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Abstract

A p{local nite group is an algebraic structure with a classifying space which
has many of the properties of p{completed classifying spaces of nite groups.
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2{subgroup of Spinz(q) (q an odd prime power) shown by Solomon not to occur
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related to the Dwyer{Wilkerson space BDI(4).
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918 Ran Levi and Bob Oliver

As one step in the classi cation of nite simple groups, Ron Solomon [22] consid-
ered the problem of classifying all nite simple groups whose Sylow 2{subgroups
are isomorphic to those of the Conway group Coz. The end result of his paper
was that Cos is the only such group. In the process of proving this, he needed
to consider groups G in which all involutions are conjugate, and such that for
any involution x 2 G, there are subgroups K <« H < Cg(x) such that K and
Cs(X)=H have odd order and H=K = Spiny(q) for some odd prime power q.
Solomon showed that such a group G does not exist. The proof of this state-
ment was also interesting, in the sense that the 2{local structure of the group
in question appeared to be internally consistent, and it was only by analyzing
its interaction with the p{local structure (where p is the prime of which q is a
power) that he found a contradiction.

In a later paper [3], Dave Benson, inspired by Solomon’s work, constructed cer-
tain spaces which can be thought of as the 2{completed classifying spaces which
the groups studied by Solomon would have if they existed. He started with the
spaces BDI(4) constructed by Dwyer and Wilkerson having the property that

H (BDI(4); F2) = Fa[xq; X2; X3; X4]H4®

(the rank four Dickson algebra at the prime 2). Benson then considered, for
each odd prime power ¢, the homotopy xed point set of the Z{action on
BDI(4) generated by an \Adams operation™ 9 constructed by Dwyer and
Wilkerson. This homotopy xed point set is denoted here BDI4(q).

In this paper, we construct a family of 2{local nite groups, in the sense of [6],
which have the 2{local structure considered by Solomon, and whose classifying
spaces are homotopy equivalent to Benson’s spaces BDI4(q). The results of [6]
combined with those here allow us to make much more precise the statement
that these spaces have many of the properties which the 2{completed classifying
spaces of the groups studied by Solomon would have had if they existed. To
explain what this means, we rst recall some de nitions.

A fusion system over a nite p{group S is a category whose objects are the
subgroups of S, and whose morphisms are monomorphisms of groups which
include all those induced by conjugation by elements of S. A fusion system is
saturated if it satis es certain axioms formulated by Puig [19], and also listed in
[6, De nition 1.2] as well as at the beginning of Section 1 in this paper. In par-
ticular, for any nite group G and any S 2 Syl,(G), the category Fs(G) whose
objects are the subgroups of S and whose morphisms are those monomorphisms
between subgroups induced by conjugation in G is a saturated fusion system
over S.
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Construction of 2{local nite groups 919

If F is a saturated fusion system over S, then a subgroup P S is called
F {centric if Cs(P%) = z(P") for all P! isomorphic to P in the category F. A
centric linking system associated to F consists of a category L whose objects
are the F{centric subgroups of S, together with a functor L —¥ F which is
the inclusion on objects, is surjective on all morphism sets and which satis es
certain additional axioms (see [6, De nition 1.7]). These axioms su ce to ensure
that the p{completed nerve ij;)‘ has all of the properties needed to regard it as
a \classifying space" of the fusion system F. A p{local nite group consists of
a triple (S;F;L), where S isa nite p{group, F is a saturated fusion system
over S, and L is a linking system associated to F. The classifying space of
a p{local nite group (S;F;L) is the p{completed nerve ij;)‘ (which is p{
complete since jLj is always p{good [6, Proposition 1.12]). For example, if G
is a nite group and S 2 Syly(G), then there is an explicitly de ned centric
linking system L&(G) associated to Fs(G), and the classifying space of the
triple (S; Fs(G); L(G)) is the space jLE(G)j, ~ BG,.

Exotic examples of p{local nite groups for odd primes p | ie, examples which
do not represent actual groups | have already been constructed in [6], but using
ad hoc methods which seemed to work only at odd primes.

In this paper, we rst construct a fusion system Fsq(q) (for any odd prime
power ) over a 2{Sylow subgroup S of Spins(q), with the properties that
all elements of order 2 in S are conjugate (ie, the subgroups they gener-
ated are all isomorphic in the category), and the \centralizer fusion system"
(see the beginning of Section 1) of each such element is isomorphic to the fu-
sion system of Spinz(q). We then show that Fsq(q) is saturated, and has a
unique associated linking system Lg,(q). We thus obtain a 2{local nite group
(S; Fsol(@); LS, (@) where by Solomon’s theorem [22] (as explained in more de-

tail in Proposition 3.4), Fso(q) is not the fusion system of any nite group.

Let BSol(q) def jLS,(@)j; denote the classifying space of (S; Fsoi(q); LSy (a))-

Thus, BSol(q) does not have the homotopy type of BG5 for any nite group
G, but does have many of the nice properties of the 2{completed classifying
space of a nite group (as described in [6]).

Relating BSol(q) to BDI4(q) requires taking the \union™ of the categories
L&, (@") forall n 1. This however is complicated by the fact that an inclusion
of elds Fym  Fpn (ie, mjn) does not induce an inclusion of cenric linking
systems. Hence we have to replace the centric linking systems Lg& ,(q") by
the full subcategories Lg,,(q“) whose objects are those 2{subgroups which are
centric in FS,,(@1) = —, ;FS, (@), and show that the inclusion induces a

homotopy equivalence BSol’(q") déijgg,(q")jg 7 BSol(g"). Inclusions of elds
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. . . . def
induce inclusions of these categories, so we can then de ne Lgol(ql) =

n 1 L,(@™), and spaces

. ~, L A
BSol(q™) = jLEu(a Mz ~ BSol'(q") 3
n 1

The category LS, (q1) has an \Adams map” ¢ induced by the Frobenius au-
tomorphism x A x4 of I_Fq. We then show that BSol(qg1) * BDI(4), the space
of Dwyer and Wilkerson mentioned above; and also that BSol(q) is equivalent
to the homotopy xed point set of the Z{action on BSol(q1l) generated by
B 9. The space BSol(q) is thus equivalent to Benson’s spaces BDIl4(q) for
any odd prime power q.

The paper is organized as follows. Two propositions used for constructing sat-
urated fusion systems, one very general and one more specialized, are proven
in Section 1. These are then applied in Section 2 to construct the fusion sys-
tems Fso(q), and to prove that they are saturated. In Section 3 we prove the
existence and uniqueness of a centric linking systems associated to Fsq(q) and
study their automorphisms. Also in Section 3 is the proof that Fsq(q) is not
the fusion system of any nite group. The connections with the space BDI(4)
of Dwyer and Wilkerson is shown in Section 4. Some background material on
the spinor groups Spin(V;b) over elds of characteristic & 2 is collected in an
appendix.

We would like to thank Dave Benson, Ron Solomon, and Carles Broto for their
help while working on this paper.

1 Constructing saturated fusion systems

In this section, we rst prove a general result which is useful for constructing
saturated fusion systems. This is then followed by a more technical result,
which is designed to handle the speci c construction in Section 2.

We rst recall some de nitions from [6]. A fusion system over a p{group S is
a category F whose objects are the subgroups of F, such that

Homs(P;Q) Morg(P;Q) Inj(P;Q)

for all P;Q S, and such that each morphism in F factors as the compos-
ite of an F {isomorphism followed by an inclusion. We write Homg(P; Q) =
Morg (P; Q) to emphasize that the morphisms are all homomorphisms of groups.
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Construction of 2{local nite groups 921

We say that two subgroups P;Q S are F{conjugate if they are isomor-
phic in F. A subgroup P S is fully centralized (fully normalized) in F if
iCs(P)j iCs(PYj (jNs(P)j jNs(PYH)j) forall P® S which is F {conjugate
to P. A saturated fusion system is a fusion system F over S which satis es
the following two additional conditions:

() For each fully normalized subgroup P S, P is fully centralized and
Auts(P) 2 Syl,(Aute (P)).

(I) Foreach P S and each > 2 Homg(P;S) such that >(P) is fully cen-
tralized in F, if we set
1 L]
N-= g2Ns(P) “cg” " 2 Auts(*(P)) ;
then ” extends to a homomorphism * 2 Homg(N-;S).

For example, if G is a nite group and S 2 Syl,(G), then the category Fs(G)
whose objects are the subgroups of S and whose morphisms are the homomor-
phisms induced by conjugation in G is a saturated fusion system over S. A sub-
group P S is fully centralized in Fs(G) if and only if Cs(P) 2 Syl,(Cc(P)),
and P is fully normalized in Fs(G) if and only if Ns(P) 2 Syl,(Ng(P)).

For any fusion system F over a p{group S, and any subgroup P S, the

\centralizer fusion system™ Cg(P) over Cs(P) is de ned by setting
Home. )y (Q;Q) = (Cio) * 2Home(PQ;PQ"); *(Q) Q% ~jp =1dp

for all Q;Q" Cs(P) (see [6, De nition A.3] or [19] for more detail). We also

write Ce(g) = Ce(hgi) for g 2 S. If F is a saturated fusion system and P
is fully centralized in F, then Ce(P) is saturated by [6, Proposition A.6] (or

[19]).

Proposition 1.1 Let F be any fusion system over a p{group S. Then F is
saturated if and only if there is a set X of elements of order p in S such that
the following conditions hold:

(@) Each x2S of order p is F{conjugate to some element of X.

(b) If x and y are F{conjugate and y 2 X, then there is some morphism
2 Homg (Cs(X); Cs(y)) such that (x) =v.

(c) Foreach x2 X, Ce(X) is a saturated fusion system over Cg(X).
Proof Throughout the proof, conditions (1) and (I1) always refer to the con-

ditions in the de nition of a saturated fusion system, as stated above or in [6,
De nition 1.2].
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922 Ran Levi and Bob Oliver

Assume rst that F is saturated, and let X be the set of all x 2 S of order p
such that hxi is fully centralized. Then condition (a) holds by de nition, (b)
follows from condition (I1), and (c) holds by [6, Proposition A.6] or [19].

Assume conversely that X is chosen such that conditions (a{c) hold for F.
De ne

1
U= (P;x) P S;jxj=p; x2Z(P)", some T 2 Syl,(Aute(P)), T Auts(P) ;

where Z(P)T is the subgroup of elements of Z(P) xed by the action of T.
Let Up U be the set of pairs (P;x) such that x 2 X. Foreach 1& P S,
there is some x such that (P;x) 2 U (since every action of a p{group on Z(P)
has nontrivial xed set); but x need not be unique.

We rst check that
(P;x) 2 Ug; P fully centralized in Ce(xX) =) P fully centralized in F. (1)

Assume otherwise: that (P;x) 2 Uy and P is fully centralized in Cg(X), but
P is not fully centralized in F. Let P S and ” 2 lIsog(P;P") be such
that jCs(P)j < jCs(PY)j. Set X' = *(x) Z(P"). By (b), there exists 2
Homg (Cs(X"); Cs(x)) such that (x") = x. Set P¥ = (P"). Then > 2
Isoc. x)(P;P™), and in particular P" is Cg(x){conjugate to P. Also, since
Cs(PY) Cs(x), sends Cs(P)) injectively into Cs(PY), and jCs(P)j <
jCs(PYj  iCs(PM)j. Since Cs(P) = Ccg(xy(P) and Cs(P”) = Ccg(P"),
this contradicts the original assumption that P is fully centralized in Cg(X).

By de nition, for each (P;x) 2 U, Ns(P) Cs(x) and hence Autc,)(P) =
Auts(P). By assumption, there is T 2 Syl,(Autg(P)) such that (x) = x for
all 2T;ie suchthat T Autc.)(P). In particular, it follows that

8(P;x) 2U : Auts(P) 2 Syly(Aute(P)) OO Autc,x)(P) 2 Sylp(Aute, ) (P)):
(2)

We are now ready to prove condition (I) for F; namely, to show for each
P S fully normalized in F that P is fully centralized and Auts(P) 2
Sylp(Aute(P)). By de nition, jNs(P)j  jNs(P®j for all P" F{conjugate
to P. Choose x 2 Z(P) such that (P;x) 2 U; and let T 2 Syl,(Aut=(P)) be
such that T Autg(P) and x 2 Z(P)". By (a) and (b), there is an element
y 2 X and a homomorphism 2 Homg(Cs(X); Cs(y)) such that (x) =vy.
Set P’= P,andset T"= T ~12Syly(Aute(T?). Since T  Auts(P) by
de nition of U, and (Ns(P)) = Ns(P') by the maximality assumption, we
see that T*  Auts(P?). Also, y 2 Z(P)™" (T =y since Tx = x), and this
shows that (P%y) 2 Up. The maximality of jNs(P?)j = jN¢g)(P%j implies
that P? is fully normalized in Cg(y). Hence by condition (1) for the saturated
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Construction of 2{local nite groups 923

fusion system Cg(y), together with (1) and (2), P fully centralized in F and
Auts(P) 2 Syl (Aute (P)).

It remains to prove condition (Il) for F. Fix 1&P S and ” 2 Homg(P;S)

such that P % =p s fully centralized in F, and set

> »—1 0 L]
N-= g2Ns(P) “¢g” 12 Auts(P?) :

We must show that ” extends to some ” 2 Homg(N-;S). Choose some x' 2
Z(P% of order p which is xed under the action of Auts(P"), and set x =
*71x") 2 Z(P). Forall g 2 N-, “¢g”7t 2 Auts(P?) xes X, and hence
Cg(X) = x. Thus

x2Z(N-) and hence N- Cgs(X); and Ns(P) Csx): @
Fix y 2 ¥ which is F {conjugate to x and x’, and choose
2 Homg (Cs(x);Cs(y))  and "2 Homg (Cs(XY); Cs(y))
suchthat (x) = X)) =y.SetQ= (P)and Q"= !(P". Since P! is fully
centralized in F, Y(P% =Q’, and Cs(P%) Cs(X"), we have
"(Cesoy(PD) = UCs(PY) = Cs(Q") = Cegy)(QY): 4)

Set = !7 712 1s0e(Q;Q". By construction, (y) =y, and thus 2
Isoc, ) (Q; QY. Since P! is fully centralized in F, (4) implies that Q" is
fully centralized in Cg(y). Hence condition (11), when applied to the satu-
rated fusion system Cg(y), shows that extends to a homomorphism =~ 2
Homc, )(N ;Cs(y)), where

_ -1 0y
N = g2Ncg)(Q) ¢ —~ 2Aute 1) (Q) :
Also, for all g 2 N-  Cs(X) (see (3)),
Cean= C@ =0 ) )= ") )T = ¢ oy 2 Auteg ) (Q)

for some h 2 Ns(P?) such that “cy”~! = ¢,. This shows that (N-) N ;
and also (since Cs(Q") = Y%Cs(P") by (4)) that

“C(N=) (Negoy(P?)):

We can now de ne

€1 (- )jn. 2 Home(N-;S);

and jp = 7. O
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Proposition 1.1 will also be applied in a separate paper of Carles Broto and
Jesper M ller [7] to give a construction of some \exotic" p{local nite groups
at certain odd primes.

Our goal now is to construct certain saturated fusion systems, by starting with
the fusion system of Spinz(q) for some odd prime power g, and then adding to
that the automorphisms of some subgroup of Spin;(q). This is a special case of
the general problem of studying fusion systems generated by fusion subsystems,
and then showing that they are saturated. We rst x some notation. If F; and
F, are two fusion systems over the same p{group S, then hF1; F,i denotes the
fusion system over S generated by F; and F,: the smallest fusion system over
S which contains both F; and F,. More generally, if F is a fusion system over
S, and Fq is a fusion system over a subgroup Sg S, then hF;Fgi denotes
the fusion system over S generated by the morphisms in F between subgroups
of S, together with morphisms in Fy between subgroups of Sy only. In other
words, a morphism in hF; Fql is a composite

Py —1 p; —21 p, —1 " P —51 Py

where for each i, either ”; 2 Homg (Pij—1;Pj), or ”; 2 Homg,(Pi-1;P;i) (and
Pi-1;Pi  So).

As usual, when G is a nite group and S 2 Syl,(G), then Fs(G) denotes
the fusion system of G over S. If ' Aut(G) is a group of automorphisms
which contains Inn(G), then Fs(I") will denote the fusion system over S whose
morphisms consist of all restrictions of automorphisms in ' to monomorphisms
between subgroups of S.

The next proposition provides some fairly specialized conditions which imply
that the fusion system generated by the fusion system of a group G together
with certain automorphisms of a subgroup of G is saturated.

Proposition 1.2 Fix a nite group G, a prime p dividing jGj, and a Sylow
p{subgroup S 2 Syl,(G). Fix a normal subgroup Z <1 G of order p, an ele-
mentary abelian subgroup U < S of rank two containing Z such that Cs(U) 2
Sylh(Cc(U)), and a subgroup '  Aut(Cg(U)) containing Inn(Cg(U)) such
that y(U) =U forall y 2. Set

So=Cs(U) and F ¥nFrs(G);Fs,(Ni;
and assume the following hold.

(a) All subgroups of order p in S di erent from Z are G{conjugate.
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Construction of 2{local nite groups 925

(b) T permutes transitively the subgroups of order p in U.
() 7 2T1j7(2)=29= Auty,u)(Cs(V)).

(d) Foreach E S which is elementary abelian of rank three, contains U,
and is fully centralized in Fs(G),

f 2Aute(Cs(E))j (2) = Zg = Autc(Cs(E)):

(e) Forall E;E' S which are elementary abelian of rank three and contain
U, if E and E? are I'{conjugate, then they are G{conjugate.

Then F is a saturated fusion system over S. Also, for any P S such that
zZ P,
> 2 Homg(P;S)j ”(Z) = Zg = Homg(P; S): D)

Proposition 1.2 follows from the following three lemmas. Throughout the proofs
of these lemmas, references to points (af{e) mean to those points in the hypothe-
ses of the proposition, unless otherwise stated.

Lemma 1.3 Under the hypotheses of Proposition 1.2, forany P S and any
central subgroup Z° Z(P) of order p,
z&62" U =) 97 2Homr(P;Sp) such that > (Z) =2z 1)

and
Z'£U =) 9 2Homg(P;So) such that (Z%) U. &)

Proof Note rstthat Z Z(S), since it is a normal subgroup of order p in a
p{group.

Assume Z&Z' U. Then U =2Z° and
P Cs(Z") =Cs(2Z") =Cs(U) = So
since Z'  Z(P) by assumption. By (b), there is 2T such that (Z) =2Z.
Since Sp 2 Sylp(Cg(U)), there is h 2 Cg(U) such that h  (P) h™ Sg; and
since
th 2 Autyguy)(Ca(U)) T

by (), > ¢, 2 Hompr(P;So) and sends Z° to Z.

If Z' £ U, then by (a), there is g 2 G such that gz~ U~Z. Since Z is
central in S, gZ%g~* is central in gPg~*, and U is generated by Z and gz’g~1,
it follows that gPg~* Cg(U). Since Sg 2 Sylp(Cc(U)), there is h 2 Cg(U)
such that h(gPg~)h™!  Sp; and we can take = cpg 2 Homg(P; So). O
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We are now ready to prove point (1) in Proposition 1.2.

Lemma 1.4 Assume the hypotheses of Proposition 1.2, and let
F =hFs(G); Fs,(N)i

be the fusion system generated by G and . Then for all P;P' S which
contain Z,
> 2 Home (P;PYj ?(Z) = Zg = Homg(P; PY):

Proof Upon replacing P by *(P) P!, we can assume that ~ is an isomor-
phism, and thus that it factors as a composite of isomorphisms

P=P, —1 P, —21 P, —1 h P,

1 p, =P’

where for each i, 7 2 Homg(Pj—1;Pj) or ”j 2 Homr(Pj—1;Pj). Let Z; Z(Pj)
be the subgroups of order p such that Zo = Zy = Z and Z; = ”i(Zj-1).

