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Introduction

0.A Review of previous works on exotic smooth structures on
open four{manifolds

Four{manifold theory has been deeply developed from two approaches. One is
based on geometry and functional analysis. In particular gauge theory, Yang{
Mills theory or Seiberg{Witten theory, construct moduli spaces as the sets of
solutions of nonlinear PDEs on four{manifolds. They have been discovered to
contain extremely rich information on smooth structure. In particular the con-
struction of Donaldson’s invariant uses Yang{Mills moduli spaces. The invari-
ant distinguishes many mutually-homeomorphic but non-di eomorphic pairs of
smooth four{manifolds. The other is based on topology, in particular Casson{
Freedman’s theory. In high dimensional di erential topology, Whitney’s trick
to remove self-intersections of immersed discs has played one of the most impor-
tant roles, but does not work in four dimensions. Casson’s idea was, instead of
removing them, to increase self-intersections by attaching immersed two han-
dles constructively so that all self-intersections were able to be pushed away
to in nity. Freedman veri ed that these in nite towers made from immersed
two{handles were all homeomorphic to the standard open two{handle, and they
are called Casson handles. This allowed the complete classi cation of oriented
simply-connected topological four{manifolds by their intersection forms and
Kirby{Siebenmann classes [15].

Combination of Casson{Freedman’s theory with gauge theory provided very
deep results on smooth structures on four{manifolds. One of the most im-
portant results on exotic R*s was due to Taubes, who discovered uncountably
many exotic smooth structures on R* [27]. In the essential step, he constructed
Yang{Mills gauge theory on periodic open four{manifolds. Let X be an ori-
ented topological four{manifold. Xnpt can admit at least one smooth structure
[16]. The idea was to verify that Xnpt was not able to admit any end-periodic
smooth structure. In fact otherwise it would produce generic Yang{Mills mod-
uli spaces over Xnpt as smooth manifolds. On the other hand, detailed analysis
on the moduli spaces veri ed that it was impossible for such spaces to exist.
Thus the smooth structure of the end was su ciently complicated to obtain
uncountably many exotic R*s.
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0.B Casson handles

Casson handles (CH) can be constructed inside smooth four{manifolds. One
de nes a smooth structure on CH by restriction. In another words, a tower
consists of smoothly-immersed two{handles, and so the tower itself admits a
smooth structure. Each building block by an immersed two handle is called a
kinky handle. Even though any Casson handle is homeomorphic to the standard
open two{handle, many of them are not di eomorphic to the standard one.
In fact even for the simplest Casson handle, CH.., consisting of a single and
positive kink at each stage, the following is known:

Lemma 0.1 [4,5] CHe. is exotic in the sense that the attaching circle cannot
bound a smoothly embedded disc inside CH...

For each signed in nite tree there corresponds a CH as a smooth four{manifold.
In this paper we will de ne a subclass of signed in nite trees which are called
homogeneous trees of bounded type. These are constructed iteratively by at-
taching in nitely many half-periodic trees. A connected in nite subtree of a
homogeneous tree of bounded type is called a tree of bounded type. Notice
that a Casson handle of a tree of bounded type admits a smooth embedding
by another CH of a tree of homogeneously bounded type. In this paper we
will use the term Casson handle of bounded type to refer to any Casson handle
constructed from a signed tree of homogeneously bounded type.

Now any Casson handle of bounded type can be smoothly embedded in CH
preserving the attaching circles. The above immediately implies the following:

Corollary 0.1 Any CH of bounded type is exotic.

Typically, smooth structures on Casson handles will have a deep e ect on the
smooth types of four{manifolds which contain them. Thus Casson handles are
smooth open four{manifolds with the attaching region, and comprise a rich
class among open four{manifolds. They will provide highly nontrivial examples
to study in open manifold theory. It is di cult to understand the important
numerical relationship between the growth of signed trees and the complexity of
smooth structures on the corresponding Casson handles. In [18] some relation
between Stein structures and the number of kinks was found.
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0.C Outline of the article

In this paper we study Yang{Mills gauge theory over Casson handles. Our nal
aim will be to measure the complexity of smooth structures on Casson handles
by means of gauge theory. Roughly speaking in order to construct Yang{Mills
theory on open four{manifolds, one needs to overcome two steps. The rst
is the Fredholm theory of the linearized equation. The other is perturbation
theory, or transversality, where the setting of perturbation is di erent from
the closed case (as we will explain below). A general procedure in Yang{Mills
theory tells us that in a situation on four{manifolds where the Fredholm theory
is applicable, one can obtain Yang{Mills moduli spaces as generically smooth
manifolds of nite dimension. In order to induce information on smooth four{
manifolds from these moduli spaces, they are required to be non-empty under
generic perturbation, where transversality theory will enter e ectively.

In this paper we show that for Casson handles of bounded type, one can impose
complete Riemannian metrics and weight functions on them so that Fredholm
theory can be done. So we will obtain Yang{Mills moduli spaces on them
as generically smooth manifolds of nite dimension. Perturbation theory on
Casson handles is at present under development.

Let (S;g) be a Riemannian (possibly open) oriented four{manifold,and E ¥ S
be an SO(3) bundle. A connection A on E is called anti-self-dual (ASD)
if its curvature form satis es the equation F, Fa + Fa = 0. Roughly
speaking when S is closed, the set of ASD connections modulo the gauge group
is the Yang{Muills moduli space, which is generically a smooth manifold of nite
dimension. In this case one does not have to take care so much on the underlying
function spaces. Any choice among various Sobolev spaces WK(S) (k large)
gives the same moduli space.

When S is open, there are no standard choices of function spaces. Letw: S 1
[0; 1) be a smooth function. Then one obtains weighted Sobolev spaces WX(S).
Let us choose an ASD connection Ag, and consider two sets. One is fﬁ, the
set of ASD connections such that their curvature forms are in L?. The other
is fﬁ(Ao) = fA : AisASD; A— Ay 2 WKg. In general these spaces are
very di erent and it seems di cult to study the geometry of the former space.
In a periodic case, one can see that these give the same moduli space modulo
gauge transformation, which follows from the exponential decay estimate on the
curvature forms. A standard argument on transversality also works using the
decay estimate. For the case of Casson handles, it seems natural to regard these
spaces # and fﬁ(Ao) as having mutually di erent natures. The exoticness of
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smooth types of various Casson handles come from how the boundary solid tori
are attached. These data are put in the cylindrical direction in our choice of
metric. So it would be a delicate matter how these moduli spaces behave near
the ends. The complexity of these moduli spaces will reflect that of the Casson
handles.

