
is a Dehn twist about ', O

intersect once and non-consecutive curves are disjoint. Let N denote the regular
neighbourhood of the union of these curves. Let ¢; denote the twist along v;.
Then the following relations hold:

(1) The \commutativity relation™: cjcj = cjc; if ji —jj > 1.

(i) The \braid relation™: cijcj(yi) =Yj, and cicjci = cjcicj if ji—jj=1.
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(iii) The \chain relation™: If k is odd then N has two boundary components,
@, and @, and (clcz:::ck)k+1 = Tg,Ta,. If k is even then N has one
boundary component @; and (ciCz:::ck)?+2 =T, .

(iv)  (c2€1C3C2)(C4C3C5C4)(C2C1C3C2) = (C4C5C3C4)(C2C1C3C2)(CaCC5C).

(V) (C1C2::ick )t = (C1C2 i Ck1)M(CkCr—1 111 C2CPCo 1 Ck—1Ck) =
(CkCk—1:::C2C3Co 1 Cr—1Ck)(C1C2 : 2 Cr—1)X.

Proof Relation (i) is obvious. It follows immediately from the de nition of
Dehn twist that ca(y1) = cl_l(yz). Both statements of (ii) follow from this and
from Lemma 20. Relation (iii) is a little more complicated. It can be proven
by the method explained in Remark 3. Relations (iv) and (v) follow from the
braid relations (i) and (ii) by purely algebraic operations. We shall prove (iv).

(€2€1C3C2)(€4C3C5C4)(C2C1C3C2) = C2C3C1C2C4C5C3C4C2C3C1C =
C2C3C4C1C5C2C3C2C4C3C1C2 = €C2C3C4C3C1C5C2C3C4C3C1Co =

C4C2C3C4C1C5C2C4C3C1C2Cq = C4C2C3C1C4C5C4C2C3C1C2Cqg =

C4C5C2C3C1C4C2C3C1C2C5C4 = C4C5C2C3C1C2C1C4C3C2C5C4 =

C4C5C3C2C3C4C1C2C3C2C5C4 = C4C5C3C2C3C4C3C1C2C3C5C4 =

C4C5C3C4C2C3C4C1C2C3C5C = (C4C5C3C4)(C2C1C3C2)(C4C3C5C4).

We now prove (v). We prove by induction that for s k we have (c1¢2:::¢x)° =
(C1C2:::Ck—1)°(CkCk—1:::Ck—s+1). Using (i) and (ii) one checks easily that for
i > 1 we have cj(ciC:::ck) = (C1C2:::Ck)Ci—1. Now

(C1C2:11Ck)** = (CCo i1 Ck—1)%(CkCr—1 11 Ckms+1)(C1C2 111 CK) =
(C1C2 11 C—1)5C1C2 115 CkCr—1 oo i Ck—s = (C1C2 11 Cl—1)SH 1 CkCr—1 :  Ck—s.
For s =k + 1 we get (c1C2:::C )KL = (€160 11 Cke1)¥(CCr—1 i 32 C1C1C2 5 1 C).

This proves the rst equality in (v). By (i) and (ii) (CkCk—1:::C2C3Cp::: Ck—1Ck)
commutes with ¢; for i <k, which implies the second equality. O

The next lemma was observed by Dennis Johnson in [12] and was called a
lantern relation.

Lemma 22 Let U be a disk with the outer boundary @ and with 3 inner holes
bounded by curves @1; @,; @3 which form vertices of a triangle in the clockwise
order. For 1 i<j 3let j; be thesimple closed curve in U which bounds
a neighbourhood of the \edge™ (@i;@;) of the triangle (see Figure 11). Let d
be the twist along @, d; the twist along @; and a;;j the twist along ;.

Then ddldzdg = Qajp.pdj:3d2:3.
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Figure 11: Lantern relation

We now describe a presentation of the mapping class group of a disk with holes.

Lemma 23 Let U be a disk with the outer boundary @ and with n inner
holes bounded by curves @1;@;:::;@,. For 1 i <] n let ;j be the
simple closed curve in U shown on Figure 12, separating two holes @; and @;
from the other holes. Let d be the twist along @, d; the twist along @; and a;;;
the twist along j;;. Then the mapping class group of U has a presentation
with generators d; and a;;j and with relations

(Q1) [di;dj]=1 and [dj;ajx] =1 forall i;j;k.

(Q2) pure braid relations

(@ api apj=aijif r<s<i<j or i<r<s<j,

(b) a;g‘ as;j = ar;j as;j |f r<s< j y

©) ar_Jl ars =asj arsif r<s<j,

@) [aig;ay; ans]=1if r<i<s<j.

Proof Relations (Q2) come in place of standard relations in the pure braid
group on n strings and we shall rst prove the equivalence of (Q2) to the
standard presentation of the pure braid group. The standard presentation has
generators a;;; and relations (this is a corrected version of the relations in [2]):

(i) ard ajj=ajif r<s<i<j or i<r<s<j,
(i) aps asj=arj asjif r<s<j,

(i) [arj;as;] = [ans a1 if r<s<j,

(iv) ar_;sl ai;j = [arj; asj] aij if r<i<s<j.

So relations (a) and (b) are the same as (i) and (ii) respectively. We can
substitute relation (iii) in (iv) and get (d), after cancellation of a,.s. When we
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OO O O O

01 @ 0i 05 On

Figure 12: Generators of Mg,

substitute (ii) for the rst three terms of (iii) we get (c), after cancellation of
are.

We now consider the disk U with holes. When we glue a disk with a distin-
guished center to each curve @; we get a disk with n distinquished points. Its
mapping class group is isomorphic to the pure braid group P, with generators
a;;j and with relations (Q2). In the passage from the mapping class group of
U to the mapping class group of the punctured disk we Kill exactly the twists
di, which commute with everything. One can check that the removal of the
disks does not a ect the relations (Q2) so the mapping class group of U has a
presentation with relations (Q1) and (Q2). O

We now consider the surface S. We shall x some curves on S. The surface

1;:::5;0—1we xcurves i, j, j(seeFigurel). Curve ; isa meridiancurve
across the i-th handle, ; is a curve along the i-th handle and ; runs along
i-th handle and (1 +i)-th handle. Curves ; »;:::; 4 form a cut-system.

When we cut S open along the curves ;:::; ¢ we getadisk So with 29 holes
bounded by curves @;, i 2 lp, where curves @ and @—; correspond to the same
curve j on S (see Figure 13). The glueing back map identi es @; with @—;
according to the reflection with respect to the x{axis. Curves on S can be
represented on Sp. If a curve on S meets some curves ; then it is represented
on Sp by a disjoint union of several arcs. In particular ; is represented by two
arcs joining @—j to @—j—1 and @; to @j+1. We denote by j;j, i <j 2 lo, curves
on S represented on Figure 13. Curve ;;j separates holes @ and @; from the
other holes on Sp. We now x some elements of Myg:1.

De nition 4 We denote by aj; bj; ej the Dehn twists along the curves i; i; j
respectively. We x the following elements of Mg;1:
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s = bjazazb;.

dip = (b tartertayt) b

Fori<j2lp welet

dij = (ti—ati—z i titj_atj—p::tp) dyp if i >0,

dij = (L t02 Loty s Myatj—p:iity) dyp ifi<Oand i+j >0,

dij = (Ch t0h Lt s ™ Mtj—1 i ty) dip ifi<0,j>0and i+j <0,
dij = (555 gt ity isTH 's™h)  dip if j <0,

dij = (21dj—v;it; Lpdj—2j—1 1t Tdp)  (s?af) if i+ =0,

The products described in the above de nition represent very simple elements
of Mg:1 and we shall explain their meaning now. We shall rst de ne special
homeomorphisms of Sg.

De nition 5 A half-twist hj;; along a curve j; is an isotopy class (on Sop
relative to its boundary) of a homeomorphism of Sq which is xed outside j;j
and is equal to a counterclockwise \rotation™ by 180 degrees inside j;j. In
particular hj.; switches the two holes @ and @; inside j; so it is not xed on
the boundary of Sg, but hiz;j is xed on the boundary of Sy and is isotopic to
the full Dehn twist along ;.

Lemma 24 The result of the action of t, (respectively s) on a curve j; is
the same as the result of the action of the product of half-twists hy.x+1h—k—1:—k
(respectively the result of the action of h—3;1) on .j. So tk rotates ;;j around
k:k+1 counterclockwise and around _x—_1.—k conterclockwise and switches the
corresponding holes. If the pair (i;j) is disjoint from fk;k + 1; —k; —k — 1g
than ty leaves j; xed. It also leaves curves yx+1 and —x—1.—k Xed. Ina
similar way s rotates ;j counterclockwise around —1:1 and switches the holes.
If (i;j) is disjoint from (—1;1) than s leaves ; xed. Also _;.1 is xed by
S.

Proof The result of the action can be checked directly. O

Lemma 25 The element d;;; of My:; is equal to the twist along the curve j;j
forall i;j.

