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Abstract
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has many of the properties of p—completed classifying spaces of finite groups.
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2-subgroup of Spin;(q) (¢ an odd prime power) shown by Solomon not to occur
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918 Ran Levi and Bob Oliver

As one step in the classification of finite simple groups, Ron Solomon [22] consid-
ered the problem of classifying all finite simple groups whose Sylow 2—subgroups
are isomorphic to those of the Conway group Cos. The end result of his paper
was that C'os is the only such group. In the process of proving this, he needed
to consider groups G in which all involutions are conjugate, and such that for
any involution z € G, there are subgroups K << H <1 Cg(x) such that K and
Ca(z)/H have odd order and H/K = Spinz(q) for some odd prime power q.
Solomon showed that such a group G does not exist. The proof of this state-
ment was also interesting, in the sense that the 2—local structure of the group
in question appeared to be internally consistent, and it was only by analyzing
its interaction with the p—local structure (where p is the prime of which ¢ is a
power) that he found a contradiction.

In a later paper [3], Dave Benson, inspired by Solomon’s work, constructed cer-
tain spaces which can be thought of as the 2—completed classifying spaces which
the groups studied by Solomon would have if they existed. He started with the
spaces BDI(4) constructed by Dwyer and Wilkerson having the property that

H*(BDI(4);Fy) = Folxy, 29, 3, 24) 742

(the rank four Dickson algebra at the prime 2). Benson then considered, for
each odd prime power ¢, the homotopy fixed point set of the Z-action on
BDI(4) generated by an “Adams operation” ? constructed by Dwyer and
Wilkerson. This homotopy fixed point set is denoted here BDI4(q).

In this paper, we construct a family of 2-local finite groups, in the sense of [6],
which have the 2-local structure considered by Solomon, and whose classifying
spaces are homotopy equivalent to Benson’s spaces BDI4(q). The results of [6]
combined with those here allow us to make much more precise the statement
that these spaces have many of the properties which the 2—completed classifying
spaces of the groups studied by Solomon would have had if they existed. To
explain what this means, we first recall some definitions.

A fusion system over a finite p—group S is a category whose objects are the
subgroups of S, and whose morphisms are monomorphisms of groups which
include all those induced by conjugation by elements of S. A fusion system is
saturated if it satisfies certain axioms formulated by Puig [19], and also listed in
[6, Definition 1.2] as well as at the beginning of Section 1 in this paper. In par-
ticular, for any finite group G and any S € Syl,(G), the category Fg(G) whose
objects are the subgroups of S and whose morphisms are those monomorphisms
between subgroups induced by conjugation in G is a saturated fusion system
over S.
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Construction of 2-local finite groups 919

If F is a saturated fusion system over S, then a subgroup P < S is called
F —centric if Cg(P'") = Z(P’) for all P" isomorphic to P in the category F. A
centric linking system associated to JF consists of a category £ whose objects
are the F—centric subgroups of S, together with a functor £L — F which is
the inclusion on objects, is surjective on all morphism sets and which satisfies
certain additional axioms (see [6, Definition 1.7]). These axioms suffice to ensure
that the p—completed nerve |£|£ has all of the properties needed to regard it as
a “classifying space” of the fusion system F. A p—local finite group consists of
a triple (S,F, L), where S is a finite p—group, F is a saturated fusion system
over S, and L is a linking system associated to F. The classifying space of
a p—local finite group (S,F, L) is the p—completed nerve |£|£ (which is p—
complete since |L| is always p—good [6, Proposition 1.12]). For example, if G
is a finite group and S € Syl,(G), then there is an explicitly defined centric
linking system LG(G) associated to Fg(G), and the classifying space of the
triple (S, Fs(G), LG(G)) is the space |LS(G)], ~ BG).

Exotic examples of p—local finite groups for odd primes p — ie, examples which
do not represent actual groups — have already been constructed in [6], but using
ad hoc methods which seemed to work only at odd primes.

In this paper, we first construct a fusion system Fgoi(q) (for any odd prime
power ¢) over a 2-Sylow subgroup S of Spiny(q), with the properties that
all elements of order 2 in S are conjugate (ie, the subgroups they gener-
ated are all isomorphic in the category), and the “centralizer fusion system”
(see the beginning of Section 1) of each such element is isomorphic to the fu-
sion system of Spiny(q). We then show that Fgo(g) is saturated, and has a
unique associated linking system L£§ ,(¢). We thus obtain a 2-local finite group
(S, Fsol(q), £E,,(q)) where by Solomon’s theorem [22] (as explained in more de-

tail in Proposition 3.4), Fso1(q) is not the fusion system of any finite group.

Let BSol(q) & |£5.,(q)|5 denote the classifying space of (S, Fsoi(q), £5.,(q))-

Thus, BSol(q) does not have the homotopy type of BG) for any finite group
G, but does have many of the nice properties of the 2-completed classifying
space of a finite group (as described in [6]).

Relating BSol(q) to BDI4(q) requires taking the “union” of the categories

Go1(g™) for all n > 1. This however is complicated by the fact that an inclusion
of fields Fpm C F,» (ie, m|n) does not induce an inclusion of cenric linking
systems. Hence we have to replace the centric linking systems L§ (¢") by
the full subcategories £ (¢") whose objects are those 2-subgroups which are
centric in F§,(¢>) = U,>1 FSa1(¢"), and show that the inclusion induces a

homotopy equivalence BSol'(¢") e |LE(g™)]5 ~ BSol(¢™). Inclusions of fields
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920 Ran Levi and Bob Oliver

. . . . def
do induce inclusions of these categories, so we can then define L§ (¢™) =

Un21 L (q"), and spaces

BSol(¢™) = |5 (a™)l5 = (| BSol'(4"))3-

n>1

The category L (¢™°) has an “Adams map” 17 induced by the Frobenius au-
tomorphism z + 29 of F,. We then show that BSol(¢™) ~ BDI(4), the space
of Dwyer and Wilkerson mentioned above; and also that BSol(q) is equivalent
to the homotopy fixed point set of the Z-action on BSol(¢*°) generated by
By?. The space BSol(q) is thus equivalent to Benson’s spaces BDI4(q) for
any odd prime power q.

The paper is organized as follows. T'wo propositions used for constructing sat-
urated fusion systems, one very general and one more specialized, are proven
in Section 1. These are then applied in Section 2 to construct the fusion sys-
tems Fgso1(q), and to prove that they are saturated. In Section 3 we prove the
existence and uniqueness of a centric linking systems associated to Fgso(¢q) and
study their automorphisms. Also in Section 3 is the proof that Fgoi(q) is not
the fusion system of any finite group. The connections with the space BDI(4)
of Dwyer and Wilkerson is shown in Section 4. Some background material on
the spinor groups Spin(V,b) over fields of characteristic # 2 is collected in an
appendix.

We would like to thank Dave Benson, Ron Solomon, and Carles Broto for their
help while working on this paper.

1 Constructing saturated fusion systems

In this section, we first prove a general result which is useful for constructing
saturated fusion systems. This is then followed by a more technical result,
which is designed to handle the specific construction in Section 2.

We first recall some definitions from [6]. A fusion system over a p—group S is
a category JF whose objects are the subgroups of F, such that

Homg(P,Q) € Morz(P,Q) C Inj(P,Q)

for all P,Q < S, and such that each morphism in F factors as the compos-
ite of an F—isomorphism followed by an inclusion. We write Homz(P, Q) =
Mor £(P, Q) to emphasize that the morphisms are all homomorphisms of groups.
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Construction of 2-local finite groups 921

We say that two subgroups P,Q < S are F —conjugate if they are isomor-
phic in F. A subgroup P < S is fully centralized (fully normalized) in F if
|Cs(P)| > |Cs(P")| (|[Ns(P)| > |Ns(P')|) for all P’ < S which is F—conjugate
to P. A saturated fusion system is a fusion system F over S which satisfies
the following two additional conditions:

(I) For each fully normalized subgroup P < S, P is fully centralized and
Autg(P) € Syl,(Autz(P)).

(ITI) For each P < S and each ¢ € Homz(P,S) such that ¢(P) is fully cen-
tralized in F, if we set

N, ={g € Ns(P)|pcgp™" € Auts(o(P))},
then ¢ extends to a homomorphism ¢ € Homxz(N,, S).

For example, if G is a finite group and S € Syl,(G), then the category Fgs(G)
whose objects are the subgroups of S and whose morphisms are the homomor-
phisms induced by conjugation in G is a saturated fusion system over S. A sub-
group P < S is fully centralized in Fg(G) if and only if Cs(P) € Syl,(Ca(P)),
and P is fully normalized in Fg(G) if and only if Ng(P) € Syl,(Ng(P)).

For any fusion system JF over a p—group S, and any subgroup P < S, the
“centralizer fusion system” Cx(P) over Cg(P) is defined by setting

HomC}-(P)(QvQ/) = {(@’Q) ‘ Y e HOHI]:(PQ,PQ,), QP(Q) < Qla @’P = IdP}

for all Q,Q" < Cg(P) (see [6, Definition A.3] or [19] for more detail). We also
write Cr(g9) = Cr({g)) for g € S. If F is a saturated fusion system and P
is fully centralized in F, then Cz(P) is saturated by [6, Proposition A.6] (or

[19]).

Proposition 1.1 Let F be any fusion system over a p—group S. Then F is
saturated if and only if there is a set X of elements of order p in S such that
the following conditions hold:

(a) Each z € S of order p is F—conjugate to some element of X.

(b) If x and y are F-conjugate and y € X, then there is some morphism
Y € Homz(Cs(z),Cs(y)) such that ¢(x) =y.

(¢c) For each x € X, Cr(x) is a saturated fusion system over Cg(x).
Proof Throughout the proof, conditions (I) and (II) always refer to the con-

ditions in the definition of a saturated fusion system, as stated above or in [6,
Definition 1.2].
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922 Ran Levi and Bob Oliver

Assume first that F is saturated, and let X be the set of all x € S of order p
such that (z) is fully centralized. Then condition (a) holds by definition, (b)
follows from condition (II), and (c) holds by [6, Proposition A.6] or [19].

Assume conversely that X is chosen such that conditions (a—c) hold for F.
Define

U={(Pz)|P<S, |z|=p, € Z(P)", some T € Syl,(Autx(P)), T > Auts(P)},

where Z(P)T is the subgroup of elements of Z(P) fixed by the action of T'.
Let Uy C U be the set of pairs (P, z) such that x € X. For each 1 # P < S,
there is some z such that (P,x) € U (since every action of a p—group on Z(P)
has nontrivial fixed set); but z need not be unique.

We first check that
(P,xz) € Uy, P fully centralized in Cr(x) = P fully centralized in F. (1)

Assume otherwise: that (P,z) € Uy and P is fully centralized in Cx(x), but
P is not fully centralized in F. Let P’ < S and ¢ € Isozr(P,P’) be such
that |Cs(P)| < |Cs(P")]. Set ' = ¢(z) < Z(P'). By (b), there exists ¢ €
Homxz(Cg(z"),Cs(z)) such that ¢(z') = x. Set P” = ¢(P"). Then 9o €
Isoc, (z) (P, P"), and in particular P” is Cx(x)-conjugate to P. Also, since
Cs(P') < Cgs(2'), ¢ sends Cs(P’) injectively into Cg(P”), and |Cg(P)| <
|Cs(P")] < |Cs(P")|. Since Cg(P) = Cry(z)(P) and Cs(P") = Ceg)(P"),
this contradicts the original assumption that P is fully centralized in Cz(x).

By definition, for each (P,z) € U, Ng(P) < Cs(r) and hence Autc ) (P) =
Autg(P). By assumption, there is T' € Syl,(Autz(P)) such that 7(x) = x for
all 7 € T’ ie, such that T' < Autc, (,)(P). In particular, it follows that

V(P,x) €U : Auts(P) € Syl,(Autz(P)) <= Autcy(a)(P) € Syly(Aute, 2)(P)).

(2)
We are now ready to prove condition (I) for F; namely, to show for each
P < S fully normalized in F that P is fully centralized and Autg(P) €
Syl,(Autz(P)). By definition, |Ng(P)| > |Ng(P’')| for all P’ F-conjugate
to P. Choose x € Z(P) such that (P,z) € U; and let T' € Syl,(Autz(P)) be
such that T > Autg(P) and = € Z(P)'. By (a) and (b), there is an element
y € X and a homomorphism ¢ € Homxz(Cs(x),Cs(y)) such that (x) = y.
Set P' =P, and set T" = Ty~ € Syl,(Autz(T")). Since T > Autg(P) by
definition of U, and ¥(Ng(P)) = Ng(P’) by the maximality assumption, we
see that T' > Autg(P'). Also, y € Z(P)T' (T'y =y since Tz = x), and this
shows that (P',y) € Up. The maximality of [Ng(P')| = [Ncg(y,)(P')| implies
that P’ is fully normalized in Cz(y). Hence by condition (I) for the saturated
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Construction of 2-local finite groups 923

fusion system Cr(y), together with (1) and (2), P fully centralized in F and
Autg(P) € Syl,(Autx(P)).

It remains to prove condition (II) for F. Fix 1 # P < S and ¢ € Homz(P, S)
such that P’ & P is fully centralized in F, and set

N, = {g € Ns(P)| ¢cgp™" € Autg(P')}.

We must show that ¢ extends to some ¢ € Homz(N,, S). Choose some 2’ €
Z(P') of order p which is fixed under the action of Autg(P’), and set x =
o H2') € Z(P). For all g € Ny, pcgp™t € Autg(P') fixes 2/, and hence
cg(x) = . Thus

z € Z(N,) and hence N, < Cg(z); and  Ng(P') <Cs(z). (3)
Fix y € X which is F-conjugate to  and z’, and choose

¥ € Homg(Cgs(z), Cs(y)) and Y € Homz(Cs(z'), Cs(y))
such that ¥ (z) = ¢/'(2') = y. Set Q@ = ¢(P) and Q' = ¢/(P’). Since P’ is fully
centralized in F, ¢/(P') = Q', and Cs(P’) < Cs(z’), we have
U (Cogan(P) =¥ (Cs(P')) = Cs(Q') = Ceg(y) (Q) (4)

Set 7 = Wl € Isor(Q,Q'). By construction, 7(y) = y, and thus 7 €
Isoc, () (Q,Q"). Since P’ is fully centralized in F, (4) implies that Q" is
fully centralized in Cr(y). Hence condition (II), when applied to the satu-
rated fusion system Cr(y), shows that 7 extends to a homomorphism 7 €
Homg, () (N-, Cs(y)), where

Ny = {9 € Negy)(Q) | Tegm™" € Auteg(,) (@)}
Also, for all g € N, < Cg(z) (see (3)),
Ca(pia)) = TCo(g)T = (T)eg (1) ™ = (W' @)eg (V@) ™" = ey € Autey () (Q)

for some h € Ng(P') such that ¢c,o~! = cp,. This shows that ¢(N,) < N;;
and also (since Cg(Q') = ¢/ (Cg(P")) by (4)) that

T(W(N,)) < ¢ (Neg(ar) (P)).

We can now define

7Y (W) o (7o), € Home(N,, S),

and p|p = ¢. O
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Proposition 1.1 will also be applied in a separate paper of Carles Broto and
Jesper Mgller [7] to give a construction of some “exotic” p—local finite groups
at certain odd primes.

Our goal now is to construct certain saturated fusion systems, by starting with
the fusion system of Spiny(g) for some odd prime power ¢, and then adding to
that the automorphisms of some subgroup of Spin7(q). This is a special case of
the general problem of studying fusion systems generated by fusion subsystems,
and then showing that they are saturated. We first fix some notation. If 77 and
F, are two fusion systems over the same p—group S, then (Fi,Fa) denotes the
fusion system over S generated by F; and Fa: the smallest fusion system over
S which contains both F; and Fy. More generally, if F is a fusion system over
S, and Fy is a fusion system over a subgroup Sy < S, then (F;Fp) denotes
the fusion system over S generated by the morphisms in F between subgroups
of S, together with morphisms in Fy between subgroups of Sy only. In other
words, a morphism in (F;Fy) is a composite

P2 p 2P P 2 By,

where for each i, either ¢; € Homz(P,_1, P;), or ¢; € Homg (Pi—1, P;) (and
P;_1,P; < Sp).

As usual, when G is a finite group and S € Syl,(G), then Fs(G) denotes
the fusion system of G over S. If I' < Aut(G) is a group of automorphisms
which contains Inn(G), then Fg(I') will denote the fusion system over S whose
morphisms consist of all restrictions of automorphisms in I" to monomorphisms
between subgroups of S'.

The next proposition provides some fairly specialized conditions which imply
that the fusion system generated by the fusion system of a group G together
with certain automorphisms of a subgroup of G is saturated.

Proposition 1.2 Fix a finite group G, a prime p dividing |G|, and a Sylow
p-subgroup S € Syl,(G). Fix a normal subgroup Z < G of order p, an ele-
mentary abelian subgroup U <1 S of rank two containing Z such that Cg(U) €
Syl,(Ce(U)), and a subgroup I' < Aut(Cg(U)) containing Inn(Cq(U)) such
that v(U) =U for all v € T'. Set

So=Cs(U) and FE (F(G); F, (1)),

and assume the following hold.

(a) All subgroups of order p in S different from Z are G-—conjugate.
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Construction of 2-local finite groups 925

(b) T’ permutes transitively the subgroups of order p in U.
() {pel|p(Z) =2} = Auty,w)(Ca(U)).

(d) For each E < S which is elementary abelian of rank three, contains U,
and is fully centralized in Fg(G),
{a € Autr(Cs(E))[a(Z) = Z} = Auta(Cs(E)).

(e) Forall E,E" < S which are elementary abelian of rank three and contain
U, if £ and E' are I'-conjugate, then they are G—conjugate.

Then F is a saturated fusion system over S. Also, for any P < S such that
Z <P,
{¢o € Homz(P,S) | p(Z) = Z} = Homg (P, 5). (1)

Proposition 1.2 follows from the following three lemmas. Throughout the proofs
of these lemmas, references to points (a—e) mean to those points in the hypothe-
ses of the proposition, unless otherwise stated.

Lemma 1.3 Under the hypotheses of Proposition 1.2, for any P < S and any
central subgroup Z' < Z(P) of order p,
Z # 7' <U = Jp € Homr(P,Sp) such that p(Z') = Z (1)

and
Z' £ U = 3¢ € Homg(P, Sp) such that ¢(Z') <U. (2)

Proof Note first that Z < Z(.5), since it is a normal subgroup of order p in a
p—group.
Assume Z # Z' <U. Then U = ZZ', and

P < CS(Z/) = Cs(ZZ,) = Cs(U) =5y

since Z' < Z(P) by assumption. By (b), there is @ € I" such that «(Z') = Z.
Since Sy € Syl,(C(U)), there is h € Cq(U) such that h-a(P)-h~! < Sy; and
since

cn € Aty (Ca(U)) <T

by (c), ¢ def ¢p o € Homp (P, Sy) and sends Z' to Z.

If Z' £ U, then by (a), there is g € G such that gZ’g~! < U\Z. Since Z is
central in S, gZ'g~" is central in gPg~!, and U is generated by Z and gZ'g~!,
it follows that gPg~! < C(U). Since Sy € Syl,(C(U)), there is h € Ca(U)
such that h(gPg~ 1)k~ < Sj; and we can take 1) = ¢y € Home (P, Sp). O

Geometry & Topology, Volume 6 (2002)



926 Ran Levi and Bob Oliver

We are now ready to prove point (1) in Proposition 1.2.

Lemma 1.4 Assume the hypotheses of Proposition 1.2, and let
F = (Fs(G); Fs, (1)

be the fusion system generated by G and I'. Then for all P,P’ < S which
contain Z
{p € Homg (P, P") | o(Z) = Z} = Homg (P, P').

Proof Upon replacing P’ by ¢(P) < P’, we can assume that ¢ is an isomor-
phism, and thus that it factors as a composite of isomorphisms

P=p 2, p 2, p &

o

Pr—1

Pey == P, =P,

R
R

where for each i, p; € Homg(P;—1, P;) or ¢; € Homp(P,—1, P;). Let Z; < Z(F;)
be the subgroups of order p such that Zy = Z, = Z and Z; = ¢;(Z;—1).