To simplify the discussion, we say that a morphism in F is of type (G) if it is
given by conjugation by an element of G, and of type (I") if it is the restriction
of an automorphism in I'. More generally, we say that a morphism is of type
(G; I if it is the composite of a morphism of type (G) followed by one of type
(M), etc. We regard Idp, for all P S, to be of both types, even if P £ Sp.
By de nition, if any nonidentity isomorphism is of type (I"), then its source
and image are both contained in So = Cs(U).

For each i, using Lemma 1.3, choose some ; 2 Homg(PjU;S) such that

i(Zi) = Z. More precisely, using points (1) and (2) in Lemma 1.3, we can
choose  to be of type (') if Z; U (the inclusion if Z; = Z), and to be
of type (G;IN) if Z £ U. Set P! = i(Pi). To keep track of the e ect of
morphisms on the subgroups Z;, we write them as morphisms between pairs,
as shown below. Thus, > factors as a composite of isomorphisms

—1
i—1

(Pi_1;2) ! (Pi—1;Zimg) —1 (Pi;Zi) —1 (P 2):
If 7; is of type (G), then this composite (after replacing adjacent morphisms
of the same type by their composite) is of type (I';G; ). If 7 is of type (IN),
then the composite is again of type (I'; G;IN) if either Zi—y U or Z; U,
and is of type (I'; G;I'; G;IN) if neither Zj—; nor Z; is contained in U. So we
are reduced to assuming that ” is of one of these two forms.

Case 1 Assume rst that ” is of type (I';G;IN); ie, a composite of isomor-
phisms of the form

(P0;Z) —2 (P1;Z1) —21 (Py;Zp) —21 (P32):

™ ©) ™
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Construction of 2{local nite groups 927

Then Z; = Z ifand only if Z, = Z because ~; is of type (G). If Z, =Z, = Z,
then ”; and ”3 are of type (G) by (c), and the result follows.

If 2z, 6 Z & Z,, then U = ZZ; = ZZ,, and thus ",(U) = U. Neither
71 nor 73 can be the identity, so Py Spo = Cg(U) for all i by de nition of
Homr(—; =), and hence ~, is of type (I") by (c). It follows that > 2 Isor(Pg; P3)
sends Z to itself, and is of type (G) by (c) again.

Case 2 Assume now that ” is of type (I'; G;I"; G;I"); more precisely, that it
is a composite of the form

1 (P:Zy) =20 (Py;Zy) — (P3iZs) — (PsiZs) — (Ps:Z):

(Po; Z)
() G) () G) ()

where Z5;Z3 < U. Then Z;;Z, U and are distinct from Z, and the groups
Po; P1; P4; Ps all contain U since 71 and 5 (being of type (")) leave U invari-
ant. In particular, P, and P3 contain Z, since P; and P4 do and ”;; 74 are
of type (G). We can also assume that U  P»; P3, since otherwise P, \U = Z
or P3\U =2Z, ?3(Z) = Z, and hence ”3 is of type (G) by (c) again. Finally,
we assume that Py;P3  Sg = Cs(U), since otherwise ”3 = Id.

Let E; P; be the rank three elementary abelian subgroups de ned by the
requirements that E, = UZ,, E3 = UZ3, and ”j(Ei—1) = E;. In particular,
E; Z(Pj) for i = 2;3 (since Z;j Z(Pj), and U Z(Pj) by the above
remarks); and hence E; Z(P;) forall i. Also, U =22, ~4(E3) = E4 since
4(Z)=2Z,and thus U = "5(U) Es. Via similar considerations for Eq and
E., we see that U E; for all i.

Set H = Cg(U) for short. Let E3 be the set of all elementary abelian subgroups
E S of rank three which contain U, and with the property that Cs(E) 2
Syl,(CH(E)). Since Cs(E) Cs(U) = Sp 2 Syly(H), the last condition
implies that E is fully centralized in the fusion system Fs,(H). If E S
is any rank three elementary abelian subgroup which contains U, then there
is some a 2 H such that E* = aEa™! 2 Eg, since Fs,(H) is saturated and
U < H. Then ¢y 2 Isog(E;E" \ Isor(E;E% by (c). So upon composing
with such isomorphisms, we can assume that E; 2 E3 for all i, and also that
7i(Cs(Ej-1)) = Cs(E;j) for each i.

In this way, ” can be assumed to extend to an F {isomorphism ~ from Cs(Ey)
to Cs(Es) which sends Z to itself. By (e), the rank three subgroups E; are
all G{conjugate to each other. Choose g 2 G such that gEsg~! = Eg. Then
g Cs(Es) g~ and Cs(Ep) are both Sylow p{subgroups of Cg(Ep), so there
is h 2 Cg(Ep) such that (hg)Cs(Es)(hg)™ = Cs(Eg). By (d), chg ~ 2
Autg (Cs(Ep)) is of type (G); and thus ” 2 Isog(Po; Ps). O
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To nish the proof of Proposition 1.2, it remains only to show:

Lemma 1.5 Under the hypotheses of Proposition 1.2, the fusion system F
generated by Fs(G) and Fs,(I") is saturated.

Proof We apply Proposition 1.1, by letting X be the set of generators of Z.
Condition (a) of the proposition (every x 2 S of order p is F {conjugate to an
element of X) holds by Lemma 1.3. Condition (c) holds since Cg(Z) is the
fusion system of the group Cg(Z) by Lemma 1.4, and hence is saturated by [6,
Proposition 1.3].

It remains to prove condition (b) of Proposition 1.1. We must show that if y;z 2
S are F{conjugate and hzi = Z, then there is 2 Homg(Cs(y); Cs(z)) such
that (y) =z. If y 2 U, then by Lemma 1.3(2), there is * 2 Homg(Cs(y); So)
such that “(y) 2 U. If y 2 U~Z, then by Lemma 1.3(1), there is > 2
Homg (Cs(Y); So) such that ”(y) 2 Z. We are thus reduced to the case where
y;z 2 Z (and are F {conjugate).

In this case, then by Lemma 1.4, there is g 2 G such that z = gyg™*. Since
Z <4 G, [G:Cs(2)] is prime to p, so S and gSg~! are both Sylow p{subgroups
of Cs(Z), and hence are Cg(Z){conjugate. We can thus choose g such that
z=9yg ! and gSg~! = S. Since Cs(y) =Cs(z) =S (Z Z(S) since it is
a normal subgroup of order p), this shows that cg 2 Isog(Cs(y); Cs(z)), and

nishes the proof of (b) in Proposition 1.1. O

2 A fusion system of a type considered by Solomon

The main result of this section and the next is the following theorem:

Theorem 2.1 Let g be an odd prime power, and X S 2 Syl,(Spin;(q)). Let
z 2 Z(Spin7(q)) be the central element of order 2. Then there is a saturated
fusion system F = Fso(q) which satis es the following conditions:

(@) Cg(2) = Fs(Spiny(g)) as fusion systems over S.
(b) All involutions of S are F {conjugate.

Furthermore, there is a unique centric linking system L = L& ,(q) associated
to F.
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Theorem 2.1 will be proven in Propositions 2.11 and 3.3. Later, at the end
of Section 3, we explain why Solomon’s theorem [22] implies that these fusion
systems are not the fusion systems of any nite groups, and hence that the
spaces BSol(q) are not homotopy equivalent to the 2{completed classifying
spaces of any nite groups.

Background results needed for computations in Spin(V; b) have been collected
in Appendix A. We focus attention here on SO7(q) and Spin;(q). In fact,
since we want to compare the constructions over Fy with those over its eld
extensions, most of the constructions will rst be made in the groups SO7(IE_?q)
and Spin7(Fy).

We now X, for the rest of the section, an odd prime power q. It will be
convenient to write Spin;(q1l) et Spin7(IF‘q), etc. In order to make certain
computations more explicit, we set

Vi =My(Fq) MIFy) = (Fy)’ and  b(A; B) = det(A) + det(B)
(where M2(—) is the group of (2 2) matrices of trace zero), and foreach n 1
set Vp = Mo (Fgn) MZO(IFqn) V1. Then b is a nonsingular quadratic form
on V1 and on Vy. Identify SO7(g") = SO(V1;b) and SO7(q") = SO(Vn; b),
and similarly for Spinz(q")  Spinz(q1). For all 2 Spin(Mz(F,); det) and

2 Spin(M(F,); det), we write for their image in Spin;(gq1) under the
natural homomorphism
1)

43: Sping(q1)  Spins(q ¥ Spins(q1):

There are isomorphisms
es: SLo(gh)  SLa(gh) —F Sping(q™) and es: SLp(gh) —¥ Spins(q™t)

which are de ned explicitly in Proposition A.5, and which restrict to isomor-
phisms

SL2(q") SLa2(q") =Spina(q") and  SLa(q") = Spins(q")
for each n. Let
z=e(=1;-1) 1=1 e(=1)22Z(Spinz(a))
denote the central element of order two, and set
z; = e4(—1;1) 12 Spinz(q):
Here, 1 2 Spink(q) (k = 3;4) denotes the identity element. De ne U = hz; z;i.
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De nition 2.2 De ne
1: SLy(q1)®

¥ Spins(q™)

by setting
V(AL A2 A3) = e4(A1 A2)  &3(A3)

for Al;Ag;Ag 2 SLg(ql). Set
H(@t) =1(SL2(@1)®)  and [A1; Az Asl = 1(A1; Az Az):

Since e; and e4 are isomorphisms, Ker(!) = Ker( 4:3), and thus
Ker(1) =h(=1I;—=1;=Di:
In particular, H(g1) = (SLo(q1)®)=F (I;1;1)g. Also,
z=11;1;—1] and zy =[—1; 1 1];
and thus
u=11; 1; I]
(with all combinations of signs).

Foreach 1 n < 1, the natural homomorphism

Spin7(@") ! SO/(q")
has kernel and cokernel both of order 2. The image of this homomorphism
is the commutator subgroup Q7(q") < SO7(q™), which is partly described by

Lemma A.4(a). In contrast, since all elements of IF‘q are squares, the natural
homomorphism from Spin;(q1) to SO,(q1) is surjective.

Lemma 2.3 There is an element 2 Ngpin,(q)(U) of order 2 such that
[A1; Az Al 1 =[Az A As (1)
for all Ar;Az; Az 2SLy(qL).

Proof Let ~ 2 SO7(q) be the involution de ned by setting
XiY)=(= (X);=Y)

for (X;Y) 2 Va1 = My(Fq) M%I_Fq), where
ab — —-b .

cd —C a

Let 2 Spiny(gL) be a lifting of ~. The (—1){eigenspace of ~ on V4 has

orthogonal basis
1 ] ] (|
(100 5% ;693 ;0 B
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and in particular has discriminant 1 with respect to this basis. Hence by Lemma
A4a), " 2Q7(q),andso 2 Spinz(q). Since in addition, the (—1){eigenspace
of ~ is 4{dimensional, Lemma A.4(b) applies to show that 2 =1.
By de nition of the isomorphisms e and e, for all A; 2 SL,(q1) (i =1;2;3)
and all (X;Y)2Vq,
[AL A2 AIOK Y ) = (ALXA T AgY AL
Here, Spin;(gq1L) acts on V4 via its projection to SO7(q1). Also, for all X;Y 2
(X) = ':_313 Xt E_élg ' and in particular XY)= (Y) (X);
and (X) = X1 if det(X) = 1. Hence for all A1;Az; Az 2 SL»(q1) and all
(X;é) 2Va,
[Ac Az Asl ! (GY) = (AL (X) AN —AsY ATY)
= (AXATH ASY AT = [Az; A ASOX; Y ):
This shows that (1) holds modulo hzi = Z(Spin7(gt)). We thus have two
automorphisms of H(q1) = (SLo(q1)3)=F (1;1;1)g | conjugation by and
the permutation automorphism ] which are liftings of the same automorphism
of H(gY)=hzi. Since H(q1) is perfect, each automorphism of H(q1)=hzi has
at most one lifting to an automorphism of H(q%), and thus (1) holds. Also,

since U is the subgroup of all elements [ I; I; 1] with all combinations of
signs, formula (1) shows that 2 Ngpin, ) (U)- O

De nition 2.4 Foreach n 1, set
H@™ =H(@")\Spinz(a")  and  Ho(@") = 1(SL2(@")*) H("):
De ne
Mo =Inn(H@") x b3 Aut(H(q"));
where D3 denotes the group of permutation automorphisms
by= [AiAZATE A 1A ZAS] 2 5 AutH@E):

For each n, let 9" be the automorphism of Spin;(g1) induced by the eld
isomorphism (g @ g°"). By Lemma A.3, Spin;(q") is the xed subgroup of

9" Hence each element of H(q") is of the form [Ar; Az; Az], where either
Ai 2 SL,(q™) for each i (and the element lies in Ho(q™)), or 9" (A;j) = —A;
for each i. This shows that Ho(q") has index 2 in H(Q").

The goal is now to choose compatible Sylow subgroups S(q") 2 Syl,(Spinz(q™))
@@ll n 1) contained in N(H(q™)), and let Fsq(q™) be the fusion system over
S(q") generated by conjugation in Spin;(q") and by restrictions of I,.
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Proposition 2.5 The following hold for each n 1.

@ H@") = Cspiny;qmy(V).

(b) Nspiny@)(U) = Nspin,@m(H(@")) = H@") h i, and contains a Sylow
2{subgroup of Spinz(q").

Proof Let z; 2 SO7(q) be the image of z; 2 Spiny(q). Set V_ = MZ(IB_“q) and
Vi = MZO(I_Fq): the eigenspaces of z; acting on V. By Lemma A.4(c),

Cspiny(q1)(U) = Cspin,(q1)(21)

is the group of all elements 2 Spin;(q1) whose image ~ 2 SO7(qL) has the
form

= _ + where 2SOV ):
In other words,
Cspin;@1)(U) = 43 %Ipim(ql) Sping(qt) = 1(SL2(gt)*) =H(@™):
Furthermore, since
21 =[] TP =G =2z

by Lemma 2.3, and since any element of Ngpin,q1)(U) centralizes z, conjuga-
tion by  generates Outgpin,(q1)(U). Hence

Nspin, q1)(U) = H@™)h i

Point (a), and the rst part of point (b), now follow upon taking intersections
with Spin;(q").

If Nspin,gr)(U) did not contain a Sylow 2{subgroup of Spinz(q"), then since

every noncentral involution of Spin;(q") is conjugate to z; (Proposition A.8),

the Sylow 2{subgroups of Spinz(q) would have no normal subgroup isomorphic

to CZ. By a theorem of Hall (cf [15, Theorem 5.4.10]), this would imply that

they are cyclic, dihedral, quaternion, or semidihedral. This is clearly not the

case, s0 Ngpin,qny(U) must contain a Sylow 2{subgroup of Spinz(q), and this
nishes the proof of point (b).

Alternatively, point (b) follows from the standard formulas for the orders of
these groups (cf [24, pages 19,140]), which show that
ispin(qMj _ 7@ ~ D@ = D@ = 1) _ onoan y gon gy 7 F1
H@™) h ij 2[g"(@*™ - P 2
is odd. O
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We next x, for each n, a Sylow 2{subgroup of Spinz(q™) which is contained
in H(qn) hi= NSpin7(q”)(U)-

De nition 2.6 Fix elements A; B 2 SL,(q) such that hA; Bi = Qg (a quater-
nion group of order 8), and set R = [A;A:A] and B = [B;B;B]. Let
C(q1) CsL,(q1)(A) be the subgroup of elements of 2{power order in the
centralizer (which is abelian), and set Q(q1) = hC(q1);Bi. De ne

So@h) =1(Q@E™)%)  Ho@™h)
and
s@h) =So@")h i H@Y) spin(@t):
Here, 2 Spiny(q) is the element of Lemma 2.3. Finally, foreach n 1, de ne

c@M=c@h)\sSL@);  Q@")=Q@EM)\SL@);
So(@") = So(at) \ Spinz(a");  and  S(g") =S(@@™) \ Spins(q"):

Since the two eigenvalues of A are distinct, its centralizer in SL,(qL) is con-
jugate to the subgroup of diagonal matrices, which is abelian. Thus C(q1) is
conjugate to the subgroup of diagonal matrices of 2{power order. This shows
that each nite subgroup of C(q1) is cyclic, and that each nite subgroup of
Q(g?1) is cyclic or quaternion.

Lemma 2.7 For all n, S(@") 2 Syl>(Spinz(q")).

Proof By [23, 6.23], A is contained in a cyclic subgroup of order q" — 1 or
g" + 1 (depending on which of them is divisible by 4). Also, the normalizer of
this cyclic subgroup is a quaternion group of order 2(q" 1), and the formula
jSL2(qM)j = q™(q?" — 1) shows that this quaternion group has odd index. Thus
by construction, Q(q") is a Sylow 2{subgroup of SL»(q"). Hence 1(Q(q")?3) is
a Sylow 2{subgroup of Ho(q"), so 1 (Q(q1)3)\Spin-(q") is a Sylow 2{subgroup
of H(Q"). It follows that S(q") is a Sylow 2{subgroup of H(q") h i, and hence
also of Spinz(q™) by Proposition 2.5(b). ]

Following the notation of De nition A.7, we say that an elementary abelian
2{subgroup E  Spin7(q™) has type I if its eigenspaces all have square dis-
criminant, and has type Il otherwise. Let E, be the set of elementary abelian
subgroups of rank r in Spin;(q") which contain z, and let E} and E!' be the
sets of those of type | or I, respectively. In Proposition A.8, we show that
there are two conjugacy classes of subgroups in E} and one conjugacy class of
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subgroups in E}'. In Proposition A.9, an invariant xc(E) 2 E is de ned, for
all E 2 E4 (and where C is one of the conjugacy classes in E}) as a tool for
determining the conjugacy class of a subgroup. More precisely, E has type | if
and only if xc(E) 2 hzi, and E 2 C if and only if Xxc(E) = 1. The next lemma
provides some more detailed information about the rank four subgroups and
these invariants.

Recall that we de ne R =[A;A;A] and B = [B;B;B].

Lemma 2.8 Fix n 1, set E = hz;z;; R Bi S(gq"), and let C be the
Spinz(g™){conjugacy class of E . Let Ey be the set of all elementary abelian
subgroups E  S(q") of rank 4 which contain U = hz;z;i. Fix a generator
X 2 C(q") (the 2{power torsion in Cgy,gn)(A)), and choose Y 2 C(g?") such
that Y2 = X. Then the following hold.

(@ E has type I.
]
(b) Ef = EijiEljii;isk2Z (a nite set), where
Eijk = hz; z2; & [X'B; XIB; X "Bl
and _ _
Elix = hz;z; & [X'Y B; XJY B; X*Y BJi:

© xc(Eijk) = [(=DF (=1); (=D¥] and xc(EY,) = [(=DF (=1); (=D¥] R.
(d) All of the subgroups E?jk have type I1. The subgroup Ejjk has type I if

andonlyif i j (mod 2), and lies in C (is conjugate to E ) if and only if

i J k (mod 2). The subgroups Eggo, Ego1, and Eipg thus represent

the three conjugacy classes of rank four elementary abelian subgroups of
Spinz(q") (and E = Eqoo)-

() Forany ” 2T, Aut(H(q")) (see De nition 2.4), if EL, EY 2 EJ are
such that > (E% = E”, then *(xc(E")) = xc(EY).

Proof (a) The set
(I;O);(A;O);(B;O);(AB;O);(O;A);(O;B);(O;AB)EI

is a basis of eigenvectors for the action of E on V, = My(Fgn) MS(Fqn).
(Since the matrices A, B, and AB all have order 4 and determinant one, each
has as eigenvalues the two distinct fourth roots of unity, and hence they all
have trace zero.) Since all of these have determinant one, E has type | by
de nition.
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(b) Consider the subgroups
— 1,3 ny — e d - s KT T ive sed v sek L]
Ro=1(C@))\S(@") = XL XEXIX'Y; XY, X Y] i;j;k27Z

and
Ry = Cgqny(hU; Ri) = Ro hiBi:

Clearly, each subgroup E 2 EY is contained in
Csm(U) = So(@") = Ro h[B'; BI; B¥]i:

All involutions in this subgroup are contained in R; = Rg h[B; B; B]i, and thus
E R1. Hence E \ Rg has rank 3, which implies that E hz;zl;/Qi (the
2{torsion in Rg). Since all elements of order two in the coset R B have the
form

[X'B;XIB;X*B] or [X'YB;X}YB;XKyB]

for some i; j;k, this shows that E must be one of the groups Ejjx or E?jk.
(Note in particular that E = Eggo.)