In our class of Casson handles of bounded type, we will show that a Fredholm
theory can be constructed using fﬁ(Ao). Our main concern here is analysis of
the Atiyah{Hitchin{Singer complex:

0 —1 WEHL((Y;g)) = WE((Y;g); 1) 21 wEkI((vig); 2) -1 O

In this paper we will explicitly construct Riemannian metrics and weight func-
tions over Casson handles, so that the above complex is Fredholm and its coho-
mology groups are calculable when restricted to our class. This is the Fredholm
part which we mentioned above. One may generalize this to the case with
coe cients in the adjoint bundle Ad(g) of E. We denote by H,,(AHS) the
cohomology groups with coe cient at A’ 2 1.

Suppose the above complex is Fredholm. Then roughly speaking the ASD
moduli space #(Ao)=¢ has a local model HY, = kerd},=imdas at A’. In
fact the moduli space has the structure of a nite-dimensional manifold at A,
when dao is injective and dy, is surjective. In that case H, is canonically
isomorphic to the tangent space of the moduli space at A’. These properties
are well known for closed four{manifolds. A parallel argument also works for
the open case. Once one Xxes a ‘base’ L2 ASD connection Ap 2 M, then
transversality also works for this case. Thus if one takes a generic metric g’
with respect to Ag, then the corresponding moduli space ﬁ(Ao;go;w)zei will
have the structure of a nite-dimensional manifold. Notice that these moduli
spaces are parameterized by Ag 2 9, and g’ will depend on Ag. This causes
some di culty in perturbation theory.

0.D Main results
Here is the main theorem:

Theorem 0.1 Let S be a smooth oriented open four{manifold constructed
by attaching to a zero handle Casson handles of homogeneous trees of bounded
type. Then there exists a complete Riemannian metric of bounded geometry g
and an weight function w on S such that one can construct ASD moduli spaces
over S as nite dimensional smooth manifolds with respect to (S;g;w).
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This follows from the next two propositions. In this paper we will introduce
admissibility for a pair of a Riemannian metric and a weight function over an
open four{manifold (1.A). Then we will show the following:

Proposition 0.1 Let S be an open four{manifold. Suppose one can equip an
admissible pair (g;w) over S. Then one can construct ASD moduli spaces over
S as nite-dimensional smooth manifolds.

In order to obtain admissible pairs over Casson handles of bounded type, we will
use an iterative method. The main construction in this paper is the following:

Proposition 0.2 Let S be in theorem 0:1. There exist a complete Rieman-
nian metric and an weight function on S so that the corresponding Atiyah{
Hitchin{Singer (AHS) complex over S becomes Fredholm. Moreover the metric
and the weight function over S give an admissible pair.

Let us outline the construction of Riemannian metrics on Casson handles by
restricting to simple cases. Each building block of a Casson handle, namely a
kinky handle, is di eomorphic to \(S' D?) with two attaching regions; one
is a tubular neighborhood of band sums of Whitehead links (this is connected
with the previous block), and the other is a disjoint union of the standard
open subsets S D? in ]St S?=@\S! D?3) (this is connected with the
next block). The number of end-connected sums is exactly the number of self-
intersections of the immersed two handle. The simplest Casson handles have
S1 D3 as their building blocks. We attach a Casson handle to the zero{handle
along the attaching circle and denote it by S = D* [ CH.

Let us consider a simple Casson handle, say CH(R+), a periodic Casson handle
by positive kinks. Unlike the Taubes construction, the building blocks here are
open. In order to make end-connected sums of building blocks isometrically, one
explicitly equips the metrics on the building blocks. Then the building block
as an open manifold becomes an ‘open cylindrical’ manifold. As in the Taubes
construction, one connects two attaching regions in a block. The result becomes
a cylindrical manifold on which analysis is already well known. By equipping it
with a suitable weight function, one will apply the Fourier{Laplace transform
between the cylindrical manifold and its periodic cover. By a kind of excision,
one obtains a Fredholm AHS complex over S.

This method shows that once one obtains some suitable function spaces on any
open manifolds, then the Fourier{Laplace transform works on their periodic
covers. We will use this observation iteratively. In general a Casson handle can
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be expressed by an in nite tree with one end point and with a sign  on each
edge. The next simplest Casson handle will be represented as follows. Let R
be the half-line with the vertices f0;1;2;:::g. We prepare another family of

tree:
R(2) = R+ Li=1;2;:: RY

where we connect i in R4 with 0 in R!.. For example one may assign — on
R+ and + on all fR' g;. Then one obtains the corresponding Casson handle
CH(R(2)). In this case the building blocks are di eomorphic to ~—, = (St
D3)\(S! D3 along R+. > has three attaching components. One is , the
tubular neighborhood of the band sum of two Whitehead links as before. We
will denote the others by ® and y, where these represent a generator of 1( »).
In order to apply Fourier{Laplace transform, one takes end-connected sums
twice. Firstly one takes the end-connected sum between and ' as before. The
result is an ‘open cylindrical’ manifold, since there still remains one attaching
region, y. One takes the end-connected sum of this with CH(R4) along v.
In this manner, one obtains another open manifold, ( »= "\ CH(R+).
Now we have already two kinds of analytic preparations. One is analysis for
cylindrical manifolds, and the other for the half-periodic Casson handle as we
have explained. By a kind of excision argument, one can verify that the AHS
complex on the open manifold is Fredholm. Half of part of its periodic covering
is exactly CH(R(2)). Again by a Fourier{Laplace transform and excision, one
obtains the Fredholm AHS complex over S = D* [ CH(R(2)).

These are simple examples, but the idea works for much more general cases of
Casson handles. One may iterate this construction inductively to more compli-
cated Casson handles.

In the case of end-connected sums, the excision argument tells us that just the
di erentials have closed range. In order to see the nite-dimensionality of the
cohomology, we will make explicit calculations. This is one point where we
use de Rham cohomology calculations. On this point a parallel argument by
Seiberg{Witten theory seems to have some technical di culty.

0.E Directions for further research

Finally let us indicate some possible developments arising from this kind of
analysis, assuming perturbation theory. We would like to propose here some
problems on the study of smooth structures on Casson handles.
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Let us consider algebraic surfaces, say the K3 surface. This decomposes topo-
logically as 2j — Egj]3(S? S?), and contains six Casson handles. One may
guess that it would be impossible to do Yang{Mills gauge theory on Casson han-
dles inside the K3 surface, or more generally inside many of algebraic surfaces.
One can verify that at least one of Fredholm theory or perturbation theory
breaks down [21]. It seems reasonable to think that the smooth structure on
the Casson handles in K3 will be so complicated that one might not be able to
do Fredholm theory. If perturbation theory could work on these, then one will
be able to tell that homogeneous Casson handles inside K3 should grow more
than exponentially. The argument is to construct Yang{Mills theory on Casson
handles and it will lead to a contradiction by dimension-counting on the moduli
spaces.