To simplify the discussion, we say that a morphism in F is of type (G) if it is
given by conjugation by an element of G, and of type (I') if it is the restriction
of an automorphism in I'. More generally, we say that a morphism is of type
(G,T) if it is the composite of a morphism of type (G) followed by one of type
(T'), etc. We regard Idp, for all P < S, to be of both types, even if P £ Sj.
By definition, if any nonidentity isomorphism is of type (I'), then its source
and image are both contained in Sy = Cg(U).

For each i, using Lemma 1.3, choose some 1); € Homg(P,U,S) such that
¥i(Z;) = Z. More precisely, using points (1) and (2) in Lemma 1.3, we can
choose 1; to be of type (I') if Z; < U (the inclusion if Z; = Z), and to be
of type (G,I') if Z £ U. Set P! = ¢;(P;). To keep track of the effect of
morphisms on the subgroups Z;, we write them as morphisms between pairs,
as shown below. Thus, ¢ factors as a composite of isomorphisms
-1
(Py,2) — (Poy, Zimy) — 2 (P, Z3) —2— (P, 2).

If ¢; is of type (G), then this composite (after replacing adjacent morphisms
of the same type by their composite) is of type (I',G,T"). If ¢; is of type (I'),
then the composite is again of type (I',G,T") if either Z;_; < U or Z; < U,
and is of type (I',G,T",G,T") if neither Z; 1 nor Z; is contained in U. So we
are reduced to assuming that ¢ is of one of these two forms.

Case 1 Assume first that ¢ is of type (I, G,I'); ie, a composite of isomor-
phisms of the form

Py Z) -2 (P, Z 2 (P, Z % (P, 7).
(Oa)T(lpl)W(QaQ)T(Sa)
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Construction of 2-local finite groups 927

Then Z; = Z if and only if Zy = Z because 9 is of type (G). If Z1 = Zy = Z,
then ¢ and 3 are of type (G) by (c), and the result follows.

It Zy # Z # Zy, then U = ZZy = ZZy, and thus @o(U) = U. Neither
1 nor 3 can be the identity, so P; < Sy = Cg(U) for all ¢ by definition of
Homp(—, —), and hence ¢ is of type (I') by (c). It follows that ¢ € Isop(FPp, Ps)
sends Z to itself, and is of type (G) by (c) again.

Case 2 Assume now that ¢ is of type (I', G,I', G,T"); more precisely, that it
is a composite of the form

(Py, Z) =22 (Py, 7)) 225 (Py, Zy) =2 (P3,Z3) -2 (P4, Z4) —2— (Ps, Z),
(T) (@) (T) (@) (T)

where Zs, Z3 ﬁ U. Then Zy,7Z, < U and are distinct from Z, and the groups
Py, Py, Py, P5 all contain U since o1 and @5 (being of type (I')) leave U invari-
ant. In particular, P, and P; contain Z, since P; and P, do and 2,y are
of type (G). We can also assume that U < P, P, since otherwise P, NU = Z
or BsNU =Z, p3(Z) = Z, and hence g3 is of type (G) by (c) again. Finally,
we assume that P, P3 < Sy = Cg(U), since otherwise 3 = Id.

Let E; < P; be the rank three elementary abelian subgroups defined by the
requirements that Ey = UZy, E3 = UZ3, and ¢;(E;—1) = E;. In particular,
E; < Z(P;) for i = 2,3 (since Z; < Z(F;), and U < Z(F;) by the above
remarks); and hence E; < Z(P;) for all i. Also, U = ZZ4 < @4(F3) = E4 since
w4(Z) = Z, and thus U = p5(U) < E5. Via similar considerations for E, and
Eq, we see that U < E; for all 1.

Set H = C(U) for short. Let & be the set of all elementary abelian subgroups
E < S of rank three which contain U, and with the property that Cg(E) €
Syl,(Cu(E)). Since Cs(E) < Cs(U) = So € Syl,(H), the last condition
implies that E is fully centralized in the fusion system Fgs,(H). If E < S
is any rank three elementary abelian subgroup which contains U, then there
is some a € H such that E' = aFa™! € &, since Fg,(H) is saturated and
U < H. Then ¢, € Isog(E,E") NIsor(E,E’") by (c). So upon composing
with such isomorphisms, we can assume that E; € £ for all i, and also that
¢0i(Cs(Ei—1)) = Cs(E;) for each 1.

In this way, ¢ can be assumed to extend to an F—isomorphism @ from Cg(FEj)
to Cg(Es) which sends Z to itself. By (e), the rank three subgroups E; are
all G-conjugate to each other. Choose g € G such that gE5g~! = Ey. Then
g-:Cs(E5)-g~! and Cg(Ep) are both Sylow p-subgroups of Cg(Ep), so there
is h € Cg(Ey) such that (hg)Cs(Es)(hg)™' = Cs(Ep). By (d), chgop €
Autr(Cg(Ey)) is of type (G); and thus ¢ € Isog(Py, Ps). O
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To finish the proof of Proposition 1.2, it remains only to show:

Lemma 1.5 Under the hypotheses of Proposition 1.2, the fusion system F
generated by Fg(G) and Fs,(I') is saturated.

Proof We apply Proposition 1.1, by letting X be the set of generators of Z.
Condition (a) of the proposition (every x € S of order p is F—conjugate to an
element of X) holds by Lemma 1.3. Condition (c) holds since Cr(Z) is the
fusion system of the group C(Z) by Lemma 1.4, and hence is saturated by [6,
Proposition 1.3].

It remains to prove condition (b) of Proposition 1.1. We must show that if y, z €
S are F-conjugate and (z) = Z, then there is ¢ € Homz(Cs(y),Cs(z)) such
that ¢(y) = z. If y ¢ U, then by Lemma 1.3(2), there is ¢ € Hom#(Cs(y), So)
such that ¢(y) € U. If y € U\Z, then by Lemma 1.3(1), there is ¢ €
Hom#z(Cs(y), So) such that ¢(y) € Z. We are thus reduced to the case where
Y,z € Z (and are F—conjugate).

In this case, then by Lemma 1.4, there is ¢ € G such that z = gyg~'. Since

Z 4G, [G:Cg(Z)] is prime to p, so S and gSg~! are both Sylow p-subgroups
of Cq(Z), and hence are Cg(Z)-conjugate. We can thus choose g such that
z=gyg ! and gSg~! = S. Since Cs(y) = Cs(z) = S (Z < Z(9) since it is
a normal subgroup of order p), this shows that ¢, € Isog(Cs(y),Cs(2)), and
finishes the proof of (b) in Proposition 1.1. O

2 A fusion system of a type considered by Solomon

The main result of this section and the next is the following theorem:

Theorem 2.1 Let g be an odd prime power, and fix S € Syls(Spinz(q)). Let
z € Z(Spinz(q)) be the central element of order 2. Then there is a saturated
fusion system F = Fgoi(q) which satisfies the following conditions:

(a) Cr(z) = Fs(Spiny(q)) as fusion systems over S.
(b) All involutions of S are F —conjugate.

Furthermore, there is a unique centric linking system £ = L§_,(q) associated
to F.
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Theorem 2.1 will be proven in Propositions 2.11 and 3.3. Later, at the end
of Section 3, we explain why Solomon’s theorem [22] implies that these fusion
systems are not the fusion systems of any finite groups, and hence that the
spaces BSol(q) are not homotopy equivalent to the 2-completed classifying
spaces of any finite groups.

Background results needed for computations in Spin(V,b) have been collected
in Appendix A. We focus attention here on SO7(q) and Spiny(gq). In fact,
since we want to compare the constructions over F, with those over its field

extensions, most of the constructions will first be made in the groups S O7(I_Fq)
and Spiny(Fy).

We now fix, for the rest of the section, an odd prime power ¢. It will be

convenient to write Spiny(¢*°) def Spiny(IF‘q), etc. In order to make certain
computations more explicit, we set

Voo = My(F,) @ MY(F,) = (F,)" and  b(A, B) = det(A) + det(B)

(where MJ(—) is the group of (2x2) matrices of trace zero), and for each n > 1
set Vi, = Ma(Fyn) ® MY(Fyn) C Vio. Then b is a nonsingular quadratic form
on Vy and on V,,. Identify SO7(¢*°) = SO(V,b) and SO7(¢") = SO(V,,,b),
and similarly for Spin7(¢™) < Spin;(¢®>). For all a € Spin(Mg(I_Fq),det) and

8 e Spin(MQO(IF‘q), det), we write a @ 3 for their image in Spiny(¢°°) under the
natural homomorphism

ta3: Sping(¢™) x Sping(¢™) —— Spiny(¢™°).
There are isomorphisms

pi: SLa(q™) x SLa(¢™®) — Spiny(¢™) and  ps: SLa(q™) — Spinz(¢™)

which are defined explicitly in Proposition A.5, and which restrict to isomor-
phisms

SLy(q") x SLa(q") = Sping(q™) and SLs(¢") = Spins(q")
for each n. Let
2= a(~1,~1) & 1= 1@ ja(~T) € Z(Spinr(q))
denote the central element of order two, and set
z1 = pa(—1,1) & 1 € Spinz(q).
Here, 1 € Sping(q) (k = 3,4) denotes the identity element. Define U = (z, z1).
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Definition 2.2 Define
w: SLy(¢™)> ——— Sping(¢™)

by setting
w(A1, Aa, A3) = pa(A1, Aa) ® p3(As)

for Aq, Ay, Ag € SLQ(QOO). Set
H(q>®) = w(SLa(q™)?) and [A1, Az, A3] = w(A1, Az, A3) .

Since ps and p4 are isomorphisms, Ker(w) = Ker(s43), and thus
Ker(w) = (—1, ~1,~1)).
In particular, H(q™) 2 (SLa(q>)3)/{£(I,1,1)}. Also,
z=[1,1,-1] and z1=[-1,1,1],

and thus
U= {[+I,+I,+I]}

(with all combinations of signs).
For each 1 < n < oo, the natural homomorphism
Spinz(¢") — S07(¢")

has kernel and cokernel both of order 2. The image of this homomorphism
is the commutator subgroup Q7(¢") < SO7(¢"™), which is partly described by
Lemma A.4(a). In contrast, since all elements of F, are squares, the natural
homomorphism from Spinz(¢>) to SO7(¢>) is surjective.
Lemma 2.3 There is an element T € Ngpin,(q)(U) of order 2 such that

7-[A1, Ay, A7 = [Ag, Ay, Aj] (1)
for all Ay, As, As € SLa(q™).

Proof Let 7 € SO7(q) be the involution defined by setting
T(X,Y) = (=0(X),-Y)
for (X,Y) € Vi = My(F,) & MI(F,), where
o(2) = (42)
Let 7 € Spiny(¢*°) be a lifting of 7. The (—1)—eigenspace of 7 on V4 has
orthogonal basis

{(2,0),(0. (5 21)) (0:(16)) - (0. (F10)) }+
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and in particular has discriminant 1 with respect to this basis. Hence by Lemma
Ad(a), 7 € Q7(q), and so 7 € Spinz(q). Since in addition, the (—1)—eigenspace
of 7 is 4-dimensional, Lemma A.4(b) applies to show that 72 = 1.
By definition of the isomorphisms ps and py, for all A; € SLy(¢™) (i =1,2,3)
and all (X,Y) € Vo,

[A1, Ay, A3](X,Y) = (A1 XAy, AsY AS ).
Here, Spiny(¢®°) acts on Vo, via its projection to SO7(¢*°). Also, for all X,Y €

M2 (Fq) )
0(X)= (% 8)-x"(%8)""  and in particular  B(XY) = 6(Y)-0(X);
and 0(X) = X! if det(X) = 1. Hence for all Ay, Ay, A3 € SLy(¢™) and all
(X,Y) € Vo,
(T-I:[Al, AQ, Ag]]'Til)(X, Y) = T(—Al'H(X)'Agl, —A3YA§1)
= (A X AT, A3V ASY) = [Ag, Ay, A3](X,Y).

This shows that (1) holds modulo (z) = Z(Spin7(¢>)). We thus have two
automorphisms of H(¢™) & (SL2(¢*°)3)/{£(I,I,I)} — conjugation by 7 and
the permutation automorphism — which are liftings of the same automorphism
of H(¢*>)/(z). Since H(q>) is perfect, each automorphism of H(¢*°)/(z) has
at most one lifting to an automorphism of H(¢*°), and thus (1) holds. Also,

since U is the subgroup of all elements [+I,+1,+I] with all combinations of
signs, formula (1) shows that 7 € Ngpin,(q)(U)- D

Definition 2.4 For each n > 1, set
H(q") = H(¢™)NSpinz(¢")  and  Ho(q") = w(SLa(¢")®) < H(q").
Define R
Iy, =Inn(H(¢")) x 33 < Aut(H(q")),
where f]g denotes the group of permutation automorphisms
Si3 = {[A1, A2, A3] — [Ao1, Asa, Ass] | 0 € B3} < Aut(H(q")).

For each n, let 97" be the automorphism of Spiny(¢®) induced by the field
isomorphism (¢ — ¢”"). By Lemma A.3, Spiny(q") is the fixed subgroup of
¥?". Hence each element of H(q") is of the form [A;, As, A3], where either
A; € SLy(q") for each i (and the element lies in Ho(g")), or 99" (A;) = —A;
for each i. This shows that Hy(¢") has index 2 in H(q").

The goal is now to choose compatible Sylow subgroups S(¢") € Syla(Spiny(¢™))
(all » > 1) contained in N(H(¢")), and let Fgo1(g") be the fusion system over
S(q™) generated by conjugation in Spiny(¢™) and by restrictions of T',.
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Proposition 2.5 The following hold for each n > 1.

(a) H(qn) - CSpin7(q")(U)'

(b)  Nsping(gn)(U) = Nsping(qn)(H(q")) = H(q")(7), and contains a Sylow
2-subgroup of Spinz(q¢").

Proof Let z; € SO7(q) be the image of z; € Sping(g). Set V. = My(F,) and

Vi = MY(F,): the eigenspaces of z; acting on V. By Lemma A.4(c),

CSpin7(q°°) (U) = CSpin7(q°°) (Zl)

is the group of all elements « € Spiny(¢*°) whose image a € SO7(¢*°) has the
form
a=oa_ oy where a4 € SO(V4).

In other words,
Cspin7(qoo)(U) =143 (Spin4(q°°) X Sping(qoo)) = w(SLg(qoo)?’) = H(q*).
Furthermore, since
rar Y =1[-L1IJr " = [I,-1,1I] = 2z

by Lemma 2.3, and since any element of Ngpiy.(4)(U) centralizes z, conjuga-
tion by 7 generates Outgpin,(4)(U). Hence

NSpin7(q°°)(U) = H(qoo)<7_>

Point (a), and the first part of point (b), now follow upon taking intersections
with Spiny(¢™).

If Ngping(q»)(U) did not contain a Sylow 2-subgroup of Spinz(¢™), then since
every noncentral involution of Spiny(¢") is conjugate to z; (Proposition A.8),
the Sylow 2-subgroups of Spin7(¢) would have no normal subgroup isomorphic
to C2. By a theorem of Hall (cf [15, Theorem 5.4.10]), this would imply that
they are cyclic, dihedral, quaternion, or semidihedral. This is clearly not the
case, 50 Ngpin,(qn)(U) must contain a Sylow 2-subgroup of Spinz(g), and this
finishes the proof of point (b).

Alternatively, point (b) follows from the standard formulas for the orders of
these groups (cf [24, pages 19,140]), which show that

Spinz(¢™)] @@ - D@ - D@ =1 60 an | om 2 41
H (gl 2[g" (¢ — 1) ="+ ) ()
is odd. _
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We next fix, for each n, a Sylow 2-subgroup of Spin;(¢™) which is contained
in H(qn)<7_> = NSpin7(q")(U)‘

Definition 2.6 Fix elements A, B € SLy(q) such that (4, B) = Qs (a quater-
nion group of order 8), and set A = [A4,A4,A4] and B = [B,B,B]. Let
C(¢*°) < Cgsr,yg=)(A) be the subgroup of elements of 2-power order in the
centralizer (which is abelian), and set Q(¢*°) = (C(¢*), B). Define

S0(g™) = w(Q(¢™)?*) < Ho(q™)
and
S(q™) = So(¢™)(r) < H(¢™) < Spinz(¢™).

Here, T € Spinz(q) is the element of Lemma 2.3. Finally, for each n > 1, define

C(q") = C(¢>) N SLa(q"), Q(q") = Q(¢>) N SLa(q"),
So(q") = So(¢™) N Spinz(¢"),  and  S(¢") = S(¢™) N Spinz(¢").

Since the two eigenvalues of A are distinct, its centralizer in SLs(¢*°) is con-
jugate to the subgroup of diagonal matrices, which is abelian. Thus C(¢*) is
conjugate to the subgroup of diagonal matrices of 2—power order. This shows
that each finite subgroup of C'(¢*°) is cyclic, and that each finite subgroup of
Q(¢*) is cyclic or quaternion.

Lemma 2.7 For all n, S(¢") € Sylz2(Spinz(q")).

Proof By [23, 6.23], A is contained in a cyclic subgroup of order ¢" — 1 or
q" + 1 (depending on which of them is divisible by 4). Also, the normalizer of
this cyclic subgroup is a quaternion group of order 2(¢"™ + 1), and the formula
|SLa(q™)| = ¢"(¢** — 1) shows that this quaternion group has odd index. Thus
by construction, Q(q") is a Sylow 2-subgroup of SLs(¢"). Hence w(Q(q")?3) is
a Sylow 2-subgroup of Hy(q"), so w(Q(¢*)3)NSpiny(¢™) is a Sylow 2-subgroup
of H(q"). It follows that S(q") is a Sylow 2-subgroup of H(q")-(7), and hence
also of Spinz(¢™) by Proposition 2.5(b). O

Following the notation of Definition A.7, we say that an elementary abelian
2-subgroup E < Spin;(¢") has type I if its eigenspaces all have square dis-
criminant, and has type II otherwise. Let &, be the set of elementary abelian
subgroups of rank r in Spiny(¢™) which contain z, and let & and &£!! be the
sets of those of type I or II, respectively. In Proposition A.8, we show that
there are two conjugacy classes of subgroups in Si and one conjugacy class of
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subgroups in /. In Proposition A.9, an invariant x¢(E) € E is defined, for
all E € & (and where C is one of the conjugacy classes in £]) as a tool for
determining the conjugacy class of a subgroup. More precisely, F has type I if
and only if z¢(F) € (z), and E € C if and only if z¢(F) = 1. The next lemma
provides some more detailed information about the rank four subgroups and
these invariants.

Recall that we define A = [A, A, A] and B= [B, B, B].

Lemma 2.8 Fix n > 1, set E, = (z, 21, A, §> < S(¢™), and let C be the
Spinz(g™)—conjugacy class of E,. Let £ be the set of all elementary abelian
subgroups E < S(q") of rank 4 which contain U = (z,z;). Fix a generator
X € C(q") (the 2-power torsion in Cgp,m(A)), and choose Y € C(¢*") such
that Y2 = X . Then the following hold.

(a) FE, has type L
(b) &Y = {EijknEz{jk: |i,j,k € Z} (a finite set), where
Eiji = (2,21, A, [X'B, X B, X" B])

and ‘ |
k= (221, A [X'YB, XY B, X*Y B]).

(d) All of the subgroups Egjk have type II. The subgroup Ej;j, has type I if
and only if i = j (mod 2), and lies in C (is conjugate to E, ) if and only if
i =7 =k (mod 2). The subgroups Eyy, Eoo1, and E1o9 thus represent
the three conjugacy classes of rank four elementary abelian subgroups of

Spinz(¢"™) (and E. = Eyo ).

(e) For any ¢ € T, < Aut(H(q")) (see Definition 2.4), if E',E" ¢ &Y are
such that ¢(E") = E”, then ¢(z¢(E')) = zc(E").

Proof (a) The set
{(1,0),(4,0),(B,0),(AB,0),(0,A),(0,B),(0,AB)}

is a basis of eigenvectors for the action of E, on V,, = My(Fyn) & M (Fyn).
(Since the matrices A, B, and AB all have order 4 and determinant one, each
has as eigenvalues the two distinct fourth roots of unity, and hence they all
have trace zero.) Since all of these have determinant one, E, has type I by
definition.
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(b) Consider the subgroups
Ry = w(C(¢®)*) N S(g") = {[X', X7, X*], [X'Y, XY, X"Y]

i,j,k € L}

and R R
Ry = CS(qn)(<U, A)) = Ry-(B).

Clearly, each subgroup E € &Y is contained in
Cs(qm(U) = So(¢") = Ro-([B', B/, B]).