Proof We start with the curve , and apply to it the product of twists
byta;te;*a;t. We get the curve 1. Therefore, by Lemma 20, dy., is equal
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to the twist along 1. For i & —j we start with 1., and apply consecutive
factors t; and s, one at a time. We check that the result is j;; so dj; is the
twist along j;j, by Lemma 20. For d—g;; we use (iii) of Lemma 21. The curve
_1.1 is the boundary of a regular neighbourhood of ;[ 1 and (a;h;)® = s?a$
by (i) and (ii) of Lemma 21, therefore d—;.; = (a;h;)® is the twist along —1.1
by (iii) of Lemma 21. Now we apply a suitable product of t;’s and d;.j+1’s to
—1;1 and get _j.j. Therefore d—j;; is equal to the twist along —j.; by Lemma
20. O

QQUQ
cma

Figure 13: Curves j;j on Sg

We can explain now the relations in Theorem 1.

Lemma 26 The relations (M1), (M2) and (M3) from Theorem 1 are satis ed

Proof Relations (M1) follow from Lemma 21 (i) and (ii). Curves 1; 1; 1
form a chain. One boundary component of a regular neighbourhood of [ 1[
1 isequal to . Itiseasy to check that azelalbfalelag( 2) is equal to the other
boundary component. By Lemma 21 (iii) and by Lemma 20 we have (b;ae1)* =
boaze;ash?ajerasba(azerash?aseiar) ™. This is equivalent to relation (M2) by
Lemma 21 (v). Consider now relation (M3). Applying consecutive twists one
can check that (bgagelbl_l)( 1:3) = 3, Where 3 is the curve on Figure 1. Thus
ds represents the twist along 3. When we cut S along curves 1, 2, 3 and
3 We split o a sphere with four holes from surface S. Since elements d;;
represent twists along curves ;j, relation (M3) follows from lantern relation,
Lemma 22. O

Our rst big task is to establish a presentation of a stabilizer of one vertex of X.
Let vo be a xed vertex of X corresponding to the cut system h 1; 2;:::; gi.
Let H be the stabilizer of vg in My;1.
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Proposition 27 The stabilizer H of vertex vg admits the following presenta-
tion:

The set of generators consists of a;, ap;:::;aq, S, t1, to, :::, ty—1 and the
dij'sfori<j;, i;j2lo.

The set of de ning relations consists of:

(P1) [ai;aj]=1 and [aj;djx] =1 forall i;5;k 2 Ip.
(P2) pure braid relations

(@ dri dij=dijif r<s<i<j or i<r<s<j,
(b) dri dsj=drj dsjif r<s<j,

(© dj drs=dsj drsif r<s<j,

(d) [dij;:dyj drs]=1if r<i<s<j.

(P3) titiv1ti = tivititing for 1 =1;::5;9—2and [l =10fF 1 i<
j—1l<g-1.

(P6) stist; = tist;s.

(P7) [s;ai]=1forl i g, t a=aj+forl i g-—1,
[ai;t5]=1 for1 1 g, &0 i—1.
(P8) s dij=di; if i& 1 and j& 1 or if i=—-1 and j=1,

S d—gj=dy for 2 j g, s di—1=dj; for =g i -2,

ty dij=dij if 1 k g—1and (j=i+1=k+1, or j=i+1=-Kk
ori;jj2f k; (k+1)g),

ty dgj=dk+rj for 1k g—1 and k+2 j g,

tx dj—k—1=dj—x for 1 k g—1and —g 1 —k-—2,

te d—k—1;k = d—kk+1, t d—k—1k+1 = dik+er d—xk, for 1k g-—1
ty dy—g;j=d—y;j for 1 k g—1 and j>—-k, j&EKk+1,

ty dixk =djk+1 for 1 k g—1 and i<k, i&—-k,—k—1.

Proof An element of H leaves the cut-system vg invariant but it may permute
the curves ; and may reverse their orientation. Clearly a; belongs to H. One
can easily check that tj( i) = j+1, ti( i+1) = i, ti( ) = k fork&i;i+1.
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s( 1) isequal to ; with the opposite orientation and s is xed on other ;’s.
Thus tj’s and s belong to H. By Lemma 25 we know that d;;; is a twist along
the curve ;j so it also belongs to H. We shall prove in the next section that
the relations (P1) { (P8) follow from the relations (M1) { (M3), so they are
satis ed in Myg;; and thus also in H. The group H can be de ned by two
exact sequences.

(@D 13730 I 41

g
) 1Y Hy THEY 11

Before de ning the objects and the homomorphisms in these sequences we shall
recall the following fact from group theory.

Lemma 28 Let1 ¥* A X B ¥ C ¥ 1 bean exact sequence of groups with
known presentations A = ha;jQ;i and C = hcjjWji. A presentation of B can
be obtained as follows: Let b; be a lifting of c; to B. Let R; be a word obtained
from W; by substitution of b; for each cj. Then R; represents an element dj
of A which we write as a product of generators a; of A. Finally for every a;
and b; the conjugate b; a; represents an element a;;; of A, which we write as
a product of the generators a;.

Then B =hai;bijj;Rj =dj;bj aj =ai;ji.
We now describe the sequence (1) and the group g- This is the group of
— (i1). The homomorphism g ¥ ¢ forgets the signs. A generator of the

kernel changes the sign of one letter. The sequence splits, ¢ can be considered
as the subgroup of the permutations which take positive numbers to positive

numbers. Let ; = (i;i+ 1) be a transposition in ¢ for i = 1;2;:::;9 — 1.
Then

(S1) [ jl=1forji—jj>1,

(S2) i im= 5y ifori=1:9-2,

(S3) Z=1fori=1;:::;9—1.
This de nes a presentation of 4. Further let j for i = 1;:::;g denote the

change of sign of the i-th letter in a signed permutation. Then ? = 1 and

[ i, jl=1foralli;j. Finally the conjugation gives i = j+1, i i+1= i

and [ j; i]=1forj&iand j&i+1. Infactitsu cesto use one generator
= 1 and therelations j=(j-1 i—2::: 1) . We get the relations

(s4) 2=1,
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S5 [:jl1=1 and [(ii-1::21) s 3]=1for 1 i g—1 and jE&i
and j&i+1,

(S6) [(ii-1::x 1) 5 1=1and [(iia:ii1) (jj-1iii1) ]=1
for 1 i;j g¢g-1.
Group g has a presentation with generators ; 1;:::; §—1 and with de ning
relations (S1) { (S6).

We shall describe now the sequence (2). A homeomorphism in H may per-
mute the curves ; and may change their orientations. We x an orientation of
each curve ; and de ne a homomorphism ;: H & g as follows: a home-
omorphism h is mapped onto a permutation i @ j if h( j) = j and the
sign is \+" if the orientations of h( j) and of ; agree, and \—" otherwise.
If h preserves the isotopy class of ; and preserves its orientation then it is
isotopic to a homeomorphism xed on ;. The kernel of 1 is the subgroup
Ho of the elements of H represented by the homeomorphisms which keep the
curves 1; 2;::i; g pointwise xed. We want to nd a presentation of H
from the sequence (2). We start with a presentation of Hy. An element of Hyp
induces a homeomorphism of Sg. When we glue back the corresponding pairs
of boundary components of Sp we get the surface S. This glueing map induces
a homomorphism from the mapping class group of Sp onto Hp.

We shall prove that the kernel of this homomorphism is generated by products
did:il, where d; is the twist along curve @;, so both twists are identi ed with
aj in Hp. It su ces to assume, by induction, that we glue only one pair of
boundaries @ and @—; on Sy and get a nonseparating curve  on S. Homeo-
morphism didZil induces a spin map s of S along ; (see [2], Theorem 4.3 and
Fig. 14). Let y be a curve on S which meets ; at one point P. Let hy be
a homeomorphism of Sy which induces a homeomorphism h of S isotopic to
the identity and xed on ;. We shall prove that for a suitable power k the
map s®h is xed on y (after an isotopy of S liftable to Sg). If h(y) forms a
2{gon with y we can get rid of the 2{gon by an isotopy liftable to Sg ( xed on

i). If h(y) and y form no 2{gons then they are tangent at P. Let us move
h(y) o vy, near the point P, to a curve y°. If y’ and y intersect then they
form a 2{gon. But then h(y) and y form a self-touching 2{gon (see Figure 14).
Clearly the spin map s or s~ removes the 2{gon. If y’ and y are disjoint then
they bound an annulus. If the annulus contains the short arc of ; between
y! and y then h(y) is isotopic to y by an isotopy liftable to Sy. If the annu-
lus contains the long arc of ; between y’ and y then the situation is similar
to Figure 14, but h(y) does not meet y outside P. The spin map s or st
takes h(y) onto a curve isotopic to y by an isotopy liftable to Sp. So we may
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assume, by induction on jh(y) \'yj, that h(y) = vy. We proceed as in Remark
3. We spilt S into disks by curves ;, y, and other curves disjoint from ;.
Homeomorphism h takes each curve to an isotopic curve and the 2{gons which
appear do not contain ;. Thus all isotopies are liftable to Sg.

-1,
—i

It follows that the kernel is generated by dijd—;’s. By Lemma 23 the map-

h(y)

Figure 14: Self-touching 2{gon

ping class group of S has a presentation with generators dx and d;;; and with
relations (Q1) and (Q2), where aj;; = di;j, 1;J 2 lo. Therefore Hy has a pre-

(P1), (P2). In these relations dj;j is represented by a Dehn twist along ;.