Let us take two Casson handles, CH(T1) and CH(T,) where T; are the corre-
sponding signed trees. When T; is embedded into T,, then there is a smooth
embedding, CH(T,) ,¥ CH(T;) preserving the attaching circles, but one can-
not say about converse embeddings of CH(T,) into CH(T,) in general. The
above argument suggests that any CH of bounded type will not be able to
embed into Casson handles inside K3 preserving the attaching circles.

In our situation here, one treats Casson handles whose trees grow polynomially.
In fact in our method, one might expect that as Casson handles grow near
exponentially, the continuous spectrum with respect to the AHS complex will
approach zero. It might be possible that even exponential growth is already
too complicated to obtain Fredholm theory. On the other hand one does not
know concretely how the signed trees grow for the case of Casson handles in K3
(for this direction, see [3]). In reality, any Casson handles of bounded type can
appear in S? S2npt, and so it would be interesting to study smooth types on
S2  S2npt arising from Casson handles of bounded type.

Next we will consider another problem. The re-imbedding theorem gives an-
other Casson handle inside a six stage tower preserving the attaching circles.
Now any Casson handle CH of bounded type can be embedded into one of the
simplest Casson handles CH CH(R ), say into CH4. Let CH.(n) be the
nth stage of CH... One may consider a question whether CH can be smoothly
embedded into CH.(n) for some large n preserving the attaching circles. For
this, we would like to outline a possible argument (see [5]). Let (Z;@0Z;@,2Z) be
a smoothly non-product h{cobordism with di erent Donaldson’s polynomials
on two boundaries. By using Kirby calculus technique, one may nd a decom-
position Z = W [ U where W is smoothly product and CH.(n) appears in
both the ends, @Z\W and @:Z\W . If CH could be smoothly embedded into
CH.4(n), then one will obtain Yang{Mills moduli spaces over both of @;Z \'W
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whose ends are consisted by CH of bounded type. Since these are di eomorphic,
the Donaldson’s invariants over them will have the same numerical value, which
would contradict the assumption. In the above situation, one would be able
to conclude that there are no smooth embeddings of CH into any nite-stage
approximations CH..(n) preserving the attaching circles.

The author would like to express his gratitude to the Max Planck Institut for
their hospitality, during his visit. He also would like to express his appreciation
of the referees for numerous comments and suggestions.

1 Yang{Mills moduli space

1.A Admissible four{manifolds

In this section, one will construct Yang{Mills moduli spaces over non compact
four{manifolds. We treat open four{manifolds which can admit Riemannian
metrics and weight functions such that they are able to construct a Fredholm
complex.

Let Y be a non compact smooth four{manifold. Throughout this section, one
always assumes that Y is simply-connected, and simply-connected at in nity.

Let g be a complete Riemannian manifold of bounded geometry and w: Y X
[0; 1) be a smooth function. Recall that a complete Riemannian metric is of
bounded geometry, if (1) the injectivity radius is more than a positive constant

> 0 at any point, and (2) forany | 0, supxoyjr'Rj< 1, where r and R
are with respect to g. Throughout this paper, we always assume that g is of
bounded geometry, and jr'(w)jCo(Y) < A forall | 1.

Let (Y) and 2(Y) be the exterior di erentials on i{forms and self dual
2{forms with respect to g, i = 0;1. Then we have the Atiyah{Hitchin{Singer
complex (without coe cient) as:

o—rci(y; 9t Hfrcty; H-ro

where d* = (1+ ) d. Using the L? adjoint operator (here we do not use any
weight functions), we get the next elliptic operator:

P=d* d:crq; Hecte; © %)
Let us introduce weighted Sobolev kz{norms onY by:

JUIWE = (1 & exp(w)jr'uj?vol)z:
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We denote these Sobolev weighted spaces by WY or L2, (for k = 0). Then one
has a complex of bounded maps:

0—1 W2(Y; 0 < wistiy; ) wiy; ) -1 o

Now let us say that the pair (g;w) is admissible, if the following conditions are
satis ed:

(1) The above consists of a Fredholm complex, namely each di erential has
closed range, and its cohomology group is of nite dimension as a vector space
over R. We denote their cohomology groups by H (AHS), =0;1;2. Notice
that by the condition, one has L2, adjoint operators d,, and (d+),,.

(2) Y admits a partition Y = K [ Y1 [:::Y; such that (a) K is a compact
subset and each Y;j is an open subset of Y, and (b) let us put D =d,, d+
or d (d+),- Then there is a positive constant Cy such that for any u 2
Cx(Yj; ), =1;2, one has the bound jujwk*?  CjD(u)jWy.

(38) For any f 2 CY(Y) with jdfjL3 (Y) < A, thereis T 2 R with f —F 2
L&(Y).

(4) There is a compact subset K Y and a homeomorphism Y nK = S3
[0; D).

In sections 2 to 5, we will construct admissible pairs for all Casson handles
constructed from homogeneous signed trees of bounded type.

Proposition 1.1 Let (g;w) be an admissible pair on Y. Then HO(AHS) =
HY(AHS) =0 and H?(AHS) k =H2(Y;R).

Proof Clearly H°(AHS) = HY(AHS) = 0 by the admissibility condition (3).
We show dim H?(AHS) k. For this, one takes two steps.

R
Let H&,(Y ; R)* be a subspace of HZ,(Y ; R) consisting of vectors with ,, u”u >
0. Then ng(Y;R)Jr is a linear subspace of H?(Y ;R) of dimension k, since
the natural map 1I: chp(Y ;R) ¥ H2(Y;R) gives an isomorphism.

Now by the above, one has dim ng(Y;R)Jr = k. For any element u 2

C1(Y; ?), let us denote by u™ the projection to 2 part. Then one de nes:
p: HL(Y R)* ¥ H?(AHS)

by assigning [u] @ [u™]. This map is well de ned. We show that p is an

injection.

Suppose [u*] = 0 2 H?(AHS). Then one has 2 WZ(Y; ) such that

ut =d*( ),or (u—d( ))* =0. Let us put v=u—d( ), and take the cup
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product hv;vi = RY v/v. One can use the Stokes theorem to see RYFy"d( )=
gy d(u” ) =0 (u is a closed form). Thus one has the equality | v~v =
Ry U ~u 0. On the other hand since v does not have self-dual part, one has

vy V2~V 0. This shows u=d( ). This implies [u] =02 HCZp(Y ;R)™ since |
gives an isomorphism. Thus one concludes dimH? k. O

Example 1.1 In general, dimHZ (Y ;R)* and dimH2(AHS) = ker(d.),, do
not coincide. One takes Y = R? R?, where one equips the standard metric on
R?, and the product one on Y . Let us choose a weight function w on Y . We
show dim H2(AHS) is nonzero. Let u; and uy be 2{forms on R? respectively,
such that juij 1, i = 1;2, pointwisely. Then clearly du;j = 0;i = 1,2,
and u; + u, gives a self-dual 2{form with bounded pointwise norm. Then one
puts v = exp(—w)(us + uz) 2 LZ(Y; %). Moreover v satis es the equation

d(exp(w)v) = 0. Thus v is a nontrivial element in HZ(AHS).