All involutions in this subgroup are contained in Ry = Ro-([B, B, B]), and thus
E < R;. Hence E'N Ry has rank 3, which implies that £ > (z,21, 4) (the
2-torsion in Ry). Since all elements of order two in the coset Ry-B have the
form

[X‘B,X'B,X*B] or [X'VYB,X'YB,X*YB]

for some 4, j, k, this shows that E must be one of the groups FEjj; or EZ’]k
(Note in particular that E, = Fyoo.)

(c) By Proposition A.9(a), the element z¢(E) € E is characterized uniquely
by the property that z¢(E) = g~ 149 (g) for some g € Spiny(¢®) such that
gEg~! € C. We now apply this explicitly to the subgroups Eiji, and E| ik

For each i, Y4 X‘B)Y' =Y 2 X'B = B. Hence for each i, j, k,
YOy YR By [V Y7, Y] = E,

and
¢qn(ﬂyi7 Yjv Yk]]) = [[Yiv Yjv Yk]]'ﬂ(_l)iv (_I)jv (_I)k]]'

Hence
ve(Eigr) = [(=1)", (1), (=D)"].
Similarly, if we choose Z € Cgp,(4)(A) such that Z? =Y, then for each i,
(Y'Z)"YX'YB)(Y'Z) = B.
Hence for each i, 7, k,
[Y'Z Y ZY*Z] VB, [Y'2,YZ,Y*Z] = E..
Since 97" (Z) = +Z A,
V([YZ,YI 2, YRZ])) = [Y'Z, Y Z,Y*Z])[(—1)' A, (1) A, (-1)* A],

and hence ' '
we(Bly) = [(=1)'A, (=1) A, (~1)* A].
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(d) This now follows immediately from point (c) and Proposition A.9(b,c).

(e) By Definition 2.4, T, is generated by Inn(H(¢")) and the permutations
of the three factors in H(q™) = (SLo(¢>®)®)/{£(I,I,I)}. If p € T, is a
permutation automorphism, then it permutes the elements of 8}{ , and preserves
the elements z¢(—) by the formulas in (c¢). If ¢ € Inn(H(¢")) and p(E') = E”
for B/, E" € £/, then ¢(xc(E')) = zc(E") by definition of x¢(—); and so the
same property holds for all elements of IT',. O

Following the notation introduced in Section 1, Homgpy,. (gn) (P, @) (for P, Q <
S(¢™)) denotes the set of homomorphisms from P to @ induced by conjugation
by some element of Spiny(¢™). Also, if P,Q < S(¢") N H(q"), Homr, (P, Q)
denotes the set of homomorphisms induced by restriction of an element of I',,.
Let F, = Fsoi(¢™) be the fusion system over S(q") generated by Spinz(q")
and T',,. In other words, for each P,Q < S(q"), Homg, (P, Q) is the set of all
composites

P=p 2. p 2. p P 2 P =Q,

where P; < S(q") for all 4, and each ¢; lies in Homgy, (gn)(Pi—1, F;) or (if
P,_1,P, < H(q")) Homr, (P;—1, P;). This clearly defines a fusion system over
S(q™).

Proposition 2.9 Fix n > 1. Let E < S(¢") be an elementary abelian sub-
group of rank 3 which contains U, and such that

Cs(g)(E) € Syla(Cspin, (gn) ().
Then

{v € Autz, (Csqm) (E)) | p(2) = 2} = Autgpin (g7) (Csgn) (E))- (1)

Proof Set
Spin = Spinz(q"), S =5S(q"), I=r1,, and F=F,

for short. Consider the subgroups

Ro = Ro(¢") ¥ w(C(@®)®)nS and Ry = Ri(¢") ¥ Cs((U, A)) = (R, B).

Here, Ry is generated by elements of the form [X;, X3, X3], where either X; €
C(q"), or X1 = Xo = X3 =X € C(¢*) and ¢ (X) = —X. Also, C(¢q") €
Syl2(Cgr, gy (A)) is cyclic of order 2k > 4. where 2* is the largest power which
divides ¢" + 1; and C(¢*") is cyclic of order 2**+1. So

Ry (Cy)® and Ry = Ry x (B),
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where B = [B, B, B]| has order 2 and acts on Ry via (g — g~'). Note that
(U, A) = ([+1,+1,+I],[A, A, A]) = C3
is the 2—torsion subgroup of Ry.
We claim that
Ry is the only subgroup of S isomorphic to (Cy)?. (2)

To see this, let R’ < S be any subgroup isomorphic to (Cy:)?, and let E' = C3
be its 2—torsion subgroup. Recall that for any 2—group P, the Frattini subgroup
Fr(P) is the subgroup generated by commutators and squares in P. Thus

E' < Fr(R') < Fr(S) < (Ro, [B, B, 1])

(note that [B,B,I] = (7-[B,I,I])?). Any elementary abelian subgroup of
rank 4 in Fr(S) would have to contain (U, A) (the 2—torsion in Ry = C3,), and
this is impossible since no element of the coset Ry-[B,B,I] commutes with
A. Thus, rk(Fr(S)) = 3. Hence U < F', since otherwise (U, E') would be an
elementary abelian subgroup of Fr(S) of rank > 4. This in turn implies that
R' < Cs(U), and hence that E' < Fr(Cs(U)) < Ry. Thus E' = (U, A) (the
2-torsion in Ry again). Hence R’ < Cs({U, A)) = (Ry, B), and it follows that
R’ = Ry. This finishes the proof of (2).

Choose generators x1, 72,73 € Ry as follows. Fix X € Cgp,(4~)(A) of order
2F and Y € CsL4(q2) (A) of order 2k+1 guch that Y2 = X. Set 1 = [I, 1, X],
2k—1

xo = [X,[,I], and z3 = [Y,Y,Y]. Thus, x%k_l = 2z, 13 = 2, and
(z3)2 " = A.

Now let E < S(¢™) be an elementary abelian subgroup of rank 3 which con-
tains U, and such that Cg(gn)(E) € Syla(Cspin(£)). In particular, £ < Ry =
Cs(¢qn)(U). There are two cases to consider: that where E' < Ry and that where
E % Ro.

Case 1: R Assume F < Ry. Since Ry is abelian of rank 3, we must have
E = (U, A), the 2-torsion subgroup of Ry, and Cs(E) = R;. Also, by (2),
neither Ry nor R; is isomorphic to any other subgroup of S; and hence

Autz(R;) = (Autgpin(R;), Autp(R;))  for i =0,1. (4)

By Proposition A.8, Autgpin(£) is the group of all automorphisms of £ which
send z to itself. In particular, since H(q") = Cspin(U), Autggn)(E) is the
group of all automorphisms of E which are the identity on U. Also, I' =
Inn(H(¢"))-33, where 3 sends A = [A, A, A] to itself and permutes the non-
trivial elements of U = {[+I,+I,£I]]}. Hence Autr(E) is the group of all
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automorphisms which send U to itself. So if we identify Aut(E) = GL3(Z/2)
via the basis {z,z1, A}, then
Autspin(E) = T1 < GLY(Z/2) = {(ayj) € GL3(Z/2) | ag1 = az1 = 0}
and
Autp(B) = Ty & GL3(Z/2) = {(ai;) € GL3(Z/2) | azi = azs = 0}.
By (2) (and since E is the 2-torsion in Ry),
Ngpin(E) = Nspin(Ro)  and  {y € I'[v(E) = E} = {y € I'|v(Ro) = Ro}.

Since Cspin(E) = Cspin(Ro)-(B > the only nonidentity element of Autspm(Ro)
or of Autp(Rp) which is the identity on E is conjugation by B, which is —I.
Hence restriction from Ry to F induces isomorphisms

Autgpin(Ro)/{£1} = Autgpin(F) and Autr(Ry)/{*+I} = Autr(E).
Upon identifying Aut(Ro) = GL3(Z/2%) via the basis {x1, 29,23}, these can
be regarded as sections

pis Ty ——— GLy(Z/2) {21} = SLy(Z/2") x {M[| X € (Z/2°)}/{+])
of the natural projection from GL3(Z/2¥)/{£I} to GL3(Z/2), which agree on
the group Ty = 11 NI5 of upper triangular matrices.

We claim that p; and pe both map trivially to the second factor. Since this
factor is abelian, it suffices to show that Ty is generated by [17,71] N Ty and
[T2,T5) N Ty, and that each T; is generated by [T;,7;] and Ty — and this is
easily checked. (Note that T} = T) = ¥y.)

By carrying out the above procedure over the field F2n, we see that both of
these sections p; can be lifted further to SL3(Z/28*!) (still agreeing on Tp).
So by Lemma A.10, there is a section

p: GL3(Z)2) — SL3(Z/2%)
which extends both p; and pa. By (4), Autz(Ro) = Im(p)-(—1I).

We next identify Autz(R;). By Lemma 2.8(a), E, o (2,21, A, B) < Spinz(q")
is a subgroup of rank 4 and type I. So by Proposition A.8, Autgpin(Fx) contains
all automorphisms of E, = C4 which send z € Z(Spin) to itself. Hence for any
x € Ngpin(R1), since ¢;(2) = z, there i is x € Nspm(E*) such that ¢, |g = B
(ie, zz7" € Cspin(F)) and ¢y, (B B) = B (i, [xl,B] =1). Set 29 = x| ".

) =

Since Cspin(U) = H(q ) Im(w), we see that Cspin(E Ko-(B), where
= w(CsL, (g (A4)) N Spin
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is abelian, Rg € Sylg(fgo), and B acts on Ky by inversion. Upon replacing
by Bzi and 3 by z9B~! if necessary, we can assume that zo € Ky. Then
[, E] = CCQ'(BQ?QE_I)_I = 23,
while by the original choice of z,z; we have
[£9, B] = [xza7", B] = [z, B] € Ry.

Thus 23 € Ry € Syla(Kp), and hence z2 € Ry < R;. Since © = xo21 was an
arbitrary element of Ngpin(R1), this shows that Ngpin(R1) < R1-Cspin(B), and
hence that

Autspin(R1) = Inn(R))-{g € Autspin(R1) | o(B) = B}. (5)

Since Autp(R1) is generated by its intersection with Autgpin(R1) and the group
Y3 which permutes the three factors in H(¢>) (and since the elements of X3
all fix B), we also have

Autr(R;) = Inn(Ry)-{¢ € Autr(Ry)|¢(B) = B}.

Together with (4) and (5), this shows that Autz(R;) is generated by Inn(R;)

P

together with certain automorphisms of Ry = Ry-(B) which send B to itself.
In other words,

Autz(Ry) = Inn(R1)-{p € Aut(Ry) | o(
= Inn(Rl)-{go € Aut(Ry) | %)

B)
B

E, SD|R0 € Aut}—(RO)}
( ): Av

¢lr, € W(GL3(Z/2))}.
Thus

{¢ € Autz(Ry) | () = 2}
= Inn(Ry)-{p € Aut(Ry) | ¢(B) = B, ¢lr, € u(T1) = Autspin(Ro)}
= Autspin(R1),
the last equality by (5); and (1) now follows.

Case 2: Now assume that F f Ry. By assumption, U < E (hence E <
Cs(E) < Cs(U)), and Cg(FE) is a Sylow subgroup of Cspin(£). Since Cg(FE)
is not isomorphic to Ry = Cs((z, 21, A)) (by (2)), this shows that E is not
Spin—conjugate to (z,zl,zz). By Proposition A.8, Spin contains exactly two
conjugacy classes of rank 3 subgroups containing z, and thus F must have type
II. Hence by Proposition A.8(d), Cs(E) is elementary abelian of rank 4, and

also has type II.

Let C be the Spinz(q™)—conjugacy class of the subgroup E, = (U, A, E) =~ (O3,
which by Lemma 2.8(a) has type I. Let £ be the set of all subgroups of S which

Geometry & Topology, Volume 6 (2002)



940 Ran Levi and Bob Oliver

are elementary abelian of rank 4, contain U, and are not in C. By Lemma
2.8(e), for any ¢ € Isor(F’,E") and any E' € &', E” def e(E") € &, and ¢
sends z¢(E') to x¢(E"). The same holds for ¢ € Isogpin(E’, E”) by definition
of the elements xz¢(—) (Proposition A.9). Since Cg(E) € &', this shows that all
elements of Autz(Cs(E)) send the element z¢(Cg(E)) to itself. By Proposition
A.9(c), Autgpin(Cs(E)) is the group of automorphisms which are the identity
on the rank two subgroup (z¢(Cs(E)),z); and (1) now follows. O

One more technical result is needed.

Lemma 2.10 Fix n > 1, and let E,E’" < S(¢") be two elementary abelian
subgroups of rank three which contain U, and which are I';, —conjugate. Then
E and E’ are Spiny(¢™)—conjugate.

Proof By [23, 3.6.3(ii)], —I is the only element of order 2 in SLy(¢*>). Con-
sider the sets
Ji={X € SLy(¢") | X* =—1}

and
Jo = {X € SLy(¢*) | ¢ (X) = - X, X? = —T}.

Here, as usual, 47" is induced by the field automorphism (x + z7"). All ele-
ments in J; are SLy(g)-conjugate (this follows, for example, from [23, 3.6.23]),
and we claim the same is true for elements of J5.

Let SL3(¢™) be the group of all elements X € SLy(¢*") such that ¢ (X) =
+X . This is a group which contains SLs(¢") with index 2. Let k be such that
the Sylow 2-subgroups of SL(g") have order 2¥; then k > 3 since |SLa(q")| =
q"(¢*™ —1). Any S € Syly(SL5(¢"™)) is quaternion of order 2+ > 16 (see [15,
Theorem 2.8.3]) and its intersection with SLs(g") is quaternion of order 2%,
so all elements in S N Jo are S—conjugate. It follows that all elements of 7o
are SL5(q")-conjugate. If X, X' € Jo and X' = gXg~! for g € SL5(q"),
then either g € SLa(¢™) or gX € SLa(q"), and in either case X and X' are
conjugate by an element of SLs(q").

By Proposition 2.5(a),
def .
E,E" < Csping(qn)(U) = H(¢") = w(SL(¢™)*) N Spinz(¢").

Thus E = (z,21,[X1, X2, X3]) and E' = (2,21, [X], X5, X5]), where the X
are all in J; or all in J3, and similarly for the X. Also, since E and E’ are
I';,—conjugate (and each element of I',, leaves U = (z, z1) invariant), the X; and
X! must all be in the same set J; or J>. Hence they are all SLy(g"™)—conjugate,
and so E and E’ are Spin7(¢")—conjugate. |
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We are now ready to show that the fusion systems F,, are saturated, and satisfy
the conditions listed in Theorem 2.1.

Proposition 2.11 For a fixed odd prime power ¢, let S(¢") < S(¢™) <
Spiny(¢*>°) be as defined above. Let z € Z(Spiny(¢®)) be the central element
of order 2. Then for each n, F,, = Fgo1(q") is saturated as a fusion system over
S(¢"™), and satisfies the following conditions:

(a) For all P,QQ < S(q") which contain z, if a € Hom(P, Q) is such that
a(z) = z, then a € Homg, (P, Q) if and only if o € Homgip,, () (P, Q) -

(b) Cr,(2) = Fs(gn)(Spin7(¢")) as fusion systems over S(q").
(c¢) All involutions of S(q") are F,, —conjugate.

Furthermore, F,, C F, for m|n. The union of the F, is thus a category
Fso1(¢™) whose objects are the finite subgroups of S(¢*).

Proof We apply Proposition 1.2, where p = 2, G = Spinz(¢"), S = S(¢"),
Z =(z)=2Z(G); and U and C¢(U) = H(q") are as defined above. Also, I' =
Iy, < Aut(H(q")). Condition (a) in Proposition 1.2 (all noncentral involutions
in G are conjugate) holds since all subgroups in & are conjugate (Proposition
A.8), and condition (b) holds by definition of I'. Condition (c) holds since

{y € T'[7(2) = 2} = Inn(H (¢"))-{¢r) = Autng ) (H(¢"))

by definition, since H(q") = C¢(U), and by Proposition 2.5(b). Condition (d)
was shown in Proposition 2.9, and condition (e) in Lemma 2.10. So by Propo-
sition 1.2, F,, is a saturated fusion system, and C, (Z) = Fg(4n)(Spinz(q")).

The last statement is clear. D

3 Linking systems and their automorphisms

We next show the existence and uniqueness of centric linking systems associated
to the Fgoi(q), and also construct certain automorphisms of these categories
analogous to the automorphisms ¢ of the group Spin7(¢™). One more technical
lemma about elementary abelian subgroups, this time about their F—conjugacy
classes, is first needed.
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Lemma 3.1 Set F = Fgso1(q). For each r < 3, there is a unique F —conjugacy
class of elementary abelian subgroups E < S(q) of rank r. There are two
F —conjugacy classes of rank four elementary abelian subgroups E < S(q): one
is the set C of subgroups Spinz(q)—conjugate to E, = (z, zl,g, §>, while the
other contains the other conjugacy class of type I subgroups as well as all type
IT subgroups. Furthermore, Autr(E) = Aut(E) for all elementary abelian
subgroups E < S(q) except when E has rank four and is not F—conjugate to
FE., in which case

Autr(F) = {a € Aut(E) |a(zc(F)) = zc(E)}.

Proof By Lemma 2.8(d), the three subgroups
E* = <Z7ZI7A\5 [[B7B7B]]>a EOOl = <Z,21,A\, [[BaBaXB]Dy ElOO = <Z,21,A\, [[XBvBaB]D

(where X is a generator of C'(q)) represent the three Spin7(q)—conjugacy classes
of rank four subgroups. Clearly, F19p and FEyg1 are I';—conjugate, hence F—
conjugate; and by Lemma 2.8(e), neither is I'j—conjugate to E,.. This proves
that there are exactly two F—conjugacy classes of such subgroups.

Since E, and Eyg; both are of type I'in Spinz(q), their Spin7(g)—automorphism
groups contain all automorphisms which fix z (see Proposition A.8). By Lemma
2.8(e), z is fixed by all I'-automorphisms of FEyo1, and so Autz(Epe) is the
group of all automorphisms of Eyy; which send z = x¢(Epp1) to itself. On the
other hand, F, contains automorphisms (induced by permuting the three coor-
dinates of H) which permute the three elements z, z1, zz;1; and these together
with Autgpin(Ex) generate Aut(Ey).

It remains to deal with the subgroups of smaller rank. By Proposition A.8 again,
there is just one Spiny(q)—conjugacy class of elementary abelian subgroups of
rank one or two. There are two conjugacy classes of rank three subgroups,
those of type I and those of type II. Since Fjgg is of type II and Fyo; of type
I, all rank three subgroups of Eyy; have type I, while some of the rank three
subgroups of F1gg have type II. Since Eyg1 is F—conjugate to Figg, this shows
that some subgroup of rank three and type II is F—conjugate to a subgroup of
type I, and hence all rank three subgroups are conjugate to each other. Finally,
Autz(E) = Aut(E) whenver rk(F) < 3 since any such group is F—conjugate
to a subgroup of E, (and we have just seen that Autz(E,) = Aut(E,)). D

To simplify the notation, we now define

fSpin(qn) dgf fS(q”)(Spin7(qn))
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for all 1 < n < oco: the fusion system of the group Spinz(¢") at the Sylow
subgroup S(q"). By construction, this is a subcategory of Fgso(¢™). We write

Oso1(¢") = O(Fsol(q™))  and  Ospin(q") = O(Fspin(q"))

for the corresponding orbit categories: both of these have as objects the sub-
groups of S(¢"), and have as morphism sets

Moroso1(q”)(Pv Q) = Hom]:sol(q”)(Pv Q)/IDH(Q) - Rep(Pv Q)

and
MorOSpin(qn)(P’ Q) = Homfspm(q”)(Pv Q)/IDH(Q) .

Let O§,(¢") € Osai(¢") and O§;,(¢") € Ospin(g") be the centric orbit cate-
gories; ie, the full subcategories whose objects are the Fgo1(¢™)— or Fspin(q")-
centric subgroups of S(¢"™). (We will see shortly that these in fact have the
same objects.)

The obstructions to the existence and uniqueness of linking systems associated
to the fusion systems Fgo1(¢"™), and to the existence and uniqueness of certain
automorphisms of those linking systems, lie in certain groups which were iden-
tified in [6] and [5]. It is these groups which are shown to vanish in the next
lemma.