We come back to sequence (2). We see from the action of tj and s on j that we
can lift ; totj and to s. Relations (S1) and (S2) lift to (P3). Relations (S3)
and (S4) lift to (P4). Relation (S5) lifts to [(titi—1:::t1) s;tj]=1for j & i and
J & i+1 and it follows from (P3) and (P5). We shall deal with (S6) a little later.
We now pass to the conjugation of the generators of Hy by s and tx. Since
s2 2 Hp and t2 2 Ho, by (P4), it su ces to know the result of the conjugation
of each generator of Hg by either s or by s™1, and by either t, or by t;l, the
other follows. The result of the conjugation is described in relations (P7) and
(P8). Finally we lift the relation (S6). We start with thecase [ 1 ; ]. It lifts
to tystyistysTiH  isT = (by (P6)) tystytssTi ts Ty = tystyisTM MR, We
have tZ 2 Ho, by (P4), and the conjugation of an element of Hg by s and t; is
already determined by (P7) and (P8). So we know how to lift [ 1 ; ]1=1.
In the general case we have a commutator [(titi—1:::t1) S;(tjtj—1:::t1) s].
If 1 > j then, by (P3) and (P5), this commutator is equal to the conjugate of
[ty s;s] by tjtj—1:::tititi—1 ;2 to. This is a conjugation of an element of Ho
by tk’s, so the result is determined by (P7) and (P8).

This concludes the proof of Proposition 27. O

We shall prove now that Myg;; acts transitively on vertices of X, so there is
only one vertex orbit, and that H acts transitively on edges incident to vg, so
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there is only one edge orbit. When we cut S open along the curves 1;:::; g
we get a disk with 2g holes. It is homeomorphic to any other such disk and we
can prescribe the homeomorphism on the boundary components, hence every
two cut systems can be transformed into each other by a homeomorphism and
Myg.1 acts transitively on X°. Let w be a vertex connected to Vo by an edge.
Then w contains a curve  which intersects some curve ; at one point and is
disjoint from the other curves of vo. We cut S openalong 1; 2;:::; 4, and
get a disk with 2g — 1 holes, including one \big" hole bounded by arcs of both

i and . If we cut S along curves belonging to another edge incident to vo we
get a similar situation. There exists a homeomorphism of one disk with 2g —1
holes onto the other which preserves the identi cation of curves of the boundary
and takes the set 1; o;:::; ¢ onto itself. It induces a homeomorphism of S
which leaves vp invariant and takes one edge onto the other. Thus H acts
transitively on the edges incident to vg.

We now x one such edge and describe its stabilizer. If we replace curve 1
of cut-system vg by curve 1 we get a new cut-system connected to vg by an
edge. We denote the cut-system by v} and the edge by eg. Let H’ be the
stabilizer of ep in H.

Lemma 29 The stabilizer H? of the edge eq is generated by afs, tisty, ap,
da:3, d—22, d—1:1d—1:201087 %8, ", and tp;::: 5 tg—1.

Proof An element h of H? may permute curves ,;:::: g and may reverse
their orientations. It may also reverse simultaneously orientations of both
curves 1 and (it preserves the orientation of S so it must preserve algebraic
intersection of curves). We check that a%s reverses orientations of ; and 1,
tist; reverses orientation of 5 and leaves 1 and 1 invariant. Elements t;
permute the curves »;:::; 4. Modulo these homeomorphisms we may assume
that h is xed on all curves ; and ;. It induces a homeomorphism of S cut
open along all these curves. We get a disk with holes and, by Lemma 23, its
mapping class group is generated by twists around holes and twists along suit-
able curves surrounding two holes at a time. Element d—_;.; = (a2s)? represents
twist around the big hole (the cut along 1 [ 1). Conjugates of a, by t;’s
produce twists around other holes. The conjugate of dy.3 by (tyst;)™! is equal
to d_».3 and the conjugate of d—p3 by (tat;st;)™! is equal to d—z.—,. Every
dk.k+1 can be obtained from these by conjugation by ti’s, i > 1. It is now
clear that every curve j;j with i;j & 1 can be obtained from dy;3 and d—z»
by conjugation by the elements chosen in the Lemma. So the corresponding
twists are products of the above generators. We also need twists along curves
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which surround the \big" hole and another hole. Consider such a curve on Sp.
It must contain inside both holes @—; and @1, including the arc between them
corresponding to 1, and one other hole. One such curve, call it y, contains
@—1;@,;@2,. By Lemma 22 the twist along y is equal to d_l;ld_l;gdl;zal_zaz_l.
Any other curve which contains @—;@;; @ with i > 1 is obtained from y by
application of tj’s. The curve which contains @—1;@;;@—, is obtained from y
by application of (t;st;)™* and a curve which contains @—1;@1; @ with i <—2
is obtained from the last curve by application of ti_l’s. Therefore all generators
of H? are products of the generators in the Lemma. O

We now distinguish one more element of Mg:1, which does not belong to H.
Let r = ajbia;. The element r is a \quarter-twist". It switches curves 1 and
1, r? =sa? = h_y; is a half-twist around _j.; and r* =d_;.;. Also r leaves
the other curves ; xed, so it switches the vertices of the edge eg, r(vo) = v}
and r(vy) = vo.
We now describe precisely a construction from [15] and [9] which will let us
determine a presentation of My:;. This construction was very clearly explained
in [10].
Let us consider a free product (H Z) where the group Z is generated by r.
An h-product is an element of (H Z) with positive powers of r, so it has a
form hirhor:::hgrhee,. We have an obvious map : (H Z) ¥ Mg through
which the h{products act on X. We shall prove that is onto and we shall
nd the h products which normally genarate the kernel of

To every edge-path p = (vo;Vv1;:::;Vk) which begins at vg we assign an h{
product g = hirhyr:::hgrhgss such that hir:::hpr(vg) = vy for m =
1;:::; k. We construct it as follows. There exists h; 2 H such that hi(vg) = vg

and hl(v?)) = vy. Then hir(vg) = vi. Next we transport the second edge to
Vo. (hir)71(vi) = vo and (hyr)71(v2) = v!. There exists h, 2 H such that
haor(vg) = v°1 and hirhar(vp) = v2. And so on. Observe that the elements h; in
the h{product corresponding to an edge-path p are not uniquely determined.
In particular hy+q is an arbitrary element of H. The construction implies:

Lemma 30 The generators of H together with the element r generate the

Proof Let g be an element of Mg.1. Then g(vo) is a vertex of X and can
hirhar:::hgr be an h{product corresponding to p. Then g1(vo) = vk = g(vo),

therefore (gl_l)g = hg+1 leaves vp xed and belongs to the stabilizer H of vp.
It follows that g = (hirhor:::hygrhger) in Mg:. O
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By the inverse process we de ne an edge-path induced by the h{product g =
hirhor:::hgrhee. The edge-path starts at vy then vi = hir(vg), v =
hirhaor(vg) and so on. The last vertex of the path is vk = g(vo).

Remark 4 An h{product g represents an element in H if and only if v = vg.
This happens if and only if the corresponding edge-path is closed. We can
multiply such g by a suitable element of H on the right and get an h{product
which represents the identity in Myg;; and induces the same edge-path as g.

We now describe a presentation of Mg:;.

Theorem 31 The mapping class group Myg:1 admits the following presenta-
tion:

dij'sfori<j; i;j2lo.
The set of de ning relations consists of relations (P1) { (P8) of Proposition 27
and of the following relations:

(P9) r commutes with a%s, tisty, az, da3, d—22, d_l;ld_l;zdl;zal_zaz_l, and

(P10) r? =sal.

(P11) (kir)® = (kijsa1)? for i =1;2;3;4, where

ki = a1, ko =dg, k3 = a7 ta; %d1.20—.10—2:2, ke = a7 ey a3 d12d1:3d2:3,
(rksrks')? = saZkssa’ks *, where ks = axti1dy;, (raity)® = (saty)*.

Relations (P9) { (P11) say that some elements of H Z belong to ker( ), so
Theorem 31 claims that (H 7Z) modulo relations (P9) { (P11) is isomorphic

Relations (P9) tell us that r commutes with the generators of the stabilizer H’
of the edge eg. We shall prove this claim now. An element h of H? leaves the
edge ep Xxed but it may reverse the orientations of 1 and ;. The element
r2 = sa? does exactly this and commutes with r. Modulo this element we may
assume that h leaves ; and ; pointwise xed. But then we may also assume
that it leaves some neighbourhood of ; and ; pointwise xed. On the other
hand r is equal to the identity outside a neighbourhood of 1 and 1 so it
commutes with h.

From relations (P9) and (P10) we get information about h{products.

Claim 1 If two h{products represent the same element in Myg.; and induce
the same edge-path then they are equal in (H Z)=(P9).
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Proof If two h{products g1 = hir:::rhg+1 and g, = fir:::rfgs1 induce

h 1 fir(vo) = r(vo) and hy'f; 2 H® commutes with r in (H Z)=(P9). Now
firf, = hlhl_lflrfz = hlrfg in (H 7Z)=(P9). Therefore g, and a new h{
product hyrfirfsr:::rfi., are equal in (H Z)=(P9) and induce the same

shorter edge-path which starts at vy and is induced by both shorter h{products
hor:::rhg+1 and fgr:::rfkﬂ. Claim 1 follows by induction on K. O

Two di erent edge-paths may be homotopic in the 1{skeleton X!. This means
that there is a backtracking vj; vi+1; Vi along the edge-path.