1.B  ASD moduli space

Let E ¥ Y be a G{vector bundle (where G = SO(3) or U(1)) such that
except on some compact subset K Y, EjYnK is trivial. One denotes the
corresponding principal G{bundle by P. For SO(3){bundles, E is determined
by wo(E) 2 H?(Y;Z,). In later sections, we x a trivialization of EjY nK.
Thuswe x an SO(3){bundle with w, and p1(E). Let A be a smooth connec-
tion over E such that except some compact subset on Y , it satis es the ASD
equation:
Fa+ FaA=0

where Fa is the curvature form of A. Let us denote by R(Y) the set of smooth
connections as above satisfying jFajL?(Y) < 4. By changing a trivialization,
one may assume jajL?(Y nK) < 1 where A=d+a on Y nK. Later we always
assume this property. If A is the trivial connection except some compact subset,
then it is an element in R(Y).

R
Lemma 1.1 For A2 R(Y), p1(A) = 4—12 y tr(Fa ™ Fa) is an integer.
In order to show this, one uses the following:

Sublemma 1.1 [14] Let D Y be a {ball with any point as the center,
where > 0 is su ciently small. Then there exists another small > 0 with
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the following property; suppose jFajL?(D) < . Then there exists a gauge
transformation g over D, such that:

SUPwopir'(@ (A) —d)j(x)  CijFajL?(D)
where C; are constants, independent of A.

Proof of lemma Let us take any small > 0. Then there exists a compact
subset K Y, and a smooth gauge transformation g 2 C1(Y ; Aut(E)) such
that jg A —djwl(YnK) < , where d is the trivial connection (Y is simply-
connected at in nity). In order to get g, one needs to use the above sublemma
and the patching argument. We omit to describe the process (see [11]). One
may assume that K is a compact submanifold with boundary. Let D(K) be
a double of K. Then using a cut-o function > around @K, one may extend
Al ”(g A) over D(K), by putting d over the other side of K D(K).
By the Chern{Weil theory, p;(A") is an integer. On the other hand, since
p1(A) — p1(A") may be arbitrarily small as above, one concludes that pi(A) is
an integer. This completes the proof. O

Let us put Ad(P) =P ¢ ®, where & is the Lie algebra of G. (P gR®=E).
We also denote by & the trivial Lie G{bundle. Then we have the Atiyah{
Hitchin{Singer complex (AHS complex) as:

0—¥ CX(Y;AdP)) Y cA(Y;Ad(P) ) LS cry;AdP) C3)-10

where dy = (1+ ) da. Using the L2, adjoint operator, we get the next elliptic
operator:

P(Aw = (da)y dx: WKLY, Ad(P) C3) ¥ WE(Y;AD(P) CC1°  2)):

Letus X Ag 2 R(Y). One de nes an a ne Hilbert space as:
A(P)o = FAg +aja2 WE(Y;AdP CT1Y)g; k 3
Let us take g 2 CL_(Y;AutE). By embedding as g 2 Ct (Y ;Hom(E;E)),

loc loc

one may consider ra,g 2 CO(Y; Hom(E;E) CT1Y). Notice that if g is locally
W*#, then it is of C! class. Now one de nes the weighted Sobolev gauge group:

& (P) = fh 2 W} .(Y ; Aut(E))jra,h 2 W, (Y ;Hom(E; E) CT1Y)g; | 4
&1(P)o = Fh 2 W (Y ; Aut(E))jh — id 2 W "(Y ; Hom(E; E) CT1Y )g:

(1.2)
First of all one has the following property of &;(P). Suppose one of the
following two conditions; (1) G = U(1), or (2) G = SO@) and AjYynK 2
WE(Y nK; Ad(P) 1) where the trivialization of EjY nK is xed. Then:
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Lemma 1.2 For each h 2 &+1(P), there exists h 2 G such that h—h 2
WE(Y nK; Aut(E)), where h is a constant gauge transformation.

Proof This follows from Kato’s inequality, jra,hj djhj almost everywhere,
and admissibility condition (3). O

The Lie algebras of &(P) and &,(P)q are correspondingly as follows:
ai(P) = Fh 2 W (Y s Ad(P))irah 2 Wy (Y ; Ad(P) [TIY )g;

| (1.2)
g1(P)o = W, (Y ;Ad(P)):

Lemma 1.3 (1) Sy+1(P)o actson Ax(P)o by g (Ag+a) =g 1ra,g+g tag.
(2) Suppose P is a U(1){bundle with G = U(1). Then &y+1(P) acts on
Ac(P).

The proof is standard, and we omit it.

Notice that &y.1(P) may not act on (P )o, since Ag may live only in L2(Y).
Let us de ne:
ﬁk(P) =fA2 Qlk(P)o Fa+ Fa= Og

Then &x+1(P)o acts on SR (P). Thus one gets the quotient space:
My (P) = Bk (P )=Bk+1(P)o:

Remark 1.1 9 (P) is constructed after choosing a base connection Ag 2
R(Y) and WK Hilbert spaces. It can be shown that this space is in fact inde-
pendent of choice of k. However it would de nitely depend on choice of Ay (Ag
lies only in L? with respect to the trivialization on the end). Thus one could
express the space as:

Dﬁk(P) = mk(P;Ao)Z

Let us nd a linear space which corresponds to the tangent space of 2(P ).
Lemma 1.4 There exist natural continuous maps:

exp: gk+1(P);  (WETLH(Y;AA(P))) ¥ Sks1(P)  (&k+1(P)o):

Moreover, let us put &, (P)() = fg 2 By+1(P)jig — LWL (Y)  g. Then
for su ciently small > 0, there exists log: &x+1(P)o() ¥ WE*L(Y;AdP)
which inverts exp. One has a similar statement for exp jWX*1(Y ; Ad(P)).
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We also omit the proof.
Let us take any A 2 2 (P)o, and consider the following continuous map:
da: gker(P) ¥ WE(Y;AdP CTIY)

by u ¥ %(exp(tu)A)jtzo. Locally this map is expressed as u ¥ du + [u;a].

Lemma 1.5 Suppose an admissible pair (g;w) is given. Then for the AHS
complex, da and d, are closed operators.