Lemma 3.2 Fix a prime power ¢, and let
Zso1(q): Oi(q) —— Ab  and  Zgpin(q): Ofpin(q) —— AD
be the functors Z(P) = Z(P). Then for all i > 0,
]

lim’ (Zsoi(q)) = 0= lim" (Zspin(q))-

o ol (q) ngin(Q)

wno

Proof Set F = Fgo(q) for short. Let P, ..., P, be F—conjugacy class repre-
sentatives for all F—centric subgroups P; < S(q), arranged such that |FP;| < [P
for i < j. For each i, let Z; C Z50(q) be the subfunctor defined by setting
Zi(P) = Zsoi(q)(P) if P is conjugate to P; for some j < ¢ and Z;(P) = 0
otherwise. We thus have a filtration

():ZOngg"'ng:ZSOI(Q)

of Zg01(q) by subfunctors, with the property that for each i, the quotient
functor Z;/Z;_1 vanishes except on the conjugacy class of P; (and such that
(Zi/Zi-1)(P;) = Zs01(q)(F;)). By [6, Proposition 3.2],

im*(2;/2;-1) = A" (Outx(5); Z(F))
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for each i. Here, A*(I"; M) are certain graded groups, defined in [16, section 5]
for all finite groups I' and all finite Z,)[I']-modules M. We will show that
A (Outg(P;); Z(P;)) = 0 except when P; = S(q) or Sp(q) (see Definition 2.6).

Fix an F-centric subgroup P < S(q). For each j > 1, let Q;(Z(P)) = {g €
Z(P)|g¥ =1}, and set E = O(Z(P)) — the 2-torsion in the center of P.
For each j > 1, let ;(Z(P)) = {g € Z(P)|¢g* =1}, and set E = Q(Z(P))
— the 2—torsion in the center of P. We can assume F is fully centralized in F
(otherwise replace P and E by appropriate subgroups in the same F—conjugacy
classes).

Assume first that Q & Cs(q)(E) z P, and hence that Ng(P) z P. Then
any € Ng(P)\P centralizes E = ;(Z(P)). Hence for each j, z acts triv-
ially on Q;(Z(P))/Q;-1(Z(P)), since multiplication by p/~! sends this group
Ng(P)/P-linearly and monomorphically to £. Since ¢, is a nontrivial element
of Outz(P) of p—power order,

A*(Outx(P); Q2;(Z(P))/Q;-1(Z(P))) = 0
for all 7 > 1 by [16, Proposition 5.5], and thus A*(Outz(P); Z(P)) =0.
Now assume that P = Cg(y)(E) = P, the centralizer in S(q) of a fully F-
centralized elementary abelian subgroup. Since there is a unique conjugacy
class of elementary abelian subgroup of any rank < 3, Cg(,(F) always contains
a subgroup C4, and hence P contains a subgroup Cj which is self centralizing

by Proposition A.8(a). This shows that Z(P) is elementary abelian, and hence
that Z(P) = E.

We can assume P is fully normalized in F, so
Autg(q) (P) € Syla(Autz(P))

by condition (I) in the definition of a saturated fusion system. Since P =
Cs(q)(E) (and E = Z(P)), this shows that

Ker[Outz(P) —— Autz(E)]

has odd order. Also, since F is fully centralized, any F—automorphism of F
extends to an F—automorphism of P = Cg,)(E), and thus this restriction map
between automorphism groups is onto. By [16, Proposition 6.1(i,iii)], it now
follows that

N (Out#(P); Z(P)) 2 N (Autx(E); E). (1)

By Lemma 3.1, Autz(E) = Aut(E), except when E lies in one certain F—
conjugacy class of subgroups E 22 Cj; and in this case P = E and Autz(E) is
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the group of automorphisms fixing the element z¢(F). In this last (exceptional)
case, Oz(Autr(E)) # 1 (the subgroup of elements which are the identity on

E/{zc(E))), so
N (Outs(P): Z(P)) = N (Auts(E); E) = 0 2)
by [16, Proposition 6.1(ii)]. Otherwise, when Autz(E) = Aut(F), by [16,
Proposition 6.3] we have
Z/2 ifrk(E)=2i=1
AN(Autr(E);E) = 7/2 ifrk(E)=1,i=0 (3)
0 otherwise.
By points (1), (2), and (3), the groups A*(Outz(P); Z(P)) vanish except in
the two cases E = (z) or E = U, and these correspond to P = S(q) or
P = Ng@(U) = So(q)-
We can assume that P, = S(¢q) and Pr_; = Sp(q). We have now shown that
lim*(Zj_2) = 0, and thus that Zg.(¢) has the same higher limits as 23 /2.
Hence liLnj (Zs01(q)) =0 for all j > 2, and there is an exact sequence
0 —— 1im’(Zs1(q)) —— lm®(Zy/Z-1) —— Lim" (Z4_1/Z))
~7./2 =7/2
—— lim (Zsai() — O,
One easily checks that @0 (Zs01(¢)) = 0, and hence we also get liLnl(Zsol(q)) =
0.

The proof that @i(zspin(q)) = 0 for all ¢ > 1 is similar, but simpler. If
F = Fspin(q), then for any F-centric subgroup P < S(q), there is an ele-
ment z € Ng(P)~\P such that [z, P] = (z), and ¢, is a nontrivial element of
OQ(Out]:(P)). Thus

A (Outr(P); Z(P)) = 0

for all such P by [16, Proposition 6.1(ii)] again. O

We are now ready to construct classifying spaces BSol(q) for these fusion sys-
tems Fgo1(q). The following proposition finishes the proof of Theorem 2.1, and
also contains additional information about the spaces BSol(q).

To simplify notation, we write £§;,(¢") = Eg(qn)(Spim(q")) (n>1) to de-
note the centric linking system for the group Spinz(¢™). The field automor-
phism (z +— %) induces an automorphism of Spinz(¢") which sends S(g") to
itself; and this in turn induces automorphisms 9% = ¢%(Sol), ¥%(Spin), and
¥} (Spin) of the fusion systems Fso1(¢™) 2 Fspin(g™) and of the linking system

gpin(qn) .
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Proposition 3.3 Fix an odd prime ¢, and n > 1. Let S = S(¢") €
Syla(Spiny(¢™)) be as defined above. Let z € Z(Spiny(¢™)) be the central
element of order 2. Then there is a centric linking system

L= L") —— Fsolq")

associated to the saturated fusion system F def Fsoi(q"™) over S, which has the
following additional properties.

(a) A subgroup P < S is F —centric if and only if it is Fgpin(q") —centric.

(b) L§.,(q") contains L§; (¢") as a subcategory, in such a way that W‘Egpin(qn)

is the usual projection to .7:§pm( "), and that the distinguished monomor-
phisms

P " Autg(P)
for £ = L§,(q") are the same as those for L§; (¢").

(c) Each automorphism of L§; (¢") which covers the identity on F§,(q")
extends to an automorphism of L§ ;(¢") which covers the identity on
Sol(q"). Furthermore, such an extension is unique up to composition
with the functor
C: ESO]( ) - Egol(qn)

which is the identity on objects and sends a € MOI‘LC ) (P, Q) to Zoao
z~1 (“conjugation by z”).

(d) There is a unique automorphism % € Aut(L§,,(¢")) which covers the
automorphism of Fgo(q") induced by the field automorphism (z +— x%),
which extends the automorphism of ‘CSpln( ") induced by the field auto-
morphism, and which is the identity on 7=1(Fso1(q)).

Proof By Proposition 2.11, F = Fgo(¢") is a saturated fusion system over
S = 5(q") € Syla(Spinz(¢™)), with the property that Cr(z) = Fspin(q"). Point
(a) follows as a special case of [6, Proposition 2.5(a)].

Since limi (Zs01(¢™)) = 0 for i = 2,3 by Lemma 3.2, there is by [6, Propo-
Sol( ")

sition 3.1] a centric linking system £ = L§ ,(¢") associated to F, which is
unique up to isomorphism (an isomorphism which commutes with the projec-
tion to Fgei(¢") and with the distinguished monomorphisms). Furthermore,
7N (Fepin(¢")) is a linking system associated to Fspin(¢™), such a linking sys-
tem is unique up to isomorphism since @12 (Zspin(¢")) = 0 (Lemma 3.2 again),
and this proves (b).
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(c) By [5, Theorem 6.2] (more precisely, by the same proof as that used in
[5]), the vanishing of lim’(Zg.i(q")) for i = 1,2 (Lemma 3.2) shows that each
automorphism of F = Fg,(¢") lifts to an automorphism of £, which is unique
up to a natural isomorphism of functors; and any such natural isomorphism
sends each object P < S to a isomorphism g for some g € Z(P). Similarly,
the vanishing of limi(Zspln( ™)) for i = 1,2 shows that each automorphism of
Fspin(g") lifts to an automorphism of £g; (¢"), also unique up to a natural
isomorphism of functors. Since £§_;(¢") and L5, (¢") have the same objects by
(a), this shows that each automorphism of £§; (¢") which covers the identity
on F§;,(¢") extends to a unique automorphism of £§,)(¢") which covers the
identity on Fge1(q").

It remains to show, for any ® € Aut(L§,(¢")) which covers the identity on

Soi(¢™) and such that ®| L8 mla™) = Id, that ® is the identity or conjugation
by z. We have already noted that ® must be naturally isomorphic to the
identity; ie, that there are elements v(P) € Z(P), for all P in L§ (¢"), such
that

(o) =v(Q) oaoy(P)! for all a € Morge (4n)(P,Q), all P, Q.

Since @ is the identity on £§; (¢"), the only possibilities are y(P) = 1 for all
P (hence ® =1d), or v(P) = z for all P (hence ® is conjugation by z).

(d) Now consider the automorphism 9% € Aut(Fso(¢")) induced by the field
automorphism (z +— z9) of Fyn. We have just seen that this lifts to an au-
tomorphism ¢% of L (¢"), which is unique up to natural isomorphism of
functors. The restriction of ¢} to L§in(¢"), and the automorphism ¥} (Spin)
of £§,,(¢") induced directly by the field automorphism, are two liftings of
¢f| Fspin(g)» and hence differ by a natural isomorphism of functors which ex-
tends to a natural isomorphism of functors on £§ ;(¢"). Upon composing with
this natural isomorphism, we can thus assume that % does restrict to the
automorphism of ESpln( ™) induced by the field automorphism.

Now consider the action of ¢% on Autz(Sy(¢)), which by assumption is the
identity on Autﬁgpin(q)(So(q)), and in particular on §(Sp(q)) itself. Thus, with
respect to the extension

1 —— So(q) —— Aut(So(q)) 33 1,

¥} is the identity on the kernel and on the quotient, and hence is described by
a cocycle

n € Z1(35; Z(S0(0)) = 21 (T3 (2/2)%).
Since H'(X3;(Z/2)*) = 0, n must be a coboundary, and thus the action of ¥%
on Aut,(So(q)) is conjugation by an element of Z(Sy(g)). Since it is the identity
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on Autﬁgpin(q)(So(q)), it must be conjugation by 1 or z. If it is conjugation by
z, then we can replace ¥} (on the whole category L) by its composite with z;
ie, by its composite with the functor which is the identity on objects and sends
a € Morz(P,Q) to ZoaoZ.

In this way, we can assume that ¢} is the identity on Autz(So(g)). By con-
struction, every morphism in Fg.(q) is a composite of morphisms in Fgpin(q)
and restrictions of automorphisms in Fgo1(q) of So(g). Since 9% is the identity
on 7 1(Fspin(q)), this shows that it is the identity on 7= (Fso1(q))-

It remains to check the uniqueness of ¢%. If ¢’ is another functor with the
same properties, then by (e), (¢')™' o 4% is either the identity or conjugation
by z; and the latter is not possible since conjugation by z is not the identity
on 71 (Fso(q))- O

This finishes the construction of the classifying spaces BSol(q) = |Ls01(¢)[5
for the fusion systems constructed in Section 2. We end the section with an
explanation of why these are not the fusion systems of finite groups.

Proposition 3.4 For any odd prime power q, there is no finite group G whose
fusion system is isomorphic to that of Fgei(q).

Proof Let G be a finite group, fix S € Syla(G), and assume that S = S(q) €
Syla(Spinz(q)), and that the fusion system Fg(G) satisfies conditions (a) and
(b) in Theorem 2.1. In particular, all involutions in G are conjugate, and the
centralizer of any involution z € G has the fusion system of Spiny(q). When
g = £3 (mod 8), Solomon showed [22, Theorem 3.2] that there is no finite group
whose fusion system has these properties. When ¢ = £1 (mod 8), he showed (in
the same theorem) that there is no such G such that H o Ca(2)/02(Ca(2))
is isomorphic to a subgroup of Aut(Spin7(q)) which contains Spin;(q) with odd
index. (Here, Oy (—) means largest odd order normal subgroup.)

Let G be a finite group whose fusion system is isomorphic to Fgei(q), and again
set HY Ch(2)/0y(Ca(2)) for some involution z € G. Set H = 0% (H/(2)):
the smallest normal subgroup of H/(z) of odd index. Then H has the fu-
sion system of Q7(¢q) = Spiny(q)/Z(Spinz(q)). We will show that H = Q7(q’)
for some odd prime power ¢'. It then follows that OQI(ITI ) & Spiny(¢'), thus
contradicting Solomon’s theorem and proving our claim.

The following “classification free” argument for proving that H = Qz(q¢’) for
some ¢ was explained to us by Solomon. We refer to the appendix for general
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results about the groups Spiny(q) and Qi (q). Fix S € Sylp(H). Thus S is
isomorphic to a Sylow 2-subgroup of Q7(q), and has the same fusion.

We first claim that H must be simple. By definition (H = O% (H/(2))), H
has no proper normal subgroup of odd index, and H has no proper normal
subgroup of odd order since any such subgroup would lift to an odd order

normal subgroup of H = Cg(z)/ O (Ci(z)). Hence for any proper normal

subgroup N < H, @ ' NNS s a proper normal subgroup of S, which is

strongly closed in S with respect to H in the sense that no element of @) can be
H —conjugate to an element of S\@Q. Using Lemma A.4(a), one checks that the
group 7(q) contains three conjugacy classes of involutions, classified by the
dimension of their (—1)—eigenspace. It is not hard to see (by taking products)
that any subgroup of S which contains all involutions in one of these conjugacy
classes contains all involutions in the other two classes as well. Furthermore, S
is generated by the set of all of its involutions, and this shows that there are no
proper subgroups which are strongly closed in S with respect to H. Since we
have already seen that the intersection with S of any proper normal subgroup
of H would have to be such a subgroup, this shows that H is simple.

Fix an isomorphism

S —2— 8§ € Sylh(Q(q))

o

which preserves fusion. Choose ' € S’ whose (—1)—eigenspace is 4-dimension-
al, and such that (z’) is fully centralized in Fg/(27(q)). Then

Cos (g (") = OF (q) x Os(q)

by Lemma A.4(c). Since QF (¢) < OF (¢) and Q3(g) < O3(q) both have index 4,
Cq,(g)(2") is isomorphic to a subgroup of O (q) xO3(q) of index 4, and contains
anormal subgroup K’ 2 Qf (¢) xQ3(q) of index 4. Since (z') is fully centralized,
Cg(2') is a Sylow 2-subgroup of Cq,(4) ('), and hence Sj, © o NK isa Sylow
2-subgroup of K'.

Set * = p~!(2') € S. Since S = S’ have the same fusion in H and Q7(q),
Cs(x) = Cg /(") have the same fusion in Cy(z) and Cg, 4 (2"). Hence

Hi(Cr(x); L)) = Hi(Copq)(2'); Z2)

(homology is determined by fusion), both have order 4, and thus Cy(x) also has
a unique normal subgroup K <1 H of index 4. Set Sy = K NS. Thus ¢(Sy) =
S;, and using Alperin’s fusion theorem one can show that this isomorphism is
fusion preserving with respect to the inclusions of Sylow subgroups Sy < K
and S < K'.
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Using the isomorphisms of Proposition A.5:
Qf (@) = SLa(q) X () SL2(q)  and  Q3(q) = PSLa(q),

we can write K’ = K X Ky, where K| = SLy(q) and Kj = SLy(q) x
PSLy(q). Set S; = S'NK] € Sylay(K); thus S = 57 x (;155. Set S; = ¢~ 1(S5)),
so that Sp = S1 X gy S2 is normal of index 4 in Cg(z). The fusion system of K
thus splits as a central product of fusion systems, one of which is isomorphic to
the fusion system of SLa(q).

We now apply a theorem of Goldschmidt, which says very roughly that under
these conditions, the group K also splits as a central product. To make this
more precise, let K; be the normal closure of S; in K < Cg(z). By [14,
Corollary A2], since S; and Sy are strongly closed in Sy with respect to K,

(K1, K»] < (2)-0y/(K).

Using this, it is not hard to check that S; € Syla(K;). Thus K; has same
fusion as SLs(g) and is subnormal in Cy(z) (K1 < K < Cg(x)), and an
argument similar to that used above to prove the simplicity of H shows that
K1/((z)-O(Ky)) is simple. Hence K is a 2-component of Cg(x) in the sense
described by Aschbacher in [1]. By [1, Corollary III], this implies that H must
be isomorphic to a Chevalley group of odd characteristic, or to M. It is now
straightforward to check that among these groups, the only possibility is that
H = Q7(q") for some odd prime power ¢'. O

4 Relation with the Dwyer-Wilkerson space

We now want to examine the relation between the spaces BSol(q) which we have
just constructed, and the space BDI(4) constructed by Dwyer and Wilkerson
in [9]. Recall that this is a 2—complete space characterized by the property
that its cohomology is the Dickson algebra in four variables over Fs; ie, the
ring of invariants Fo[z1, x9, x3, :L’4]GL4(2). We show, for any odd prime power ¢,
that BDI(4) is homotopy equivalent to the 2—completion of the union of the
spaces BSol(¢"), and that BSol(gq) is homotopy equivalent to the homotopy
fixed point set of an Adams map from BDI(4) to itself.

We would like to define an infinite “linking system” L£§_;(¢°°) as the union of the

finite categories L5 ,(¢"), and then set BSol(¢™) = |£§,,(¢*)|5 . The difficulty
with this approach is that a subgroup which is centric in the fusion system
Fso1(¢™) need not be centric in a larger fusion system Fge1(g") (for m|n). To get

C

around this problem, we define L& (¢") € L§ (¢") to be the full subcategory
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whose objects are those subgroups of S(q") which are Fg,(¢>)—centric; or

equivalently Fso1(¢*)-centric for all k& € nZ. Similarly, we define g%in(q") to

be the full subcategory of [,Spm( ") whose objects are those subgroups of S(¢")
which are Fgpin(¢>)—centric. We can then define £§,(¢*°) and L£§;,(¢*) to
be the unions of these categories.

For these definitions to be useful, we must first show that [£E,(¢™)|5 has the
same homotopy type as |£§.,(¢")[53. This is done in the following lemma.

Lemma 4.1 For any odd prime power q and any n > 1, the inclusions
‘ESOI( n)’é\ - ’Egol(qn)’é\ and “CSpm( n)‘é\ - “C(S:pin(qn)’é\

are homotopy equivalences.

Proof It clearly suffices to show this when n = 1.

Recall, for a fusion system F over a p—group S, that a subgroup P < S is
F -radical if Outz(P) is p-reduced; ie, if O,(Outz(P)) = 1. We will show
that

all Fso1(q)—centric Fgo(q)-radical subgroups of S(q) are Fgo1(¢°)—centric (1)
and similarly
all Fspin(g)—centric Fgpin(g)-radical subgroups of S(q) are Fgpin(q™)—centric. (2)

In other words, (1) says that for each P < S(q) which is an object of L£§ ,(q)
but not of L&, (q), O2(Outg, (P)) # 1. By [16, Proposition 6.1(ii)], this
implies that

A*(OuthOl(q) (P), H* (BP, Fg)) =0.

Hence by [6, Propositions 3.2 and 2.2] (and the spectral sequence for a homotopy

colimit), the inclusion L (q) € L§,(¢) induces an isomorphism
H*(|£861(a);F2) —— H*(|£&(0)]; F2),

and thus |£E,(¢)5 ~ |£5,,(¢)[5. The proof that |£Spm( )G =~ |[,Spm( )5 is

similar, using (2).