(c) By Proposition A.9(a), the element Xc(E) 2 E is characterized uniquely
by the property that xc(E) = g~ 9"(g) for some g 2 Spins(q1) such that
gEg~t 2 C. We now apply this explicitly to the subgroups Ejjx and E?jk.

For each i, Y 7/(X'B)Y ' =Y =21 X!B = B. Hence for each i;j; k,
IY5Y LY B IY S YT, YR =E
and
TAYEYLY D =YY LY RIS (=D (=D
Hence
xc(Eijk) = [(=D"; (=1} (=D¥T:
Similarly, if we choose Z 2 Cgy ,q1)(A) such that Z? =Y, then for each i,
(Y'2)"Y(X'YB)(Y'Z) = B:
Hence for each i;j; k,
IY'z, Yz, y*z] ™ Ej [Y'Z, Y Z; Y Z] = E
Since 9"(Z2)= ZA,
(Y 'ZYIZ Y RZD) = Y IZ Y IZ Y RZD I 1A (TP A (SDFAT;

and hence _ _
xc(Efj) = [(=1)'A; (=1 A; (=D)*A]:
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(d) This now follows immediately from point (c) and Proposition A.9(b,c).

(e) By De nition 2.4, I'y is generated by Inn(H(q")) and the permutations
of the three factors in H(@1) = (SL»(q1)®)=F (I:1;g. If > 2 T, is a
permutation automorphism, then it permutes the elements of Ej , and preserves
the elements x¢c(—) by the formulas in (c). If > 2 Inn(H(g")) and ”(E") = EY
for ESE® 2 EJ, then ”(Xxc(E") = xc(EY) by de nition of xc(—); and so the
same property holds for all elements of I',. ]

Following the notation introduced in Section 1, Homgpin,qn)(P; Q) (for P;Q
S(q")) denotes the set of homomorphisms from P to Q induced by conjugation
by some element of Spinz(q"). Also, if P;Q  S(@") \H("), Homr,(P; Q)
denotes the set of homomorphisms induced by restriction of an element of I'y,.
Let Fn = Fsq(g™) be the fusion system over S(q") generated by Spin;(q™)
and Iy. In other words, for each P;Q  S(q"), Homg, (P; Q) is the set of all
composites

P=P,—21 P, —21 P, —1 1P —1 P =Q;
where P;  S(q") for all i, and each ~; lies in Homgpin,gny(Pi—1;Pi) or (if

Pi—1;Pi  H(@™)) Homr, (Pi-1;Pi). This clearly de nes a fusion system over
S@").

Proposition 2.9 Fix n 1. Let E S(q") be an elementary abelian sub-
group of rank 3 which contains U, and such that

Cs@ny(E) 2 Syl2(Cspin, gy (E)):

Then
7 2 Autg,,(Csgny(E)) | 7 (2) = 29 = Autspin, (qn)(Cs@gn)(E)): (1)

Proof Set
Spin = Spinz(q"); S=s@M; [ and F=Fn

for short. Consider the subgroups

Ro =Ro(@ ¥ 1(C@)®)\S and R; =R (") ¥ Ccs(hU; Ri) = hRo; Bi:

Here, Ry is generated by elements of the form [X;; Xz; X3], where either X; 2
C@M), or X3 = X, = X3 =X 2C(@@*) and 9"(X) = —X. Also, C(q") 2
Sylo(Csi,qny(A)) is cyclic of order 2% 4, where 2 is the largest power which
divides q" 1; and C(g®") is cyclic of order 2k*1. So

Rp = (Czk)3 and R1 =Rg % h@l,
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where B = [B;B;B] has order 2 and acts on Ry via (g @ g~!). Note that
ho;Ri=h[ 1; 1; 1] [A A Al =C3
is the 2{torsion subgroup of Rg.
We claim that
Ro is the only subgroup of S isomorphic to (Czk)s. 2)
To see this, let R” S be any subgroup isomorphic to (C,«)3, and let E* = C3

be its 2{torsion subgroup. Recall that for any 2{group P, the Frattini subgroup
Fr(P) is the subgroup generated by commutators and squares in P. Thus

E' Fr(RY) Fr(S) hRg;[B;B;I]i

(note that [B;B;1] = ( [B;1;1])?). Any elementary abelian subgroup of
rank 4 in Fr(S) would have to contain hU; Ri (the 2{torsion in Ry = Cgk), and
this is impossible since no element of the coset Rg [B;B; 1] commutes with
R. Thus, rk(Fr(S)) = 3. Hence U  E, since otherwise hU; E’i would be an
elementary abelian subgroup of Fr(S) of rank 4. This in turn implies that
R’ Cgs(U), and hence that E'  Fr(Cs(U)) Ro. Thus E! = hU; Ri (the
2{torsion in Ry again). Hence R! Cs(hU; Ri) = hRy; Bi, and it follows that
R' = Rg. This nishes the proof of (2).

Choose generators xi;Xz;X3 2 Ro as follows. Fix X 2 Cg ,g1)(A) of order
2K, and Y 2 Cgy,qzny(A) of order 2¢*1 such that Y2 = X. Set x; = [I;1; X],
Xo = [X:1;1], and x3 = [Y;Y:Y]. Thus, xfk_l =z, xgk_l = z;, and
2k—1 _

(xg)? " =R.

Now let E  S(q") be an elementary abelian subgroup of rank 3 which con-
tains U, and such that Cgny(E) 2 Syl2(Cspin(E)). In particular, E Ry =
Cs@ny(U). There are two cases to consider: that where E Ro and that where
E £ Ro.

Case 1: Assume E Rp. Since Rg is abelian of rank 3, we must have

E = hU; Ri, the 2{torsion subgroup of Rg, and Cs(E) = R1. Also, by (2),
neither Ry nor Ry is isomorphic to any other subgroup of S; and hence

1
Aute (Rj) = Autspin(Ri); Autr(R;) for i=0;1. 4)

By Proposition A.8, Autspin(E) is the group of all automorphisms of E which
send z to itself. In particular, since H(q") = Cspin(U), Autygn)(E) is the
group of all automorphisms of E which are the identity on U. Also, I' =
Inn(H(g™) P, where P5 sends R = [A; A; A] to itself and permutes the non-
trivial elements of U = f[ I; 1I; I]g. Hence Autr(E) is the group of all
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automorphisms which send U to itself. So if we identify Aut(E) = GL3(Z=2)
via the basis fz; zl;ﬂQg, then

def

Autspin(E) =T, = GL%(ZZZ) = (aij) 2 GL3(Z=2)j a)y =az =0

and
def 2 A 1
AUtr(E) =T, = GLl(ZZZ) = (aij) 2 GLg(ZZZ)j az; =azp =0 :
By (2) (and since E is the 2{torsion in Ry),
Nspin(E) = Nspin(Ro) and  fy 2T jy(E) =Eg =Ty 2T jy(Ro) = Rog:

Since Cspin(E) = Cspin(Ro) h@i, the only nonidentity element of Autspin(Ro)
or of Autr(Rg) which is the identity on E is conjugation by B, which is —1I.
Hence restriction from Ry to E induces isomorphisms

Autspin(Ro):f lg = Autspin(E) and AUtr(Ro):f lg = AUtr(E)I

Upon identifying Aut(Rg) = GL3(Z=2X) via the basis fx1;X,;X3g, these can
be regarded as sections

it Ti ¥ GL3(Z=2")=F 1g=SL3(Z=2) f 1j 2(z=2X) g=F Ig

of the natural projection from GL3(Z=2K)=F Ig to GL3(Z=2), which agree on
the group To = T1 \ T, of upper triangular matrices.

We claim that ; and , both map trivially to the second factor. Since this
factor is abelian, it su ces to show that Ty is generated by [T1;T1] \ To and
[T2;T2] \ T, and that each T; is generated by [Ti;Tij] and To | and this is
easily checked. (Note that Ty =T, = 4.)

By carrying out the above procedure over the eld Fgn, we see that both of
these sections  can be lifted further to SL3(Z=2%*1) (still agreeing on Tp).
So by Lemma A.10, there is a section

. GL3(Z=2) ¥ SL3(Z=2%)
which extends both 1 and . By (4), Aute(Rg) =Im( ) h—1i.

We next identify Aute(R;). By Lemma 2.8(a), E % hz:z;: R:Bi  Spin;(q")
is a subgroup of rank 4 and type I. So by Proposition A.8, Autspin(E ) contains
all automorphisms of E = C4 which send z 2 Z(Spin) to itself. Hence for any
X 2 Nspin(R1), since ¢x(z) = z, there is X1 2 Nspin(E ) such that cy, je = Cxje
(ie, xx71 2 Cspin(E)) and cx, (B) = B (ie, [x1;B] = 1). Set xp = xxj 1.

Since Cspin(U) = H(@™) Im(1), we see that Cspin(E) = Ko hBi, where

Ko = 1(Csi,(q1)(A)%) \ Spin
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is abelian, Ry 2 Syl,(Ko), and B acts on Kq by inversion. Upon replacing x;
by Bx; and x, by x,B~1 if necessary, we can assume that x, 2 Ko. Then

[x2; B] = x, (Bx:871) 7" =5;
while by the original choice of x;x; we have
[x2; B] = [xx7*; 8] = [x; B] 2 Ro:
Thus x% 2 Ry 2 Syl>(Kp), and hence x2 2 Rp  Rji. Since X = XpX; was an

arbitrary element of Ngpin(R1), this shows that Nspin(R1) R1 Cspin(@), and
hence that

Autspin(R1) = Inn(Ry) £~ 2 Autspin(R1)j ” (8) = Bg: (5)

Since Autr(Ry) is generated by its intersection with Autspin(R1) and the group
b, which permutes the three factors in H(gl) (and since the elements of b,
all x B), we also have

Autr(R1) = Inn(Ry) £~ 2 Autr(Ry)j ” () = Bg:

Together with (4) and (5), this shows that Autg(R1) is generated by Inn(R1)
together with certain automorphisms of Ry = Rq hBi which send B to itself.
In other words,

-
Aute(Ry) = Inn(Ry) ~ 2 Aut(Ry) ~(B) = B; *jr, 2 Aute(Ro)
=Inn(Ry) ~ 2 Aut(R;) *(8) =8; jr, 2 (GL3(Z=2)) :
Thus

>2Aute(R1) 7(2) =z
. 1
=Inn(Ry) ~ 2 Aut(R1) “(B)=8; ~jr, 2 (T1) = Autspin(Ro)
= Autspin(R1);
the last equality by (5); and (1) now follows.

Case 2: Now assume that E £ Rg. By assumption, U  E (hence E
Cs(E) Cs(U)), and Cs(E) is a Sylow subgroup of Cspin(E). Since Cs(E)
is not isomorphic to Ry = Cs(hz;zl;ﬁli) (by (2)), this shows that E is not
Spin{conjugate to hz;z;; Ri. By Proposition A.8, Spin contains exactly two
conjugacy classes of rank 3 subgroups containing z, and thus E must have type
I1. Hence by Proposition A.8(d), Cs(E) is elementary abelian of rank 4, and
also has type I1.

Let C be the Spiny(q"){conjugacy class of the subgroup E = hU; R; Bi = C3,
which by Lemma 2.8(a) has type I. Let E' be the set of all subgroups of S which
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are elementary abelian of rank 4, contain U, and are not in C. By Lemma
2.8(e), for any > 2 Isor(E%;E®) and any E’ 2 E!, E® ¥ - (E") 2 E, and *
sends xc(E") to xc(EY). The same holds for ~ 2 Isospin(E"; E") by de nition
of the elements xc(—) (Proposition A.9). Since Cs(E) 2 E?, this shows that all
elements of Autg(Cs(E)) send the element x¢c(Cs(E)) to itself. By Proposition
A.9(C), Autgpin(Cs(E)) is the group of automorphisms which are the identity
on the rank two subgroup hxc(Cs(E)); zi; and (1) now follows. ]

One more technical result is needed.

Lemma 2.10 Fix n 1, and let E;E' S(q") be two elementary abelian
subgroups of rank three which contain U, and which are ', {conjugate. Then
E and E are Spin;(q™){conjugate.

Proof By [23, 3.6.3(ii)], —I is the only element of order 2 in SL»(q%). Con-

sider the sets ]
— n 2 —

Ji1 = X 2SL@") X°=-—1I

and
S NPT —
Jo= X2SLy(g™) T X)=—-X; X°=-1:

Here, as usual, 9" is induced by the eld automorphism (x @ x"). All ele-
ments in J; are SLy(q){conjugate (this follows, for example, from [23, 3.6.23]),
and we claim the same is true for elements of J,.

Let SL,(q™) be the group of all elements X 2 SL,(q?") such that 9"(X) =

X. This is a group which contains SL,(q") with index 2. Let k be such that
the Sylow 2{subgroups of SL,(q") have order 2¥; then k 3 since jSL,(q")j =
q"(@®" —1). Any S 2 Syl>,(SL,(q")) is quaternion of order 2*1 16 (see [15,
Theorem 2.8.3]) and its intersection with SL,(q") is quaternion of order 2K,
so all elements in S\ J, are S{conjugate. It follows that all elements of J,
are SL,(g"){conjugate. If X; X' 2 J, and X" = gXg~! for g 2 SL,(q"),
then either g 2 SL,(gq™) or gX 2 SL,(q™), and in either case X and X' are
conjugate by an element of SL,(q").

By Proposition 2.5(a),
E;E' Copinyqm(U) = H(@") F 1(SL2(a™)%) \ Spiny(q"):

Thus E = hz;zy; [X1; X2; X3]li and E® = hz;zy; [X!; X3; XTi, where the X
are all in J; or all in J,, and similarly for the Xi°. Also, since E and E" are
M {conjugate (and each element of ', leaves U = hz; z;i invariant), the X; and
Xi0 must all be in the same set J; or J,. Hence they are all SL,(q™){conjugate,
and so E and E? are Spins(q"){conjugate. O
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We are now ready to show that the fusion systems F, are saturated, and satisfy
the conditions listed in Theorem 2.1.

Proposition 2.11 For a xed odd prime power g, let S(q") S(g1)
Spin7(q1) be as de ned above. Let z 2 Z(Spin7(q1)) be the central element
of order 2. Then for each n, F, = Fsq(q") is saturated as a fusion system over
S(q"), and satis es the following conditions:

(@ For all P;Q S(gq") which contain z, if 2 Hom(P;Q) is such that
(z) =z, then 2 Homg, (P;Q) if and only if 2 Homgpin,gny(P; Q).

(b) Cr,(z) = Fsn)(Spinz(q")) as fusion systems over S(q").
(c) All involutions of S(q") are Fn{conjugate.

Furthermore, Fp, Fn for mjn. The union of the F, is thus a category
Fsol(@1) whose objects are the nite subgroups of S(gqL).

Proof We apply Proposition 1.2, where p = 2, G = Spins(q"), S = S(q"),
Z =hzi=2Z(G); and U and Cg(U) = H(q") are as de ned above. Also, I =
M Aut(H(g™)). Condition (a) in Proposition 1.2 (all noncentral involutions
in G are conjugate) holds since all subgroups in E, are conjugate (Proposition
A.8), and condition (b) holds by de nition of I'. Condition (c) holds since

fy 2Tjy(2) =zg = Inn(H(@™) he i = Autnguy(H@™)

by de nition, since H(q") = Cg(U), and by Proposition 2.5(b). Condition (d)
was shown in Proposition 2.9, and condition (e) in Lemma 2.10. So by Propo-
sition 1.2, Fp, is a saturated fusion system, and Cg,(Z) = Fggn)(Spinz(q")).

The last statement is clear. D

3 Linking systems and their automorphisms

We next show the existence and uniqueness of centric linking systems associated
to the Fso(q), and also construct certain automorphisms of these categories
analogous to the automorphisms 9 of the group Spinz(q™). One more technical
lemma about elementary abelian subgroups, this time about their F {conjugacy
classes, is rst needed.
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Lemma 3.1 Set F = Fgq(q). For each r 3, there is a unique F {conjugacy
class of elementary abelian subgroups E S(q) of rank r. There are two
F {conjugacy classes of rank four elementary abelian subgroups E  S(q): one
is the set C of subgroups Spins(q){conjugate to E = hz;z;;&R; Bi, while the
other contains the other conjugacy class of type | subgroups as well as all type
Il subgroups. Furthermore, Aute(E) = Aut(E) for all elementary abelian
subgroups E  S(q) except when E has rank four and is not F {conjugate to
E , in which case

Aute(E) =f 2 Aut(E)j (xc(E)) = xc(E)g:

Proof By Lemma 2.8(d), the three subgroups
E =hz;2y; & [B:B; Bi; Eoox = hz;zo; &; [B; B; XBIi; Esoo = hz;z:; & [XB; B; Bl

(where X is a generator of C(q)) represent the three Spin;(q){conjugacy classes
of rank four subgroups. Clearly, E1p0 and Egp1 are I'p{conjugate, hence F{
conjugate; and by Lemma 2.8(e), neither is I'1{conjugate to E . This proves
that there are exactly two F {conjugacy classes of such subgroups.

Since E and Egp; both are of type | in Spin;(q), their Spin;(q){automorphism
groups contain all automorphisms which x z (see Proposition A.8). By Lemma
2.8(e), z is xed by all '{automorphisms of Egp1, and so Autg(Ego1) is the
group of all automorphisms of Egg; which send z = Xc(Egp1) to itself. On the
other hand, E contains automorphisms (induced by permuting the three coor-
dinates of H) which permute the three elements z;z;;zz1; and these together
with Autspin(E ) generate Aut(E ).

It remains to deal with the subgroups of smaller rank. By Proposition A.8 again,
there is just one Spin;(q){conjugacy class of elementary abelian subgroups of
rank one or two. There are two conjugacy classes of rank three subgroups,
those of type | and those of type Il. Since Ejqp is of type Il and Ego; of type
I, all rank three subgroups of Egp1 have type I, while some of the rank three
subgroups of Ejgp have type Il. Since Eqo; is F {conjugate to E1qg, this shows
that some subgroup of rank three and type Il is F {conjugate to a subgroup of
type I, and hence all rank three subgroups are conjugate to each other. Finally,
Aute (E) = Aut(E) whenver rk(E) 3 since any such group is F {conjugate
to a subgroup of E (and we have just seen that Aute(E ) = Aut(E )). O

To simplify the notation, we now de ne

Fspin(d™) « Fs@m(Spin7(a))
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forall 1 n  A: the fusion system of the group Spin;(q") at the Sylow

subgroup S(q"). By construction, this is a subcategory of Fsq(q"). We write
Osoi(@") = O(Fsai(@))  and  Ospin(q") = O(Fspin(a"))

for the corresponding orbit categories: both of these have as objects the sub-

groups of S(g"), and have as morphism sets

Morgg,, g (P; Q) = Homg  m(P;Q)=Inn(Q)  Rep(P;Q)
and
Morospin(qn)(P; Q) = Hom,:spin(qn)(P; Q)=1nn(Q):
Let Og,(@")  Osai(") and Ogpin(@™)  Ospin(q™) be the centric orbit cate-
gories; ie, the full subcategories whose objects are the Fso(q™){ or Fspin(@™{

centric subgroups of S(gq"). (We will see shortly that these in fact have the
same objects.)

The obstructions to the existence and uniqueness of linking systems associated
to the fusion systems Fsq(q™), and to the existence and uniqueness of certain
automorphisms of those linking systems, lie in certain groups which were iden-
ti ed in [6] and [5]. It is these groups which are shown to vanish in the next
lemma.