Proof Let us show that dajw.**(Y;Ad(P)) has closed range. Let A} 2
A (P) be a smooth connection which coincides with A on some compact subset
K, and is trivial except on another compact subset. Then one has A = A% +a,
a2 WK(Y;AdP [TIY). Let ” beacut-o function such that for some compact
subsets K K’ KY Y, onehas ’jK' 1 and *j(K®)¢ 0. By the
assumption, d: WX*1(y; 0) ¥ Wk(y; 1) is invertible (satis es jd(u)jWx
Cjujwk*1). Then one sees d(;—-y, is invertible by choosing su ciently large
K? KUY, using the Sobolev embedding, W/, ,¥ CO. Then one has the
following estimate:
JUIWG CGda (U)W + JUiWy)
C(da(UiWyy + 7 UjWys + (L = 7)ujWy)
C(jda(U)iWys + 7 UjWys + jd—-ya (L — 7IU)Wif)
C(da(U)iWyg + 7 ujWys + j(1 = 7)d(1—~ya (U)jWys+
j[da—-ya; (1 = IUjW,)
C((da(WiWyy + 7 ujWyS +j(1 = 7)da(WiWy+
ilda—-ya; (1 = IUiWyg + (L — 7)["a + Ag; uliwy)
C(ida(WiWy +]J UjWy)

(1.3)

where is another compactly-supported cut-o function with jSupp” 1.
The last inequality shows that da is a closed operator (see lemma 3:1).

Next let us consider dy. Notice that we have now the adjoint operator (da),,

Then it is enough to see dx(ker(da)y, \ WX WE(Y;Ad(P) C—%) has

closed range (see lemma 1:6 and lemma 3:1). Let us put D = (da),, dx.

Then using admissibility condition (2) and the above argument, one gets a

similar inequality jujWk*?  C(D(u)jWK +j ujwk) where a cut-o function
has compact support. In particular D: WX*! ¥ WK has closed range.
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Let us take u 2 WE*1(Y ; Ad(P) 1) with (da),,(u) =0. Then by the above
two facts, one has a similar inequality:

JUIWG™ CdAUIWy +] UjWL):
This shows that d, also has closed range. This completes the proof. O
Corollary 1.1 Let A 2 2x(P)o. Then the AHS complex
0 —¥ WKLY Ad(P)) -2 WX(Y; Ad(P) L)

d+

—/!Dwv's—l(Y;Ad(P) C3)-10
is a Fredholm complex of index —2p1(P) +3 dim HY(AHS) — dim H2(AHS) .
The index computation uses the excision principle, or relative index theorem

[20]. One can also use [2] and the method in section 5 here. One denotes their
cohomology groups by H,(AHS), =0;1;2.

Let us consider the restriction:
da: WETL(Y;AdP) ¥ WE(Y;AdP CTIVY):
By the above corollary, one may consider the adjoint operator:
(da)y,: WE(Y; AP CTIY) ¥ WETL(Y;AdP):
One understands (da),, in the geometric way as follows. Let us take A 2
Ak (P)o. Then one has the ‘tangent space’ of Ax(P)o=®k+1(P)o at [A]:
WE(Y;AdP [CTY)
da(Ww (Y ; AdP))

= ker(da),,: WE(Y ;AP CTIY) ¥ WEL(Y;AdP):

Let us take a smooth family of connections A(t) 2 2 (P)o, t 2 [0;1]. Then one
has: o+
E
A(t) —
ot (da@) + da@)B  drgB
t=0

where B = % _0 2 Wy(Y ; AdP [TIY). Notice that near in nity, Fa can

t=

be written as dA(t) + A(t) MA(t). Each A(t) can be written as A(t) = Ag +a¢,
where a; 2 WK(Y;AdP [1). Since FXO = 0, one sees that F;t is a smooth
family in WX™1(Y ; AdP [—3). Now one gets the ‘tangent space’ of My (P) at
[A] as:

ker (da)y di: WE(Y;AdP CTIY) ¥ WEL(Y;AdP CC1°  2)):

In particular this space is isomorphic to H (AHS) which is of nite dimension.
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Lemma 1.6 kerda: WEYL(Y;Ad(P)) ¥ WK(Y;Ad(P) 1) is zero.

Proof This follows from Kato’s inequality, jrauj jdjujj almost everywhere.
Notice that there are also no L? functions u with da(u) = 0. This is also
seen as follows: Suppose u 2 L2(Y;Ad(P)), jujL? = 1, satis es da(u) = 0.
Then for g = exp(u) 2 &, one has g (A) = A. Then it is known that for
any path | between p and q in Y, one has Py g(p) = g(q) Py, where P,
is the parallel translation along I. Let q ¥ 1. Then g(q) approaches to
the identity. On the other hand since P, holds the inner product, one has

hP1(@(P)(W); 9(@)(Pi(u))ig  hg(p)(u);uiy. This shows that g(p) is near the
identity. This impossible. This completes the proof. O

Let us consider Mk (P) = Bk (P )o=Gk+1(P)o, and show that under some as-
sumptions, this space isa nite-dimensional smooth manifold. For A 2 2 (P )o,
let us put:
CGK = FA" 2 2 (P)oj(da)w (A" — A) = Og:
I: CGX  Bkr1(P)o ¥ A(P)o; (A;Q) A g A

Let us calculate dl at (A;id). If u 2 WX*(Y; Ad(P)) and v 2 WK(Y ; Ad(P) C1
1), one has:

%(exp tu) (A+tV)ji=o = dau +v:
Thus dl is given by:
dl =1 da: ker(da), \WE(Y;AdP CT1Y) WEH(Y;AdP)
T WE(Y;AdP CTIY):

Since da has closed range, it is clear that the above map is an isomorphism at
every (A;id).

(1.4)

Corollary 1.2 There are neighborhoods U~ 2dx(P)o of AandV  &x+1(P)o
of id such that:
I: UNCGK Vv ¥ 2 (P)o

is @ homeomorphism into its image. By restriction,
I: UNCGK(P)\B(P)o V T R (P)o

is also a homeomorphism into $Rx (P )o.

Now one has the following:
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Proposition 1.2 Suppose dx: WX(Y;AdP CT1Y) ¥ WX (Y;AdP [])
is a surjection for A 2 81 (P)o. Then MM (P) = SRk (P )o=6k+1(P)o is a nite-
dimensional smooth manifold at [A]. Its tangent space is naturally isomorphic
to kerdy=imda.