Point (2) is shown in Proposition A.12, so it remains only to prove (1). Set
F = Fso1(q), and set Fr = Fso1(¢¥) for all 1 <k < co. Let E < Z(P) be the

)
(z) if rk(E
2 (2, 21) if tk(E
(2,21, A) if Tk(E
E if rk(E
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in the notation of Definition 2.6. In all cases, E is F-conjugate to E’ by
Lemma 3.1. We claim that E’ is fully centralized in Fj for all k < co. This
is clear when tk(E') = 1 (E' = Z(S(q"))), follows from Proposition 2.5(a)
when rk(E’) = 2, and from Proposition A.8(a) (all rank 4 subgroups are self
centralizing) when rk(E’) = 4. If rk(E’) = 3, then by Proposition A.8(d), the
centralizer in Spin7(¢¥) (hence in S(¢*)) of any rank 3 subgroup has an abelian
subgroup of index 2; and using this (together with the construction of S(¢*)
in Definition 2.6), one sees that E’ is fully centralized in Fy.

If E' # E, choose ¢ € Homz(E,S(q)) such that o(E) = E’; then ¢ extends
to o € Homz(Cg(q)(E), S(q)) by condition (IT) in the definition of a saturated
fusion system, and we can replace P by ©(P) and E by ¢(F). We can thus
assume that F is fully centralized in F} for each k < co. So by [6, Proposition
2.5(a)], P is Fj—centric if and only if it is C'z, (E)—centric; and this also holds
when k = co. Furthermore, since Outc, gy (P) < Outz(P), O2(Outc, gy (P))
is a normal 2-subgroup of Outz(P), and thus

Oz (Outc,. () (P)) < O9(Outz(P)).
Hence P is Cx(F)-radical if it is F-radical. So it remains to show that

all Cr(E)—centric C'x(FE)-radical subgroups of S(q) are also Cr__ (F)—centric.

3)
If rk(E) = 1, then Cr(E) = Fspin(q) and Cr (E) = Fspin(¢™), and (3)
follows from (2). If tk(E) = 4, then P = E = Cg(4~)(E£) by Proposition
A.8(a), so P is Fu—centric, and the result is clear.

If rk(E) = 3, then by Proposition A.8(d), Cr(E) C Cr,_(F) are the fusion
systems of a pair of semidirect products AxCy < Ao xCs, where A < A, are
abelian and Cs acts on A, by inversion. Also, F is the full 2—torsion sub-
group of A, since otherwise rk(As) > 3 would imply A, xCy < Spiny(¢)
contains a subgroup C3 (contradicting Proposition A.8). If P < A, then either
Outc, (g)(P) has order 2, which contradicts the assumption that P is radical;
or P is elementary abelian and Outc, (g)(P) = 1, in which case P < Z(AxCs)
is not centric. Thus P £ A; PN A > E contains all 2-torsion in A, and
hence P is centric in Ao, xCy.

If rk(E) = 2, then by Proposition 2.5(a), Cr,_(F) and Cx(E) are the fusion
systems of the groups

H(q™) 2 SLa(¢™)* /{1, 1,1)} (4)

and
H(q) = H(¢™®) N Spinz(q) > Ho(q) < SLy(q)*/{%(I,1,1)}.
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If P < .5(q) is centric and radical in the fusion system of H(q), then by Lemma
A.11(c), its intersection with Ho(q) = SLa(q)?/{%(I,1,1)} is centric and rad-
ical in the fusion system of that group. So by Lemma A.11(a,f),

PN Ho(q) = (P x Py x P3)/{£(I,1,1)} ()

for some P; which are centric and radical in the fusion system of SLa(g). Since
the Sylow 2-subgroups of SLy(q) are quaternion [15, Theorem 2.8.3], the P;
must be nonabelian and quaternion, so each P;/{+1} is centric in PSL2(q™).
Hence P N Hy(q) is centric in SLy(q)3/{%(I,1,1)} by (5), and so P is centric
in H(g>™) by (4). D

We would like to be able to regard BSpinz(gq) as a subcomplex of BSol(q), but
there is no simple natural way to do so. Instead, we set

BSpin; (q) = |£&5,(0)|5 € [£8(9)]l2 € BSol(g);

then BSpin%(q) ~ BSpinz(q)5 by [5, Proposition 1.1] and Lemma 4.1. Also,

we write
def

= |L5a(a)l

to denote the subcomplex shown in Lemma 4.1 to be equivalent to BSol(q);
and set

BSol'(q) = |£§;(q)l2 € BSol(q)

BSping (q*) = [ L&, (¢7)[2-

From now on, when we talk about the inclusion of BSpin7(q) into BSol(q), as
long as it need only be well defined up to homotopy, we mean the composite

BSpiny(q) ~ BSpin%(q) € BSol'(q)
(for some choice of homotopy equivalence). Similarly, if we talk about the inclu-
sion of BSol(¢™) into BSol(¢™) (for m|n) where it need only be defined up to
homotopy, we mean these spaces identified with their equivalent subcomplexes
BSol'(¢™) C BSol'(¢").
Lemma 4.2 Let q be any odd prime. Then for all n > 1,
H* (BSol(q"); Fa) — H*(BH(q"); F2)°
J J )
H*(BSping(q"); F2) — H*(BH(q"); F2)

(with all maps induced by inclusions of groups or spaces) is a pullback square.
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Proof By [6, Theorem B|, H*(BSol(¢");F3) is the ring of elements in the
cohomology of S(¢") which are stable relative to the fusion. By the construction
in Section 2, the fusion in Sol(¢") is generated by that in Spinz(¢™), together
with the permutation action of C3 on the subgroup H(q") < Spin;(¢"), and
hence (1) is a pullback square. O

Proposition 4.3 For each odd prime q, there is a category L§ ;(¢*), together
with a functor

. Egol(qoo)

such that the following hold:

j:Sol(qoo)a

(a) For each n>1, 171 (Fsa1(q")) = Sa(d™)-

(b) There is a homotopy equivalence
BSol(q™) = |LEu(a™)y ———— BDI(4)

such that the following square commutes up to homotopy

BSpin(¢)5 —L— BSol(¢™)

w|~ ) iE 1)
BSpin(7)) —— . BDI(4).

Here, 1 is the homotopy equivalence of [13], induced by some fixed choice
of embedding of the Witt vectors for IF, into C, while 6(¢°°) is the union
of the inclusions |L&; (q")]y € [£&;,(¢")]3, and ¢ is the inclusion arising

from the construction of BDI(4) in [9].

Furthermore, there is an automorphism ¢} € Aut(L§ (¢>)) of categories
which satisfies the conditions:

(c) the restriction of ¥} to each subcategory LS, (¢"™) is equal to the restric-
tion of ¥} € Aut(LE,(¢")) as defined in Proposition 3.3(d);

(d) v} covers the automorphism % of Fgso1(q™) induced by the field auto-
morphism (z +— z9); and

(e) for each n, (V%)™ fixes L (q"™).

Proof By Proposition 2.11, the inclusions Spin;(¢™) < Spinz(¢™) for all m|n
induce inclusions of fusion systems Fgo1(¢"™) C Fso1(¢"). Since the restriction of
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a linking system over F§¢ (¢") is a linking system over F§¢ (¢™), the uniqueness
of linking systems (Proposition 3.3) implies that we get inclusions L£§(¢™) C

&1(@"). We define LE_;(¢*>°) to be the union of the finite categories L£&(¢").
(More precisely, fix a sequence of positive integers nj|nz|ns|--- such that every
positive integer divides some n;, and set

Saa(6™) = J £&1(a™).
i=1

Then by uniqueness again, we can identify £ (¢") for each n with the appro-
priate subcategory.)

Let m: L£§.;(¢°°) — Fs01(¢™°) be the union of the projections from L (¢"™) to
Fso1(q"™) € Fso1(¢®°). Condition (a) is clearly satisfied. Also, using Proposition
3.3(d) and Lemma 4.1, we see that there is an automorphism 9% of L& (¢*)
which satisfies conditions (c,d,e) above. (Note that by the fusion theorem as
shown in [6, Theorem A.10], morphisms in L£§ ,(¢") are generated by those
between radical subgroups, and hence by those in £&,(¢").)

It remains only to show that |£§ (¢>)|» ~ BDI(4), and to show that square
(1) commutes. The space BDI(4) is 2-complete by its construction in [9]. By
Lemma 4.1,

H*(BSol(¢™); F2) = lim H*(|£5,1(¢")|; F2) = lim H* (BSol(q"); Fa).

n n
Hence by Lemma 4.2 (and since the inclusions BSpinz(¢"™) — BSol(¢") com-
mute with the maps induced by inclusions of fields Fym C Fyn), there is a

pullback square
H*(BSol(q%); Fa) — H*(BH(¢™); F2)

| |

H*(BSpiny(¢™);Fo) — H*(BH(q¢™);Fy).
Also, by [13, Theorem 1.4], there are maps
BSpinz(¢™) —— BSpin(7) and BH(¢™) — B(SU(2)*/{£(I,1,1)})

which induce isomorphisms of Fs—cohomology, and hence homotopy equiva-
lences after 2—completion. So by Propositions 4.7 and 4.9 (or more directly
by the computations in [9, section 3]), the pullback of the above square is the
ring of Dickson invariants in the polynomial algebra H*(BC4;Fs), and thus
isomorphic to H*(BDI(4);F3).

Point (b), including the commutativity of (1), now follows from the following
lemma. O
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Lemma 4.4 Let X be a 2-complete space such that H*(X;Fs) is the Dickson

algebra in 4 variables. Assume further that there is a map BSpin(7) I x

such that H*(f|pca;F2) is the inclusion of the Dickson invariants in the poly-
nomial algebra H*(BC3;Fs). Then X ~ BDI(4). More precisely, there is a
homotopy equivalence between these spaces such that the composite

BSpin(7) —— X ~ BDI(4)

is the inclusion arising from the construction in [9].

Proof In fact, Notbohm [18, Theorem 1.2] has proven that the lemma holds
even without the assumption about BSpin(7) (but with the more precise as-
sumption that H*(X;Fs) is isomorphic as an algebra over the Steenrod algebra
to the Dickson algebra). The result as stated above is much more elementary
(and also implicit in [9]), so we sketch the proof here.

Since H*(X;F9) is a polynomial algebra, H*(2X;F9) is isomorphic as a graded
vector space to an exterior algebra on the same number of variables, and in
particular is finite. Hence X is a 2—compact group. By [11, Theorem 8.1] (the
centralizer decomposition for a p—compact group), there is an Fy—homology
equivalence
hocolim(a) ———— X.
A

Here, A is the category of pairs (V,¢), where V' is a nontrivial elementary
abelian 2—group, and ¢ : BV —— X makes H*(BV;F3) into a finitely gen-
erated module over H*(X;Fy) (see [10, Proposition 9.11]). Morphisms in
A are defined by letting Mora ((V,¢), (V’,¢')) be the set of monomorphisms
V —— V' of groups which make the obvious triangle commute up to homotopy.
Also,

a: A°® — Top is the functor a(V,¢) = Map(BV, X),.

By [9, Lemma 1.6(1)] and [17, Théoréme 0.4], A is equivalent to the category of
elementary abelian 2—groups E with 1 < rk(FE) < 4, whose morphisms consist

of all group monomorphisms. Also, if BCs —, X is the restriction of f to any
subgroup C < Spin(7), then in the notation of Lannes,

Te, (H*(X;Fy); ") = H*(BSpin(7); Fa)
by [9, Lemmas 16.(3), 3.10 and 3.11], and hence
H*(Map(BCsy, X),;Fo) =2 H*(BSpin(7);F2)
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by Lannes [17, Théoreme 3.2.1]. This shows that
(Map(BCQ,X)¢)Q ~ BSpin(7)},

and thus that the centralizers of other elementary abelian 2—groups are the
same as their centralizers in BSpin(7)). In other words, a is equivalent in
the homotopy category to the diagram used in [9] to define BDI(4). By [9,
Proposition 7.7] (and the remarks in its proof), this homotopy functor has a

unique homotopy lifting to spaces. So by definition of BDI(4),
X ~ (hocolim(«))5 ~ BDI(4). O
A

Set B! & 42|, a self homotopy equivalence of BSol(¢™) ~ BDI(4). By

construction, the restriction of Bw? to the maximal torus of BSol(¢™) is the
map induced by z +— z¢, and hence this is an “Adams map” as defined by
Notbohm [18]. In fact, by [18, Theorem 3.5], there is an Adams map from
BDI(4) to itself, unique up to homotopy, of degree any 2-adic unit.

Following Benson [3], we define BDIy(q) for any odd prime power ¢ to be the
homotopy fixed point set of the Z—action on BSol(¢*°) ~ BDI(4) induced by
the Adams map Bvy?. By “homotopy fixed point set” in this situation, we
mean that the following square is a homotopy pullback:

BDI4(q) BSol(¢™)

J .

BSol(¢™) 1P, BSo1(4) x BSol(¢™).

The actual pullback of this square is the subspace BSol(q) of elements fixed by
By?, and we thus have a natural map BSol(q) LN BDI4(q).

Theorem 4.5 For any odd prime power ¢, the natural map

BSol(q) 5—:0> BDI,(q)

is a homotopy equivalence.

Proof Since BDI(4) is simply connected, the square used to define BDI14(q)

remains a homotopy pullback square after 2-completion by [4, I1.5.3]. Thus

BDI4(q) is 2-complete. Also, BSol(q) déf|£§01(q)|§ is 2—complete since |LE ;(q)|

is 2-good [6, Proposition 1.12], and hence it suffices to prove that the map
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between these spaces is an Fs—cohomology equivalence. By Lemma 4.2, this
means showing that the following commutative square is a pullback square:

H*(BDI4(q); Fy) —— H*(BH(q); F2)®

| |

H*(BSping(q); F2) —— H*(BH(q);F2).
Here, the maps are induced by the composite
BSpinz(q) ~ BSpin%(q)y € BSol(q) ———— BDI4(q)

and its restriction to BH(q). Also, by Proposition 4.3(b), the following diagram
commutes up to homotopy:

BSping(g) —< BSping(q™) —=— BSpin(7)

6<q>J 6<q°°>l Sl (2)

BSol(q) — ™ BSol(¢®) — " BDI(4)
By [12, Theorem 12.2], together with [13, section 1], for any connected reductive
Lie group G and any algebraic epimorphism ¢ on G(F,) with finite fixed
subgroup, there is a homotopy pullback square

— A incl

B(G(Fq)w)Q - BG(IF‘q)é\

inc1‘|L Al (3)

BG(F,); 2 BG(R,) x BG(F,)3 .
We need to apply this when G = Spiny or G = H = (SL2)3/{+(I,I,I)}. In
particular, if ¢ = ¥? is the automorphism induced by the field automorphism
(z + 29), then Spiny(F,)¥ = Spinz(q) by Lemma A.3, and H(F,)¥ = H(q) def

H(F,) N Spiny(q). We thus get a description of BSpinz(q) and BH(q) as
homotopy pullbacks.

By [13, Theorem 1.4], BG(F,), ~ BG(C)). Also, we can replace the complex

Lie groups Spiny(C) and H(C) by maximal compact subgroups Spin(7) and

i SU(2)3/{#(I,I,I)}, since these have the same homotopy type.

If we set | = H*(BG(F,);F2) = H*(BG(C);Fy), then there are Eilenberg-
Moore spectral sequences

By = Torygmer (R, R) = H*(B(G(F,)"); Fa);
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where the (R ® :R°P)—module structure on R is defined by setting (a ® b)-x =
a-x-Biy(b). When G = Spin; or H, then fR is a polynomial algebra by Proposi-
tion 4.7 and the above remarks, and B acts on R via the identity. The above
spectral sequence thus satisfies the hypotheses of [20, Theorem I1.3.1], and hence
collapses. (Alternatively, note that in this case, Fs is generated multiplicatively
by ES* and E; "* by (5) below.) Similarly, when R = H*(BDI(4);F5), there
is an analogous spectral sequence which converges to H*(BDI4(q);F2), and
which collapses for the same reason. By the above remarks, these spectral se-
quences are natural with respect to the inclusions BH(—) C BSpinz(—), and
(using the naturality of ¢? shown in Proposition 3.3(d)) of BSpiny(—) into
BSol(—) or BDI(4).

To simplify the notation, we now write

A B (BDI(4):Fy), B H(BSpin(7):Fa), and €< H*(H:F,)

to denote these cohomology rings. The Frobenius automorphism ? acts via
the identity on each of them. We claim that the square

Torgyggop (A, A) —— Torgggop (€, C)C3

| |

Torygmor (B, B) —— Torgggor (€, €)

is a pullback square. Once this has been shown, it then follows that in each
degree, square (1) has a finite filtration under which each quotient is a pullback
square. Hence (1) itself is a pullback.

For any commutative Fy—algebra R, let (23 /p, denote the R—module generated
by elements dr for r € R with the relations dr =0 if r € Fy,

d(r+s)=dr+ds and d(rs) = r-ds + s-dr.

Let Q3 /Fs denote the ring of Kdhler differentials: the exterior algebra (over

R) of Qu/p, = Q}R JFs When R is a polynomial algebra, there are natural
identifications

Torfgoer (R, R) = HH, (R R) 22 Qf i, (5)

The first isomorphism holds for arbitrary algebras, and is shown, e.g., in [25,
Lemma 9.1.3]. The second holds for smooth algebras over a field [25, Theorem
9.4.7] (and polynomial algebras are smooth as shown in [25, section 9.3.1]). In
particular, the isomorphisms (5) hold for R = A, B, €, which are shown to be
polynomial algebras in Proposition 4.7 below. Thus, square (4) is isomorphic
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to the square
C!
QQ/FQ - (QZ/FQ) °

]

Q*%/FQ - Q;/FQ )

which is shown to be a pullback square in Propositions 4.7 and 4.9 below. 0O

It remains to prove that square (6) in the above proof is a pullback square.
In what follows, we let D;(z1,...,x,) denote the i-th Dickson invariant in
variables z1,...,x,. This is the (2"—2""%)-th symmetric polynomial in the el-
ements (equivalently in the nonzero elements) of the vector space (x1,...,Zn)p, -
We refer to [26] for more detail. Note that what he denotes ¢, ; is what we call
Dn,i(:cl, e ,.’En).

Lemma 4.6 For any n,

Di(z1,...,Zn41) = H (Tnt1 + ) + Di(21,. .., 20)°

xe(xl,...,xn%b

_aanrl—i—Z:anrlD (z1,...,2p) 4+ Di(z1,...,2,)°%

Proof The first equality is shown in [26, Proposition 1.3(b)]; here we prove
them both simultaneously. Set V,, = (z1,..., %)y, . Since 0i(V;,) = 0 whenever
2" — i is not a power of 2 (cf [26, Proposition 1.1]),

Di(z1,. .. Tny1) E 0i(Vn)-oon _i(ni1 + Vi)

= H Tpg1 + ) + ZD Tl .oy &n) Ogn—i(Tnt1 + Vi).
Also, since 0;(V,,) = 0 for 0 < i < 2"~ as noted above,

k .
n_; 0 if0< k<2t
0k(Tny1 + Vi) E o (2 =) oi(Vy) =
K@t rar i (V) {Dl(:cl,...,xn) if k= ol

This proves the first equality, and the second follows since
2n

on on_;
H (Tpt1+x) :anrl—i-anHng( ) = nH—i—anJrlD (X1y...yzy). O
€V i=1
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In the following proposition (and throughout the rest of the section), we work
with the polynomial ring Fa[x,y, 2z, w], with the natural action of GL4(F2). Let

GL3(F3), GL}(F3) < GLy(F>)

be the subgroups of automorphisms of V' def (z,y,2,w)p, which leave invariant
the subspaces (z,y) and (z,y, z), respectively. Also, let GL3 (F3) < GL3(F2)
be the subgroup of automorphisms which are the identity modulo (z,y). Thus,
when described in terms of block matrices (with respect to the given basis

{z,y,2,w}),
GLi(F2) = {(§ )}, GLy(F2)={(§&)}, and GLy(F2)={(§7)},
for A € GL3(F3), X a column vector, B,C € GLs(F3), and Y € My(Fa).
We need to make more precise the relation between V' (or the polynomial ring
Falz,y, z,w]) and the cohomology of Spin(7). To do this, let W < Spin(7) be
the inverse image of the elementary abelian subgroup
<diag(—1, -1,-1,-1,1,1,1),diag(—1,—-1,1,1,—1,—-1,1),
diag(—1,1,-1,1,-1,1,-1)) < SO(7).
Thus, W =2 C%. Fix a basis {n,n/,&,(} for W, where ¢ € Z(Spin(7)) is the

nontrivial element. Identify V' = W* in such a way that {x,y,z,w} C V is the
dual basis to {n,n’,&,(}. This gives an identification

H*(BW;FQ) = Fg[:c,y, Zaw]v

arranged such that the action of Ngpiyr)(W)/W on V = (z,y,2,w) consists
of all automorphisms which leave (x,y, z) invariant, and thus can be identified
with the action of GL3(Fs). Finally, set

Hl = Cpinn)(€) 2 Spin(4) xc, Spin(3) = SU2) /{=(1,1,1)}
(the central product). Then in the same way, the action of Ny (W)/W on
H*(BW;F3) can be identified with that of GLZ (F2).
Proposition 4.7 The inclusions
BW BH BSpin(7) —— BDI(4)

as defined above, together with the identification H*(BW;Fq) = Falz,y, z, w],
induce isomorphisms

AL H*(BDI(4);F2) = Fal, y, 2, w] 442 = Fylag, ars, 14, ans)

B & H*(BSpin(7); F2) = Fafz, y, 2, w] ) = Fy[by, b, br, bs] )

¢ €' H*(BH;Fa) = Falz, y, z,w]%*s ™) = Faley, c3, ¢}, ¢4
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where

ag = Dl(xaya Zaw)a a12 = DQ(xvyvsz)v

a4 = D3(x7y727/w)7 als = D4($7?/7 Z7w);

b4:D1(xayvz)7 b6 :D2(xayvz)a b7:D3($,y,Z), b8 = H (w+a);

a€(z,y,2)
and
C2 :Dl(xay)a 03:D2(x7y)7 621: H (Z+a)7 CZ: H (w—l—a)
Furthermore,

(a) the natural action of ¥3 on H = SU(2)3/{£(I,I,1)} induces the action
on € which fixes ca,c3 and permutes {c},cj,cy + ¢ }; and

(b) the above variables satisfy the relations

ag = bg + b7 ajg =bgby + b3 ayq = bgbg + b2 a5 = bgby

/ 2 / 2 / e /!
by =cy+c; bg=cacy+c3 by =c3cy bs = cy(cy +cy) .