Lemma 3.2 Fix a prime power ¢, and let
Zso1(9): 0§o|(Q) —7T Ab and Zspin(0): ngin(q) —7T Ab
be the functors Z(P) = Z(P). Thenfor all i 0,

lim' (Zso1(@)) =0="lim" (Zspin(®)):
O&ai (@) 0%,in(@

sentatives for all F {centric subgroups P;  S(q), arranged such that jPij  jPjj
for i j. Foreach i, let Z; Zso(q) be the subfunctor de ned by setting
Zi(P) = Zsq(q)(P) if P is conjugate to Pj for some j i and Zj(P) =0
otherwise. We thus have a Itration

0=2y Z; Zx = Zsai(q)

of Zso(q) by subfunctors, with the property that for each i, the quotient
functor Zj=Zj—_1 vanishes except on the conjugacy class of P; (and such that
(Zi=Zi-1)(Pi) = Zsa(9)(Pi)). By [6, Proposition 3.2],

lim (Zi=Zi-1) = (Outg(Pi); Z(Pi))
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for each i. Here, (I"; M) are certain graded groups, de ned in [16, section 5]
for all nite groups " and all nite Zg,[[{modules M. We will show that
(Oute(Pi); Z(Pi)) = 0 except when P;j = S(q) or Sp(q) (see De nition 2.6).

Fix an F {centric subgroup P S(q). Foreach j 1, let Q;(Z(P)) = fg 2
Z(P)jg? = 1g, and set E = Q1(Z(P)) 1 the 2{torsion in the center of P.
Foreach j 1, let Q;(Z(P)) =1fg2 Z(P)jg? =1g, and set E = Q;(Z(P))
| the 2{torsion in the center of P. We can assume E is fully centralized in F
(otherwise replace P and E by appropriate subgroups in the same F {conjugacy
classes).

Assume rst that Q def Cs@(E) =z P, and hence that Ng(P) = P. Then

any X 2 No(P)~P centralizes E = Q;(Z(P)). Hence for each j, x acts triv-
ially on Qj(Z(P))=Q;j-1(Z(P)), since multiplication by pI~* sends this group
No(P)=P {linearly and monomorphically to E. Since cyx is a nontrivial element
of Oute(P) of p{power order,

(Oute (P); Qj(Z2(P))=Qj-1(Z(P))) =0
forall j 1 by [16, Proposition 5.5], and thus (Outg(P);Z(P)) =0.

Now assume that P = Cg)(E) = P, the centralizer in S(q) of a fully F{
centralized elementary abelian subgroup. Since there is a unique conjugacy
class of elementary abelian subgroup of any rank 3, Cgq)(E) always contains
a subgroup C#, and hence P contains a subgroup C4 which is self centralizing
by Proposition A.8(a). This shows that Z(P) is elementary abelian, and hence
that Z(P) = E.

We can assume P is fully normalized in F, so
Autgyy(P) 2 Sylx(Aute(P))

by condition (I) in the de nition of a saturated fusion system. Since P =
Cs(E) (and E = Z(P)), this shows that

Ker Outg(P) —¥ Autg(E)

has odd order. Also, since E is fully centralized, any F {automorphism of E
extends to an F {automorphism of P = Cg(E), and thus this restriction map
between automorphism groups is onto. By [16, Proposition 6.1(i,iii)], it now
follows that

'(Oute(P);Z(P)) = '(Aute(E);E): @

By Lemma 3.1, Aute(E) = Aut(E), except when E lies in one certain F{
conjugacy class of subgroups E = C%; and in this case P = E and Autg (E) is
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the group of automorphisms xing the element Xc(E). In this last (exceptional)
case, O,(Aute(E)) & 1 (the subgroup of elements which are the identity on
E=hxc(E)i), so

(Oute(P);Z(P)) = (Aute(E);E)=0 2

by [16, Proposition 6.1(ii)]. Otherwise, when Aute(E) = Aut(E), by [16,
Proposition 6.3] we have

8
=7=2 ifrk(E)=2,i=1
'(Aute(E);E) = _2Z=2 ifrk(E)=1,i=0 ®)

"0 otherwise.
By points (1), (2), and (3), the groups  (Oute(P);Z(P)) vanish except in
the two cases E = hzi or E = U, and these correspond to P = S(q) or
P = Ng((U) = So(a).
We can assume that Py = S(q) and Px—1 = Sp(q). We have now shown that
lim (Zx—2) = 0, and thus that Zsq(q) has the same higher limits as Zy=Zx—,.
Hence lim! (Zsoi(q)) =0 for all j 2, and there is an exact sequence

0 —1 1im%(Zso1(q)) —¥ 1im°(Zk=Zk—1) — lim*(Zx—1=Zk—2)
=7=2 =7=2

—1 lim*(Zsoi(q)) —1 O:

One easily checks that lim®(Zse(q)) = 0, and hence we also get lim*(Zsoi(q)) =
0.

The proof that Iimi(Zspin(q)) = 0 for all i 1 is similar, but simpler. If
F = Fspin(q), then for any F{centric subgroup P < S(q), there is an ele-
ment X 2 Ng(P)~P such that [x;P] = hzi, and cx is a nontrivial element of
02(0Oute(P)). Thus

(Oute(P);Z(P)) =0

for all such P by [16, Proposition 6.1(ii)] again. O

We are now ready to construct classifying spaces BSol(q) for these fusion sys-
tems Fso(q). The following proposition nishes the proof of Theorem 2.1, and
also contains additional information about the spaces BSol(q).

To simplify notation, we write Lgpin(q“) = Lg(qn)(Spiny(q”)) (n 1) to de-
note the centric linking system for the group Spinz(q™). The eld automor-
phism (x A x%) induces an automorphism of Spinz(q™) which sends S(q") to
itself; and this in turn induces automorphisms & = L (Sol), 2(Spin), and

! (Spin) of the fusion systems Fsi(@")  Fspin(q") and of the linking system

L%pin(qn) .
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Proposition 3.3 Fix an odd prime g, and n 1. Let S = S@") 2
Syl>(Spin7(q™)) be as de ned above. Let z 2 Z(Spinz(q")) be the central
element of order 2. Then there is a centric linking system

L=L5,@") ¥ Fso(q")

associated to the saturated fusion system F et Fso(@™) over S, which has the
following additional properties.

(@ Asubgroup P S is F{centric if and only if it is Fspin(q™){centric.

(b) LE,(q") contains Lgpin(q“) as a subcategory, in such a way that ngpm(qn)
is the usual projection to ngin(q“), and that the distinguished monomor-
phisms

P —E1 Aut (P)
for L = Lg,(q") are the same as those for Lg,,(q").

(c) Each automorphism of L&, (q") which covers the identity on Fgy; (")

extends to an automorphism of Lg,,(q™) which covers the identity on

FS,(@"). Furthermore, such an extension is unique up to composition
with the functor

CZ: L%ol(qn) L L%ol(qn)
which is the identity on objects and sends 2 MOFLgo,(qn)(P; Qtob
b~! (\conjugation by z").

(d) There is a unique automorphism | 2 Aut(L$,(q™)) which covers the
automorphism of Fsq(q™) induced by the eld automorphism (x @ x9),
which extends the automorphism of Lg;,(q") induced by the eld auto-
morphism, and which is the identity on ~1(Fso1(q)).

Proof By Proposition 2.11, F = Fgq(q") is a saturated fusion system over
S =S(q") 2 Syl»(Spinz(q™)), with the property that Cg(z) = Fspin(q™). Point
(a) follows as a special case of [6, Proposition 2.5(a)].

Since lim' (Zsoi(@™) = 0 for i = 2;3 by Lemma 3.2, there is by [6, Propo-
Oga (@™

sition 3.1] a centric linking system L = L&, (q") associated to F, which is

unique up to isomorphism (an isomorphism which commutes with the projec-

tion to Fso(q™) and with the distinguished monomorphisms). Furthermore,
~1(Fspin(q™)) is a linking system associated to Fspin(q"), such a linking sys-

tem is unique up to isomorphism since Iimz(Zspin(q”)) = 0 (Lemma 3.2 again),

and this proves (b).
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(c) By [5, Theorem 6.2] (more precisely, by the same proof as that used in
[5]), the vanishing of lim'(Zse(q™)) for i = 1;2 (Lemma 3.2) shows that each
automorphism of F = Fg,(q") lifts to an automorphism of L, which is unique
up to a natural isomorphism of functors; and any such natural isomorphism
sends each object P S to a isomorphism b for some g 2 Z(P). Similarly,
the vanishing of |imi(ZSpin(qn)) for i = 1;2 shows that each automorphism of
Fspin(@") lifts to an automorphism of Lg;;,(q"), also unique up to a natural
isomorphism of functors. Since Lg;(q") and Lgy;,(q") have the same objects by
(a), this shows that each automorphism of Lgpin(q”) which covers the identity
on F§pin(d") extends to a unique automorphism of Lg, (") which covers the
identity on Fso(qM).

It remains to show, for any 2 Aut(L&,(q")) which covers the identity on
F&, (@) and such that jLépin(Q”) = Id, that is the identity or conjugation
by z. We have already noted that must be naturally isomorphic to the
identity; ie, that there are elements y(P) 2 Z(P), for all P in Lg,(q"), such
that

()=v(Q  y(P)™* forall 2Morg qm(P;Q) all P;Q.

Since s the identity on Lg;,(q"), the only possibilities are y(P) = 1 for all
P (hence =1d), or y(P) =2z for all P (hence is conjugation by z).

(d) Now consider the automorphism ,q: 2 Aut(Fse (@) induced by the eld
automorphism (x @ x%) of Fqn. We have just seen that this lifts to an au-
tomorphism q,_ of L&, (™), which is unique up to natural isomorphism of
functors. The restriction of q,_ to Lgpin(q”), and the automorphism q,_(Spin)
of Lgpin(q”) induced directly by the eld automorphism, are two liftings of
‘,‘:j,:spin(qn), and hence di er by a natural isomorphism of functors which ex-
tends to a natural isomorphism of functors on Lg (q"). Upon composing with
this natural isomorphism, we can thus assume that q,_ does restrict to the
automorphism of Lgpin(q”) induced by the eld automorphism.

Now consider the action of q,_ on Auty (So(g)), which by assumption is the
identity on AUtLgpin(q)(So(Q)), and in particular on (Sg(q)) itself. Thus, with
respect to the extension

1—7" So(q) — Aut (So(®)) —! 3 —1 1

q,_ is the identity on the kernel and on the quotient, and hence is described by
a cocycle

2ZY( 5Z(So(@)) = Z*( 3;(2=2)%):
Since H( 3;(Z=2)%) =0, must be a coboundary, and thus the action of |
on Auty (Sp(q)) is conjugation by an element of Z(Sg(q)). Since itis the identity
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on AutLgpm(q)(So(q)), it must be conjugation by 1 or z. If it is conjugation by

z, then we can replace q,_ (on the whole category L) by its composite with z;

ie, by its composite with the functor which is the identity on objects and sends
2Mor . (P;Q) to b b.

In this way, we can assume that q,_ is the identity on Aut, (So(q)). By con-
struction, every morphism in Fsq(q) is a composite of morphisms in Fspin(q)
and restrictions of automorphisms in Fsq(q) of So(q). Since q,_ is the identity
on  “1(Fspin(9)), this shows that it is the identity on  ~1(Fsq()).

It remains to check the uniqueness of |'. If  is another functor with the
same properties, then by (e), ( 91 q,_ is either the identity or conjugation
by z; and the latter is not possible since conjugation by z is not the identity
on  ~!(Fsa(0))- D

This nishes the construction of the classifying spaces BSol(q) = jLso(Q)js
for the fusion systems constructed in Section 2. We end the section with an
explanation of why these are not the fusion systems of nite groups.

Proposition 3.4 For any odd prime power ¢, there isno nite group G whose
fusion system is isomorphic to that of Fsq(q).

Proof Let G be a nite group, X S 2 Syl>,(G), and assume that S = S(q) 2
Syl»(Spinz(q)), and that the fusion system Fs(G) satis es conditions (a) and
(b) in Theorem 2.1. In particular, all involutions in G are conjugate, and the
centralizer of any involution z 2 G has the fusion system of Spin;(q). When
q 3 (mod 8), Solomon showed [22, Theorem 3.2] that there is no nite group
whose fusion system has these properties. When g 1 (mod 8), he showed (in

the same theorem) that there is no such G such that e Cs(2)=0x(Cs(2))
is isomorphic to a subgroup of Aut(Spinz(q)) which contains Spin;(q) with odd

index. (Here, Ox(—) means largest odd order normal subgroup.)

Let G be a nite group whose fusion system is isomorphic to Fsq(q), and again
set B %' C5(2)=02(Cs(2)) for some involution z 2 G. Set H = 02 (M=hzi):
the smallest normal subgroup of M=hzi of odd index. Then H has the fu-
sion system of Q-(q) = Spin7(q)=Z(Spin7(q)). We will show that H = Q(q°)
for some odd prime power q'. It then follows that 02 () = Spin;(q®), thus
contradicting Solomon’s theorem and proving our claim.

The following \classi cation free™ argument for proving that H = Q(q?) for
some g’ was explained to us by Solomon. We refer to the appendix for general
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results about the groups Spin, (q) and Q,(q). Fix S 2 Syl,(H). Thus S is
isomorphic to a Sylow 2{subgroup of Q7(q), and has the same fusion.

We rst claim that H must be simple. By de nition (H = OZO(IJQ:hZi)), H
has no proper normal subgroup of odd index, and H has no proper normal
subgroup of odd order since any such subgroup would lift to an odd order

normal subgroup of H = Cc(2)=0x(Cg(z)). Hence for any proper normal

subgroup N <« H, Q L N\Sisa proper normal subgroup of S, which is

strongly closed in S with respect to H in the sense that no element of Q can be
H {conjugate to an element of S~\.Q. Using Lemma A.4(a), one checks that the
group Q7(q) contains three conjugacy classes of involutions, classi ed by the
dimension of their (—1){eigenspace. It is not hard to see (by taking products)
that any subgroup of S which contains all involutions in one of these conjugacy
classes contains all involutions in the other two classes as well. Furthermore, S
is generated by the set of all of its involutions, and this shows that there are no
proper subgroups which are strongly closed in S with respect to H. Since we
have already seen that the intersection with S of any proper normal subgroup
of H would have to be such a subgroup, this shows that H is simple.

Fix an isomorphism

S 1 S 2 Syl (Q7(a))

which preserves fusion. Choose x’ 2 S whose (—1){eigenspace is 4{dimension-
al, and such that hx'i is fully centralized in Fsi(Q7(q)). Then

Co,)(X) =05 (@) Os(q)

by Lemma A.4(c). Since Q;(q) Oy (q) and Q3(q) Os(q) both have index 4,
CQ7(q)(x°) is isomorphic to a subgroup of O; (q) Os(q) of index 4, and contains
anormal subgroup K' = Q3 (q) Qs(q) of index 4. Since hx’i is fully centralized,

Cso(X’) is a Sylow 2{subgroup of Cq,((x"), and hence S} © SONK' is a Sylow
2{subgroup of K°.

Set x = *71(x") 2 S. Since S = S? have the same fusion in H and Qz(q),
Cs(x) = Cso(X") have the same fusion in Ci(x) and Cq,q)(X"). Hence

H1(CH (X); Z(2)) = H1(Cayq) (X): Z2))

(homology is determined by fusion), both have order 4, and thus Cy (X) also has
a unique normal subgroup K < H of index 4. Set Sp = K\S. Thus *(Sp) =
SJ, and using Alperin’s fusion theorem one can show that this isomorphism is
fusion preserving with respect to the inclusions of Sylow subgroups So K
and S§ K
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Using the isomorphisms of Proposition A.5:

Q4 (@) =SLa(q) i SL2(a) and  Qsz(q) = PSL2(q);

we can write K" = K! 0 K}, where K} = SL,(q) and K} = SL,(q)
PSLy(q). Set S! = S'\K! 2 Syl,(K)); thus S§ = S} 1,0;S3. Set S; = >~1(SD),
so that Sp = S; 1« S2 is normal of index 4 in Cgs(X). The fusion system of K
thus splits as a central product of fusion systems, one of which is isomorphic to
the fusion system of SL»(q).

We now apply a theorem of Goldschmidt, which says very roughly that under
these conditions, the group K also splits as a central product. To make this
more precise, let K; be the normal closure of S; in K < Ch(X). By [14,
Corollary A2], since S; and S, are strongly closed in Sy with respect to K,

[K1; Kol hxi Ox(K):

Using this, it is not hard to check that S; 2 Syl,(Kj). Thus K; has same
fusion as SL»(q) and is subnormal in Cy(X) (K1 <« K < Chx(x)), and an
argument similar to that used above to prove the simplicity of H shows that
Ki=(hxi Ox(K1)) is simple. Hence Kj is a 2{component of Cy(X) in the sense
described by Aschbacher in [1]. By [1, Corollary I11], this implies that H must
be isomorphic to a Chevalley group of odd characteristic, or to My1. It is now
straightforward to check that among these groups, the only possibility is that
H = Q;(q%) for some odd prime power q’. O

4 Relation with the Dwyer-Wilkerson space

We now want to examine the relation between the spaces BSol(q) which we have
just constructed, and the space BDI(4) constructed by Dwyer and Wilkerson
in [9]. Recall that this is a 2{complete space characterized by the property
that its cohomology is the Dickson algebra in four variables over F»; ie, the
ring of invariants Fa[X1; Xo; X3:; X4]®-4® . We show, for any odd prime power q,
that BDI1(4) is homotopy equivalent to the 2{completion of the union of the
spaces BSol(q"), and that BSol(q) is homotopy equivalent to the homotopy
xed point set of an Adams map from BDI(4) to itself.

We would like to de ne an in nite \linking system" Lgol(ql) as the union of the

nite categories LS,,(q"), and then set BSol(qt) =jLS,,(q1)js. The di culty
with this approach is that a subgroup which is centric in the fusion system
Fso1(@™) need not be centric in a larger fusion system Fsq(q™) (for mjn). To get
around this problem, we de ne LE (q") Lg,(q") to be the full subcategory
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whose objects are those subgroups of S(q") which are Fso(q1t){centric; or
equivalently Fse (gK){centric for all k 2 nZ. Similarly, we de ne Lspin(@") to
be the full subcategory of L& IOIr,(q”) whose objects are those subgroups of S(gq")
which are Fspin(q™){centric. We can then de ne Lg,(q") and L&y,(qm) to
be the unions of these categories.

For these de nitions to be useful, we must rst show that jLE,(q")j; has the
same homotopy type as ngol(q”)j’z‘. This is done in the following lemma.

Lemma 4.1 For any odd prime power q and any n 1, the inclusions

LEIE@Mi2  jL&@Miz  and  jL&in@Miz  iL&in@Miz
are homotopy equivalences.

Proof It clearly su ces to show this when n=1.

Recall, for a fusion system F over a p{group S, that a subgroup P S is
F {radical if Outg(P) is p{reduced, ie, if Op(Oute(P)) = 1. We will show
that

all Fsoi(q){centric Fsoi(q){radical subgroups of S(q) are Fsoi(q1){centric (1)
and similarly
all Fspin(q){centric Fspin(q){radical subgroups of S(q) are Fspin(q™){centric. (2)

In other words, (1) saySfjhat for each P S(q) which is an object of Lg (q)
but not of Lg;(q), O Outg,,(P) & 1. By [16, Proposition 6.1(ii)], this
implies that

(Oute,,((P);H (BP;F2)) =0:
Hence by [6, Propositions 3.2 and 2.2] (and the spectral sequence for a homotopy
colimit), the inclusion LSOl(q) L&, (9) induces an isomorphism

. . - ] .
H JLSoI(q)J;FZ Y H JLE @) F2 ;

and thus jL&,(@)i; ~ jL&y(@)iz. The proof that jLE; (@)i2 ~ jLEu (@7 is
similar, using (2).