Claim 2 If two h{products represent the same element in Myg.; and induce
edge-paths which are equal modulo back-tracking then the h{products are equal
in (H Z)=((P9); (P10)).

Proof Consider an h{product g = gjhj+1rhj+2r, where g; is an h{product
inducing a shorter edge-path p and the edge-path induced by g has a back-
tracking at the end: gi(vo) = Vi, Gihi+1r(vo) = Vi+1, and gjhj+1rhj+or(vg) =
vi. Clearly the h{product gjhj+1rr induces the same edge-path. In partic-
ular gihi+1r?(vo) = v; hence there exists h’ 2 H such that (gihij+1r?h®) =

(gihj+1rhj+2r). Now by Claim 1 the h{products are equal in (H 7Z)=(P9).
But gihj+1r?h’ is equal in (H Z)=(P10) to a shorter h{product which in-
duces the edge-path p. Claim 2 follows by induction on the number of back-
trackings. ]

Relations (P11) correspond to edge-paths of type (C3), (C4) and (C5). Six
relations correspond to six particular edge-paths.

As in (P11) we let k; = a;, ky, = dl;z, ks = dl;zd_z;ld_z;zaz_zal_l,
ks = a; 'a; 'ag tdypdi;atas = da, ks = axdisty, ke =ayt;.
We now choose six h{products. For i = 1;2;3;4 let gi = (kir)?, g5 =

(rk5rk5_1)2 and gs = (rke)®. Product g; appears in the corresponding rela-
tion in (P11).

surface So (ys = 2).

For i = 1;2;3;4 homeomorphism k; leaves all curves ; invariant. Also
kir( 1) =i, kir(yi) = 1, kir( 1) = 1. It follows that the h{product g;
represents the edge path p; = (h 1i ¥ hy;i ¥ h 1i ¥ h 1i).
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1 y2 ) V3
1

Figure 15: Curves y;j

It is not hard to check that for i = 5;6 the h{product g; represents the edge-
path pj, where

ps=( 1; 21 T hq; 21 T h q;ysi T h q;ysi ¥ hoq; od).

Pe=( 1; 21 T h 5 21 T h q; 10 ¥ hys; 10 ¥ hys; 10 ¥ h o qi).

Since gi represents a closed edge-path it is equal in Myg.; to some element
hi 2 H. Then V; = gihi_1 also represents p; and is equal to the identity
in Mg.1. We shall prove in the next section that h; is equal in H to the
right hand side of the corresponding relation in (P11) and thus Vi = 1 in
(H Z)=((P9); (P10); (P11)).

We already know, by Theorem 4, that every closed path in X is a sum of paths
of type (C3), (C4) and (C5). Some of these paths are represented by the paths
p1 { ps. We say that a closed path is conjugate to a path p;j if it has a form
qlngl_l, where q; starts at vop and Q> is the image of pj under the action
of some element of Mg:;. We shall prove that every closed path is a sum of
paths conjugate to one of the paths p1 { pe or their inverses. This will imply
Theorem 31.
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We shall start with Harer’s reduction for paths of type (C3) (see [7]). We
Xcurves o;::i; g and consider cut-systems containing one additional curve.
Consider a triangular path (h i;h i;hyi). Give orientations to curves ; ;y so
that the algebraic intersection numbers satisfy ( ; ) = ( ;y) = 1. Switching
and vy, if necessary, we may also assume ( ;y) = —1. We cut S open along

represents a part of the universal cover of a closed torus, punctured above holes
of Sy:09—1. We show more than one preimage of some curves in the universal
cover. A fundamental region is a square bounded by and with 2g—1 holes,
one of them bounded by the boundary @ of S. We may assume that y crosses

and in two distinct points. Then y splits the square into three regions: F;
to the right of y after y crosses , F, to the left of y after y crosses , and
Fo (see Figure 16 (a)). Reversing the orientations of all curves we can switch
the regions F; and F,. Let |; be the number of holes in F; for i = 0;1;2.
We want to prove that every triangular path is a sum of triangular paths with
l; 2, I, =0, and with the hole @ not in the region F;. We shall prove it
by induction on I; +1,. A thin circle on Figure 16 denotes a single hole and a
thick circle denotes all remaining holes of the region.

Suppose rst that I; > 1. Move curves , , y o itself (on a closed torus)
in such a way that the region bounded by and ! contains only one hole,
belonging to F1, the region bounded by and ° contains another hole of Fy
and the region bounded by y and y° contains both of these holes. Up to an
isotopy (translating holes and straightening curves) the situation looks like on
Figure 16 (¢).

Now consider Figure 16 (b) | an octahedron projected onto one of its faces.
All faces of the octahedron are \triangles™ in X. In order to understand regions
Fo, F1, F2 corresponding to each face we translate the fundamental domain to
a suitable square in the universal cover. For every face di erent from ( ; ;vy)
the region F; has at least one hole less than I; and the region Fy has all of
its original holes and possibly some more. Clearly the boundary of the face
( ; ;y) is a sum of conjugates of the boundaries of the other faces. So by
induction we may assume that Iy 1. By symmetry we may assume that
I, 1 and Iy > 2. We chose new curves ', % and y® whose liftings are
shown on Figure 16 (d). Consider again the octahedron on Figure 16 (b). Now
region F, is xed for all faces of the octahedron and region Fy has all of its
original holes and some additional holes for all faces di erent from ( ; ;vy).
So by induction we may assume that I; 2 and I, 1. Suppose I3 = 2 and
I, =1 and choose new curves °, ! and y' as on Figure 16 (e). Again consider
the octahedron. Now for each face di erent from ( ; ;y) at least one of the
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Figure 16: Reduction for paths of type (C3)

regions F; and F, looses at least one of its holes. Suppose now that each region
has exactly one hole. Consider curves °, ® and y' on Figure 16 (f). Again
for each face of the corresponding octahedron di erent from the face ( ; ;v)
at least one of the regions F; and F, looses at least one of its holes. So we
may assume that I, =0 and I; 2. Finally it may happen that a hole in F;
is bounded by @. We can isotop y (on the torus with holes) over F, to the
other side of the intersection of and . Clearly F; becomes now Fg. We can
repeat the previous reduction and the hole @ will remain in Fo. Thus we are
left with four cases:

L =1,=0,

lh=1,1,=0,

I1 =2, I, =0 and the two holes in F; correspond to the same curve j,

I; =2, I, =0 and the two holes in F; correspond to di erent curves ; and

B
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Clearly each case is uniquely determined up to homeomorphism (of one square
with holes onto another, preserving y). Paths p;, i = 1;2; 3; 4 represent triangle
paths of these four types with  corresponding to ;, corresponding to 1
and y corresponding to yj. Given any path of type (C3) we can map it onto
a path which starts at vo. Applying an element of H we may assume that
the second vertex is v). Then the path is of the type considered in the above
reduction and it is a sum of conjugates of p1, p2, p3, P4 and their inverses
(we may need to switch and y in the proof).

Consider now the path ps. When we cut S open along 1; 2;:::; g; 1 and
vs we get a disk with two \big" holes and 2g —4 \small" holes. Any other path
q of type (C4) produces a similar con guration. There exists g 2 G which
takes ps on q. Therefore every path of type (C4) is a conjugate of ps.

Consider now pg and another path q of type (C5). When we cut S open along
the rst four changing curves of ps: 1; 2; 1; 1 and along all xed curves of
the cut systems we get a disk with one \big"™ hole and 2g — 4 \small" holes.
When we do the same for the curves in g we get a similar con guration. We
may map g onto a path

(h a5 21 B hg; 2f Bhog;qi Xhy; gi Bhy; o0 B h o i)

in which only the curve y is di erent from the corresponding curve yg in pg
and all other curves are as in pg. Consider curve ys = » on Figure 15. Curve
ys can be homotop onto the union of ;, ; andapartof 1. Sincey intersects

1 once and does not intersect 1 nor i it must intersect ys once. Therefore
we may form a subgraph of X as on Figure 17.

h 2; 1 — h 2 ii — hq; 1l

@ C1
() R 1 ()
h 1;yel E— h 1;Ysi
S S
h 1;ysi S h 1;ysi
1

1 @@

h 1yi S hayi

Figure 17: Reduction for paths of type (C5)
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Here bottom and middle square edge-paths are of type (C4). In the square
edge-path on the left side (and on the right side) only one curve changes so
the path is a sum of triangles by Proposition 7. The top pentagon edge-path
is equal to ps. The new edge-path coincides with the outside pentagon. It is a
sum of conjugates of the other edge paths.