Proof The formulas for A = H*(BDI(4);F3) are shown in [9]. From [9,
Lemmas 3.10 and 3.11], we see there are (some) identifications

H*(BSpin(7);Fy) = Fg[m,y,z,w]cf“?(&) and H*(BI_{;FQ) = Fg[a:,y,z,w]GLg/(]FQ).

From the explicit choices of subgroups W < H < Spin(7) as described above
(and by the descriptions in Proposition A.8 of the automorphism groups), the
images of H*(BSpin(7);F3) and H*(BE;FQ) in Fo[z,y,z,w] are seen to be
contained in the rings of invariants, and hence these isomorphisms actually are
equalities as claimed.

We next prove the equalities in (*) between the given rings of invariants and
polynomial algebras. The following argument was shown to us by Larry Smith.
If £ is a field and V is an n—dimensional vector space over k, then a sys-
tem of parameters in the polynomial algebra k[V] is a set of n homogeneous
elements f1,..., f, such that k[V]/(fi,..., fn) is finite dimensional over k.
By [21, Proposition 5.5.5], if V' is an n—dimensional k[G]-representation, and
fi,---, fo € k[V]C is a system of parameters the product of whose degrees
is equal to |G|, then k[V]“ is a polynomial algebra with fi,...,f, as gen-
erators. By [21, Proposition 8.1.7], Fa[x,y,z,w] is a free finitely generated
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module over the ring generated by its Dickson invariants (this holds for poly-
nomial algebras over any F),), and thus Fa[z,y, z,w]/(as, a12, a14, a15) is finite.
(This can also be shown directly using the relation in Lemma 4.6.) So as-
suming the relations in point (b), the quotients Fs[x,y, z, w]/ (b4, bg, b7, bg) and
Folx,y, z,w]/(ca,c3,c), c)) are also finite. In each case, the product of the de-
grees of the generators is clearly equal to the order of the group in question,
and this finishes the proof of the last equality in the second and third lines of

(*)-

It remains to prove points (a) and (b). Using Lemma 4.6, the ¢; are expressed
as polynomials in x,y, z,w as follows:

c2 = Di(z,y) = 22 + 2y + o>

3 = Da(x,y) = xy(z +y)

¢y = Di(x,y,2) + Di(z,y)* = 2* + 22Dy (z,y) + 2Da(z,y) = 2* + 2%co + zc3 !
¢ = Di(z,y,w) + Dy(z,y)? = w* + w?Di(x,y) + wDs(z,y) = w* + w?cy + wes .

In particular,

td) = z+w) +(z+w)*Di(z,y)+ (z+w)Da(x,y) = [ (zH+w+a). (2)
a€(z,y)

Furthermore, by (1), we get

)

)

) = 2tey + 223 + zeaes = ead) (3)
Sq3(c)) = Sq* (cady) = e3¢
Sq¢*(c]) = cad)
Sq3(c)) = esc].

The permutation action of X3 on H = SU(2)%/{£(I,I,I)} permutes the
three elements (,£,¢ 4+ & of Z(H) C W, and thus (via the identification
V = W* described above) induces the identity on z,y € V and permutes
the elements {z,w,z + w} modulo (z,y). Hence the induced action of ¥3 on
=T, [V]GLE’(]FQ) is the restriction of the action on Fo[V] = Falz, y, z, w] which
fixes x,y and permutes {z,w,z+w}. So by (1) and (2), we see that this action
fixes ¢, c3 and permutes the set {c},c},c, + ¢} }. This proves (a).
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It remains to prove the formulas in (b). From (1) and (3) we get
by = Dy(x,y,2) = ¢} + c3,
b = Da(z,y,2) = Sq*(bs) = c2¢) + 3,
by = D3(x,y,2) = Sq* (bs) = c3¢).
Also, by (1) and (2),
bg = H (w+a) = ( H (w—l—oz))-( H (w—l—z—i—a)) =dj(dy + ).
a€(z,y,z) a€(x,y) a€(z,y)
This proves the formulas for the b; in terms of ¢;. Finally, we have
ag = D1 (z,y, z,w) = bg + b3,
a1z = Da(,y, z,w) = Sq’(bs + ) = Sq* (] (cy + ¢f) + (¢ + ¢3)°)

= (e + &) + () + &) + Ay? + = bgby + b
a1s = D3(z,y, 2,w) = Sq*(ar2) = cacyd](cy + ) + A () + &) + cAc)?
= bgbg + b3
ays = Dy(x,y, z,w) = Sq'(a14) = e3¢, ] (¢} + ¢]) = bgbr;
and this finishes the proof of the proposition. O

Lemma 4.8 Let k € Aut(€) be the algebra involution which exchanges ¢} and
¢y and leaves co and cs fixed. An element of € will be called “k—invariant” if
it is fixed by this involution. Then the following hold:

(a) If B € B is k—invariant, then € .
(b) If B € B is such that 8¢}’ is k—invariant, then 8 = (3'-b} for some 3’ € 2.

Proof Point (a) follows from Proposition 4.7 upon regarding 2, B, and € as
the fixed subrings of the groups GL4(F2), GL3(F2) and GLZ (F2) acting on
Folz,y, z,w], but also follows from the following direct argument. Let m be
the degree of § as a polynomial in bg; we argue by induction on m. Write
B = By + bg"- 51, where By € Fa[by,bs, br], and where [y has degree < m (as
a polynomial in bg). If m =0, then 0 = 31 € Fg[b4,b6,b7] - FQ[CQ,CE},CZ],
and hence 3 € Fslco,c3] since it is k—invariant. But from the formulas in
Proposition 4.7(b), we see that Fa[by, b, b7] N Fa[ca, c3] contains only constant
polynomials (hence it is contained in 2).

Now assume m > 1. Then, expressed as a polynomial in cg,c3,c),c), the

largest power of ¢ which occurs in 3 is ¢}?™. Since B is r-invariant, the
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highest power of ¢j which occurs is ¢}?™; and hence by Proposition 4.7(b), the
total degree of each term in (3 (its degree as a polynomial in by, bg,b7) is at
most m. So for each term b}b§bL in [y,

risitim m—r—s—t r s _t
bybgb7bs" — ag 120140715

is a sum of terms which have degree < m in bg, and thus lies in 2 by the
induction hypothesis.

To prove (b), note first that since 3-cj is k—invariant and divisible by c,¢, it
must also be divisible by ¢}, and hence ¢/*|3. Furthermore, by Proposition
4.7, all elements of B as well as ¢ are invariant under the involution which
fixes ¢y and sends cj — ¢y + ¢j. Thus (cj + ¢f)’|B8. Since bs = cj/(c} + ), we
can now write 5 = '-b; for some 3 € B. Finally, since

i = i+ )

is k—invariant, 3’ is also k—invariant, and hence 3’ € 2 by (a). O

Note that C5 < ¥3 = GL2(F2) act on € = Fy[z,y, z,w]GLg’ (F2). Via the action
of the group GL3(F2)/GL3,(F2), or equivalently by permuting cj, ¢, and
dy + ¢ (and fixing cz,c3). Thus % = B N C3, since GL4(Fy) is generated
by the subgroups GL3(Fy) and GL2(Fz). This is also shown directly in the
following lemma.

Proposition 4.9 The following square is a pullback square, where all maps
are induced by inclusions between the subrings of Falx,y, z, w]:
C
e, — (Qeym,)

L

Q*%/FQ Q;/FQ .

Proof Let x be the involution of Lemma 4.8: the algebra involution of €
which exchanges ¢ and ¢ and leaves ¢y and c3 fixed. By construction, all
elements in the image of Qg /R, are invariant under the involution which fixes
cy (and c2,¢3), and sends cj to ¢ +cj. Hence elements in the image of Q05 p
are fixed by Cjs if and only if they are fixed by X3, if and only if they are -
invariant. So it will suffice to show that all of the above maps are injective, and
that all k—invariant elements in the image of (23, /Fs lie in the image of 2 JFs -

The injectivity is clear, and the square is a pullback for Q° /Fs by Lemma 4.8.
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Fix a k—invariant element
w = Py dby + Py dbg + P35 dby + Py dbg
= chﬁl dco + P3C£1 deg + P4C£1 dCZ + (Pl + Pyco + Pacg + P4CZ) dcﬁl S QI%/F

(1)

27

where P; € 9B for each i. By applying x to (1) and comparing the coefficients of
dey and deg, we see that Pac) and P3cj are k—invariant. Also, upon comparing
the coefficients of dcj, we get the equation

Py + Pycy + Pycs + Pycl = k(Py)c). (2)
So by Lemma 4.8, P, = Pibs and P3 = Plbg for some P, P} € 2. Upon
subtracting
PQI daig + Pé dais = Py dbg + P3 dby + (Péb@ + Péb7) dbg

from w and introducing an appropriate modification to P, we can now assume
that P, = P3 = 0. With this assumption and (2), we have

Py + Py = k(Pycy) = k(Py)-c},
so that
Picy = (Py + k(Py))cyc) (3)

is k—invariant. This now shows that P; = P[bg for some P| € 2, and upon
subtracting Pjdajs from w we can assume that P; = 0. This leaves w =
Pydbs = Pydag. By (3) again, P, is k—invariant, so P, € 2 by Lemma 4.8
again, and thus w € Qél JFy

The remaining cases are proved using the same techniques, and so we sketch
them more briefly. To prove the result in degree two, fix a k—invariant element

w = Py dby dbs + P> dby db7 + P3 dby dbg + Py dbe dby 4 Ps dbg dbs + P dby dbg
= Pyc)? dey des + (Picy + Pycscy + Pscycl) deg dcy + Pscy? deg dc)
+ (Pocy + Pycacy + Pscycl) des dcy + Pecy? des dcf
+ (P 4+ Pscac)y + Psescy) dey dclj € QQ%/]FQ.

Using Lemma 4.8, we see that Py = Pébg, and hence can assume that Py = 0.
One then eliminates P, and P,, then P5 and Fgs, and finally Ps.

If

w = Py dby dbg dby + Py dby dbe dbg + Ps3 dby dby dbg + Py dbg dby dbg
= (Pyd}? + Pyc2c)) dey des dey + (Pocy? + Pyescy?) dey dé) de]
+ (P3c)® + Pycac)?) des dcy dc) + Pycy® dey des def € QS%/FQ
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is k—invariant, then we eliminate successively P;, then P,, then P, and Ps.
Finally, if

w = P dby dbg dby dbg = Pcl}? dey des dely delf € Qg
is k—invariant, then P = P'b3 for some P’ € 2 by Lemma 4.8 again, and so

w=P dag dais daqy da15 S Qél/]Fg . O

A Appendix : Spinor groups over finite fields

Let F be any field of characteristic # 2. Let V' be a vector space over F', and
let b: V. —— F be a nonsingular quadratic form. As usual, O(V,b) denotes
the group of isometries of (V,b), and SO(V,b) the subgroup of isometries of
determinant 1. We will be particularly interested in elementary abelian 2—
subgroups of such orthogonal groups.

Lemma A.1 Fix an elementary abelian 2-subgroup E < O(V,b). For each
irreducible character x € Hom(E, {£1}), let V), C V denote the corresponding
eigenspace: the subspace of elements v € V such that g(v) = x(g)-v for all
g € E. Then the restriction of b to each subspace V, is nonsingular, and V' is
the orthogonal direct sum of the V, .

Proof Elementary. m]

We give a very brief sketch of the definition of spinor groups via Clifford alge-
bras; for more details we refer to [8, section I1.7] or [2, section 22]. Let T'(V)
denote the tensor algebra of V', and set

CV,b)=T(V)/((v®wv)—b(v)) :

the Clifford algebra of (V,b). To simplify the notation, we regard F' as a
subring of C(V,b), and V as a subgroup of its additive group; thus the class of
V1 ® - @ v will be written v;---v,. Note that vw +wv =0 if v,w € V and
v L w. Hence if dimp(V) = n, and {v1,...,v,} is an orthogonal basis, then
the set of 1 and all v;, ---v;, for iy <--- < (1 <k < n)isan F-basis for
C(V,b).
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Write C(V,b) = Cy @ C1, where Cyp and C; consist of classes of elements
of even or odd degree, respectively. Let G < C(V,b)* denote the group of
invertible elements u such that uVu=' =V, and let 7: G — O(V, b) be the
homomorphism

(v —uou™t) ifue
m(u) = .
(v uvu™t)  ifue Q.

In particular, for any nonisotropic element v € V' (ie, b(v) # 0), v € G and
7(v) is the reflection in the hyperplane v*. By [8, section IL.7], 7 is surjective
and Ker(m) = F*.

Let J be the antiautomorphism of C(V,b) induced by the antiautomorphism
VR QU v ® - @up of T(V). Since O(V,b) is generated by hyper-
plane reflections, G is generated by F* and nonisotropic elements v € V. In
particular, for any v = A-vy--- v, € G,

J)uw =N vp-vp v = A2 b(vy) - b(vg) € F* = Ker();

implying that m(J(u)) = 7(u)~! for all u € G. There is thus a homomorphism

0: G —— F~* defined by O(u) = u-J(u).

In particular, §(A) = A% for A\ € F* < G, while for any set of nonisotropic
elements vy,...,v; of V,

‘9(”1 R Uk:) = (Ul S Uk)(vk S Ul) = b(vl) R b(Uk)-
Hence 6 factors through a homomorphism
Ovp: OV, b) ———— F*/F** = F*/{u® |u € F*},
called the spinor norm.
Set Gt =771(SO(V,b)) = GN Cpy, and define
Spin(V,b) = Ker(f]g+)  and  Q(V,b) = Ker(0yolsowvip))-
In particular, Q(V,b) has index 2 in SO(V, b) if F' is a finite field, and Q(V,b) =

SO(V,b) if F is algebraically closed (all units are squares). We thus get a
commutative diagram
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1 1 1
1 —> {1} 2= L pe oy
(A.2) 1 — Spin(V; b) G+ ‘ P 1
Ov.p * *2
| —=9(V,b) SO(V,b) 22w ot 22 >
1 1 1

where all rows and columns are short exact, and where all columns are central
extensions of groups. If dim(V') > 3 (or if dim(V') = 2 and the form b is hyper-
bolic), then Q(V,b) is the commutator subgroup of SO(V,b) [8, section II.8].

The following lemma follows immediately from this description of Spin(V,b),
together with the analogous description of the corresponding spinor group over
the algebraic closure of F'.

Lemma A.3 Let F be the algebraic closure of F', and set V=F®pV and
b =1Id; ®b. Then Spin(V,b) is the subgroup of Spin(V,b) consisting of those

elements fixed by all Galois automorphisms 1) € Gal(F/F). O

For any nonsingular quadratic form b on a vector space V', the discriminant
of b (or of V') is the determinant of the corresponding symmetric bilinear form
B, related to b by the formulas

b(v) = B(v,v) and B(v,w) = 1(b(v +w) — b(v) — b(w)).

Note that the discriminant is well defined only modulo squares in F*. When
W C V is a subspace, then we define the discriminant of W to mean the dis-
criminant of b|y. In what follows, we say that the discriminant of a quadratic
form is a square or a nonsquare to mean that it is the identity or not in the
quotient group F*/F*2,

Lemma A.4 Fix an involution x € SO(V,b), and let V =V, & V_ be its
eigenspace decomposition. Then the following hold.

(a) z € Q(V,b) if and only if the discriminant of V_ is a square.
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(b) If z € Q(V,b), then it lifts to an element of order 2 in Spin(V,b) if and
only if dim(V_) € 4Z.

(c) If x € Q(V,b), and if « € Q(V,b) is such that [z,a] = 1, then a =
ay ®a_, where agr € O(Vy,b). Also, the liftings of x and o commute in
Spin(V, b) if and only if det(a_) = 1.

Proof Let {v1,...,vx} be an orthogonal basis for V_ (k is even). Then z =
m(v1---vg) in the above notation, since 7(v;) is the reflection in the hyperplane
v;+. Hence by the commutativity of Diagram (A.2),

GV,[,(.Q?) = b(vl)' . b(’l)k) = det(b‘\/ﬁ) (mod F*2).
Thus z € Q(V,b) = Ker(fy,;) if and only if V_ has square discriminant.

In particular, if z € Q(V, b), then the product of the b(v;) is a square, and hence
(upon replacing v; by a scalar multiple) we can assume that b(vy)---b(vg) = 1.

Then 7 % v+ vy, € Spin(V, b) = Ker(6). Since vw = —wv in the Clifford
algebra whenever v | w, and since (v;)? = b(v;) for each i,

%2 _ (_1)19(19—1)/2.(@1)2' . '(Uk)2 _ (_1)k(k—1)/2 _ {

This proves (b).

1 if k=0 (mod 4)
—1 if k=2 (mod 4).

It remains to prove (c). The first statement (o = ay @ «a_ ) is clear. Fix liftings
ay € C(Vy,b)*. Rather than defining the direct sum of an element of C'(V,, b)
with an element of C(V_,b), we regard the groups C(Vi,b)* as (commuting)
subgroups of C(V,b)*, and set

&=, 08 =d_ od, € Spin(V,b).

Let T = v;- - -vg, be as above. Clearly, T commutes with all elements of C'(V,b).

Since
(V1 vg)v; ) vg) = —vi-(v1- - V)

= (= vi-(01
for i =1,...,k, we have -5 = ( 1)i.3-7 for all B € C;(V_,b) (i =0,1). In
partlcular since [a4,a_] =1, [z,a] = [T,a_] = det(a_), and this finishes the
proof. m]

We will need explicit isomorphisms which describe Spins(F') and Sping(F) in
terms of SLo(F'). These are constructed in the following proposition, where
MY (F) denotes the vector space of matrices of trace zero. Note that the de-
terminant is a nonsingular quadratic form on Ms(F) and on MJ(F), in both
cases with square discriminant.
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Proposition A.5 Define
p3: SLy(F) ———— Q(M3I(F),det)

and
pa: SLo(F) x SLy(F) ———— Q(Mo(F), det)

by setting
p3(A)(X) = AXA™"  and  pu(A4,B)(X)=AXB "
Then p3 and p4 are both epimorphisms, and lift to unique isomorphisms

SLy(F) — . Spin(MY(F), det)

o

and

SLy(F) x SLy(F) —2— Spin(My(F), det).

o

Proof See [24, pages 142, 199] for other ways of defining these isomorphisms.
By Lemma A.3, it suffices to prove this (except for the uniqueness of the lifting)
when F' is algebraically closed. In particular,

Q(MI(F),det) = SO(M3I(F),det) and Q(My(F),det) = SO(My(F),det)
in this case.