Proof This follows from the general facts on group actions [14, page 48]. From
the above corollary, it is enough to verify that the above | gives a slice for the
projection:

Fi(P)o ¥ Mk(P) = Bk (P)o=Gk+1(P)o:

These can be veri ed by bootstrapping as [14]. We omit to write it. O

1.C Perturbation of Riemannian metrics

In order to construct smooth moduli spaces, one uses K Uhlenbeck’s generic
metric theorem. Let (g;w) be an admissible pair for Y. Let us choose a
smooth map h: Y ¥ [0;1) with h(x) %(x). Then one introduces the
following Banach manifold:

¢=Ff 2C'(GI(TM)) : limsupy ( j=0e" ri( g—g) K =0;K compactg:
Let us take 2 ¢, and put g = g. Then one has the AHS complex with
respect to g’:
0—8 WEL((Yig): ©) - wi((vig); BT whTi(vig): 3 -t o

One sees that this is a Fredholm complex with the same index as the unper-
turbed one. Our aim in this section is to show the following:

Proposition 1.3 Suppose Y is inde nite. Then by a small perturbation of
the Riemannian metric, one has no orbit of reducible connections in M (P).
In particular 9 (P) is a smooth manifold.

In order to verify this, we follow [14]. Let us take any L? ASD connection Ag
over Y, and consider 2, (P)o = fAq + aja 2 WX(Y;Ad(P) C_1). Then one
introduces a &y+1(P)o equivariant map:

Pet 2(Plo € X W ((Y;0); %)

by P+(A; ) =P+(9)( ~1(Fa)), where P,(g) is the projection to the self dual
part with respect to g. Notice that this map is well-de ned since Ag is L2 ASD
with respect to g. Let us put M (P) = P(0).
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Proposition 1.4 [14] 9(P) \ 2 (P) &=6x+1(P)o is a smooth Banach
manifold.

Proof We sketch its proof. First we see that dP. is surjective at any (A; )
with P..(A; >) = 0. Then it follows that 9% (P) is a Banach manifold on which
Br+1(P)o acts. Then as before by making a slice for the action, one gets the
result.

Let ¢ be the Lie algebra of €. Then dP+ splits as:
dP+ = diPs+  doPy: WE(Y;AD(P) 1) ¢ ¥ WETY(Y; Ad(P) [1);

where diP+( ) = P+(@)(* 71 (da( )i(u; ), and d2P+(r) = P4((C71) (r F)).
We show that the di erential of P, is surjective { notice that

kerda \ WE*L(Y ; Ad(P)) = 0:
Let us consider the AHS complex:

0 —1 WEL(Ad(P)) 2 WK(Ad(P) 1) LS WK (Ad(P) 1) -1 O

Since this is Fredholm, one sees dP+ has nite codimension. Let us take a
representative u 2 coker dP+ with (dx) (u) =0. Thenone has (d») (e"u) =0.
Then one has the equations, da(Fa) = da(Fa) = da(v) = d(v) = 0, where
v =" (e"u). Then the same argument as [14, page 56] shows that on an open
dense subset of Y, Fa can be expressed as [aP 2 [CA#H(P), with jaj=1
(pointwise norm) and da(a) = 0. By the irreducibility, it follows a = 0, which
contradicts to non triviality of p1(P). This completes the proof. O

Proposition 1.5 Let us X Ap, an L? ASD connection with respect to g.
Then for a Baire set of 2 €, there are no reducible connections in 2Ax(P)o
with respect to  (Q).

Proof Suppose Ay is reducible and denote the corresponding U (1){connection
by the same Ag. Let P be a G = U(1){bundle. Then, similarly to before, one
puts:

A(P)o = FAo +aja 2 Wy(Y; Ng;

&r+1(P)o = Fh 2 WY ; Aut(E))jh —id 2 WeHH(Y; T ¥ [O)g:
Then &y+1(P)o acts on A (P)o. Now, as above, one considers P4: 2 (P)o

¢ 8 WETL((Y;d"); 2). As[14], if dP+ is not surjective, then it follows Fa, =
0. This shows that dP is surjective.

(1.5)
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Now one has a smooth Banach manifold M (P) = P 1(0)=6y+1(P)g. Let
us consider a Fredholm map between Banach manifolds —: M (P) ¥ €. Its
Fredholm index is the one of the following:

0—8 WKLY O % wkey; 1y wk ity 2)y—u o

One has H°(AHS) = H1(AHS) = 0, and H?(AHS) b?.. This is also the case
when one perturbs the Riemannian metrics slightly. In particular, if b3 > 0,
then one has dimH?! — dimH? < 0. Then the Sard{Smale theorem shows
that for a Baire set of ¢, there are no L2 ASD connections over nontrivial line
bundles. This shows that there are no orbits of reducible ASD connections in
Mk (P), for a Baire set of €. This completes the proof. ]

Let us put the projection : MM (P) ¥ ¢. Then the direct application of [14]
to this case shows:

Corollary 1.3 [14] Suppose b3 > 0. Then a Baire set of 2 ¢ exists such
that M ( )  ~1( ) are smooth nite dimensional manifolds.

2 A complete Riemannian metric on int W,

Roughly speaking the set of the anti-self-dual connections modulo equivalence
forms a nite-dimensional manifold, in the case when the base four{manifold is
closed. Then dimension is equal to the Fredholm index of the elliptic complex,
the Atiyah{Hitchin{Singer complex. One may make a Fredholm operator for a
four{manifold with boundary, using suitable complete Riemannian metrics on
its interior. In this case one uses the weighted Sobolev spaces on the elliptic
operator. For our purpose this is a basic construction, and later we will use
in nitely many such open Riemannian manifolds. In fact by gluing out all of
them iteratively, we will get another complete Riemannian manifold such that
the Atiyah{Hitchin{Singer complex becomes Fredholm between the weighted
Sobolev spaces. The aim in later sections is to construct admissible pairs over
Casson handles of bounded type.

2.A A speci ed embedding of W, into RN
Let Wy be a compact manifold with boundary of arbitrary dimension n. Let

us choose compact submanifolds with boundary M;; Ny  @Wq of the same
dimension, with empty intersection, M1 \ No = ;. Suppose M; and Ng are
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di eomorphic to each other, and denote W, = intWo [ M1 [ No. Let us take
a countable number of W and index them by Wi = Wy, i 2 Z. Then one

i+1.

constructs an open manifold Y by [W{ identifying MJ with N§
Y =::: W) Ly N5+1W0i+1 [:::

There is a natural smooth Z{action on Y, and we call Y a periodic open
manifold. There are obvious notions of periodic vector bundles over Y , and
periodic di erential operators over E.

In order to de ne (weighted) Sobolev spaces over Y we need, rst of all, a
complete Riemannian metric on intWg which extends to the one on Y. We
recall an explicit picture of end-connected sums along M; and Ng. Let us
choose smooth embeddings:

y(Y): Mi(No) [0;1),% @Wo [0;1) intWo:

Then we have the following equality (at this stage it is C1 sense, by smoothing
corners):
int Wo\int Wo = int Wonimy [ int Wonimy’

where we identify @M, [0; 1) [ My f0g with @Ng [0; 1) [ Ng fO0g.
In order to make this construction compatible with the metric on intWg, we
choose a particular style of Riemannian metric on int Wqy as follows. Let us
choose an embedding:

I: Wy ,1 RN*2

with the following six properties:

(1) Let us choose a small neighborhood of @Wy in Wy and identify it with
OWp [0; 1 Wo(), @Wo = @W, f0g. Then for any 2 [0; ], we have the
following:

Wo NRN* [0 T=Wo(); Wo()\E@Wp RN+1

(2) Forasmaller "< |, p(PWo( D\ @Wo g) RN*! is independent of
2 [0; 9, where p: RN*2 1 RN*1 js the obvious projection.