We can now complete the proof of Theorem 31. Let W 2 H Z be such that

(W) = 1. We want to prove that W =1 in (H Z)=((P9);(P10); (P11)).
Modulo (P10) we can write W as an h{product g which represents a closed
edge path p. By Theorem 4 the edge-path p is a sum of conjugates of path
of type (C3), (C4) and (C5). By the above discussion it is a sum of conjugates
of the special paths p1 { ps and their inverses, modulo backtracking. So,
modulo backtracking, p = q;ifi(p;,)a; * for some f; 2 Mg,. Each path
qifi(pjil)qi_1 can be represented by an h{product g;. Since the path is closed
we have (gi) 2 H, so we can correct the h{product g; and assume that

(gi) = 1. The product g; represents the path qifi(pjil)qi_l, so, by Claims
1and 2, W isequal to g; in (H Z)=((P9);(P10)). It su ces to prove
that gj=1in (H 7Z)=((P9);(P10);(P11)). Let k = j; and suppose that g;
represents a path qifi(pk)qi_l. Let u; be an h{product representing g;. Then
ui(Vo) = Fi(vo) is the rst vertex of fi(pk), hence (u;)™ f; = hj 2 H. Recall
that pk can be represented by an h{product Vi which is equal to the identity in
(H Z)=((P9);(P10);(P11)). The h{product ujh;Vy represents q;fi(px) and
there exists an h{product ujh;Vixw; such that (ujh;Viw;) = 1 and ujh;Viw;
represents the edge-path qifi(pk)qi_l. Clearly ujhjw; represents the edge-path
qlql_1 which is null-homotopic by backtracking. By Claims 1 and 2 the h{
product g; is equal to uijh;Viw; in (H  Z)=((P9); (P 10)), ujh;Vkw; is equal to
uihijw;j in (H Z)=((P9); (P10); (P11)) and ujhjw; = 1in (H Z)=((P9); (P 10)).

The path inverse to py is represented by some other h{product V) but then
VkV£ represents a path contractible by back-tracking. Thus V,V,/ =1 in (H
7)=((P9);(P10)) and Vx =1 in (H Z)=((P9); (P 10); (P11)) hence also VkO =

in (H Z)=((P9); (P10); (P11)).

This concludes the proof of Theorem 31. O

4 Reduction to a simple presentation

Let us recall the following obvious direction of Tietze’s Theorem.
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We start with the presentation of the mapping class group Mg, established
in Theorem 31. The generators represent the mapping classes of corresponding
homeomorphisms of the surface S = Sg;; represented on Figure 1. We adjoin
additional generators

©) by =artra;’; by = (tiahy) dip; e = (rdiga;’) b

These generators also represent the corresponding twists in Mg.;. We adjoin
the relations (M1) { (M3). Now, by Theorem 31, generators s; tj;d;;j; r can be
expressed in Mg:1 by the formulas from De nition 4. We substitute for each of

in all relations (P1) { (P11) and in (3). We check easily that the relations (3)
become trivial modulo the relations (M1) { (M3) (the last one will be proven
in (17).) We want to prove that all relations (P1) { (P11) follow from relations
(M1) { (M3).

Remark 5 We shall establish many auxiliary relations of increasing complex-
ity which follow from the relations (M1) { (M3). We shall explain some standard
technique which one can use (some proofs will be left to the reader). From the
braid relation aba = bab one can derive several other useful relations, like:
a b=b1 a,a () =>b"1 (@), (ab) a="h. When we want to prove that
[a; b] = 0 we shall usually try to prove that a b =b. The relation aba = bab tells
us that a can \jump" over ba to the right becoming b. By consecutive jumping
to the right we can prove that aj(eiaiazeieray) = (eja1aze1eaz)e,. We also
get ejajagereray = ejapeazeray and (braejap) by = (bytaytertart) by.
We shall say that some relations follow by (J) { jumping, if they follow easily
from (M1) by the above technique.

We start the list of the auxiliary relations.

4 ti ai=aji+; ti a+r=a; ti ax=ax for k& i;i+1;
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Let wp = ageg—1a8g—189—2 :::€1a1b;.
-1 _ ] S | JE— _ .

diz by =byt dig; dix e2 =6yt dig; [dig;ai] =1; [diz;ej] = 1; for j & 2;
[d12;tj] =1 for j & 2:

Proof of (5) We have wy' by = (by (M1)) (b;a; ‘e as?) by =dp,. Other
results of conjugation by wg follow by (J). Now

dip by = (bytarter a; thoazesashs) by = (by J)

(b 'ay e tay b tar ter tay ) by = (by jumping from left side to the right)
(brtbytar e tayt) by = byt dio.

Other relations follow from (M1) by conjugation by Wo_l. O
(6) ax dij =di; forall i;j;k; by (J) and (4) and (5):
(7) ti te=th tfori=1,2:::,9—2

(by the calculations similar to the proof of Lemma 21 (iv)),
[ti;t] =1 for ji—kj=>1; [tj;s]=1for i >1; by (M1):

Using relations (5) and (7) we can write the elements d;;; in a di erent way.
® diji+1 = (ti—ttiti—oti—g 12 taty)  dyp for i > 0;

doi—t—i = LGS st dopiog for i >0;

disi+r = (ti—1ti) di—1i; t  dijier = diji+1 for jk—ij & 1

Let wy = azejaih?aseray.

© (brazer)* = bowibpwih; wy by =wil by [wy byby] =1

Proof of (9) We have bywiby = (by (M2)) (biaieia,)® = (as in the proof of
Lemma 21 (v)) (biaze1)*wi = (by (3)) wi(brazer)*.
Also by(b1a1e1)* = (brase1)*hy, by (M1).

Therefore wibw; * = by (bjaze;)* = (braze1)*b,* = wyth,wy commutes with
bz. O

(10) st;s = bjajerase;arhity = tibjaje;ase;athy hence styst; = tystys

Geometry and Topology, Volume 3 (1999)



An elementary approach to the mapping class group of a surface 451

Proof of (10) We have a sequence of transformations by (J).
stys =

biajaibieiaiazeibiaiaihy = biajaie1biaibiaseiaiahy =
biajaiejaibiazaieiazaih; = biajeiazeibiazeiejazelhbs
biaieja;biazeiazeiashie; = biajeiazahiazerarhiaze; =
bia;eiazaseiabity:

The second equality follows immediately by symmetry. O

Let wp = epaze;ale;age;.
(11) (are1a7)* = t?a%a3 = dy.pd_p.—1; [d12;d—p—1] = 1:

dep—1 =wy dip=w,* dip = (brajeiaz) by

Proof of (11) We have d—p—; = (s7't;’s™%) di» = (by (10))
((braserazaze1arhy) "1t 'y tar tertay ) by = (by (3))
((braserazazerarhy) by tarter tayt) by = (by (9)) (brazerar) by

Conjugating (9) by (b;'a;'e;a; ) we get (ajejap)* = di2d—p.—1. Also, by
(M1),

t?a?a = (aieiap)*. This proves the rst relation. The second relation fol-
lows from it by (5). Conjugating (9) by Wo_l we get, by (5), (areiax)* =
d1;2W2d1;2W2_1 and wy dip = Wz_l di.2. Therefore, from the rst relation,
doom1 =Wy dip=w,' dip = (hraserap) by. m]

De nition 6 If A isa product of the generators we denote by A? the element
obtained from A by replacing each generator by its inverse. We call A’ the
element symmetric to A.

Remark 6 Relations (M1) and (M2) are symmetric. They remain valid when
we replace each generator by its inverse. Therefore every relation between some
elements of Mg:1 (products of generators) which follows from (M1) and (M2)
remains valid if we replace each element by the element symmetric to it.

(12) Fori+j &0 dij is symmetric to d—j _;:
Proof of (12) Element dy is symmetric to d—5._,, by (11). Also t} = t;*
and s’ = s71. We see immediately that d}; = dZj._; for i > 0. If i <0 and

i+ >0 then
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dij = (t:il_l:::tl_ls_ltj_l:::tg) di:2
and d—_; = (2 otyts T ty) dis
Jumping with the positive powers of ti to the left we get

d5j = (-1 tstl it ts My s™) dig =

(t—j—1:: :tlstj__l1 T tz_l) dol;z = d?;j' o

Proof of (13) For i =1 we have (t,t?t;) di., = (by 11)
(e28283€2€18182€1€181 8261628283826, @, "€] "a; 2] Ta, e, ) d—pi—1

= (by (3)) (e2azazerera1azere1a2€0a38; €5 @, '€, ") d_p—1 = (by (J))
(e23pa382€1818€1€13] ‘A€ €235 a3, ) d_p—1 = (by (J))

(e2apa3e0e1a06] fajare1a0e] Tepa, tage, 1) d_p—1 = (by (J))

(a5 ezaze1afe1826283) d—p,—1 = (by (6) and (11)) ag' diz = (by (6)) dyp2.

So (13) is true for i = 1. We continue by induction. Conjugating relation (13)
by titi+1ti+2 we get, by (8) and (7), relation (13) for index i + 1. D

(14) ti2 = di;i+1d_i_1;_iai_2ai_f1:

Proof of (14) Therelation is true for i =1, by (11). We proceed by induction.
=) § =00 diiadicu-ia; 2ai)
= (by (7), (13), (8) and (4)) di+1;i+20—i—2,-i-13; 1815 0

-1.
—i;i*

(15) d—j.j is symmetric to d

Proof of (15) The relation is true for i = 1. The general case follows from
(14), (4), (5), (12) and the de nitions. O

(16) [b1;d—22] =1
Proof of (16) By the de nition d—p, = (t;*d1:2) (s?a}) = (by (4))
ag((diztyh) s?).