For general V' and b, the group SO(V,b) is generated by reflections fixing
nonisotropic subspaces (ie, of nonvanishing discriminant) of codimension 2 (cf
[8, section I1.6(1)]). Hence to see that ps and ps are surjective, it suffices
to show that such elements lie in their images. A codimension 2 reflection in
SO(MY(F),det) is of the form Ry (the reflection fixing the line generated by
X) for some X € MY(F) which is nonisotropic (ie, det(X) # 0). Since F
is algebraically closed, we can assume X € SLy(F). Then X2 = —I (since
Tr(X) = 0 and det(X) = 1), and Rx = p3(X) since it has order 2 and fixes
X. Thus p3 is onto.

Similarly, any 2-dimensional nonisotropic subspace W C V has an orthonormal
basis {Y, Z}, and ZY ! and Y ~!'Z have trace zero (since they are orthogonal
to the identity matrix) and determinant one. Hence their square is —I, and
one repeats the above argument to show that Ry = ps(ZY 1, Y~1Z). So p4
is onto.

The liftings p,, exist and are unique since SLy(F') is the universal central
extension of PSLo(F) (or universal among central extensions by 2—groups if
F = Fg) O
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We now restrict to the case F' = IF, where ¢ is an odd prime power. We refer to
[2, section 21] for a description of quadratic forms in this situation, and the no-
tation for the associated orthogonal groups. If n is odd and b is any nonsingular
quadratic form on Fy, then every nonsingular quadratic form is isomorphic to
ub for some u € Fy, and hence one can write SOp(q) = SO(Fy,b) = SO(Fy, ub)
without ambiguity. If n is even, then there are exactly two isomorphism classes
of quadratic forms on Fj'; and one writes SO, (q) = SO(F};,b) when b is the
hyperbolic form (equivalently, has discriminant (—1)™2 modulo squares), and
SO, (¢) = SO(Fy,b) when b is not hyperbolic (equivalently, has discriminant
(=1)™2.u for u € [y not a square). This notation extends in the obvious way
to QF(q) and Spinit(q).

The following lemma does, in fact, hold for for orthogonal representations over
arbitrary fields of characteristic # 2. But to simplify the proof (and since we
were unable to find a reference), we state it only in the case of finite fields.

Lemma A.6 Assume F' = F,, where q is a power of an odd prime. Let
V be an F—vector space, and let b be a nonsingular quadratic form on V.
Let P < O(V,b) be a 2-subgroup which is orthogonally irreducible; ie, such
that V has no splitting as an orthogonal direct sum of nonzero P —invariant
subspaces. Then dimp(V') is a power of 2; and if dim(V) > 1 then b has
square discriminant.

Proof This means showing that each orthogonal group O(F,",b), such that
either n is not a power of 2, or n = 2¥ > 2 and the quadratic form b has
nonsquare discriminant, contains some subgroup O (q) x O  (¢) (for 0 <
m < n) of odd index. We refer to the standard formulas for the orders of these
groups (see [24, p.165]): if € = £1 then

n—1 n
105, ()] = 2¢"" V(" =) [[(¢® 1) and  [02n41(9)] = 24" [](¢* — D).
i=1 i=1

We will also use repeatedly the fact that for all 0 < i < 2¥ (k > 1), the largest
powers of 2 dividing (¢2*** — 1) and (¢' — 1) are the same. In other words,
(2"t —1)/(¢* — 1) is invertible in Zy)-

For any n > 1,
Oany1(a)]  _ nd"+e
Os, @0~ * 2
is odd for an appropriate choice of €. Thus, there are no irreducibles of odd
dimension.
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Assume n is not a power of 2, and write n = 2¥ + m where 0 < m < 2% and
k> 1. Then

m—1 ;
’OSn(Q)‘ _ qm2k+1. H q2(2k‘+z) -1 . q2k+m —€e) . qQk +1
10511 (0)]105,,(9)] == T 5 |

and each factor is invertible in Z). When n = 2m = 2% and k > 1, then
0,,,(¢q) is the orthogonal group for the quadratic form with nonsquare discrim-
inant, and

’02_71((])‘ _ q2m2. Tﬁl q2(m+i) -1 .q2m +1

and again each factor is invertible in Z(y). Finally,

05 _g—c¢

|01(9)[-|01(q)] 2

is odd whenever ¢ = 1 (mod 4) and e = —1, or ¢ = 3 (mod 4) and € = +1; and
these are precisely the cases where the quadratic form on Fq2 has nonsquare
discriminant. O

We must classify the conjugacy classes of those elementary abelian 2-subgroups
of Spinz(¢q) which contain its center. The following definition will be useful when
doing this.

Definition A.7 Fix an odd prime power ¢. Identify SO7(q) = SO(FZI, b) and
Spiny(q) = Spin(Fg, b), where b is a nonsingular quadratic form with square
discriminant. An elementary abelian 2—subgroup of SO7(q) or of Spiny(gq) will
be called of type I if its eigenspaces all have square discriminant (with respect
to b), and of type II otherwise. Let &, be the set of elementary abelian 2—
subgroups in Spiny(¢) which contain Z(Spinz(q)) = Cy and have rank n. Let
El and &I be the subsets of &, consisting of those subgroups of types I and
II, respectively.

In the following two propositions, we collect together the information which
will be needed about elementary abelian 2-subgroups of Spin;(q). We fix
Spinz(q) = Spin(V,b), where V = FZ, and b is a nonsingular quadratic form
with square discriminant. Let z € Z(Spinz(q)) be the generator. For any
subgroup H < Spin;(q) or any element g € Spinz(q), let H and § denote
their images in Q7(q) < SO7(q). For each elementary abelian 2-subgroup
E < Spinz(q), and each character xy € Hom(E,{#+1}), V; C V denotes the

Geometry & Topology, Volume 6 (2002)



974 Ran Levi and Bob Oliver

eigenspace of y (and Vj denotes the eigenspace of the trivial character). Also
(when z € F), Aut(F,z) denotes the group of all automorphisms of E which
send z to itself.

Proposition A.8 For any odd prime power ¢, the following table describes
the numbers of Spiny(q)—conjugacy classes in each of the sets £ and &I the
dimensions and discriminants of the eigenspaces of subgroups in these sets, and
indicates in which cases Autgpiy,(q)(E) contains all automorphisms which fix

z.
‘ Set of subgroups H &l ‘ &l ‘ e ‘ &l ‘ EH ‘

Nr. conj. classes 1 1 1 2 1
dim(V3) 3 1 0
dim(Vy), x # 1 4 2
discr(V4, b) square | square | nonsq. — —
discr(Vy,b), x #1 square | square | nonsq. | square | both
Autgpin, (o) (F) = Aut(E, 2) yes yes yes yes no

There are no subgroups in & of type II, and no subgroups of rank > 5. Fur-
thermore, we have:

(a) Forall E € &, Cgpin,(q)(E) = E.

(b) If E,E' € &, then E' = gEg™! for some g € SO7(q), and E and E' are
Spiny(g) —conjugate if and only if g € Q7(q).

(c) If E € &}, then there is a unique element 1 # z = z(E) € E with the
property that for 1 # x € Hom(E7 {£1}), Vi has square discriminant if
x(z) = 1 and nonsquare discriminant if x(z) = —1. Also, the image of
Autgpin, (q)(E) in Aut(E) is the group of all automorphisms which send
Z to itself: and if X < E denotes the inverse image of (z) < E, then

Autgpin, (g)(E) contains all automorphisms of E which are the identity on
X and the identity modulo (z).

(d) If E € &, then Cspyin,(q)(E) = AxCy, where A is abelian and Co acts on
A by inversion. If E € £ then the Sylow 2-subgroups of Csping (q) (F)
are elementary abelian of rank 4 (and type II).

Proof Write Spin = Spiny(gq) for short. Fix an elementary abelian subgroup
E < Spin such that z € F.
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Step 1 We first show that rk(F) < 4, and that the dimensions of the eigen-
spaces V for x € Hom(E,{£1}) are as described in the table.

By Lemma A.4, every involution in E has a 4-dimensional (—1)-eigenspace.
In particular, if rk(F) = 2, (£ = C3), then dim(V,y) = 4 for 1 # x €
Hom(FE, {£1}), while dim(V;) = 3.

Now assume rk(E) = n for some n > 2. Assume we have shown, for all
E' € &,_1, that the eigenspace of the trivial character of E’ is r—dimensional.
For each 1 # x € Hom(E,{+1}), let E, € £,_1 be the subgroup such that
Ex = Ker(x); then Vi @ V, is the eigenspace of the trivial character of Ex =
Ker(x), and thus dim(V;) 4+ dim(V,) = r. Hence all nontrivial characters of £
have eigenspaces of the same dimension. Since there are 2"~! — 1 nontrivial
characters of E, we have dim(V;) 4+ (2"~! — 1)dim(V}) = 7, and these two
equations completely determine dim(V;) and dim(V,). Using this procedure,
the dimensions of the eigenspaces are shown inductively to be equal to those
given by the table. Also, this shows that rk(E) < 4, since otherwise rk(E) > 4,
so the V, for x # 1 must be trivial (they cannot all have dimension > 1), so £
acts on V via the identity, which contradicts the assumption that E < Spinz(q).

Step 2 We next show that £/ = (), describe the discriminants of the eigen-
spaces of characters of E for E € &, (for all n), and show that subgroups of
rank 4 are self centralizing. In particular, this proves (a) together with the first
statement of (c).

If E € &, then E = (z,g) for some noncentral involution g € Spin;(q), and the
eigenspaces of E = (g) have square discriminant by Lemma A.4(a) (and since
the ambient space V has square discriminant by assumption). Thus &1 = (.

If E € &, then the sum of any two eigenspaces of E is an eigenspace of g
for some g € E~(z). Hence the sum of any two eigenspaces of E has square
discriminant, so either all of the eigenspaces have square discriminant (E € 53{ )
or all of the eigenspaces have nonsquare discriminant (E € 53{1 ).

Assume rk(F) = 4. We have seen that all eigenspaces of E are 1-dimensional.
By Lemma A.4(c), for each a € Cgpin,(q)(E), a(Vy) = Vy for each x # 1, and
since dim(Vy) =1 it must act on each V) via £1Id. Thus a € Q7(q) has order
2; let V4 be its eigenspaces. Then dim(V_) is even since det(a) = 1, and
V_ has square discriminant by Lemma A.4(a). If dim(V_) = 4, then |a| = 2
(Lemma A.4(b)), and hence a € E since otherwise (E, a) would have rank 5. If
dim(V_) = 2, then V_ is the sum of the eigenspaces of two distinct characters

X1, X2 of E, there is some g € E such that x1(§) # x2(§), hence det(g|y ) =
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x1(9)x2(g) = —1, so [g,a] = z by Lemma A.4(c), and this contradicts the
assumption that [a, F] = 1. If dim(V_) = 6, then V_ is the sum of the
eigenspaces of all but one of the nontrivial characters of E, and this gives a
similar contradiction to the assumption [a, E] = 1. Thus, Cgpiy,(q)(E) = E.

Now assume that E € /1, and let # € O7(q) be the element which acts via
— Id on eigenspaces with nonsquare discriminant, and via the identity on those
with square discriminant. Since b has square discriminant on V', the number of
eigenspaces of E on which the discriminant is nonsquare is even, so € Q7 (q)
by Lemma A.4(a), and lifts to an element = € Spiny(g). Also, for each g € F,
the (—1)—eigenspace of g has square discriminant (Lemma A.4(a) again), hence
contains an even number of eigenspaces of E of nonsquare discriminant, and
by Lemma A.4(c) this shows that [g,x] = 1. Thus x € Cgpin,(q)(£) = £, and
this proves the first statement in (c).

Step 3 We next check the numbers of conjugacy classes of subgroups in each
of the sets & and €I and describe Autgpin(E) in each case. This finishes the
proof of (b) and (c), and of all points in the above table.

From the above description, we see immediately that if £ and E’ have the same
rank and type, then any isomorphism a € Iso(E,E’), such that a(z(E)) =
Z(E') if E,E" € &', has the property that for all x € Hom(E’,{+1}), V; and
Vyoa have the same dimension and the same discriminant (modulo squares).
Hence for any such «, there is an element g € O7(q) such that g(Vi.a) = Vy

for all x; and a = ¢4 € ISO(E,E’) for such g. Upon replacing g by —g if
necessary, we can assume that g € SO7(q). This shows that

E,E' have the same rank and type =—> E and E' are SO7(q)—conjugate

(1)

and also that

(2)

- Aut(E) if B¢ &l
AutSO7(q)(E) = { % 4

We next claim that

E ¢ & = 3y € 507(q)~Q:(q) such that [y, E] = 1. (3)

To prove this, choose 1-dimensional nonisotropic summands W C V,, and W’ C

Vi, where x,v are two distinct characters of E, and where W has square
discriminant and W’ has nonsquare discriminant. Let v € SOz(q) be the
involution with (—1)-eigenspace W @& W'. Then [y, E] = 1, since ~ sends
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each eigenspace of E to itself, and v ¢ Q7(q) since its (—1) eigenspace has
nonsquare discriminant (Lemma A.4(a)).

If E has rank 4 and type I, then Aut(E) = GL3(F3) is simple, and in particular
has no subgroup of index 2. Hence by (2), each element of Aut(E) is induced
by conjugation by an element of Q7(q). Also, if g € SO7(q) centralizes E, then
g(Vy) =V for all x € Hom(E,{+1}), g acts via —Id on an even number
of eigenspaces (since it has determinant +1), and hence g € Q7(¢) by Lemma
A.4(a). Thus

E €& = Nso,(g)(E) < Q(q) (4)

If E ¢ &f, then by (3), for any g € SOz(q), there is v € SO7(q)~Q7(q) such
that cy|p = cgy|E, and either g or gy lies in Q7(q). Thus Isogo, (g (E,E') =

15097(q)(E,E”) for any E’. Together with (1), this shows that E is Spin—
conjugate to all other subgroups of the same rank and type, and together with
(2) it shows that

Im[Autspin(E) — Aut(E)] = {Aut(? it £ ¢ el 5

If £ € &l then by (4) and (2), Autm(q)(E’) = Aut507(q)(£_?) = Aut(E), and
so (5) also holds in this case. Furthermore, for any g € SO7(¢)~Q7(q), E and
gEg™"
(4), no element of the coset g-Q7(q) normalizes E.

are representatives for two distinct Q7(q)—conjugacy classes — since by

We have now determined in all cases the number of conjugacy classes of sub-

groups of a given rank and type, and the image of Autgpin(E) in Aut(E). We
next claim that if rk(E) < 4 or E € £, then

E ¢ &' = Autgpin(E) > {a € Aut(E) |a(z) =2, a=1d (mod (z)) }.

(6)
Together with (5), this will finish the proof that Autgpin(£) is the group of all
automorphisms of E which send z to itself. We also claim that

E e &' = Autspin(E) > {a € Aut(E) |alx =Idy, a=1d (mod (z))},
(7)
where X < E denotes the inverse image of (z(F)) < F, and this will finish the
proof of (c).
We prove (6) and (7) together. Fix a € Aut(F) (a # Id) which sends z to itself,
induces the identity on E, and such that alx =Idx if F € Ef . Then there
is 1 # x € Hom(E, {+1}) such that a(g) = g when x(g) = 1 and a(g) = zg
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when x(g) = —1. Choose any character ) such that Vj, # 0 and Vi, # 0, and
let W C Vy, and W' C Vi, be 1-dimensional nonisotropic subspaces with the
same discriminant (this is possible when E € £}! since z(FE) € Ker(x)). Let
g € Oz7(q) be the involution whose (—1)—eigenspace is W@ W’'. Then g € Q7(q)
by Lemma A.4(a), so g lifts to g € Spiny(q), and using Lemma A.4(c) one sees
that ¢, = a.

Step 4 It remains to prove (d). Assume F € &. Let 1 = x1, x2, X3, x4 be the
four characters of E, and set V; = Vi,. Then dim(V;) = 1, dim(V;) = 2 for
i =2,3,4, and the V; either all have square discriminant or all have nonsquare
discriminant. For each g € Cspin(E), we can write g = @?:1 gi, where g; €
O(V;,b;). For each pair of distinct indices i,j € {2,3,4}, there is some g € E
whose (—1)-eigenspace is V; @V}, and hence det(g; ®g;) = 1 by Lemma A.4(c).
This shows that the g; all have the same determinant. Let A < Cgpin(E) be
the subgroup of index 2 consisting of those g such that det(g;) =1 for all 7.

Now, SO;(F,) = 1, while SOy(F,) = IF‘; is the group of diagonal matrices

of the form diag(u,u!) with respect to a hyperbolic basis of I?qQ. Thus A

3

is contained in a central extension of Cy by (IF';;) , and any such extension

is abelian since Hg((IF‘;)S) — 0. Hence A is abelian. The groups O3 (q) are
all dihedral (see [24, Theorem 11.4]). Hence for any g € Cspin(E)\A, g has
order 2 and (—1)—eigenspace of dimension 4 (its intersection with each V; is
1-dimensional), and hence |g| = 2 by Lemma A.4(b). Thus all elements of
Cspin(£)~ A have order 2, so the centralizer must be a semidirect product of A
with a group of order 2 which acts on it by inversion.

Now assume that E € Eél ; ie, that the V; all have nonsquare discriminant.
Then for i = 2,3,4, SO(V;,b;) has order ¢ & 1, whichever is not a multiple
of 4 (see [24, Theorem 11.4] again). Thus if g € A < Cspin(E) has 2-power
order, then g; = 1 for each 4, the number of i for which g; = Id is even (since
the (—1)—eigenspace of g has square discriminant), and hence g € E. In other
words, E € Syla(A). A Sylow 2-subgroup of Cgpin(F) is thus generated by E
together with an element of order 2 which acts on E by inversion; this is an
elementary abelian subgroup of rank 4, and is necessarily of type II. m]

We also need some more precise information about the subgroups of Spin;(q) of
rank 4 and type II. Let 7 € Aut(Spiny(F,)) denote the automorphism induced
by the field automorphism (z +— z?). By Lemma A.3, Spinz(q) is precisely the

subgroup of elements fixed by 9.
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Proposition A.9 Fix an odd prime power ¢, and let z € Z(Spinz(q)) be the
central involution. Let C and C' denote the two conjugacy classes of subgroups
E < Spinz(q) of rank 4 and type I. Then the following hold.

(a) Foreach E € &,, there is an element a € Spiny(IF‘q) such that aEa™' € C.
For any such a, if we set
ze(E) & o= 1yi(a),
then x¢(F) € E and is independent of the choice of a.
(b) E €C ifand only if z¢(E) =1, and E € C' if and only if x¢(E) = z.
(c) Assume E € £/, and set 7(E) = (z,2¢(E)). Then rk(7(E)) = 2, and
AUtSpirm(q)(E) = {Oé S Aut(E) | a’T(E) = Id}.
The four eigenspaces of E contained in the (—1)-eigenspace of x¢(E)

all have nonsquare discriminant, and the other three eigenspaces all have
square discriminant.

Proof (a) For all E € &, E has type I as a subgroup of Spins(¢?) since
all elements of F, are squares in F . Hence by Proposition A.8(b), for all

E' € C, there is a € SO7(¢%) < Qz(q*) such that aEa~! = E’. Upon lifting a
to a € Spiny(g*), this proves that there is a € Spiny(F,) such that aEa™t € C.

Fix any such a, and set
z=zc(E) = a Wi(a).

For all g € E, v9(g) = g and ¥%(aga™') = aga™! since E,aFa~' < Spiny(q),
and hence

aga™! = ¢(a)-g¢?(a”") = a(zge™ )a .
Thus, = € CSpin7(117‘q)
Spinz(¢*) (Proposition A.8(a)).

(E), and so x € E since it is self centralizing in each

We next check that z¢(F) is independent of the choice of a. Assume a,b €
Spim(ﬂ_?q) are such that aFa™' € C and bEb~' € C. Then by Proposition
A.8(b), there is g € Spiny(q) such that gbE(gb)~! = aFa~!. Set E' = aEa~! €
C, then gba~! € NSpin7(I_Fq)(E, ). Furthermore, since Autgpi,.(q)(E') contains
all automorphisms which send z to itself, and since E’ is self centralizing in
each of the groups Spinz(¢¥) (both by Proposition A.8 again), we see that

Ny, (F )(E’) is contained in Spiny(q). Thus, ba~! € Spins(q), so ¥4 (ba~1) =
11 q
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ba~!; and this proves that z¢(E) = a~19%(a) = b= 19%(b) is independent of the
choice of a.