Point (2) is shown in Proposition A.12, so it remains only to prove (1). Set
F = Fsoi(q), and set Fx = Fgq(g¥) forall 1 k 1. Let E Z(P) be the
2{torsion in the center of P, %) that P Cg(q)(E). Set

hzi if rk(E) =1
£ — hz; zpi if rk(E) =2
37, 21, Ri if rk(E) = 3
- if rk(E) =4
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in the notation of De nition 2.6. In all cases, E is F{conjugate to E’ by
Lemma 3.1. We claim that E? is fully centralized in Fy for all k < 1. This
is clear when rk(E") = 1 (E! = Z(S(q¥))), follows from Proposition 2.5(a)
when rk(E") = 2, and from Proposition A.8(a) (all rank 4 subgroups are self
centralizing) when rk(E") = 4. If rk(E") = 3, then by Proposition A.8(d), the
centralizer in Spin-(q¥) (hence in S(q*)) of any rank 3 subgroup has an abelian
subgroup of index 2; and using this (together with the construction of S(gk)
in De nition 2.6), one sees that E? is fully centralized in Fy.

If E' & E, choose ” 2 Homg (E;S(q)) such that ”(E) = E’; then * extends
to 7 2 Homg (Cg(g)(E); S()) by condition (1) in the de nition of a saturated
fusion system, and we can replace P by *(P) and E by ”(E). We can thus
assume that E is fully centralized in Fy for each k < 1. So by [6, Proposition
2.5(@)], P is Fy{centric if and only if it is Cg, (E){centric; and this also holds
when k = 1. Furthermore, since Outc_ g)(P) < Oute(P), O2(Outc, gy (P))
is a normal 2{subgroup of Outg(P), and thus

Cl
02 OUtCF(E)(P) Oz(OUtF(P))I
Hence P is Cg(E){radical if it is F {radical. So it remains to show that

all Cg(E){centric Cg(E){radical subgroups of S(q) are also Cg, (E){centric.

©)
If rk(E) = 1, then Cr(E) = Fspin(q) and Cr, (E) = Fspin(a1), and (3)
follows from (2). If rk(E) = 4, then P = E = Cg1)(E) by Proposition
A.8(a), so P is F4 {centric, and the result is clear.

If rk(E) = 3, then by Proposition A.8(d), Ce(E) Cg, (E) are the fusion
systems of a pair of semidirect products AxC, A1 xC,, where A A4 are
abelian and C, acts on A5 by inversion. Also, E is the full 2{torsion sub-
group of A4, since otherwise rk(A1) > 3 would imply Aq xC,  Spinz(q1)
contains a subgroup C3 (contradicting Proposition A.8). If P A, then either
Outc, g)(P) has order 2, which contradicts the assumption that P is radical;
or P is elementary abelian and Outc_(g)(P) = 1, in which case P Z(AxC3)
is not centric. Thus P f A; P\XA E contains all 2{torsion in A4, and
hence P is centric in A4 xC,.

If rk(E) = 2, then by Proposition 2.5(a), Cg, (E) and Cg(E) are the fusion
systems of the groups

H@®) = SLa@h)3=F (1;1;1)g (@)

and
H(q) = H(@Y) \ Spinz(a)  Ho(@) & SLa(a)®=F (1;1;1)g:
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If P S(q) is centric and radical in the fusion system of H(q), then by Lemma
A.11(c), its intersection with Ho(q) = SL2(q)3=F (1;1;1)g is centric and rad-
ical in the fusion system of that group. So by Lemma A.11(a,f),

P\Ho@=(P:1 P2 Pa)=f (I;1;1)g ©)

for some P;j which are centric and radical in the fusion system of SL,(q). Since
the Sylow 2{subgroups of SL,(q) are quaternion [15, Theorem 2.8.3], the P;j
must be nonabelian and quaternion, so each P;=F g is centric in PSL,(q1).
Hence P \ Ho(q) is centric in SL,(q)3=F (I;1;1)g by (5), and so P is centric
in H@@1) by (4). 0

We would like to be able to regard BSpinz(q) as a subcomplex of BSol(q), but
there is no simple natural way to do so. Instead, we set

BSpin%(q) = jL&in(@iz  jL&(Miz  BSol(g);

then BSpin(q) ~ BSpin;(q); by [5, Proposition 1.1] and Lemma 4.1. Also,
we write

BSol'(q) = L, (Mi;  BSol(a) E jLEy(@)is

to denote the subcomplex shown in Lemma 4.1 to be equivalent to BSol(q);
and set

BSpint(@1) = jL&in@Miz:

From now on, when we talk about the inclusion of BSpins(q) into BSol(q), as
long as it need only be well de ned up to homotopy, we mean the composite

BSpin(q) ~ BSpin7(q)  BSol'(q)

(for some choice of homotopy equivalence). Similarly, if we talk about the inclu-
sion of BSol(g™) into BSol(g") (for mjn) where it need only be de ned up to
homotopy, we mean these spaces identi ed with their equivalent subcomplexes
BSol'(@™) BSol'(g").
Lemma 4.2 Let g be any odd prime. Then for all n 1,

H (BSol(@");F2) —¥ H (BH(q"); F2)“

) ) ®
H (BSpinz(q");F2) —¥ H (BH(q"); F2)

(with all maps induced by inclusions of groups or spaces) is a pullback square.
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Proof By [6, Theorem B], H (BSol(q");F,) is the ring of elements in the
cohomology of S(g") which are stable relative to the fusion. By the construction
in Section 2, the fusion in Sol(q") is generated by that in Spin;(q"), together
with the permutation action of C3 on the subgroup H(q")  Spinz(q"), and
hence (1) is a pullback square. O

Proposition 4.3 For each odd prime q, there is a category Lgol(ql), together
with a functor

: L%ol(ql) ' FSoI(ql);

such that the following hold:
(@) Foreachn 1, ~'(Fsa(q") =L, @").

(b) There is a homotopy equivalence

def . N
BSol(q1) = jLS@™)i?

' BDI(4)

such that the following square commutes up to homotopy

Bspin(41); — 21 BSol(gL)
Voo
BSpin(7), ———— 1 BDI(4).

Here, ¢ is the homotopy equivalence of [13], induced by some xed choice
of embedding of the Witt vectors for Fy into C, while (1) is the union
of the inclusions jL&;, @Mz  jLE(@Mi; , and b is the inclusion arising
from the construction of BDI1(4) in [9].

Furthermore, there is an automorphism q,_ 2 Aut(Lgol(ql)) of categories
which satis es the conditions:

(c) the restriction of | to each subcategory LE,(q") is equal to the restric-
tion of | 2 Aut(LS,,(q")) as de ned in Proposition 3.3(d);

(d) q,_ covers the automorphism ,q: of Fsoi(q1l) induced by the eld auto-

morphism (x @ x%); and

(e) foreach n, ( )" xes LL,(q").

Proof By Proposition 2.11, the inclusions Spinz(q™)  Spinz(q™) for all mjn
induce inclusions of fusion systems Fso (™)  Fsoi(@™). Since the restriction of
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a linking system over FS(q™) is a linking system over Fg,(q™), the uniqueness
of linking systems (Proposition 3.3) implies that we get inclusions Lg,(q™)
LL,(@™). We de ne LS, (g1) to be the union of the nite categories LE,(q").
(More precisely, x a sequence of positive integers nyjnajnsj such that every
positive integer divides some nj, and set

Sa@h) = sar(@™):
i=1
Then by uniqueness again, we can identify L (q") for each n with the appro-
priate subcategory.)

Let : LS,(q%) —¥ Fsai(q1) be the union of the projections from L, (q") to
Fsol(@™)  Fso(gl). Condition (a) is clearly satis ed. Also, using Proposition
3.3(d) and Lemma 4.1, we see that there is an automorphism q,_ of Lgol(ql)
which satis es conditions (c,d,e) above. (Note that by the fusion theorem as
shown in [6, Theorem A.10], morphisms in Lg (q") are generated by those
between radical subgroups, and hence by those in LE,(q").)

It remains only to show that jLS,(q1)j; = BDI(4), and to show that square
(1) commutes. The space BDI(4) is 2{complete by its construction in [9]. By
Lemma 4.1,

1 . Ll o . L] n
H (BSol(q™);F2) = limH  jLgy(aM)j;F2 =IlimH BSol(q"); F> :
n n

Hence by Lemma 4.2 (and since the inclusions BSpin;(q™) —¥ BSol(q") com-
mute with the maps induced by inclusions of elds Fqm  Fgn), there is a
pullback square

H (BSol(q1);F2) —¥ H (BH(q™h);F2)“

i i @

H (BSpiny(q™);F2) —¥ H (BH(qM);F2).
Also, by [13, Theorem 1.4], there are maps -
BSpin;(q1t) —¥ BSpin(7) and BH(gY) —r B SU(2)3=F (1;1;1)g

which induce isomorphisms of F,{cohomology, and hence homotopy equiva-
lences after 2{completion. So by Propositions 4.7 and 4.9 (or more directly
by the computations in [9, section 3]), the pullback of the above square is the
ring of Dickson invariants in the polynomial algebra H (BC3;F,), and thus
isomorphic to H (BDI1(4);F>).

Point (b), including the commutativity of (1), now follows from the following
lemma. O
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Lemma 4.4 Let X be a 2{complete space such that H (X;TF,) is the Dickson

algebra in 4 variables. Assume further that there is a map BSpin(7) —Tn x
such that H (ijCg;IFz) is the inclusion of the Dickson invariants in the poly-
nomial algebra H (BC3;F,). Then X ~ BDI(4). More precisely, there is a
homotopy equivalence between these spaces such that the composite

f

BSpin(7) ¥ X ” BDI(4)

is the inclusion arising from the construction in [9].

Proof In fact, Notbohm [18, Theorem 1.2] has proven that the lemma holds
even without the assumption about BSpin(7) (but with the more precise as-
sumption that H (X; ) is isomorphic as an algebra over the Steenrod algebra
to the Dickson algebra). The result as stated above is much more elementary
(and also implicit in [9]), so we sketch the proof here.

Since H (X;IF,) is a polynomial algebra, H (QX;F>) is isomorphic as a graded
vector space to an exterior algebra on the same number of variables, and in
particular is nite. Hence X is a 2{compact group. By [11, Theorem 8.1] (the
centralizer decomposition for a p{compact group), there is an F,{homology
equivalence

hocolir!q( ) 1 X

A

Here, A is the category of pairs (V;”), where V is a nontrivial elementary
abelian 2{group, and ~ : BV —¥ X makes H (BV;[F,) into a nitely gen-
erated module over H (X;F,) (see [10, Proposition 9.11]). Morphisms in
A are de ned by letting Mora((V; ?); (V" *") be the set of monomorphisms
vV —1 V! of groups which make the obvious triangle commute up to homotopy.
Also,

. A°® —¥ Top s the functor  (V;”) = Map(BV; X)-:

By [9, Lemma 1.6(1)] and [17, Theoreme 0.4], A is equivalent to the category of
elementary abelian 2{groups E with 1 ~ rk(E) 4, whose morphisms consist
of all group monomorphisms. Also, if BC, —¥ X is the restriction of T to any
subgroup C, Spin(7), then in the notation of Lannes,

Te,(H (X;F2); 7 ) =H (BSpin(7);F2)
by [9, Lemmas 16.(3), 3.10 and 3.11], and hence
H (Map(BC»; X)-;F2) = H (BSpin(7);F2)
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by Lannes [17, Theoreme 3.2.1]. This shows that
Map(BCp; X)- 5 ~ BSpin(7)5;

and thus that the centralizers of other elementary abelian 2{groups are the
same as their centralizers in BSpin(7);. In other words, is equivalent in
the homotopy category to the diagram used in [9] to de ne BDI(4). By [9,
Proposition 7.7] (and the remarks in its proof), this homotopy functor has a
unique homotopy lifting to spaces. So by de nition of BDI(4),

1 A
X 7 hocoligh( ) » > BDI(4): m|
N

Set B ¢ & j q,_j, a self homotopy equivalence of BSol(ql) * BDI(4). By
construction, the restriction of B 9 to the maximal torus of BSol(q1) is the
map induced by x @ x4, and hence this is an \Adams map" as de ned by
Notbohm [18]. In fact, by [18, Theorem 3.5], there is an Adams map from
BDI(4) to itself, unique up to homotopy, of degree any 2{adic unit.

Following Benson [3], we de ne BDI4(q) for any odd prime power g to be the
homotopy xed point set of the Z{action on BSol(qL) ~ BDI(4) induced by
the Adams map B 9. By \homotopy xed point set" in this situation, we
mean that the following square is a homotopy pullback:

BDIs(q) ———— ¥ BSol(g1)
Bsol(gt) ““ ¥ Bsol(gl) BSol(gl):

The actual pullback of this square is the subspace BSol(q) of elements xed by
B 9, and we thus have a natural map BSol(q) —@ BDI4(q).

Theorem 4.5 For any odd prime power ¢, the natural map

BSol(q) 1 BDIyu(q)

is a homotopy equivalence.

Proof Since BDI(4) is simply connected, the square used to de ne BDI4(q)
remains a homotopy pullback square after 2{completion by [4, 11.5.3]. Thus

BDI4(q) is 2{complete. Also, BSol(q) déijgO,(q)j’z‘ is 2{complete since jLE ,(q)]
is 2{good [6, Proposition 1.12], and hence it su ces to prove that the map
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between these spaces is an F,{cohomology equivalence. By Lemma 4.2, this
means showing that the following commutative square is a pullback square:

H (BDI4(q);F2) —® H (BH(q);F2)=
) ) ®
H (BSpinz(q);F2) —¥ H (BH(q); F2):
Here, the maps are induced by the composite
BSpin7(q) ~ BSpin7(q);  BSol(q)

and its restriction to BH(q). Also, by Proposition 4.3(b), the following diagram
commutes up to homotopy:

¥ BDI4(q)

BSpins(q) —~'1 BSpiny(q) —2 1 BSpin(7)

@ ’L @v) l‘ Al‘ (2)

BSol(q) —~" 1 BSol(g?) ! BDI(4)

By [12, Theorem 12.2], together with [13, section 1], for any connected reductive
Lie group G and any algebraic epimorphism on G(Fq) with nite xed
subgroup, there is a homotopy pullback square

incl

B(G(Fy) )2 ! BG(Fq)2
incI;,_L %lf (3)
AN (|d;B AN AN
BG(Fy)) ¥ BG(F,); BG(F,)).
We need to apply this when G = Spin; or G = H = (SLy)3=F (1;1;1)g. In
particular, if = 9 is the automorphism induced by the eld automorphism

(x A x9), then Spiny(F;) = Spiny(q) by Lemma A3, and H(F,) =H(q) ¥

H(I_Fq) \ Spiny(q). We thus get a description of BSpin;(q) and BH(q) as
homotopy pullbacks.

By [13, Theorem 1.4], BG(F,);  BG(C);. Also, we can replace the complex
Lie groups Spinz(C) and H(C) by maximal compact subgroups Spin(7) and
A SU(2)3=F (I;1;1)g, since these have the same homotopy type.

If we set R = H (BG(IE_?q);IE‘z) = H (BG(C);F,), then there are Eilenberg-
Moore spectral sequences

E> = Tory e (4 R) =) H (B(G(Fq) ); Fa);
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where the (8 [ZRPP){module structure on R is de ned by setting (a [Ch)Ix =
ax B (b). When G = Spin; or H, then R is a polynomial algebra by Proposi-
tion 4.7 and the above remarks, and B acts on ‘R via the identity. The above
spectral sequence thus satis es the hypotheses of [20, Theorem 11.3.1], and hence
collapses. (Alternatively, note that in this case, E; is generated multiplicatively
by Eg; and Ez_l; by (5) below.) Similarly, when R = H (BDI(4);F,), there
is an analogous spectral sequence which converges to H (BDI4(q);F2), and
which collapses for the same reason. By the above remarks, these spectral se-
quences are natural with respect to the inclusions BH(—) BSpiny(—), and
(using the naturality of 9 shown in Proposition 3.3(d)) of BSpin;(—) into
BSol(—) or BDI(4).

To simplify the notation, we now write

AL H BDIW)F,); B Y H (BSpin(7);F,); and ¢ E H (H;F,)

to denote these cohomology rings. The Frobenius automorphism 9 acts via
the identity on each of them. We claim that the square

TOFQ[(Q[; Ql) —1 TOFC@(Q:; Q:)Cs
# L (4)
Torgy e (B; B) —— 1 Tor gop (¢; €)

is a pullback square. Once this has been shown, it then follows that in each
degree, square (1) has a nite Itration under which each quotient is a pullback
square. Hence (1) itself is a pullback.

For any commutative [F, {algebra R, let Qx-p, denote the SR{module generated
by elements dr for r 2 R with the relations dr =0 if r 2 [,

d(r +s) =dr +ds and d(rs) =rds+sdr:

Let Qn_p, denote the ring of Kdhler di erentials: the exterior algebra (over
R) of Qnp, = Q%Q:FZ. When R is a polynomial algebra, there are natural
identi cations

The rst isomorphism holds for arbitrary algebras, and is shown, e.g., in [25,
Lemma 9.1.3]. The second holds for smooth algebras over a eld [25, Theorem
9.4.7] (and polynomial algebras are smooth as shown in [25, section 9.3.1]). In
particular, the isomorphisms (5) hold for R = 2; 9B; &, which are shown to be
polynomial algebras in Proposition 4.7 below. Thus, square (4) is isomorphic
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to the square
QQl:Fz -1 QCZIFZ

I g

Q‘B=F2 —1 QCZIFZ ’
which is shown to be a pullback square in Propositions 4.7 and 4.9 below. O

It remains to prove that square (6) in the above proof is a pullback square.

Proof The rst equality is shown in [26, Proposition 1.3(b)]; here we prove

Di(X1;::5Xp+1) = i(Vn) 2n—i(Xn+1 + Vn)
i=0
Y X
= (Xn+1 +X) + Di(X1;:::5%Xn)  on—i(Xn+1 + Vp):
X2Vn i=1
Also, since j(Vp)=0for0<i< 2"~1 as noted above,
C
X G 0 if 0 <k <2n?
Xpa1 + Vo) = xK7 - o) =
k(X1 n) =0 1 k=i i(n) Di(X1;::::Xn) if k=2""1,
This proves the rst equality, and the second follows since
Y on on_j on X ani
Xn+1+X) = X1+ X571 i(Vn) = Xfa1+ Xhe1 Di(X1;:ii5Xn): O
X2Vn i=1 i=1
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In the following proposition (and throughout the rest of the section), we work
with the polynomial ring F[X;y; z; w], with the natural action of GL4(F,). Let

GL3(F2); GL3(F2)  GL4(F2)

be the subgroups of automorphisms of V def hx;y;z; wip, which leave invariant

the subspaces hx;yi and hx;y;zi, respectively. Also, let GL%(Fz) GL3(F2)
be the subgroup of automorphisms which are the identity modulo hx;yi. Thus,
when described in terms of block matrices (with respect to the given basis
X;y;z;wg), - - -
GL}(F) = &% 5 GL(F) = qgg . and GL%(F,) = qu, ;

for A 2 GL3(F,), X a column vector, B;C 2 GL,(FF2), and Y 2 My(IF>,).

We need to make more precise the relation between V (or the polynomial ring
Fy[x;y; z;w]) and the cohomology of Spin(7). To do this, let W Spin(7) be
the inverse image of the elementary abelian subgroup

]
diag(—1;—1;,—1;-1;1;1;1);diag(—1;—1; 1,1, -1, -1, 1);
diag(—1;1;—1;1;-1;1;-1) SO(7):
Thus, W = C3. Fix a basis f ; ’ ; g for W, where 2 Z(Spin(7)) is the
nontrivial element. Identify V =W in such a way that fx;y;z;wg V is the
dual basis to ¥ ; % ; g. This gives an identi cation
H (BW;F2) = Fa[x;y;Z; W[;

arranged such that the action of Ngpin7y(W)=W on V = hx;y;z;wi consists
of all automorphisms which leave hx;y;zi invariant, and thus can be identi ed
with the action of GL3(F). Finally, set

H= Cspin(7)( ) =Spin(4) ¢, Spin(3) = SU(2)3=f (1;1; Dy
(the central product). Then in the same way, the action of N5 (W)=W on
H (BW;F2) can be identi ed with that of GL3(F2).