Now t;1 s=t;1styss™t = (by (10)) biare;adera; th; 2.
1 1 s€18; "by
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Taking squares we get t;* s? = bjajejajefase;a; byt and
d—p;2 = ajdy;pbiase;ajeade a; thy td ;. Now by commutes with d—p;, by (4),
(5) and (J). D

an (titi+1) ej=ej+1 for i=1;:::;0—2:

Proof of (17) We have, by (J), (titi+1) e =
(€iajai+16i€i+1ai+18i+2€i+1) ©€i = (€i@iaj+1€i+1€idi+1) €i = €j+1. ]

(18) [b;disi+1] =1 0F 1> 1,
lex; disiv1] =1 if k—ij&Li>0; dij+1 ek =eg’ dijwr If jk—ij=1:

Proof of (18) By (13) and (J)

dy3 = (e71ay tey tagta et tes T tar te Ty ) by =
(e1'ay'e;taztar thiter tar tas ter tey tay ) by,

Now b; commutes with d,.3, by (J). For i > 2 we have b; commutes with d;.j+1
by (M1) and (8). Conjugating by ajbst; we get, by (7) and (J3), [e1; di:i+1] = 1,
for i > 2. We also have di., by = bl_1 di.2, by (5). We conjugate this equality
by u = ajbitit; and get dy.z3 e; = el_1 d2.3, by (8) and the rst part of the
proof. Conjugating relations (5) and the above relations by suitable products
titi+1 we get all remaining relations, by (17). ]

(19) [b1;d1:2s8d1:2] = 1; hence [s;d1.28d1:2] =1;
[ej; disi+1tjdisi+1] = 1; hence [tj;di;i+1tjdii+] =1, 0f ji—jj=1:

Proof of (19) By (5) we have (dl;zsdl;z) b1 = (dl;zblalalblbl_l) dl;z =
(d1:2b1) di.2 =Dbs. The other case is similar, but we use (18) instead of (5). D

Remark 7 Relation uvuv = vuvu implies (uv) u=v~! uand (U tv?)
u=v u. Relations (19) will be often used in this form.

Observe that relations (4) { (14) imply in particular that relations (P1) and
relations (P3) { (P7) follow from (M1) and (M2). We shall prove now that
relations (P8) follow from (M1) and (M2).
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De nition 7 We say that homeomorphism t, (respectively t;ldk+1;k+2 or s)
moves a curve i properly if it takes it to some curve 4.

Lemma 33 If tx (respectively s) moves curve j; to some curve pq then
te dij =dpq (respectively s di;j = dpyq).

Remark 8 Since the action of tx and s on a curve j;j is described by Lemma
24 and is easily determined, Lemma 33 helps us to understand the result of the
conjugation. In fact the action corresponds exactly to relations (P8), so we
have to prove that relations (P8) follow from (M1) and (M2).

Proof of Lemma 33 We know that [tj; di;j+1] = 1, by (8), (7), and (5).
Ifi<Oandi+j=1then ;2 dij =Gt ts  jgiiity) dip =
di—1;j—1.

For i=0ori<Q0; i+j >0 all other cases of conjugation by t, follow from
(5), (7) and the de nitions. The other cases of i & —j follow by symmetry.

Consider conjugation by s for i & —j. Again it su ces to consider i > 0 or
i <0; i+j > 0. The other cases follow by symmetry. We have s™! dy;j = d_y;j.

If i >1 then di;j = (by (7)) (ti—1:::totj—1:::t3) dxz and s dj;j = di;j, by
(7), (6) and (18).

If i <1 then di;j = (by7) (tZh ity tj—1:::ts) d—p3. Also s™* d_pg =
(s7HyTs M) dip = (sTHTsTHTT) das = (by (10) (G'sTHr'sTY) dps =
d—2:3 (by (6) and (18)). So s™* dij = di;j, by (7).

We now consider conjugation of d—j;;. Clearly s d—1;1 = d—1;1, by (M1). Also
s d_p» =d_22, by (6) and (16). For i > 1 we have [s;t;] = 1, by (M1), hence
s d-j;j =d—j; for all j, by the rst part of the proof.

Consider conjugation by t.
For k > j we have tx d—j;; =d—j;, by (7) and the rst part.
Curves tj( —j;j) and tj—1( —j;j) are not of the form .

Consider k = j — 2 (the other cases follow by conjugation and by the rst part
of the proof). We have

dj;j = (dj—1t 21t 250 —25-1)  do—jij—2 = (by (8) and (13)

(5t 21 dj—2—1tj—1tj—ot; 1yt dj—2j-1)  da—jij—2 = (by (7) and (8))
(G255 6 ,dj—2j-1tj-1dj—2-1) da—j;j—2. Now, by (7) and (19),

tj__lz_ d_j;j = (tj__lztj__lltj__lzdj_2;j_1tj_1dj_2;j_1tj__11) do—j:;j—2 = d—j;j (by the
previous case). O
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We now pass to the biggest task of this section: the relations (P2).

(20) di;j commutes with d—y.; if i;j & 1,

di;j commutes with dy.x+1 if all indices are distinct.

Proof of (20) We know by Lemma 33 that d;;; commutes with s, hence also
with d—1.1. Consider the other cases. We assume rst that k > 0. Consider
curves jj and yik+1. We want to move the curves properly to some standard
position by application of products of s and ty,’s. This moves holes (see def-
inition 5) and corresponds to conjugation of di;j and dyk+1, by the previous
lemma.

Case 1 i6& —j Observe that for every k either te+1t or t; t, = moves ;;

properly. Both products take k+1:k+2 ONt0 k.k+1 and conjugation of dy+1.x+2
by either product produces di.x+1. If either jij or jjj is bigger than k +1 we
may assume, moving i;; properly, and not moving .x+1, that either jij or jjj
is equal to k+2. Then either tytx+1 or t[lt;il moves j.j properly and moves

kk+1 10 k+1.k+2 and leaves at most one index jij or jjj bigger than k + 1.
Applying this procedure again, if necessary, we may assume j < k. If j >0
we can move ;j properly, without moving kx+1, and get a curve j; with
Jj < 0. Now applying consecutive products ty+1tm or t;ﬂltal we reach k = 1.
Further moves will produce one of the following three cases:

Case la di.p commutes with d_».—;. True, by (11).

Case 1b dj.» commutes with d_3.—; or d—3z._». We can conjugate d_3._, by
t; and get d—g.—1. Now d—3.—; = t; 1 d_p.—1 = (by (11)) (e; a3 a;te; wy)
diz = (by (3) and (5)) (e;"a3 eraudyze; "a;"er!) a1 = (by (3) and (5))
(e;1drza5 ey teranay ey ) .

The last expression commutes with di.2, by (J) and (5).

Case 1c d—p.—1 commutes with ds.4. The proof is rather long. We consider
relation (M3): ds = a3 'a,'a; *d;.2d;.3d2:3, where

d3 = (b7 *boazereraraze.br tar ter tay ) by =

(bl_lbgazelezagagezbgagelal) bi. It follows, by (J), that d3 commutes with
azererapazey, hence ds = (b ((azererazazez)™ by)brtar’ertayt) by We
now conjugate relation (M3) by u = (ay€zazerazeiaihi) tazerareiasb;. When
we write di.p = (b *a7 e ay?) by, we see that di.; commutes with u, by (J).
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All other factors on the RHS commute with u by (J), so we may replace ds in
the relation (M3) by u d3 =

(asesazerazerarhy) ™t ((asezazeiar((azererazasez)™ bp)bitartertayt) by).
We conjugate each term by (asesazerareiaib;)™t and get

u ds = (ezazerazer((e2a2838263a3) "1 dip)ajte;tay te;t) dio.

We now conjugate each term of relation (M3) by t;t;* =

e, tagtestay tay tes tagtes

The RHS becomes a; *aztar'(t; ! di2) (6 M3 Mt)  di2)dsa.

The LHS becomes

(e51azteztazt) ((er((erdazerezas)™t dip)(aj‘ertazte;h)) dip).

We conjugate each bracket.

(e;taztestayt) e =e;.

(e;'az es a;  (e2aaze2e383) 1) dip = (by (J) and (5)) (t3't;h) dia.
(e;taztesta tar ter tay ey ) dip = (by (3) and (5)) (ajter*t;!) dio.

We shall prove that all terms of the obtained equation commute with d—,.—1,
except possibly for dz.4. Therefore ds.4 also commute with d_,._;. Clearly
aj;e1;ap; as; as; ty; t3 commute with d—».—; by (5) and symmetry. Also di.,
commutes with d—p._; by Case 1a and dj.3 and dy.3 commute with d_,._; by
Case 1b. Therefore t;* di; =t; da.3 commute with d—p.—; and (t; t3't,)
di2 = (by (7) and (5)) (t3t2_1) di.» commutes with d_p._;. It follows that
d3.2 commutes with d—p.—1

Case 2 1= —j We have to prove that dyx.x+1 commutes with d—j.j if j &
kik +1. If Jj < k then the result follows by Lemma 33 and by Case 1. If
J = k+2 we can properly move yx+1 to j—2;j—1, without moving —j;j. So
we may assume j = k + 2. We have

d—jj = (ks skr2tisste Oikrs) doix = (by (6) and (14))
(d:&—z;—k—ltk"'ltkd:&—l;—k) d—k;k-

We conjugate di+1 by (g . _y_ tiratkdg_s._, )~ and get, by Case 1 and

(13)1 (d—l—k;—ktglt;..l.ld—k—Z;—k—l) dk;k+1 = d—1—k;—k dk+1;k+2 = dk+1;k+2,
which commutes with d_y.x by the rst part of Case 2.