(b) If F €C, then we can choose a =1, and so z¢(E) = 1.

If E € C', then by Proposition A.8(b), there is a € Spin7(¢?) such that a €
SO7(q)~Q7(q) and aEa~! € C. Then 9%(a) # a since a ¢ Spiny(q) (Proposi-
tion A.3), but 9(a) = a since a € SO7(q). Thus, x¢(E) = a~*%(a) = 2 in
this case.

We have now shown that z¢(E) € (z) if E has type I, and it remains to prove
the converse. Fix a € Spinz(F,) such that aEa~' € C. If zc(E) € (2), then
Y(a) € {a,za}, so Y(a) = a, and hence a € SO7(q). Conjugation by an
element of SO7(q) sends eigenspaces with square discriminant to eigenspaces
with square discriminant, so all eigenspaces of F must have square discriminant

since all eigenspaces of aFa~! do. Hence E has type .

(c) Now write Spin = Spiny(q) for short. Assume E € £/ and set x = x¢(F)
and 7(F) = (z,z). Then = ¢ (z) by (b), and thus 7(F) has rank 2.

By (a) (the uniqueness of z having the given properties), each element of
Autgpin (E) restricts to the identity on 7(E). We have already seen (Proposition
A.8(c)) that there is an element Z(E) € E such that the image in Aut(E) of
Autgpin(E) is the group of automorphisms which fix z(E), and this shows that
Z(E) = z: the image in F of z. Since we already showed (Proposition A.8(c)
again) that Autgpin(E) contains all automorphisms which are the identity on
7(E) and the identity modulo (z), this finishes the proof that Autgpin(E) is
the group of all automorphisms which are the identity on 7(E). The last state-
ment (about the discriminants of the eigenspaces) follows directly from the first
statement of Proposition A.8(c). O

Throughout the rest of the section, we collect some more technical results which
will be needed in Sections 2 and 4.

Lemma A.10 Fix k> 2. Let A = e13(2¥71) € GL3(Z/2%) be the elementary
matrix which has off diagonal entry 2¥~1 in position (1,3). Let Ty and Ty be
the two maximal parabolic subgroups of GL3(2):

Ty = GL3(Z/2) = {(a;;) € GL3(2)| az1 = a3z = 0}

and
T = GL%(Z/Q) = {(CLZ‘]‘) S GL3(2) ]a31 = agp = 0}.
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Set Ty = T1 NTy: the group of upper triangular matrices in GL3(2). Assume
that
pi: Ty —— SL3(Z,/2%)

are lifts of the inclusions (for i = 1,2) such that pi|r, = p2|r,. Then there is
a homomorphism

p: GL3(2) —— SL3(Z/2%)

such that u|r, = p1, and either p|p, = pa, or plm, = cao pa.

Proof We first claim that any two liftings o,0’: Tp — SL3(Z/2¥) are con-
jugate by an element of SLz(Z/2¥). This clearly holds when k = 1, and so we
can assume inductively that o = o’ (mod 2F~1). Let MJ(Fz) be the group of
3 x 3 matrices of trace zero, and define p: Ty — M3(F3) via the formula

o'(B) = (I + 2V~ p(B))-o(B)

for B € Ty. Then p is a 1-cocycle. Also, H'(Ty; MY(Fs)) = 0 by [9, Lemma 4.3]
(the module is Fo[T2]—projective), so p is the coboundary of some X € M3 (Fs),
and o and ¢’ differ by conjugation by I + 21X

By [9, Theorem 4.1], there exists a section p defined on GL3(2) such that
plr, = p1. Let B € SL3(Z/2F) be such that p|n, = cpops. Since p|n, = p2l1,
B must commute with all elements in u(7p), and one easily checks that the
only such elements are A = e13(2¥~1) and the identity. O

Recall that a p—subgroup P of a finite group G is p—radical if Ng(P)/P is p—
reduced; ie, if O,(Ng(P)/P) = 1. (Here, Oy(—) denotes the largest normal p—
subgroup.) We say here that P is F,(G) —radical if Outg(P) (= Outg, () (P))
is p—reduced. In Section 4, some information will be needed involving the
F>(Spiny(g))-radical subgroups of Spiny(g) which are also 2—centric. We first
note the following general result.

Lemma A.11 Fix a finite group G and a prime p. Then the following hold
for any p-subgroup P < G which is p—centric and F,(G)-radical.

(a) If G = Gy x Go, then P = P, x P, where P; is p—centric in G; and
Fp(G;)-—radical.
(b) If P< H <G, then P is p—centric in H and F,(H)-radical.

(c) If H < G has p—power index, then PN H is p—centric in H and F,(H)—
radical.
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(d) If G < G has p-—power index, then P = GNP for some P < G which is
p—centric in G and F,(G)-radical.

(e) If @ < G is a central p—subgroup, then Q < P, and P/Q is p—centric in
G/Q and Fp(G/Q)-radical.

(f) If G .G s an epimorphism such that Ker(a) < Z(G), then o~ 1(P)
is p—centric in G and F,(G)-radical.

Proof Point (a) follows from [16, Proposition 1.6(ii)]: P = P, x P, for P; < G,
since P is p-radical, and P; must be p—centric in G; and F,(G;)-radical since

C(;(P) = CG1 (Pl) X 002 (PQ) and Outg(P) = Outp1 (Gl) X Outp2 (Gg)
Point (b) holds since Cy(P) < Cq(P) and O,(Outy(P)) < Op(Outg(P)).

It remains to prove the other four points.

(e) Fix a central p—subgroup @ < Z(G). Then P > (@, since otherwise
1 # Ngp(P)/P < Ou(Ng(P)/P). Also, P/Q is p—centric in G/Q, since
otherwise there would be x € GNP of p—power order such that

1 # [¢;] € Ker[Outg(P) —— Outg q(P/Q) % Outg(Q)] < Op(Outg(P)).

It remains only to prove that P/Q is F,(G/Q)-radical, and to do this it suffices
to show that

Outg/Q(P/Q) = Outg(P).
Equivalently, since P/Q and P are p—centric, we must show that

Ng/(P/Q) . Na(P)
Cto(P/Q) x P/Q — Ci(P) x P’

and this is clear once we have shown that
Cg/0(P/Q) = Ci(P).

Any z € C’G/Q(P/Q) lifts to an element x € G of order prime to p, whose
conjugation action on P induces the identity on @ and on P/Q. By [15,
Corollary 5.3.3], all such automorphisms of P have p—power order, and thus
x centralizes P. Since @ is a p—group and Cf, /Q(P/ @) has order prime to p,
this shows that the projection modulo @ sends Cy, /Q(P/ () isomorphically to

CL(P).
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(f) Let G —a»NG be an epimorphism whose kernel is central. Clearly, o~ !P

is p—centric in G. It remains only to prove that a~!P is F,(G)-radical, and
to do this it suffices to show that

Outé(oflP) =~ Qutg(P).
Equivalently, since P and a~!(P) are p-—centric, we must show that

Ng(a'P) .~ Ng(P)
CL{aP) x a TP ~ CL(P) x P’

and this is clear once we have shown that
CL(a~'P) = Ci(P).
This follows by exactly the same argument as in the proof of (e).
(c) Set P"=PnNH for short. Let
Ny(P') —— Outy(P'") = Ny (P")/(Cu (P)-P')
be the natural projection, and set
K =740, (0Outy(P")) < Ny(P').

Then K > O,(Ng(P')) is an extension of Cy(P’)-P' by Op(Outy(P')). It
suffices to show that p { [K:P’], since this implies that Op(Outy(P’)) =1 (ie,
P" is F,(H)-radical), and that any Sylow p-subgroup of Cy(P’) is contained
in P’ (hence P’ is p—centric in H).

Assume otherwise: that p|[K:P’]. Note first that P’ < Ng(P), and that
Ng(P) < Ng(K); ie, Ng(P) normalizes P’ and K. The first statement is
obvious, and the second is verified by observing directly that N¢(P) normalizes
N (P') and Cg(P’"). Thus the action of Ng(P) on K induces an action of
N¢(P), and in particular of P, on K/P'. Let Ky/P’ denote the fixed subgroup
of this action of P. Since p![K :P'] by assumption, and since P is a p—group,
p||Ko/P’|. A straightforward check also shows that Ko < Ng(P), and therefore
that PKy < Ng(P). Also, since P’ < Ky < H,

PKo/PgKo/(PmKo) :K()/Pl

is a normal subgroup of Ng(P)/P of order a multiple of p. Since P is p—centric
in G by assumption,

Outa(P) = Ne(P)/(Ca(P)-P) = Na(P)/(C4(P) x P),

and hence the image of PKy/P in Outg(P) is a normal subgroup which also
has order a multiple of p.
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By definition of K as an extension of Cy(P’)-P’ by a p—group, if z € K has
order prime to p, then z € Cy(P’). Hence if x € K has order prime to p, then
for every z € P, [z, z] € P, so x acts trivially on P/P’. Since z also centralizes
P’ it follows that = centralizes P. This shows that the image of PKy/P in
Outg(P) is a p—group, thus a nontrivial normal p—subgroup of Outg(P), and
this contradicts the original assumption that P is F,(G)-radical.

(d) Let G« G be a normal subgroup of p—power index and let P < G be a
p—centric and F,(G)-radical subgroup. Let
s

N&(P)

Outg(P) = N5 (P)/(C5(P)-P)
be the natural surjection, and set
K =77 (0y(Outg(P))) < N(P).

Then K is an exteilsion of Cy(P)-P by_Op(Out(—;(P)). liix any ]_3_6 Syl (K).
We will show that PNG = P, and that P is p—centric in G and F,(G)-radical.

For each z € KNG < Ng(P),
m(z) € Op(Outy(P)) N Oute(P) < Op(Oute(P)) = 1.
Hence

x € Ker[Ng(P) —— Outz(P)] = (Cz(P)-P)NG = Cg(P)- P = C(P) x P,

where C,(P) < Cg(P) is of order prime to p. Since the opposite inclusion is
obvious, this shows that K NG = C,(P) x P, and hence (since P € Syl,(K))
that PNG = P.

Next, note that (KNG) < K and K/(KNG) < G/G, and hence K/CZ,(P) has
p-power order. Since P € Syl (K), P is an extension of P by K/(KNG), and
N (P) is an extension of a subgroup of (KNG) = (C(P)x P) by K/(KNG).
Also, an element = € Cl(P) normalizes P if and only if [z, P] € PNCL(P) = 1.
Hence B o L

Ni(P) = Cic(P)-P = Cls(P) x P, 1)
where C%(P) = C%(P)NCq(P) has order prime to p and is normal in Ng (P).
Since_Cé(]_D) < Cé(P)_S K, (1) shows that Cé(Z_D) < CL(P) x P, and hence
that P is p—centric in G.

It remains to show that P is F,(G) radical. Note first that K < Ng(P)
by construction, so for any z € Ng(P), xPr~' € Syl,(K). Since K is an
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extension of Cf(P) x P by the p—group K/(K NG), and since C(P) < K, it
follows that K is a split extension of C(P) by P. Hence for any = € N. a(P),
zPz~! = yPy~! for some y € Ci(P). Consequently, the restriction map

Né(I_D)/Cé(]_?) = Auté(]_?) —— Autg(P) = Ng(P)/Cg(P) (2)

is surjective. Also, if # € Cx(P) < K normalizes P, then = € Ng(P) =
P x CL(P) by (1), and so ¢, € Inn(P). Thus the kernel of the map in (2) is

contained in Inn(P). Consequently,
Outg(P) = Autg(P)/Inn(P) 2 Aut5(P)/ Aut5(P) = Outg(P)/O,(Out(P)),

and it follows that P is F,(G) radical. O

This is now applied to show the following:

Proposition A.12 Fix an odd prime power q, and let P < Spinz(q) be any
subgroup which is 2-centric and F2(Spiny(q))-radical. Then P is centric in

Spiny (F,); ie, Coping ) (P) = Z(P).

Proof Let z be the central involution in Spin7(g). By Lemma A.11(e), z € P,
and P & P/(z) is 2—centric in Q7(q) and is Fa(27(q))-radical. So by Lemma

A.11(d), there is a 2-subgroup P < O7(g) such that PN Q(q) = P, and such
that P is 2-centric in O7(q) and is F2(O7(q))-radical.

Let V = @.", Vi be a maximal decomposition of V' as an orthogonal direct
sum of ﬁfrepresentations, and set b; = b|y,. We assume these are arranged so
that for some k, dim(V;) > 1 when ¢ < k and dim(V;) =1 when ¢ > k. Let V.
be the sum of those 1-dimensional components V; with square discriminant,
and let V_ be the sum of those 1-dimensional components V; with nonsquare
discriminant. We will be referring to the two decompositions

m k

(V.b) = D(Vi, bi) = P(Vi, bi) @ (Vo b)) @ (V- bo),

i=1 i=1

both of which are orthogonal direct sums. We also write

7

V(OO) = ]:E_?q ®]Fq V and V(OO) = IF‘q ®Fq ‘/i7

and let b(>) and bgoo) be the induced quadratic forms.
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Step 1 For each i, set

a subgroup of order 2; and write

m
D=][D:<0O,b), and Di= ] Di<O(Vby).
i=1 ViCVva
Thus D and Dy are elementary abelian 2-groups of rank m and dim(V%),
respectively. We first claim that

P> D, (1)
and that

P = HR where Vi, P; is 2—centric in O(V;,b;) and F2(O(V;, b;))-radical.

i=1
R R R (2)
Clearly, [D,P] = 1 (and D is a 2-group), so D < P since P is 2-centric.
This proves (1). The V; are thus distinct (pairwise nonisomorphic) as P
representations, since they are pairwise nonisomorphic as D-representations.
The decomposition as a sum of V;’s is thus unique (not only up to isomorphism),
since Homp(V;, V;) = 0 for i # j.

Let C be the group of elements of O(V,b) which send each V; to itself, and let
N be the group of elements which permute the V;. By the uniqueness of the
decomposition of V,

~

P-Cop)(P) < C = H (Vi,b;)  and  Nowe)(P) < N.

Since Pis 2-centric in O(V,b) and F»(O(V,b))-radical, it is also 2-centric in
N and F2(N)-radical (this holds for any subgroup which contains Noy,p) (P))-

~

So by Lemma A.11(b) (and since C <t N), P is 2—centric in C and Fy(C)-
radical. Point (2) now follows from Lemma A.11(a).

Step 2 Whenever dim(V;) > 1 (ie, 1 <i < k), then by Lemma A.6, dim(V}) is
even, and b; has square discriminant. So by Lemma A.4(a), —Idy, € Q(V;, b;)
for such i. Together with (1), this shows that

k
P= H (Q(V4,bs) N DL) x (UVo,b_)N D). (3)
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Also, by Lemma A.4(a) again,

(Q(Ve,bi) N D) = (SO(Va,bi) N Dy ) n
= (—ldy,ay, |k+1<i<j<m, V;,V; CVa).

Step 3 By (3) and (4), the V; are distinct as P-representations (not only as
ﬁflrepresenta‘cions)7 except possibly when dim(Vy) = 2. We first check that
this exceptional case cannot occur. If dim(V,) = 2 and its two irreducible
summands are isomorphic as J_Dfrepresentations, then the image of P under
projection to O(V,,by) is just {£Idy, }. Hence we can write V. = W @ W',
where W_LW’ are 1-dimensional, P—invariant, and have nonsquare discrim-
inant. Also, dim(V_) is odd, since Vi and the V; for i < k are all even
dimensional. So —Idy_gw lies in Cq, (g (P) but not in P. But this is im-
possible, since P is 2-centric in Q7(¢q). The argument when dim(V_) = 2 is
similar.

The V; are thus distinct as P—representations. So for all i # j, Hom r(Vi,Vj) =
0, and hence

Homg, (V™) V™) = F, @, Homg, p)(Vi, V;) = 0.

Thus any element of O(V (%) 6(>)) which centralizes P sends each VZ-(OO) to
itself. In other words,

S0 TT 1 (00) ()
Copin () (F)/ <Z>§Cﬂ7<ﬁq)(P)SHO(W 65>,

If dim(Vy) > 2, then since P contains all involutions in O(Vi,by) which
are P—invariant and have even dimensional (—1)—eigenspace (see (3)), Lemma
A.4(c) shows that each element of Spiny(F,) which commutes with P must act
on Vi via £1d. Also, for 1 <i <k, since —Idy;, € P by (3), each element in
the centralizer of P acts on V; with determinant 1 (Lemma A.4(c) again). We
thus conclude that
k
Copinn(iny (P)/(2) < [T50(V:",659) x {£1dv, } x {£1dv.}.  (5)
i=1

Step 4 We next show that

k
Copmn(iny (P)/(2) < [T{Tdv} x {#1dv, } x {£1dv. ). (6)
=1
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Using (5), this means showing, for each 1 <i < k, that
pri(C (][rq)(P)/<Z>) <{£ldy}; (7)

Spin7

where pr; denotes the projection of O7(F,) = O(V () 5(>)) to O(Vi(oo), bgoo)).
By Lemma A.6, dim(V;) =2 or 4. We consider these two cases separately.

Case 4A If dim(V;) = 4, then by (2) and Lemma A.11(c), P! %< P,nQ(V;, b;)
is 2—centric in Q(V;, b;) and is Fo(Q(V;, b;))-radical. Also, by Proposition A.5,

Q(Vi, b)) = QF (q) = SLa(q) X, SLa(q).

By Lemma A.11(a,f), under this identification, we have P/ = @ x¢, @', where
Q@ and Q' are 2-centric in SLs(q) and Fo(SLy(q))-radical. The Sylow 2-
subgroups of SLs(q) are quaternion groups of order > 8, all subgroups of a
quaternion 2—group are quaternion or cyclic, and cyclic 2—subgroups of SLs(q)
cannot be both 2-centric and F2(SLa(g))-radical. So @ and Q' must be
quaternion of order > 8. By [23, 3.6.3], any cyclic 2-subgroup of SLQ(]:—Fq)
of order > 4 is conjugate to a subgroup of diagonal matrices, whose central-
izer is the group of all diagonal matrices in SLo (I_Fq). Knowing this, one easily
checks that all nonabelian quaternion 2—-subgroups of SLQ(]:_F(]) are centric in

SLy(F,). Tt follows that P/ is centric in

SOV b)) = SLy(F,) x ¢, SLa(F,),
and hence that
PTi(Cping iy (P)/(2)) < Cgpton) gy (P) = Z(P) = {£1d; }
Thus (7) holds in this case.

Case 4B If dim(V;) = 2, then O(V;,b;) = OF(q) is a dihedral group of
order 2(¢ F 1) [24, Theorem 11.4]. Hence P; € Syla(O(V;, b;)), since the Sylow
subgroups are the only radical 2-subgroups of a dihedral group. Fix Vj for
any k < j < m, and choose a € O(V;,b;) of determinant (—1) whose (—1)-
eigenspace has the same discriminant as Vj. Since P; € Syla(O(V;, b)), we can
assume (after conjugating if necessary) that o € P;. Then (— Idvj) @ a lies in

P = PN Q(q). Hence for any g € Cspin7(1iq)(P)/<Z>’ pr;(g) € O(VZ-(OO), bgoo))
leaves both eigenspaces of « invariant, and has determinant 1 by (5). Thus

pr;(g) = £1dy;; and so (7) holds in this case.

Step 5 Clearly, —Idy, lies in SO(V4,by) if and only if dim(V4) is even
(which is the case for exactly one of the two spaces Vi), and this holds if and
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only if —Idy, € Q(Vi,by). Also, since each V; for 1 < i < k has square
discriminant (Lemma A.6 again), —Idy, € Q(V;,b;) for all such i. Thus (6)
and (1) imply that

Copina (i) (F)/(2) < PNQs(q) = P,

and hence that P is centric in Spiny(F,). O

Proposition A.12 does not hold in general if Spiny(—) is replaced by an arbitrary
algebraic group. For example, assume ¢ is an odd prime power, and let P <
SLs(q) be the group of diagonal matrices of 2-power order. Then P is 2—centric
in SL5(q) and Fa(SLs(q))-radical, but is definitely not 2-centric in SLs(F,).
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