(3) 1jWonWg( ) is a C1 embedding (ie without corners).

(4) Let M; and Ng be tubular neighborhoods of M; and Ng in @Wq re-
spectively. As before we identify small neighborhoods of @M; and @No with
@M1 (0; 1 Mi()and @Ng (0; 1 No( ) respectively. Then we have the
following:

() Mj and N are di eomorphic to M; and Nq respectively,
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(b) @Wo\RN f0g=Mi; @Wo\RN flg= N,

(c) foro< < ,My()\RN  and No( )\RN f1— garedi eomorphic
to @M, and @Ng respectively.

(5) Wo()\RN [0; ]and Wo( )\RN  f1— g [0;], 2(0; ], are
di eomorphic to @M; [0; ][ M1 and @Ng [0; ] [ No respectively.

Moreover Wo( ) \ RN [0;] RN fog [0; ]and Wo()\RN f1—
g [0;] RN f0g [0; ] are independent of

(6) Let us denote M1( ) = Wo()\RN f g [0;]=TF(a;b;c) 2M()\
RN R Rg. We have similar notations for Ng. Then we have Ng( ) =
Mi() f@l-boj@bic)2Mi()g, 2 I.

Let us denote W) = WonWo \ RN  f0;1g [0; ]. Then 1jW} is a smooth
embedding with corners. Let us denote by gp the Riemannian metric on W‘g
induced from the standard one on RN*2 through 1. Notice important proper-
ties of go; for ' <

GoiWo( ) = (Qoi@Wo)  dy?  goiM1((0; ) \Wo( ") = (Goi@M1) dx* dy?

where we have the coordinates (t;x;y) 2 RN R R. We have a similar
expression for gojNo( ).

Now we de ne the desired Riemannian metric on int Wq as follows. Let us put:
Wo = W3 [ [@WonfM; [Nog]l (—1;0] [

@M; (—-1; 1 LM fg (10 [
[@No (—2;]1 [ No fg] [11):

Clearly W, is di eomorphic to intWy. On the other hand, by the above re-
mark, there is a natural extension of gg to gj\ﬁo. This is the desired complete
Riemannian metric. Later we will use the following notations. Let us choose
larget Oands 0. Then we denote:
Wo(t) = [@WonfM;1 [ Nog] f-tg
[ eMy f-tg (=1;0]
[ @No f-tg [1;1); (2.1)
Mi(s) =feM: (=1; ][M: fgg f-sg

We denote M1 ([So; S1]) = Ls2[se;s,)M1(S). We have a similar notation No(s).
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2.B Casson handles as Riemannian manifolds
Let us generalize the previous construction over the triple (Wp; M1; Ng) as fol-

they are disjoint from each other, Mj \Mj = ;. Then by choosing an appropri-
ate embedding 1: Wy ,¥ RN, one can construct a complete Riemannian metric
on intWg as 2.A. Then one expresses this as W:n:

W, =W [[@Won [ Mi] (=1;0]Li[@eM; (=1; J[M; fg] (—1;0]

Let beaRiemannsurfaceofgenusg 1,and be its solid Riemann surface.
Thus  is a three{manifold with boundary . Let us put Wy = [0;1], and
take g embeddings of S D? into @Wy which represents a generating set
of 1(Wy). We denote their images by My;:::;My. One may assume that

(Wi; No; Mq; 1225 My), where Ng is another embedding of S D? into @W.
The isotopy type of Ng is determined by the sign ( ; ) (k times). There
are exactly k+1 di eomorphism types of kinky handles with k kinks, since the
di eomorphism type of the kinky handle is invariant under permutation of the
signs.

A Casson handle is constructed by taking end connected sums of kinky handles
in nitely many times. It is expressed by an in nite tree (embedded in R?) with
additional information. Let us introduce the following:

De nition 2.1 Let T be an in nite tree with only one end point . T is said
to be a signed tree if every edge e is assigned one of + or —.

Let n(v) +1 be an integer which is the number of edges of T with common
end-point v. A signed tree T is said to be of bounded multiplicity if there exists
a constant C with C  n(v) forany v2 T.

Any tree with one end-point admits a natural distance from . One will
denote it by j j. Let T be a signed tree with one end-point . Let us take
any vertex v 2 T. Then there exists a unique edge e on T such that one of the
end-point of e is v, and the other V! satis es jv'j < jvj. To specify this e, one
denotes it as e(v). Let us denote nite subtrees by T, = [Fi‘gej , Where all the
edges ej has v as one end-point, and eo = e(v). Recall that each e; is assigned
with . Sinceej, 1 j n(v),areall assigned one of , the set fey;:::;enwy0
determines an isotopy class of smooth embedding Ng = S' D? ¥ OWn),
where W) is di eomorphic to _n(v) [0;1] and e(v) corresponds to Npg.
This class determines a di eomorphism type of a kinky handle. Thus every
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kinks as described above. In particular one may assign a complete Riemannian
manifold W, for every vertex v 2 T .

Let us take an edge e with end-points v and V!, and assign a large number
S 0. Then one can make end-connected sums of W, with W, as:

WvO\e;SWv Wvonl\/le([S; 1))\anNv([S; 1)):

One will also denote the set (T;S) by T, and also call it a signed tree. For every
e, one may connect W, and W, as above. By iterating these end-connected
sums for every edge, one gets a complete Riemannian four{manifold CH(T).
The di eomorphism type of this space, is the Casson handle corresponding to
T.

We denote (Wp; Np; M) as the simplest kinky handle. Then ¥(S) is a periodic
Riemannian four{space:

2(S) = [j2zWi([-S;S]); CH(R+) =®(S)o = [j2nWL ([—S; S])

where W3 ([—S;S]) = WJnNo([S; 1)) [ M1([S; 1)), and one enumerates the
same W, by W, j 2 Z. Even though CH(R.+) has very complicated smooth

structure, ¥(S) is di eomorphic to R*, and so it would not appropriate to
write it as CH(R).

following another Riemannian manifolds. Let us choose any 1  j I, say
Jj = 1. Now one de nes:

V(S Do = WinNo([S; 1)) [i=1 M([S; 1));
Y (S; Do =V (SiDo [}= Lv;s) Nocsy B (S)onNo([S; 1));
Y(S D) =Y (S151)0=No(S)  Mu(S); (2.2)
#(Sih 10 = Lzw [yigsy niics) Y (SiLDY;
B(SihD) = 2z Luis) nivis) Y (S Dh:
There is an in nite signed tree with a base point (T|.1)o such that ¥(S;1; 1), is
di eomorphic to CH((Ti:1)o0).