Suppose now that k < 0. Cases la and 1b follow by symmetry. In the Case
1c we arrive by symmetry at the situation where we have to prove that di.
commutes with d—s.—3. Conjugating by tytitst; we get a pair dz4, d—2.—1,
which commutes by Case 1c. Now Case 2 follows by symmetry. O
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Lemma 34 If t 'dyk+1 takes a curve j to pq then tldik+1  di;j = dpig-

Proof We shall list the relevant cases. If i or j is equal to k it becomes k+1,
if i or j is equal to —k it becomes —k — 1. In particular t;ldk;kﬂ( —Kkk) =

—k—1:k+1. Indices k+1 and —k —1 are forbidden, they do not move properly,
except for k.xk+1 and _x—1._x which are xed by t;ldk;kﬂ. Other indices i,
J do not change.

We now pass to the proof of the Lemma. If i = —j the result follows from
the de nitions and from (20) and Lemma 33. Suppose i & —j. If i and j are
di erent from k then dj;; commutes with dy.x+1, by (20), and t;l moves j:j
properly, so we are done by Lemma 33. If i and j are di erent from —k we
can replace t;ldk;kﬂ by tkd:ﬁ_l;_kaﬁaﬁﬂ, using (14), and we are done by a

similar argument. O

Lemmas 33 and 34 allow us to reduce relations (P2) to relatively small number
of cases. We can apply product of half-twists hy.x+1 and h_x_;._ either in
the same direction, conjugating by ty, or in opposite directions, conjugating
by t;ldk;kﬂ, and move properly curves corresponding to elements dp.q in the
relations (P2) into a small number of standard con gurations.

(21) di;j commutes with dys If r<s<i<j or i<r<s<j:

Proof of (21) Moving curves i and s properly we can arrive at a situation

s=r+lorj=i+lor—-r=s=1lor—i=j=1. Inparticularifi<r<s<j
and r = —s then conjugating by tzdz_é . :ts_ldl__ls;s_1 we get a pair d—g;1, di;j.
Then (21) follows from (20). O
(22) dii dij =drj dij if r<i<j:

Proof of (22) Indices (i;—i) move together (either remain xed or move to
(i—1;1—1i) or to (i +1;,—i—1)) when we conjugate by tx or s or t;ldk;kﬂ.
Moving curves properly we can arrive at one of the following four cases depend-
ing on the pairs of opposite indices.

Case 1 There is no pair of opposite numbers among r;i;j. We may assume
that (r;i;J) = (1;2;3).
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A3 dzs = (by (13)) (@36 diz = (by (5) and (19) (') du.

d1;3 d2;3 = (tzdl;ztz_ltltz) dl;z = (by (5) and (7)) (tztldl;ztz) dl;z = (by
(19)) (t2tit;h) diz = (by (5) and (7)) (t7't)) di2.

Case 2 i=-—r We may assume that (r;i;j) = (—1;1;2).

d71, dip=(s"2a;?) dip = (by (19)) (s7idips) dip=d-1p dip.
Case 3 r=—] We may assume that (r;1;J) = (—2;1;2). We have to prove
that d73., di, = d—p, di;,. We conjugte by dijt;. The right hand side

becomes s? dy;, and the left hand side becomes (djtit; 's™1dysty) dio =
(by (5) and (19)) (sdy3s*dr3) diz = (by (19)) s? dyp.

Case 4 i=—] We may assume that (r;i;J) = (—2;-1;1).

d73._, dogg =af(d3_; s?) = (by (19) and symmetry) aj((sd—p—157%)
Sz) = d_z;l d—l;l- O
(23) drj dri=dij dp if r<i<j:

Proof of (23) Let us apply symmetry to relation (22). We get

dj—r d7j_;=d7j_, dZj_; if —j < —i<—r. This is relation (23) after a

suitable cha{nge of indices. O
(24) [dij;drj des] =1 if r<i<s<j]:

Proof of (24) Again we have to consider di erent cases depending on pairs of
opposite indices. For each of them we move curves properly to some standard
position. If we apply symmetry we get [d—j.—i;d—j.—r d—s;—] = 1. Now
conjugate by d—j._, and get [d—s;—r;d—j._, d—j—i]=1if —j <—-s<—i<-r.
This is again relation (24) with di erent pairs of opposite indices. So i = —j
is equivalent to r = —s and s = —] is equivalent to r = —i. We are left with

the following ve cases.

Case 1 There is no pair of opposite numbers among r;i;s;j. We may assume
that (r;i;s;j) = (1;2;3;4). Conjugate by t3*.

t;l d.a = d2:3.

(tGdry) diz = (dist 't5t) dip = (by (7)) (kdistat, 't5Y) diz = (by
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(5)) (tatsdist; ") diz = (by (19)) (totsty) dip = di4, and it commutes with
da;3, by (21).

Case 2 r=—i We may assume that (r;i;s;J) = (—1;1;2;3). We conjugate
by ;.

(t;1d71g) do12 = (t7's7Mad 3ty ) diz = (by (7) and (19)) (s7't2) dip =
d—1.3, and it commutes with di.2, by (21).

Case 3 r = —s We may assume that (r;i;s;J) = (—2;1;2;3). By (23) we
have d:§;3 d—2.2 = dz3 d—22, SO we have to prove that d;.3 commutes with
d2.3 d—p.2. We conjugate by tz_1 and get

t2_1 d1;3 = dl;z.

(tz_ldg;g) d—2.2 = d—3:3, and it commutes with di.2, by (21).

Case 4 r=—j and i & —s We may assume that (r;i;s;j) = (—3;1;2;3).
By (23) we have d"3; d-z» = dp3 d_3p. After conjugation by ti'dy3
we have to prove that t;* d_sp = d_g; commutes with (t;'dy3) dis =
(t71dyat;h) daz = (by (19)) do3. Thisis true by (21).

Case5 i=-—s Wemay assume that (r;i;s;j) = (—2;—1;1;m), where m = 2
or m = 3. By (23) we have d:im d—21 = di:;m  d—p1. After conjugation
by s~ld;;, we have to consider s™ d_p31 = d—p—1 and (s7idy;) d-gm.
For m = 2 the last expression is equal (s~'d;3s™) di;» = di;2, by (19). For
m =3 we get (s7ldy3s™Y) dis = (s tadi5ty Mtos™h)  dio = (by (19)) dys.
Both elements commute with d—».—1, by (21). ]

This concludes the proof of the fact that relations (P2) follow from (M1) {
(M3).

We now pass to the relations (P9) { (P11).

Consider rst relations (P9). Clearly a; commutes with all the elements in
(P9), by (4) and (6), so it su ces to prove that by commutes with these el-
ements. It commutes with a%s, tisty, az, and tj, for i > 1, by (J). Also by
commutes with d_,.», by (16), and commutes with d,.3 by (18). Finally it com-
mutes with d.»sd1:2, by (19), hence also commutes with d_l;ld_l;zdl;gal_zaz_l =
ajs?s™1d;.psd10a; %a, T = aZsdypsdias . This proves relations (P9). Relation
(P10) follows from the de nitions and (M1).

We now pass to relations (P11).
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For i = 1;2;3;4 we have g; = (kir)3. By (6) ki ai = a; therefore it su ces
to prove that k; by =b;! kj. Then
gi = (kiazbia)® = (by (6)) kjarhia?kibikiaZbia; = kjaiskisa; and this is
exactly relation (P11) for i = 1;2;3;4.

(25) ki by =bt ki
Proof of (25) Since k; = a; the result follows from (M1). ]
(26) ko by =bt ky:
Proof of (26) Since k; = di. the result follows from (5). ]
(27) ks by =bl ks

Proof of (27) We have

ks = al_laz_zdl;zd_z;ld_z;z = al_l612_2dl;ztl_ls_ldl;zstltl_ldl;zszaild;;%tl =

(by (5) and (3)) a7ty dipsdy;psd1ps%a2d 5ty = (by (19))

a; 't tdyosdipsaZt; = (by (5) and (J3)) apttyt(dizbiar)*ty.

Let u = tibydy.2a1bs. It follows from (5) and (J) that u a; =dy;2, U e; = by,
u a, = aj, u dyp = ap. Conjugating (11) by u we get (dipbiar)* =
az(u d_z;_l), hence k3 = (by (4)) (t1_1U) d_z;_l = (bldl;zalbl) d_z;_l.
We want to prove that b; and ks are braided. It su ces to prove it for their
common conjugates. We conjugate by bl_1 and get b; and (di.pa1b;) d—p.—3.
Now we conjugate by a;'b;d;; and get, by (5), (6) and symmetry, dy;, and
by d_p-1=d73_; bi. Now we conjugate by d—.—; and get, by (20), dip
and by, which are braided. D

(28) ke bi=bi" K

Proof of (28) By the de nition and by (M3) we have ks = d3 = (bpazeib;?)
di:3. Conjugating ks and by by t;*bie; ayh;* we get di» and by, which are
braided, by (5). O

(29) g5 = satkssaikg !
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Proof of (29) By the de nition gs = (rksrks *)? where ks = apdj3t;. We
shall prove that r commutes with ksrkg . Then gs = r?ksr?k; ! = saZkssazk; *,
as required.

ksrks ™ = azd7ze1a182e1a1b1a187 oy 1@, ey Tdia; T = (by (J) and (5))

aZd zerarbia; tey tdip = (by (J))

a%dl_;%bl_lal_lelalbldl;g.