Proposition 4.7 The inclusions
BW ! BH ¥ BSpin(7) ! BDI(4)
as de ned above, together with the identi cation H (BW;F,) = [F»[X;y;z;w],

induce isomorphisms

AL H (BDI4);F2) = Falx;y; ;WD = Fylag; aro; ase; ass]

B L H (BSpin(7); F2) = Falx y; ;W] = Fyfby; b;bribs] ()

¢ EH (BH;F2) = Falx;y; ;w2 2 = Fy[cy; a5 ¢l ]
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where

ag = D1(x;y;z;w); a2 = Da(X;y;Z;w);
a1s = D3(X;y;z;w); ais = Da(X;y; z;w);

Y
by = D1(X;y;2z); be = Da(X;y;z); by =Ds(x;y;z); bg= w+ ),
2hx;y;zi
and
0 Y 00 Y
C2 = Di(x;y); c3=Da(x;y); ¢y = z+ ), c= (w+ )

2hx;yi 2hx;yi

Furthermore,

(a) the natural action of 3 on H = SU(2)3=F (I;1;1)g induces the action
on ¢ which xes cp;c3 and permutes fc); c%;c} + c%g; and

(b) the above variables satisfy the relations
ag = bg + bi ap = bghg + b% a1a = bghg + b% a5 = bghy
— 2 — o 2 — — N 0y -
bg=cyp+C5 bg=cCocp+C3 by =C3Cy hg = c4(Cy +Cy):

Proof The formulas for 2 = H (BDI(4);F2) are shown in [9]. From [9,
Lemmas 3.10 and 3.11], we see there are (some) identi cations

H (BSpin(7);F2) = Fa[x;y; ;wCHF2)  and H (BH;F,) = Fa[x;y; 2, w]CL2¢2);

From the explicit choices of subgroups W H  Spin(7) as described above
(and by the descriptions in Proposition A.8 of the automorphism groups), the
images of H (BSpin(7);F,) and H (BH;F,) in Fy[x;y;z;w] are seen to be
contained in the rings of invariants, and hence these isomorphisms actually are
equalities as claimed.

We next prove the equalities in ( ) between the given rings of invariants and
polynomial algebras. The following argument was shown to us by Larry Smith.
If kisa eld and V is an n{dimensional vector space over k, then a sys-
tem of parameters in the polynomial algebra k[V] is a set of n homogeneous

erators. By [21, Proposition 8.1.7], F2[x;y;z;w] is a free nitely generated
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module over the ring generated by its Dickson invariants (this holds for poly-
nomial algebras over any Fp), and thus F>[X;y; z; w]=(ag; a12; a14; a35) is nite.
(This can also be shown directly using the relation in Lemma 4.6.) So as-
suming the relations in point (b), the quotients F;[X;y; z; w]=(bs; bg; b7; bg) and
Fz[x;y;z;w]=(cz;cg;cEl;cEE) are also nite. In each case, the product of the de-
grees of the generators is clearly equal to the order of the group in question,
and this nishes the proof of the last equality in the second and third lines of

()

It remains to prove points (a) and (b). Using Lemma 4.6, the ¢; are expressed
as polynomials in x;y;z;w as follows:

c2 = Di(xy) = X% +xy +y?
¢z = Da(x;y) = Xy(x +Y) M
¢y = D1(X;y;z) + Di(x;y)® = 2* + 2°Da(x;y) + zDa(x;y) = z* + z%c;, + zc3

ci = D1(x;y;w) + D1(xy)* = w* + w?D1(x;y) + WDz (x;y) = w* + w2, + wes:

In particular,

Ca+c7 = (Z+W)*+(Z+W)’Di(x;y) + (2 +W)D2(x;y) = M (z+w+ ) (2
2hx;yi

Furthermore, by (1), we get

Sq(c2) = ¢

Sq*(cs) = Sq*(cy) = Sa*(cy) =0

Sg?(cs) = XPy*(x +Y) + xy(x +y)® = cx¢3

Sq2(ch) = z%cy + z2¢3 + zcy03 = cocY ©)
Sq®(cy) = Sq*(czc)) = cacy

Sq%(ca) = c2Cy

Sa°(c) = cacy:

The permutation action of 3 on H = SU(2)3=F (I;1;1)g permutes the

three elements ; ; + of Z(H) W, and thus (via the identi cation

V. = W described above) induces the identity on x;y 2 V and permutes

the elements fz;w;z + wg modulo hx;yi. Hence the induced action of 3 on

¢ = o[V ]°-5F2) s the restriction of the action on F,[V] = F[x;y;z; w] which
xes X;y and permutes fz;w;z +wg. So by (1) and (2), we see that this action
xes C;c3 and permutes the set fcl;c¥;c} + clg. This proves (a).
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It remains to prove the formulas in (b). From (1) and (3) we get
bs = D1(X;y;z) = ¢} + c3;
bs = D2(X; y:z) = Sq?(ba) = CaC} + C5;
b7 = D3(x;y; 2) = Sq*(be) = cacy:
Also, by (1) and (2),
Y Y Y
bg = W+ )= W+ ) W+z+ ) =ci(cs+cy):
2hx;y;zi 2hx;yi 2hx;yi
This proves the formulas for the b; in terms of c;. Finally, we have
ag = D1(X;y;Z; W) = bg + bj;
a1z = Da(x;y; Z;W) = Sq’(bg + bj) = Sa*(c3(cy + ¢f) + (¢ + ¢3)?)
= cacq(Cy + C3) + c505(cy + ©3) + c5C,” + 5 = bghy + b
a1 = D3(X;y;Z;W) = Sq*(a12) = C2C44(Cy + C4) + c53(cy + ¢) + ¢5¢)°
= bghg + b3
a1s = Da(X;y; 2;W) = Sq*(az4) = caCyC4(Ch + ) = bghr;

and this nishes the proof of the proposition. ]

Lemma 4.8 Let 2 Aut(<) be the algebra involution which exchanges ¢} and
c040 and leaves ¢, and c3 xed. An element of € will be called \ {invariant™ if
it is xed by this involution. Then the following hold:

(@ If 2%Bis {invariant, then 2%l
(b) If 2%Bissuchthat c4'is {invariant, then = 0b} forsome "2 9.

Proof Point (a) follows from Proposition 4.7 upon regarding 2, 9%, and € as
the xed subrings of the groups GL4(F2), GL3(F;) and GLZ%(F,) acting on
F2[x;y;z;w], but also follows from the following direct argument. Let m be
the degree of as a polynomial in bg; we argue by induction on m. Write

= o+Dbg" 1, where 1 2 Fy[bs;bs;b7], and where ¢ has degree < m (as
a polynomial in bg). If m =0, then = ; 2 Fy[bs;be;b7]  Falcz;ca;cyl,
and hence 2 Fy[cy;c3] since it is {invariant. But from the formulas in
Proposition 4.7(b), we see that F;[by; bg; b7] \ F2[cz; c3] contains only constant
polynomials (hence it is contained in ).

Now assume m 1. Then, expressed as a polynomial in cy;c3;cy;cy, the
largest power of ¢ which occurs in is c¥?M. Since is {invariant, the
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highest power of ¢, which occurs is c},?™; and hence by Proposition 4.7(b), the
total degree of each term in 1 (its degree as a polynomial in by;bg;b7) is at
most m. So for each term bjbght in 1,

bybgbibg' — ag' " °al,ai,ais
is a sum of terms which have degree < m in bg, and thus lies in 2 by the

induction hypothesis.

To prove (b), note rst that since 4t is {invariant and divisible by i it
must also be divisible by c4', and hence c¥'j . Furthermore, by Proposition
4.7, all elements of B as well as c}, are invariant under the involution which

xes ¢ and sends ¢c¥ A ¢} +c¥. Thus (¢ +c¥)'j . Since bg = c§(c} +c¥), we

can now write = b} for some 2 9. Finally, since
i — 000 i gl oy Oy
Ci = "C4 Cq (Cq+0Cy)
is {invariant, ?isalso {invariant, and hence '2 2 by (a). O

Note that Cs 3 = GL,(F>) act on € = Fy[x;y;z; w]®-22): via the action
of the group GL3(F.)=GL3(F2), or equivalently by permuting c}, c}, and
¢} +c¥ (and xing cz;c3). Thus A = B\ €2, since GL4(F) is generated
by the subgroups GL3(F,) and GL3(F,). This is also shown directly in the
following lemma.

Proposition 4.9 The following square is a pullback square, where all maps
are induced by inclusions between the subrings of F,[x;y; z; w]:

Cs
QQlZFz —1 Q€=]F2

# #
Q‘B=F2 —1 QCZIFZ :

Proof Let be the involution of Lemma 4.8: the algebra involution of &
which exchanges ¢} and c} and leaves ¢, and c3 xed. By construction, all
elements in the image of Q,,_, are invariant under the involution which xes
¢y (and cz;c3), and sends cj) to cj +cj. Hence elements in the image of Qu, .
are xed by Cjz if and only if they are xed by 3, if and only if they are {
invariant. So it will su ce to show that all of the above maps are injective, and
that all  {invariant elements in the image of Q,,_. lie in the image of Q,_p .

The injectivity is clear, and the square is a pullback for QE:IFZ by Lemma 4.8.
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Fix a {invariant element
1 = P, dby + P, dbg + P3db; + P4 dbg 1
= chgl dC2 =+ P3C21 ng + P4C€1 dC%J + (P1 + Pyco + P303 =+ P4C040) dcgl 2 Ql%:FE;)
where P; 2 9B for each i. By applying to (1) and comparing the coe cients of

dc, and dcs, we see that P,c) and Psc) are {invariant. Also, upon comparing
the coe cients of dc, we get the equation

Py + P2Cy + P3cg + Pac =  (Pa)cy: )

So by Lemma 4.8, P, = Pbg and Pz = Pbg for some PJ;P{ 2 2. Upon
subtracting

P20 da14 + P30 da15 =Py dbe =+ P3 db7 + (P3b6 =+ P30b7) dbg

from ! and introducing an appropriate modi cation to P4, we can now assume
that P, = P3 = 0. With this assumption and (2), we have

P1 + P4C2{J = (P4C21) = (P4) C%J;
so that
P1ch = (P4 + (P4))chych ©))

is {invariant. This now shows that P; = PJbg for some P{ 2 2, and upon
subtracting Pf da;, from ! we can assume that P; = 0. This leaves ! =
P,sdbg = P4dag. By (3) again, P4 is {invariant, so P4 2 2l by Lemma 4.8
again, and thus ' 2 Q3 . .

The remaining cases are proved using the same techniques, and so we sketch
them more briefly. To prove the result in degree two, x a {invariant element

1 = P, dby dbg + P, dby db7 + P3 dbs dbg + P4 dbg db; + Ps dbg dbg + Pg db; dbg
= P4¢%2 dcy des + (P1cl + P4cacy + Pscycy) de, dc, + Psch? de, dc¥
+ (P2cY + Pycoc + Pechc) des dely + Pgc? dez dcl
+ (P3Cy + PsCaCy + Pecscy) dej dc)) 2 QF . :
Using Lemma 4.8, we see that P, = Pf{bz, and hence can assume that P, = 0.
One then eliminates P; and P,, then P5 and Pg, and nally Ps.
If
1 = P, dby dbg dby + P, db, dbg dbg + P3 dby db; dbg + P4 dbg db7 dbg
= (P1¢}2 + P4y 2c) dey des defy + (P2ch? + P4cach?) dey del del
+ (P3Cy® + P4Cacy?) deg dej dey + Pycy® de deg dej 2 Q3
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is {invariant, then we eliminate successively Py, then P4, then P, and Pj.
Finally, if

1 = P dby db dby dbg = P c}? dc deg dc)y de 2 QF
is {invariant, then P = P%3 for some P’ 2 2 by Lemma 4.8 again, and so

1 = P"dag daj, days dags 2 le:IFzz -

A Appendix : Spinor groups over nite elds

Let F be any eld of characteristic & 2. Let V be a vector space over F, and
let b: V —X F be a nonsingular quadratic form. As usual, O(V;b) denotes
the group of isometries of (V;b), and SO(V;b) the subgroup of isometries of
determinant 1. We will be particularly interested in elementary abelian 2{
subgroups of such orthogonal groups.

Lemma A.1 Fix an elementary abelian 2{subgroup E  O(V;b). For each
irreducible character 2 Hom(E;f 1g), letV V denote the corresponding
eigenspace: the subspace of elements v 2 V such that g(v) = (g) v for all
g 2 E. Then the restriction of b to each subspace V is nonsingular, and V is
the orthogonal direct sum of the V .

Proof Elementary. O

We give a very brief sketch of the de nition of spinor groups via Cli ord alge-
bras; for more details we refer to [8, section I1.7] or [2, section 22]. Let T(V)
denote the tensor algebra of V, and set

C(V;b) =T (V)=h(v x)I— b(V)i :

the Cli ord algebra of (V;b). To simplify the notation, we regard F as a
subring of C(V;b), and V as a subgroup of its additive group; thus the class of
vy 1 vd will be written v4  vi. Note that vw +wv =0 if v;w 2 V and

the set of 1 and all vj; v;, for iy < <ik (1 k n)isan F{basis for
C(V;b).
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Write C(V;b) = Cy Cy, where Cy and C; consist of classes of elements
of even or odd degree, respectively. Let G C(V;b) denote the group of
invertible elements u such that uvu™t =V ,andlet : G —1 O(V;b) be the
homomorphism

(va® —uvu™l) ifu2cC

u)=
) (v® uwu )  ifu2C.

In particular, for any nonisotropic element v 2 V (ie, b(v) & 0), v 2 G and
(v) is the reflection in the hyperplane v?. By [8, section 11.7], is surjective
and Ker( )=F .

Let J be the antiautomorphism of C(V;b) induced by the antiautomorphism
vi 1 Cwyd ® v T [vgd of T(V). Since O(V;b) is generated by hyper-
plane reflections, G is generated by F and nonisotropic elements v 2 V. In
particular, forany u= vy v 2G,

JWu= 2 v vi vi V= 2 b(v1) b(w2F =Ker();
implying that (J(u)) = (u)~! for all u2 G. There is thus a homomorphism

€ G

" F de ned by €u) = u J(u):

In particular, & ) = 2 for 2 F G, while for any set of nonisotropic

Cvi vi)=(1 W)k V1) =b(v1)  b(v):
Hence € factors through a homomorphism

vie: O(V;b) Y F=F2=F =fu’ju2F g

called the spinor norm.
Set G* = ~1(SO(V;b)) =G\ Co, and de ne
Spin(V;b) = Ker(§jc+)  and  Q(V;b) = Ker( vipisov;p)):
In particular, Q(V;b) hasindex 2in SO(V;b) if F isa nite eld, and Q(V;b) =

SO(V;b) if F is algebraically closed (all units are squares). We thus get a
commutative diagram
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1 1 1
¢ b

1 f 1g F - F 2 1

(A2) 1 —> Spin(V; b) Gt— > F 1

1—=Q(V;b) ——=SO(V;b) —">F =F 21

/ / |

1 1 1

where all rows and columns are short exact, and where all columns are central
extensions of groups. If dim(V) 3 (or if dim(V) = 2 and the form b is hyper-
bolic), then Q(V;b) is the commutator subgroup of SO(V;b) [8, section 11.8].

The following lemma follows immediately from this description of Spin(V;b),
together with the analogous description of the corresponding spinor group over
the algebraic closure of F.

Lemma A.3 Let F be the algebraic closure of F, and set V = F =V and
b =1d= [h1Then Spin(V;b) is the subgroup of Spin(V;b) consisting of those
elements xed by all Galois automorphisms 2 Gal(F=F). O

For any nonsingular quadratic form b on a vector space V, the discriminant
of b (or of V) is the determinant of the corresponding symmetric bilinear form
B, related to b by the formulas

1
b(v) =B(v;v) and  B(v;w) =1 b(v+w)—b(v) —b(w) :

Note that the discriminant is well de ned only modulo squares in F . When
W V is a subspace, then we de ne the discriminant of W to mean the dis-
criminant of bjw . In what follows, we say that the discriminant of a quadratic
form is a square or a nonsquare to mean that it is the identity or not in the
quotient group F =F 2,

Lemma A.4 Fix an involution x 2 SO(V;b), and let V =V, V_ be its
eigenspace decomposition. Then the following hold.

(@) x2Q(V;b) if and only if the discriminant of V_ is a square.
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(b) If x 2 Q(V;b), then it lifts to an element of order 2 in Spin(V;b) if and
only if dim(V-) 2 4Z.
(©) If x 2 Q(V;b), and if 2 Q(V;b) is such that [x; ] = 1, then =
+ —, where 2 O(V ;b). Also, the liftings of x and  commute in
Spin(V;b) if and only if det( -) =1.

(vi vk) in the above notation, since (v;) is the reflection in the hyperplane
vj 7. Hence by the commutativity of Diagram (A.2),

vie(¥)  b(v1) b(v) = det(bjy_) (mod F ?):
Thus x 2 Q(V;b) = Ker( v:p) if and only if V_ has square discriminant.

In particular, if x 2 Q(V; b), then the product of the b(v;) is a square, and hence
(upon replacing v1 by a scalar multiple) we can assume that b(vy) b(vk) = 1.
Then & & Vi Vg 2 Spin(V;b) = Ker(®). Since vw = —wv in the Cli ord
algebra whenever v ? w, and since (vj)®> = b(v;) for each i,

1 ifk 0 (mod 4)

2 = ()k(k=1)=2 2 2 = (_)kk—D)=2 —
B=00 ()™ ()" = (1) —1 ifk 2 (mod 4).

This proves (b).

It remains to prove (c). The rststatement( = 4+  _)isclear. Fix liftings
e 2C(V ;b) . Rather than de ning the direct sum of an element of C(V+;b)
with an element of C(V—_;b), we regard the groups C(V ;b) as (commuting)
subgroups of C(V;b) , and set

e=e;y e_=e_ e; 2Spin(V;b):

Let 8 =v; Vi beasabove. Clearly, B commutes with all elements of C(V+;b).
Since
(i viQVi=(CEDRvivi o vid=—vi(vi w)

for i = 1;:::;k, we have B = (=1)! g forall 2 Cj(V—;b) (i=0;1). In
particular, since [e+; e—] =1, [g; e] = [g; e_] = det( -), and this nishes the
proof. O

We will need explicit isomorphisms which describe Sping(F) and Sping(F) in
terms of SL,(F). These are constructed in the following proposition, where
MJ(F) denotes the vector space of matrices of trace zero. Note that the de-
terminant is a nonsingular quadratic form on My(F) and on M2(F), in both
cases with square discriminant.
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Proposition A.5 De ne
3. SLZ(F)

¥ Q(MJ(F); det)

and

40 SLo(F)  SLa(F) ¥ Q(My(F); det)
by setting

3(A)(X) = AXA™l  and 4(A;B)(X) = AXB™L:
Then 3 and 4 are both epimorphisms, and lift to unique isomorphisms

SLy(F) 21 Spin(M2(F); det)

and

“—1 Spin(M,(F); det):

SL2(F) SLa(F)

Proof See [24, pages 142, 199] for other ways of de ning these isomorphisms.
By Lemma A.3, it su ces to prove this (except for the uniqueness of the lifting)
when F is algebraically closed. In particular,

Q(MI(F);det) = SOMI(F);det) and Q(M,(F);det) = SO(M,(F); det)
in this case.

For general V and b, the group SO(V;b) is generated by reflections Xxing
nonisotropic subspaces (ie, of nonvanishing discriminant) of codimension 2 (cf
[8, section 11.6(1)]). Hence to see that 3 and 4 are surjective, it su ces
to show that such elements lie in their images. A codimension 2 reflection in
SO(MJ(F); det) is of the form Ry (the reflection xing the line generated by
X) for some X 2 M2(F) which is nonisotropic (ie, det(X) & 0). Since F
is algebraically closed, we can assume X 2 SL,(F). Then X2 = —1 (since
Tr(X) =0 and det(X) = 1), and Rx = 3(X) since it has order 2 and xes
X. Thus 3 is onto.