The last expression commutes with a; and by, by (J) and (5)). O

(30) g6 = (salty)*

Proof of (30) By the de nition gs = (rait;)°. The required relation is proved
by a rather long computation, using (J). Observe rst that sa? = (b;a;)3, and
that ra; = (b1a)?. We also have

t1(b1a1)’ty = era1aze1biarhia1e1818001 =

eraibiazeiaihiase1a1a261 = biejarhyagzerahiazeraze; =
bia;eiaibiazeiaihiaserar = bhrazeiazazeibhiasbiaserar =

(b1ap)ty(b1a1)%e1a2

and

eiaz(h1a1)%ty = biejajaphiarerarazes = biejajazerhiareraze; =
bieiajazeihiazaieia; = bhiajerajazeibiazeray = (brag)ti(brar)erar =
bia;eiaihiazeiaeia, = biashiejashiazesana, = braihiaseiashiazesa =
(b1ar)?ti(biay).

The required result follows from the above relations. O

This concludes the proof of Theorem 1.

5 Mapping class group of a closed surface

We shall consider in this section the mapping class group My of a closed surface
Sg;0 of genus g > 1. We shall keep the notation from the previous section. In
particular Myg:1 is the mapping class group of S = Sg.1 and Sy is obtained
from S by capping the boundary @ of S by a disk D with a distinguished
center p, and then forgetting p. We have two exact sequences
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1% 1(Sg01,p)—" I\/Ig;o;l—e! Mg.0 ¥ 1

In the rst sequence the Dehn twist = Ty belongs to the kernel of . We
shall prove now that it generates the kernel. When we split the surface Sg:;
open along the curves 1; 1; 1, 2;:::; g—1; g We get an annulus N, and
one boundary of N is equal to @. If h 2 ker( ) than h takes each curve

Sg;0 by an isotopy xed on p. Therefore y and h(y) form 2{gons which are
disjoint from p and hence from D. It follows that h is isotopic in Sy to a
homeomorphism equal to the identity on all curves 1; 1; 1; 2;::%; g-1; g-
But then it is a homeomorphism of the annulus N so it is isotopic to a power
of

The second sequence is described in [2], Theorem 4.3. The kernel of e is
generated by spin-maps TyoTy_l, where y and y' are simple, nonseparating
curves which bound an annulus on Sg;;1 containing the distinguished point
p. The composition e is an epimorphism from the group Mg;; onto the
group My = Myg:0;0 and its kernel is generated by  and by the spin maps
TyoTy_l, where y and y? are simple, nonseparating curves on S which bound
an annulus with a hole bounded by @. Clearly all such annuli are equivalent by
a homeomorphism of S, hence all spin maps are conjugate in Mg.;. It su ces
to consider one spin map T %Tzl, where ¢ and g are curves on Figure 18.
T , is equal to the element dq in the relation (M4).

—
|

Figure 18: Spin maps in the proof of Theorem 3

Let w =bjajeiaz::: ag_leg_laéeg_lag_l rrazeraphs. Itis easy to check, draw-
ing pictures, that w( ¢) = g Therefore, by Lemma 20, relation (M4) is equiv-
alent, modulo relations in Mg;;, to T, =T y. By the above argument My
has a presentation with relations (M1) { (M4) and relation = 1. We have to
prove that the last relation follows from the others.

Let M’ = (Mg.1)=(M4). Let dg, d, dg+1, c, ¢ be twists along curves g,
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g, g+1, Y, y! respectively, depicted on Figure 18. Each element of Mg:1
represents an element in M? which we denote by the same symbol.

From now on, till the end of this section, symbols denote elements in M". We
want to prove that =1.

All relations from Lemma 21 are true in M". We have d; b; =b;! dy and
dg commutes with every a; and ej. By Lemma 21, (iii) and (v) we have:

= (ageg_lag_l i e1a1b1d9)29+2 =
(ageg—18g—1::: era1)?9(brag::: agag :::aihy)(dghias :::agag:::aihidg),
dgd% = (ageg—18g—1:::€181)%% =
(ageg—13g—1:::€282)9 2(e1ap i1 agdg 1 A2€1)(A1€182 111 8gAg i1 Az€1a1),
(ageg—18g—1:::€282)%972 = cc',
(dgb1a1)4 = Cdg+1.
We also see that c’d; and didy* are spin maps, hence ¢ = dg.+1 and dy = dfj.
Therefore

(ageg—1ag—1:::€282)%972 = (dghiar)*,
dZ = (ageg-189-1:::€2a2)%972(e182 111 agay 1 11 Aze1)(A1€18 111 Agay 11 A2€121),

hence
(are182:::89ag 11 aze181) = (e182:::898y 11 aze1) *(dghial)dj.
Further

= (ageg—1ag—1::: e1a1)%9(bray ::: agag :::aibg)(dghias i:i:agag:::aihidg) =
dibi(azerar :::agay :::azerar)by(dghias ::1agag:::aihidg) =
dibi(e1a :::agay 1 aze1) " (dghiar) T*dhy(dghias 1z agag 11 ashidy).

Now (dghia;:::agag:::aihidg) commutes with dg, by (M4), and commutes
with by and az, by (J3), hence

débl(elag Dlagdg i iiager) t(dghiar) T (dgbias iiiagag i albldg)(dgblal)‘3d5b1
= d2bsashadg(a; *by tdg1)3d2by = 1, by (J).

This concludes the proof of Theorem 3.
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6 Equivalence of presentations

In this section we shall prove that the presentations of Mg.1 in Theorems 1 and
1% are equivalent. The relations (M1) coincide with the relations (A). It follows
from relations (A) that b, commutes with the left hand side of the relation (B).
Thus (B) is equivalent to

(bgagelalb%alelagbz)(agelalb alelaz) 1= (b1a1e1)4
Multiplying by (aze;a;b?ase;a,) on the right we get

(bpazeiaih?aseraghy) = (brajer)*(azeiaih?aseiay) = (braze;ay)®, as in the
proof of Lemma 21 (v), and we get a relation identical with (M2).

We now pass to relation (M3). We shall transform it using relations (M1) and
(M2) and then we shall conjugate it by w = aze;azeja;b; to get the relation
(C). Since (M1)=(A) and (M2) is equivalent to (B) in presence of (M1), it will
prove that (M3) is equivalent to (C) in presence of (M1) and (M2). It follows
from (M1) and the de nitions that each factor on the right hand side of (M3)
commutes with ajacas, therefore ds also commutes with ajasas. Recall the
relations (5), (7) and (19) from section 4, which follow from the relations (M1)
and (M2).

(5) diat; =t1dip,

(1) ttt =ttty

(19) todiatadip = diotadiots.
We now have

dy;201,3d23 = diptadyoty ttitadioty 't = (by 7)

dy2tadatitoty Hdy, 2t2 't = (by 5) diptotidiptadioty 't = (by 7)
dl;ztztldl;ztzdl;ztz tl 1'[_1 = (by 19) dq. 2t2t1t2 dl otod;. 2t1 tz_l (by 7 and 5)
tl_ldl;ztztldl;ztzdl;ztl t2 = (by 5) tl dl;ztzdl;ztltztl d1;2t2 = (by 7 and 19)
t MG diotadi ot tads oty T = (by 5 and 19) tM G Mottty tdiotedss.

We now conjugate everything by w and, using (M1), we get

W a;=b;, w eg=a;, W ax=e;, W e =az, W az=ep,
w tp =ajheia; =t1, w ty =azeeiay =t, w dip =hy.

Therefore after conjugation by w the right hand side of (M3) becomes the right
hand side of (C).
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We have shown in the proof of relations (20), Case 1c, using only relations
(M1), that

ds = (b7 ((aze1e2a28382) ™ bp)bytarterayt) by.

When we conjugate the last expression by w we get exactly the expression for
@3 in Theorem 1.

This proves the equivalence of the presentations in Theorems 1 and 1°.

In order to compare Theorems 3 and 3” we need another set of generators. Let
us call the curves 2; 1; 1; 15 2:::; g—1, ¢ I the generating curves. Let
be the curve shown on Figure 1 and let } be a curve which intersects ¢—, once
and intersects 4 once and is disjoint from the other generating curves. Then
the curves g; gy g—1; g-1;:::; 1; 1; 1 have the same intersection pattern
as the generating curves and the curve 4 plays the same role with respect to
these curves as the curve ¢ with respect to the generating curves. Let by and
b} be twists along the curves g and J respectively. Then, by Theorem 1, we

and with de ning relations (M1%), (M2"), (M3") corresponding to (M1), (M2),
(M3). It is a presentation of the same group and therefore, when we express b}
in terms of the generators from Theorem 1, it is equivalent to the presentation
((M1), (M2), (M3)) and to the presentation ((A), (B), (C)). By Theorem 3
the group My, has a presentation with relations (M1%), (M2"), (M3') and one
more relation

(M4")  [ageg—18¢—1:::ejash?aser :::ag—16q—184; bg] = 1:

Here by is some product of generators which represents the Dehn twist of Sg:1
along the curve 4. All such products are equivalent modulo relations (M1,
(M2"), (M3"). Relation (D) of Theorem 3’ has the same form with by replaced
by dy. Therefore in order to check that the presentations in Theorems 3 and
3" are equivalent it su ces to prove that the expression for dy in (D) also
represents the Dehn twist with respect to the curve 4. This task (of drawing
very many pictures) is left to the reader.
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