Similarly, any 2{dimensional nonisotropic subspace W V has an orthonormal
basis fY;Zg, and ZY ~1 and Y ~1Z have trace zero (since they are orthogonal
to the identity matrix) and determinant one. Hence their square is —I, and
one repeats the above argument to show that Ry = 4(ZY 1Y 1Z). So 4
is onto.

The liftings ey exist and are unique since SL,(F) is the universal central
extension of PSL,(F) (or universal among central extensions by 2{groups if
F = Fg). O
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We now restrict to the case F = Fy where ¢ is an odd prime power. We refer to
[2, section 21] for a description of quadratic forms in this situation, and the no-
tation for the associated orthogonal groups. If n is odd and b is any nonsingular
quadratic form on [y, then every nonsingular quadratic form is isomorphic to
ub for some u 2 ¥, and hence one can write SOn(q) = SO(Fg; b) = SO(Fy'; ub)
without ambiguity. If n is even, then there are exactly two isomorphism classes
of quadratic forms on Fy; and one writes SO7 (q) = SO(Fg; b) when b is the
hyperbolic form (equivalently, has discriminant (—1)"? modulo squares), and
SO, (q) = SO(Fg; b) when b is not hyperbolic (equivalently, has discriminant
(—1)"2u for u 2 [y not a square). This notation extends in the obvious way
to Q,(q) and Spin, (q).

The following lemma does, in fact, hold for for orthogonal representations over
arbitrary elds of characteristic & 2. But to simplify the proof (and since we
were unable to nd a reference), we state it only in the case of nite elds.

Lemma A.6 Assume F = [y, where q is a power of an odd prime. Let
V be an F{vector space, and let b be a nonsingular quadratic form on V.
Let P O(V;b) be a 2{subgroup which is orthogonally irreducible; ie, such
that V has no splitting as an orthogonal direct sum of nonzero P {invariant
subspaces. Then dimg (V) is a power of 2; and if dim(V) > 1 then b has
square discriminant.

Proof This means showing that each orthogonal group O(Fy"; b), such that
either n is not a power of 2, or n = 2 2 and the quadratic form b has
nonsquare discriminant, contains some subgroup O,,(q) O,_(q@) (for 0 <
m < n) of odd index. We refer to the standard formulas for the orders of these
groups (see [24, p.165]): if = 1 then

I ¥
0xn@i=20"""P@"— ) (@ -1 and jOxm+1(@)i=29" (¢* — 1)

i=1 i=1
We will also use repeatedly the fact that for all 0 < i< 2K (k 1), the largest
powers of 2 dividing (q2“*' — 1) and (q' — 1) are the same. In other words,
@* 1 —1)=(g' — 1) is invertible in Z.
Forany n 1,

O2n+1(@)j  _ qn q" +

JO2n (@) JO1(®)] 2

is odd for an appropriate choice of . Thus, there are no irreducibles of odd
dimension.
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Assume n is not a power of 2, and write n = 2¥ + m where 0 < m < 2X and
k 1. Then
' '
Op@i _ _ jme TR g2m - > +1
jO5k+1(@)j jO2 ()] i=1 g —1 qm — 2 ’
and each factor is invertible in Zpy. When n = 2m = 2k and k 1, then

0O,,(q) is the orthogonal group for the quadratic form with nonsquare discrim-
inant, and

L|
Om@i  _ome ™ @M1 @M1
J03m (@] O3 (@) -1 2
and again each factor is invertible in Z). Finally,
@i  _a-
j01(9)j jO1(q)] 2
isodd whenever g 1 (mod4)and =-1,orq 3 (mod4)and =+1;and
these are precisely the cases where the quadratic form on qu has nonsquare
discriminant. O

We must classify the conjugacy classes of those elementary abelian 2{subgroups
of Spiny(q) which contain its center. The following de nition will be useful when
doing this.

De nition A.7 Fix an odd prime power q. Identify SO7(q) = SO(F/; b) and
Spinz(q) = Spin(F{;b), where b is a nonsingular quadratic form with square
discriminant. An elementary abelian 2{subgroup of SO7(q) or of Spin;(q) will
be called of type | if its eigenspaces all have square discriminant (with respect
to b), and of type Il otherwise. Let E, be the set of elementary abelian 2{
subgroups in Spin;(q) which contain Z(Spin;(q)) = C, and have rank n. Let
El and E!' be the subsets of E, consisting of those subgroups of types | and
11, respectively.

In the following two propositions, we collect together the information which
will be needed about elementary abelian 2{subgroups of Spin;(q). We X
Spinz(q) = Spin(V;b), where V = Fé and b is a nonsingular quadratic form
with square discriminant. Let z 2 Z(Spin;(q)) be the generator. For any
subgroup H  Spin;(q) or any element g 2 Spins(q), let H and g denote
their images in Q7(q) SO7(q). For each elementary abelian 2{subgroup
E  Spins(q), and each character 2 Hom(E;f 1g), V V denotes the
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eigenspace of  (and Vi denotes the eigenspace of the trivial character). Also
(when z 2 E), Aut(E;z) denotes the group of all automorphisms of E which
send z to itself.

Proposition A.8 For any odd prime power q, the following table describes
the numbers of Spin;(q){conjugacy classes in each of the sets E} and E!!, the
dimensions and discriminants of the eigenspaces of subgroups in these sets, and
indicates in which cases Autgpin,(q)(E) contains all automorphisms which  x
z

‘ Set of subgroups H EJ ‘ EJ ‘ Ed! ‘ EJ ‘ E}! ‘
Nr. conj. classes 1 1 1 2 1
dim(V1) 3
dm(V ), €1 4 2
discr(V1;b) square | square | nonsq. | |
discr(V ;b), &1 square | square | nonsqg. | square | both
Autgpin, ) (E) = Aut(E; z) yes yes yes yes no

There are no subgroups in E, of type Il, and no subgroups of rank 5. Fur-
thermore, we have:

(@) Forall E 2 Ey4, CSpin7(q)(E) =E.

(b) If E;E'2E), then E' = gEg~ for some g 2 SO/(q), and E and E are
Spinz(q){conjugate if and only if g 2 Q7(q).

(c) If E 2 E}', then there is a unique element 1 & X = X(E) 2 E with the
property that for 1 & 2 Hom(E;f 1g), V has square discriminant if
(X) = 1 and nonsquare discriminant if (x) = —1. Also, the image of
Autgpin, @ (E) in Aut(E) is the group of all automorphisms which send
X to itself; and if X E denotes the inverse image of hxi E, then
Autgpin, ) (E) contains all automorphisms of E which are the identity on

X and the identity modulo hzi.

(d) If E 2 Es, then Cgpin,q)(E) = AxCy,, where A is abelian and C, acts on

A by inversion. If E 2 E}!', then the Sylow 2{subgroups of Cspin,(q)(E)
are elementary abelian of rank 4 (and type I1).

Proof Wirite Spin = Spiny(q) for short. Fix an elementary abelian subgroup
E Spin such that z 2 E.
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Step 1 We rst show that rk(E) 4, and that the dimensions of the eigen-
spaces V for 2 Hom(E;f 1g) are as described in the table.

By Lemma A.4, every involution in E has a 4{dimensional (—1){eigenspace.
In particular, if rk(E) = 2, (E = C5), then dim(V ) = 4 for 1 & 2
Hom(E;f 1g), while dim(Vv;) = 3.

Now assume rk(E) = n for some n = 2. Assume we have shown, for all
E! 2 E,—1, that the eigenspace of the trivial character of E' is r{dimensional.
For each 1 & 2 Hom(E;f 1g), let E 2 E,_; be the subgroup such that
E =Ker( );then V; V is the eigenspace of the trivial character of E =
Ker( ), and thus dim(Vy) +dim(V ) = r. Hence all nontrivial characters of E
have eigenspaces of the same dimension. Since there are 2"~! — 1 nontrivial
characters of E, we have dim(V1) + (2" — 1)dim(V ) = 7, and these two
equations completely determine dim(V;) and dim(V ). Using this procedure,
the dimensions of the eigenspaces are shown inductively to be equal to those
given by the table. Also, this shows that rk(E) 4, since otherwise rk(E) 4,
sothe V for & 1 must be trivial (they cannot all have dimension 1), so E
actson V via the identity, which contradicts the assumption that E ~ Spinz(q).

Step 2 We next show that E}! = ;, describe the discriminants of the eigen-
spaces of characters of E for E 2 E, (for all n), and show that subgroups of
rank 4 are self centralizing. In particular, this proves (a) together with the rst
statement of (c).

If E 2 E,, then E = hz;gi for some noncentral involution g 2 Spin;(q), and the
eigenspaces of E = hgi have square discriminant by Lemma A.4(a) (and since
the ambient space V has square discriminant by assumption). Thus E}!' = ;.

If E 2 Ez, then the sum of any two eigenspaces of E is an eigenspace of §
for some g 2 E~hzi. Hence the sum of any two eigenspaces of E has square
discriminant, so either all of the eigenspaces have square discriminant (E 2 E}),
or all of the eigenspaces have nonsquare discriminant (E 2 Es!' ).

Assume rk(E) = 4. We have seen that all eigenspaces of E are 1{dimensional.
By Lemma A.4(c), for each a 2 Cgpin,()(E), a(V ) =V foreach €& 1, and
since dim(V ) =1 it must act on each V via Id. Thus a 2 Q;(q) has order
2; let V Dbe its eigenspaces. Then dim(V-) is even since det(d) = 1, and
V_ has square discriminant by Lemma A.4(a). If dim(V-) = 4, then jaj = 2
(Lemma A.4(b)), and hence a 2 E since otherwise hE;ai would have rank 5. If
dim(V-) = 2, then V_ is the sum of the eigenspaces of two distinct characters

1; 2 of E, there is some g 2 E such that 1(§) & 2(§), hence det(Gjv_) =
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1(0) 2(0) = —1, so [g;a] = z by Lemma A.4(c), and this contradicts the
assumption that [a;E] = 1. If dim(V-) = 6, then V_ is the sum of the
eigenspaces of all but one of the nontrivial characters of E, and this gives a
similar contradiction to the assumption [a;E] = 1. Thus, Cgpin,(q)(E) = E.

Now assume that E 2 E}!, and let x 2 O;(q) be the element which acts via
— Id on eigenspaces with nonsquare discriminant, and via the identity on those
with square discriminant. Since b has square discriminant on V , the number of
eigenspaces of E on which the discriminant is nonsquare is even, so X 2 Q7(q)
by Lemma A.4(a), and lifts to an element x 2 Spin;(q). Also, for each g 2 E,
the (—1){eigenspace of § has square discriminant (Lemma A.4(a) again), hence
contains an even number of eigenspaces of E of nonsquare discriminant, and
by Lemma A.4(c) this shows that [g;x] = 1. Thus x 2 Cgpjn,(q)(E) = E, and
this proves the rst statement in (c).

Step 3 We next check the numbers of conjugacy classes of subgroups in each
of the sets E and E}', and describe Autspin(E) in each case. This nishes the
proof of (b) and (c), and of all points in the above table.

From the above description, we see immediately that if E and E’ have the same
rank and type, then any isomorphism 2 Iso(E;E"), such that (X(E)) =
x(EY) if E;E' 2 E}', has the property that for all 2 Hom(E%f 1g), V and
Vv have the same dimension and the same discriminant (modulo squares).
Hence for any such , there is an element g 2 O7(q) such that g(V )=V
for all ;and = ¢g 2 Iso(E;E") for such g. Upon replacing g by —g if
necessary, we can assume that g 2 SO7(q). This shows that

E;E' have the same rank and type =) E and E' are SO;(q){conjugate

¢))
and also that C
_ Aut(E if E 2 E)!
Autso, ) (E) = (—?- - i )
Aut(E;x(E)) IfE2E;".
We next claim that
E 2E) =) 9y 2 S07(q)~Q7(q) such that [y; E]=1: €)

To prove this, choose 1{dimensional nonisotropic summands W VvV and W'

V , where ; are two distinct characters of E, and where W has square
discriminant and W? has nonsquare discriminant. Let y 2 SO-(q) be the
involution with (—1){eigenspace W  W". Then [y;E] = 1, since y sends
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each eigenspace of E to itself, and y 2 Q;(q) since its (—1){eigenspace has
nonsquare discriminant (Lemma A.4(a)).

If E has rank 4 and type I, then Aut(E) = GL3(F>) is simple, and in particular
has no subgroup of index 2. Hence by (2), each element of Aut(E) is induced
by conjugation by an element of Q7(q). Also, if g 2 SO7(q) centralizes E, then
g(v) =V foral 2 Hom(E;f 1g), g acts via —Id on an even number
of eigenspaces (since it has determinant +1), and hence g 2 Q7(q) by Lemma
A.4(a). Thus

E 2E} =) Nso,(E) Q7(q) 4)

If E 2 E}, then by (3), for any g 2 SO7(q), there is y 2 SO7(q)~Q7(q) such
that cgje = cgyje, and either g or gy lies in Q7(q). Thus Is0sg,(q)(E;E") =
IS0, (q)(E;E") for any E’. Together with (1), this shows that E is Spin{
conjugate to all other subgroups of the same rank and type, and together with
(2) it shows that

Aut(E) if E2E)

Im Autspin(E) —1 Aut(E) = Aut(E;X(E)) ifE 2E}".

)
If E 2 E}, then by (4) and (2), Autg,qy(E) = Autse,q(E) = Aut(E), and
so (5) also holds in this case. Furthermore, for any g 2 SO7(q)~Q7(q), E and
gEg™! are representatives for two distinct Q(q){conjugacy classes ]| since by
(4), no element of the coset g Q7(q) normalizes E.

We have now determined in all cases the number of conjugacy classes of sub-
groups of a given rank and type, and the image of Autspin(E) in Aut(E). We
next claim that if rk(E) <4 or E 2 E}, then

E 2E}' =) Autspin(E) 2 Aut(E) (2) =z; Id (mod hzi)

(6)
Together with (5), this will nish the proof that Autspin(E) is the group of all
automorphisms of E which send z to itself. We also claim that

1
E 2E)' =) Autspin(E) 2 Aut(E) jx = ldx; Id (mod hzi) ;
(7
where X  E denotes the inverse image of hx(E)i  E, and this will nish the
proof of (c).
We prove (6) and (7) together. Fix 2 Aut(E) ( & Id) which sends z to itself,
induces the identity on E, and such that jx = Idx if E 2 E}'. Then there
is16& 2 Hom(E;f 1g) such that (g) =g when (§) =1 and (g) = zg
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when (g) = —1. Choose any character suchthatV &0andV &0, and
let W V and W' V  be 1{dimensional nonisotropic subspaces with the
same discriminant (this is possible when E 2 E}!' since X(E) 2 Ker( )). Let
d 2 O7(q) be the involution whose (—1){eigenspace is W W?'. Then § 2 Q7(q)
by Lemma A.4(a), so § lifts to g 2 Spiny(q), and using Lemma A.4(c) one sees
that ¢y =

Step 4 It remains to prove (d). Assume E 2 E3. Let 1 = 1; »; 3; 4 bethe
four characters of E, and set V; =V ,. Then dim(Vy) = 1, dim(V;) = 2 for
i =2;3;4, and the Vj either all have square discriminant oLaII have nonsquare
discriminant. For each g 2 Cspin(E), we can write § = f:1 gi, where g; 2
O(V;j; bj). For each pair of distinct indices i;j 2 2;3;4g, there issome g 2 E
whose (—1){eigenspace is Vi Vj, and hence det(gi gj) = 1 by Lemma A.4(c).
This shows that the g; all have the same determinant. Let A Cgpin(E) be
the subgroup of index 2 consisting of those g such that det(g;) = 1 for all i.

Now, SO1(Fy) = 1, while SO,(Fy) = F, is the group of diagonal matrices
of the form diag(u;u™) with respect to a hyperbolic basis of F;?. Thus A
is contained in a central extension of C, by (IB_“q)?’, and any such extension

is abelian since Hg((IF‘q)3) = 0. Hence A is abelian. The groups O, (q) are
all dihedral (see [24, Theorem 11.4]). Hence for any g 2 Cspin(E)~\A, g has
order 2 and (—1){eigenspace of dimension 4 (its intersection with each V; is
1{dimensional), and hence jgj = 2 by Lemma A.4(b). Thus all elements of
Cspin(E)~A have order 2, so the centralizer must be a semidirect product of A
with a group of order 2 which acts on it by inversion.

Now assume that E 2 Es!'; ie, that the V; all have nonsquare discriminant.
Then for i = 2;3;4, SO(Vj; bj) has order q 1, whichever is not a multiple
of 4 (see [24, Theorem 11.4] again). Thus if g 2 A Cspin(E) has 2{power
order, then g; = | for each i, the number of i for which g; = Id is even (since
the (—1){eigenspace of § has square discriminant), and hence g 2 E. In other
words, E 2 Syl>(A). A Sylow 2{subgroup of Cspin(E) is thus generated by E
together with an element of order 2 which acts on E by inversion; this is an
elementary abelian subgroup of rank 4, and is necessarily of type II. O

We also need some more precise information about the subgroups of Spin;(q) of
rank 4 and type Il. Let 92 Aut(Spin7(I_Fq)) denote the automorphism induced
by the eld automorphism (x @ x%). By Lemma A.3, Spinz(q) is precisely the
subgroup of elements xed by 9.
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Proposition A.9 Fix an odd prime power ¢, and let z 2 Z(Spiny(q)) be the
central involution. Let C and C' denote the two conjugacy classes of subgroups
E Spiny(q) of rank 4 and type I. Then the following hold.

(a) For each E 2 E4, there is an element a 2 Spin7(IF‘q) such that aEa™! 2 C.
For any such a, if we set

xc(E) €al 9(a);

then xc(E) 2 E and is independent of the choice of a.
(b) E 2C ifand only if xc(E) =1, and E 2 C" if and only if x¢c(E) = z.
(c) Assume E 2 E}!, and set (E) =hz;xc(E)i. Then rk( (E)) =2, and
Autspin,(E) =  2Aut(E) j g =1 D

The four eigenspaces of E contained in the (—1){eigenspace of xc(E)
all have nonsquare discriminant, and the other three eigenspaces all have
square discriminant.

Proof (a) For all E 2 E4, E has type | as a subgroup of Spin;(g?) since
all elements of Fy are squares in F2. Hence by Proposition A.8(b), for all
E'2C, thereis a2 SO7(g?) Q(q*) such that aEa—! = E'. Upon lifting a
to a 2 Spinz(q*), this proves that there is a 2 Spin7(IF‘q) such that aEa=* 2 C.

Fix any such a, and set
x=xc(E) =a! Y(a):

Forall g2 E, 9(g) =g and Y%(aga™!) =aga! since E;aEa~! Spins(q),
and hence
aga'= %a)g Y@’ =a(xgx Ha

Thus, x 2 Cspim@q)(E), and so x 2 E since it is self centralizing in each
Spin7(q¥) (Proposition A.8(a)).

We next check that xc(E) is independent of the choice of a. Assume a;b 2
Spin;(Fy) are such that aEa—* 2 C and bEb™' 2 C. Then by Proposition
A.8(b), there is g 2 Spins(q) such that gbE(gh)™ =aEa!. Set E' =aEa™' 2
C, then gha™! 2 NSpin7(I_Fq)(E0)' Furthermore, since Autspin,(q)(E") contains
all automorphisms which send z to itself, and since E’ is self centralizing in
each of the groups Spin;(g¥) (both by Proposition A.8 again), we see that

Nspim@q)(EO) is contained in Spinz(q). Thus, ba™! 2 Spins(q), so Y(ba™!) =
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ba~—!; and this proves that xc(E) =a~! 9(a) =b~! 9(b) is independent of the
choice of a.

(b) If E 2C, then we can choose a =1, and so xc(E) = 1.

If E 2 C°, then by Proposition A.8(b), there is a 2 Spin;(q?) such that a 2
SO7(q)~Q7(q) and aEa~* 2 C. Then 9(a) & a since a 2 Spin;(q) (Proposi-
tion A.3), but 9(a) = a since a 2 SO7(q). Thus, xc(E) =a! 9@) =z in
this case.

We have now shown that xc(E) 2 hzi if E has type I, and it remains to prove
the converse. Fix a 2 Spiny(IF‘q) such that aEa™! 2 C. If xc(E) 2 hzi, then

9(@a) 2 fa;zag, so 9(@) = a, and hence a 2 SO7(q). Conjugation by an
element of SO7(q) sends eigenspaces with square discriminant to eigenspaces
with square discriminant, so all eigenspaces of E must have square discriminant
since all eigenspaces of aEa~! do. Hence E has type I.

(c) Now write Spin = Spin;(q) for short. Assume E 2 E}', and set x = x¢(E)
and (E) =hz;xi. Then x 2 hzi by (b), and thus (E) has rank 2.

By (a) (the unigueness of x having the given properties), each element of
Autspin(E) restricts to the identity on  (E). We have already seen (Proposition
A.8(c)) that there is an element X(E) 2 E such that the image in Aut(E) of
Autspin(E) is the group of automorphisms which x X(E), and this shows that
X(E) = x: the image in E of x. Since we already showed (Proposition A.8(c)
again) that Autspin(E) contains all automorphisms which are the identity on

(E) and the identity modulo hzi, this nishes the proof that Autspin(E) is
the group of all automorphisms which are the identity on (E). The last state-
ment (about the discriminants of the eigenspaces) follows directly from the rst
statement of Proposition A.8(c). O

Throughout the rest of the section, we collect some more technical results which
will be needed in Sections 2 and 4.

Lemma A.10 Fix k 2. Let A = e13(2K™1) 2 GL3(Z=2¥) be the elementary
matrix which has o diagonal entry 2¢~1 in position (1;3). Let T; and T, be

the two maximal parabolic subgroups of GL3(2):

1 : [
T1 =GL3(Z=2) = (aij) 2GL3(2)ja =a3 =0

and ]
T2 = GL%(ZZZ) = (aij) 2 GL3(2)j&31 = az2 = 0 :
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Set To = T1 \ T2: the group of upper triangular matrices in GL3(2). Assume
that

it T ¥ SL3(2=2%)

are lifts of the inclusions (for i = 1;2) such that 1jt, = 2j7,. Then there is

a homomorphism
: GL3(2) —1¥ SL3(Z=2")

such that jr, = 1, and either jr, = 2,0r jr,=cCa 2.

Proof We rst claim that any two liftings ; ': To —¥ SL3(Z=2%) are con-
jugate by an element of SL3(Z=2%). This clearly holds when k = 1, and so we
can assume inductively that " (mod 2571). Let MJ(F,) be the group of
3 3 matrices of trace zero, and de ne : T, —1 MQ(IFZ) via the formula

'B)=(1+21 (B)) (B)

for B 2 T,. Then isa1{cocycle. Also, H!(T2; MJ(F2)) = 0 by [9, Lemma 4.3]
(the module is F2[T,]{projective), so is the coboundary of some X 2 MJ(F,),
and and " di er by conjugation by I + 271X,

By [9, Theorem 4.1], there exists a section de ned on GL3(2) such that

jT1 = ;. LetB2 SLg(ZZZk) be such that sz =cg 2. Since jTo = 2jTo’
B must commute with all elements in  (Tp), and one easily checks that the
only such elements are A = e;3(2%™1) and the identity. ]

Recall that a p{subgroup P of a nite group G is p{radical if Ng(P)=P is p{
reduced,; ie, if Op(Ng(P)=P) = 1. (Here, Op(—) denotes the largest normal p{
subgroup.) We say here that P is Fy(G){radical if Outg(P) (= Outg,(y(P))
is p{reduced. In Section 4, some information will be needed involving the
F»(Spinz(q)){radical subgroups of Spin;(q) which are also 2{centric. We rst
note the following general result.

Lemma A.11 Fix a nite group G and a prime p. Then the following hold
for any p{subgroup P G which is p{centric and F,(G){radical.

(@ If G=Gy Gy, then P = P; Py, where P;j is p{centric in G; and
Fo(Gi){radical.
(b) IfP  H <G, then P is p{centric in H and Fp(H){radical.

(c) If H < G has p{power index, then P \ H is p{centric in H and F,(H){
radical.
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(d) If G < G has p{power index, then P = G\ P for some P G which is
p{centric in G and Fp(G){radical.

(e) If Q <« G is acentral p{subgroup, then Q P, and P=Q is p{centric in
G=Q and Fy(G=Q){radical.

(f) If ® —— G is an epimorphism such that Ker( ) Z(®), then ~1(P)
is p{centric in & and Fp(G){radical.

Proof Point (a) follows from [16, Proposition 1.6(ii)]: P =P; P, for P;  G;
since P is p{radical, and P; must be p{centric in G; and Fy(G;j){radical since

Ce(P) =Cq,(P1) Cg,(P2) and Outg(P) = Outp,(G1) Outp,(Gy):
Point (b) holds since CH(P) Cg(P) and Op(Outy(P)) Op(Outg(P)).

It remains to prove the other four points.

(e) Fix a central p{subgroup Q Z(G). Then P Q, since otherwise
1 & Ngp(P)=P Op(Ng(P)=P). Also, P=Q is p{centric in G=Q, since
otherwise there would be x 2 G~P of p{power order such that

16 [cx] 2 Ker Outg(P) —1¥ Outg-o(P=Q) Outg(Q)  Op(Outs(P)):

It remains only to prove that P=Q is F,(G=Q){radical, and to do this it su ces
to show that

OUtG:Q(P:Q) = OUtG(P):
Equivalently, since P=Q and P are p{centric, we must show that

Ne=o(P=Q)  _ Ng(P)
Ceo(P=Q) P=Q Cg(P) P’

and this is clear once we have shown that
C&-o(P=Q) = CE(P):

Any X 2 C&:Q(PzQ) lifts to an element x 2 G of order prime to p, whose
conjugation action on P induces the identity on Q and on P=Q. By [15,
Corollary 5.3.3], all such automorphisms of P have p{power order, and thus
X centralizes P . Since Q is a p{group and Cg:Q(PzQ) has order prime to p,
this shows that the projection modulo Q sends C&:Q(PzQ) isomorphically to
CE(P).
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(f) Let & —— G be an epimorphism whose kernel is central. Clearly, ~P
is p{centric in &. It remains only to prove that ~P is Fy(&){radical, and
to do this it su ces to show that

Outz( ~'P) = Outg(P):
Equivalently, since P and ~1(P) are p{centric, we must show that

Ng( ~'P) _ Ne(P) .
CL(~P) ~P CL(P) P

and this is clear once we have shown that
Cs( 7'P) =Cg(P):
This follows by exactly the same argument as in the proof of (e).

(c) Set PY=P \H for short. Let

Nu (P?) — Outy (P") = N (P")=(Cu (P") P

be the natural projection, and set
K= "10p(0uty(P’)) Nu(P:

Then K Op(Nu(P") is an extension of C(P%) P? by Op(Outy(PY). It
su ces to show that p t [K:P'], since this implies that Oy(Outy (P%)) =1 (ie,
P?is Fp(H){radical), and that any Sylow p{subgroup of Cy(P?) is contained
in P! (hence P! is p{centric in H).

Assume otherwise: that p [K:PY. Note rst that P’ <« Ng(P), and that
Ng(P) Ng(K); ie, Ng(P) normalizes P’ and K. The rst statement is
obvious, and the second is veri ed by observing directly that Ng(P) normalizes
Ny (P9 and CH(PY). Thus the action of Ng(P) on K induces an action of
Ng(P), and in particular of P, on K=P". Let Ko=P' denote the xed subgroup
of this action of P. Since p [K:P'] by assumption, and since P is a p{group,
p jKo=P'j. A straightforward check also shows that Ky <t Ng(P), and therefore
that PKg < Ng(P). Also, since P* Ky H,

PKo=P = Ko=(P \ Kg) = Ko=P’

is a normal subgroup of Ng(P)=P of order a multiple of p. Since P is p{centric
in G by assumption,

Outs(P) = Ng(P)=(Cc(P) P) = Ng(P)=(Cs(P) P);

and hence the image of PKg=P in Outg(P) is a normal subgroup which also
has order a multiple of p.
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By de nition of K as an extension of Cy(P?) P? by a p{group, if x 2 K has
order prime to p, then x 2 C(P"). Hence if x 2 Kq has order prime to p, then
forevery z 2 P, [x;z] 2 P!, so x acts trivially on P=P’. Since x also centralizes
P, it follows that x centralizes P. This shows that the image of P Kg=P in
Outg(P) is a p{group, thus a nontrivial normal p{subgroup of Outg(P), and
this contradicts the original assumption that P is Fy(G){radical.

(d) Let G < G be a normal subgroup of p{power index and let P G be a
p{centric and Fy(G){radical subgroup. Let

Ng(P)
be the natural surjection, and set

— . B DY
K Op(Outz(P))  Ng(P):

-
— Outg(P) =Ng(P) Cg(P)P

Then K is an extension of CG(P) P by Op(Outé(P )). Fix any P 2 Sylp(K).
We will show that P\G = P, and that P is p{centric in G and Fp(G){radical.

Foreach x2 K\ G Ng(P),
(X) 2 Op(Outs(P)) \ Outg(P) Op(Outg(P)) = 1:
Hence
x 2 Ker Ng(P) —1 Outz(P) =(Cz(P)P)\G=Cg(P) P = cipP) P;

where C5(P) Cg(P) is of order prime to p. Since the opposite inclusion is
obvious, this shows that K\ G = C4(P) P, and hence (since P2 Sylh(K))
that P\G=P.

Next, note that (K\G) < K and K=(K\G) G=G, and hence K=C%(P) has
p{power order. Since P 2 Syl,(K), P is an extension of P by K=(K \G), and
Nk (P) is an extension of a subgroup of (K\G) = (CL(P) P) by K=(K\G).
Also, an element x 2 C(P) normalizes P if and only if [x;P] 2 P\C4(P) = 1.
Hence ~ o o

Nk (P) = Ck(P) P =Cg(P) P; ®
where CL(P) = CL(P)\Cg(P) has order prime to p and is normal in Ny (P).
Since C5(P) Cz(P) K, (1) shows that Cc(P) CL(P) P, and hence
that P is p{centric in G.

It remains to show that P is Fp(G){radical. Note rst that K < Nz(P)
by construction, so for any x 2 N5(P), xPx1 2 Sylp(K). Since K is an
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extension of C5(P) P by the p{group K=(K \ G), and since C§(P) < K, it
follows that K is a split extension of C(°3(P) by P. Hence for any x 2 NG(P),
xPx~1 =yPy~! for some y 2 CL(P). Consequently, the restriction map

Nz(P)=C5(P) = Aut;(P) I Autz(P) =Nz(P)=Cz(P) (2

is surjective. Also, if x 2 C5(P) K normalizes P, then x 2 Nk(P) =
P CL(P) by (1), and so cx 2 Inn(P). Thus the kernel of the map in (2) is
contained in Inn(P). Consequently,

Out(P) = Autz(P)=Inn(P) = Aut(P)=Aut5 (P) = Outz(P)=0,(Out< (P));

and it follows that P is Fp(G){radical. o

This is now applied to show the following:

Proposition A.12 Fix an odd prime power ¢, and let P Spin;(q) be any
subgroup which is 2{centric and F»(Spinz(q)){radical. Then P is centric in

Spin(Fy); ie, CopinyyP) = Z(P).

Proof Let z be the central involution in Spinz(q). By Lemma A.11(e), z2 P,
and P % p=hzi is 2{centric in Q-(q) and is F»(Q7(q)){radical. So by Lemma

A.11(d), there is a 2{subgroup ®  O(q) such that P\ Q;(q) = P, and such
that ® is 2{centric in O7(q) and is F2(0O7(q)){radical.

Let V = L:“zl Vi be a maximal decomposition of V as an orthogonal direct
sum of Ib{representations, and set b; = bjy,. We assume these are arranged so
that for some k, dim(Vj) > 1 wheni k and dim(V;) =1 when i > k. Let V4
be the sum of those 1{dimensional components V; with square discriminant,
and let V_ be the sum of those 1{dimensional components V; with nonsquare
discriminant. We will be referring to the two decompositions

[\ [\
V;) = (Vi) = (Vi;bi) (V4 b4)  (V=;bo);
i=1 i=1

both of which are orthogonal direct sums. We also write

VO =Fy z ¥ and VP =F, GV

and let 61 and b{™ be the induced quadratic forms.
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Step 1 For each i, set
Di=f |dvig O(Vi; bi);
a subgroup of order 2; and write

i Y
D= Dj O(V;b); and D = D;i O ;b):
i=1 Vi V

Thus D and D are elementary abelian 2{groups of rank m and dim(V ),
respectively. We rst claim that

P D; (1)
and that
¥

M= Pp; where 8i, P; is 2{centric in O(Vj; bj) and F,(O(V;j; bj)){radical.
i=1

(2

Clearly, [D;®] = 1 (and D is a 2{group), so D B since ® is 2{centric.
This proves (1). The V; are thus distinct (pairwise nonisomorphic) as Fb{
representations, since they are pairwise nonisomorphic as D{representations.
The decomposition as a sum of V;’s is thus unique (not only up to isomorphism),
since Homg(Vi;Vj) =0 for i & j.

Let ® be the group of elements of O(V;b) which send each V; to itself, and let
N be the group of elements which permute the V;j. By the uniqueness of the
decomposition of V ,

i
P Cowipy(®) @@= O(Vi;b)) and  Noyn@®) N:
i=1
Since B is 2{centric in O(V;b) and F,(O(V;b)){radical, it is also 2{centric in
N and F»(1){radical (this holds for any subgroup which contains NO(V;[,)(FB)).

So by Lemma A.11(b) (and since ® < N), ® is 2{centric in ® and F»(®){
radical. Point (2) now follows from Lemma A.11(a).

Step 2 Whenever dim(V;) >1 (ie, 1 i k), then by Lemma A.6, dim(V;) is
even, and b; has square discriminant. So by Lemma A.4(a), — Idy; 2 Q(V;j; b;)
for such i. Together with (1), this shows that

_ Y . ]
P =B\ Q) Di Q(V4+;6+)\Diy  Q(V—;6_)\D- : (3
i=1
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Also, by Lemma A.4(a) again,
%I(V ;6 )\D —%IO(V ;6 )ND
| ) - IEIId k i<j ; Vi @
= —ldy; v; k¥1 i<j m; ViV Voo
Step 3 By (3) and (4), the V; are distinct as P {representations (not only as

Fb{representations), except possibly when dim(V ) = 2. We rst check that
this exceptional case cannot occur. If dim(V4+) = 2 and its two irreducible

summands are isomorphic as P {representations, then the image of P under
projection to O(V4+;b4) is just ¥ Idy,g. Hence we can write V. =W W/,
where W2?W?" are 1{dimensional, P {invariant, and have nonsquare discrim-
inant. Also, dim(V-) is odd, since V4 and the V; for i k are all even
dimensional. So —Idy_ w lies in Cq,(P) but not in P. But this is im-
possible, since P is 2{centric in Q7(q). The argument when dim(V_) = 2 is
similar.

The V; are thus distinct as P {representations. So for all i & j, Homp Vi;Vj) =
0, and hence

1 1 =
HomE—,q[P](Vi( v = Fy GeHomg,py(Vi; Vi) = 0:

Thus any element of O(V (1);6(1)) which centralizes P sends each V(™ to
itself. In other words,

g
=hzi P (1). (D)5
Copins 7y (PIT21 - Cq 5, (P) O(Vi 5677
i=1

If dim(V ) 2, then since P contains all involutions in O(V ;b ) which
are P {invariant and have even dimensional (—1){eigenspace (see (3)), Lemma
A.4(c) shows that each element of Spin7(IE_?q) which commutes with P must act
onV via Id. Also, for 1 i k,since —Idy, 2 P by (3), each element in
the centralizer of P acts on V; with determinant 1 (Lemma A.4(c) again). We
thus conclude that
; Y (D). (D)
C q)(P):h2| SOV 6;77) F ldy,g T ldv_g: 5)
i=1

Spin; (F

Step 4 We next show that

Y
S(P)hziF ldyg f oldvg T ldv_g: ©
i=1

CSpin7(I_F
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Using (5), this means showing, for each 1 i Kk, that

L] )
pr; Cspim@q)(P):hu Ll [o VAo )
where pr; denotes the projection of O7(Fq) = O(V (1); b)) to O(V,™; (™M),

By Lemma A.6, dim(V;) = 2 or 4. We consider these two cases separately.

Case 4A If dim(V;) = 4, then by (2) and Lemma A.11(c), P! & P;\Q(V;; b;)
is 2{centric in Q(Vj; b;j) and is F,(Q(Vj; bj)){radical. Also, by Proposition A.5,

Q(Vi; bi) = Q4 (q) = SL2(@) ¢, SL2(q):

By Lemma A.11(a,f), under this identi cation, we have P! =Q ¢, Q', where
Q and Q" are 2{centric in SL»(q) and F»(SLy(q)){radical. The Sylow 2{
subgroups of SL,(q) are quaternion groups of order 8, all subgroups of a
quaternion 2{group are quaternion or cyclic, and cyclic 2{subgroups of SL,(q)
cannot be both 2{centric and F,(SL,(q)){radical. So Q and Q°’ must be

quaternion of order 8. By [23, 3.6.3], any cyclic 2{subgroup of SLZ(I_Fq)
of order 4 is conjugate to a subgroup of diagonal matrices, whose central-
izer is the group of all diagonal matrices in SL(IFy). Knowing this, one easily

checks that all nonabelian quaternion 2{subgroups of SLZ(I_Fq) are centric in
SL(Fy). It follows that Py is centric in

SOV 6y = SLa(Fy)  c, SLa(Fy):;
and hence that

Pri- Coping iy (P21 Cso(vi(l’;bi(l’)(PiO) =z(P)="F ldyg

Thus (7) holds in this case.

Case 4B If dim(Vi) = 2, then O(Vi;bj) = O, (q) is a dihedral group of
order 2(q 1) [24, Theorem 11.4]. Hence P;j 2 Syl,(O(Vj; bj)), since the Sylow
subgroups are the only radical 2{subgroups of a dihedral group. Fix V; for
any kK <j m, and choose 2 O(Vj;bj) of determinant (—1) whose (—1){
eigenspace has the same discriminant as Vj. Since Pj 2 Syl>(O(V;j; bj)), we can
assume (after conjugating if necessary) that 2 Pj. Then (—Idy;) lies in

P =P\ Qs(q). Hence for any g 2 Copiny iy (P21, Pi(Q) 2 ov;M; 1)
leaves both eigenspaces of invariant, and has determinant 1 by (5). Thus
pri(g9) = Idy,; and so (7) holds in this case.

Step 5 Clearly, —Idy lies in SO(V ;b ) if and only if dim(V ) is even
(which is the case for exactly one of the two spaces V ), and this holds if and
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only if —Ildy 2 Q(V ;b ). Also, since each V; for 1 i  k has square
discriminant (Lemma A.6 again), —Idy; 2 Q(V;j;b;j) for all such i. Thus (6)
and (1) imply that

Copins (i) (P2 P\ Q,(q) =P;

and hence that P is centric in Spin7(I_Fq). O

Proposition A.12 does not hold in general if Spin;(—) is replaced by an arbitrary
algebraic group. For example, assume q is an odd prime power, and let P

SLs(q) be the group of diagonal matrices of 2{power order. Then P is 2{centric
in SLs(q) and F2(SLs(q)){radical, but is de nitely not 2{centric in SL5(IF‘q).
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