Let us take | half-lines R4;::: R4 (I times) where on each R4 the same sign
is given. Signs on two di erent half-lines may be mutually di erent. Then one
identi es all Ry at 0. The result is a connected signed in nite tree with a base
point. One denotes it by T{. (Ti1)o can be expressed as R. Lion (T(')_l)j,
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where (Ty~) are the same (T§ ) indexed by j 2 N, and on R. the same
sign is given.

Let us de ne:
Y(Sihmio  V(SiNo L=z Lyics) nacsy® (S miDo;
Y (S;I;m;1) =Y (S;1;m;1)0=No(S)  Ma(S);
B (S 1m0 = Gz Luisy nivigsy Y (Si1m; 1)
F(SiEmi1) = L2z Luisy nitis) Y (S;1;m; 1))

Similarly one has ¥(S;I;m;1)o = CH((Ti:m:1)0). Let us take signed in nite

(2.3)

result is a connected signed in nite tree with a base point. One denotes it by
(Tm:)b- As above, (T;:m:1)o can be expressed as Ry [jan [(Tm:)b *P, where
[(Tm)g *H are the same (Tm:1)y t indexed by j 2 N, and on R, the same
sign is given. Similarly one uses a notation (Tj:m:1)K, which one identi es k
(Ti:m:1)o at 0. Then using this, one can obtain (Tk:1:m:1)o by a similar method.

By iteration, one obtains Y (S; I;m;n; 1) and ¥(S;I;m;n;1)o = CH((Ti:m:n:1)0)
as above. Inductively one can obtain CH ((Tn,;::zn.:1)0) by iteration. One calls

(Thy;::ne:1)o @ homogeneous tree of bounded type.

Letn=1fny;ny;:::;np;:::g beanin nite set of positive integers. One can iter-
ate the previous construction in nitely many times. Then one gets a complete
Riemannian manifold:

CH((MTw)o) = CH((Thy;nz:::)0)

where we call (Tn)o a homogeneous tree. If there is a bound C with n; C
for all j, then we call it a homogeneous tree of bounded multiplicity.

3 Some properties of elliptic operators over W,

3.A Spectral decomposition

Throughout this paper, one uses the following lemmas. Let P be an order{1 el-
liptic di erential operator over a complete Riemannian manifold W of bounded
geometry. Let w be a weiﬂht function over W and weighted Sobolev k{norms
on W by jujwk = ( | « exp(w)jr'uj2vol)z. Thus one has a bounded map
P: WK*L(W) ¥ WK(W). Let us denote by P,, the formal adjoint operator
with respect to the weighted L2, inner product.
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Lemma 3.1 Suppose Spec =P,, P iscontainedin [ 2;1) for some > 0.
Then P: WE* ¥ WK has closed range.

Similarly P,,: Wk*1 ¥ WK also has closed range.

Proof Let us consider the rst statement. One veri es this by induction. Let
k = 0 and let fu;jg be a sequence in W, with jP (u;)jL3, ¥ 0. Since one has
the estimate jP (u)jL2,  jujLZ,, one sees juijjL2, ¥ 0. Moreover by the elliptic
estimate:

JUW Ck(P (U)iWyy + jujwy); k0
for some constants Cy, one concludes ju;jw, ¥ 0. This shows the result for
k=0.

We show by induction that if a sequence fujg in WX*! satis es jP (u;)jW, ¥ 0,
then ju;jWk ¥ 0. Then by the elliptic estimate, one gets the conclusion.
Suppose the result holds for k ko, and take a sequence fujg in Wko*2 with
jP (up)jWko*1 1 0. Then since jP (u;)jWke also converges to 0, one knows that
juijwke converges to 0 by the induction hypothesis. By the elliptic estimate,
one gets the result for kg + 1. This completes the proof of the rst statement.

Next let us consider the second statement. Let H? L2, be a closed subspace
which consists of the orthogonal complement of H P (W) L2, Notice the
following relation:

Wy ™) =Py, (H X\ W) Wy
Now let fv;g be a sequence in H \ W with jP,(vj)jL3 ¥ 0. Since one may
express vi = P(u;j) for uj 2 W2, one has j (uj)jL3, ¥ 0. Thus one has
juijL2 ¥ 0. Then by Cauchy{Schwartz, one has the estimate jP (u;)j°L2,
j (ujLZjuijL3. This shows jvijL2, ¥ 0. By the elliptic estimate, one sees

jvijW,l ¥ 0. Then by proceeding similarly as above, one veri es the conclusion
by induction. This completes the proof. O

Let W and w be as above, and consider an elliptic complex:
0-1E v E, M E, -1 0

over vector bundles on W .

Lemma 3.2 (1) Suppose do: WX*L(Eg) ¥ WK(E;) has closed range, and
kerdg = 0. Then there exists a constant C such that:

i(do)y do(W)iWyi(Eo)  CjujWiyy"(Eo)
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for any u. In particular (do),, do gives an isomorphism.
(2) Suppose the corresponding bounded complex:
0~ WiH2(Eo) 0 WETL(E) <1 WS(E2) =1 0
satis es the following; (1) do and d; have closed range, (2) the rst cohomology
group kerdi;=imdy =0, and (3) kerdg = 0.

Then for P = (dp),, di1 and =P, P, onehas Spec [ ;1) for some
positive constant > 0. Moreover (di),, has closed range.

Proof (1) Suppose the contrary, and take a sequence fujg W2 with j(do),,
do(ui)jLZ, ¥ 0. Then by Cauchy{Schwartz one has a convergent sequence
jdo(ui)jLZ, ¥ 0. Then by the elliptic estimate, one has jdo(u;)jW,; ¥ 0. By
closedness and the open mapping theorem, this shows existence of non-trivial
kernel. This is a contradiction. The rest of the proof follows by induction.

Part (2) follows from (1) and lemma 3.1. This completes the proof. O

Let us use the above notations. Let us put H = L2 (E;) \ (kerd;)?. Let us
consider restriction of = (dy),, dijH.

Corollary 3.1 Suppose dg and d; has closed range as above. Then Spec jH
is contained in [ ; ) for some positive > 0.

3.B Analysis over W,

Let us take the complete Riemannian manifold W, in 2.A. Let us take a smooth
function w: Wy ¥ [0; ). ﬂ'hen as before one has weighted Sobolev k norms

on Wy by juiwk = ( | « exp(w)jr'ujzvol)z. Then we have the Atiyah{
Hitchin{Singer complex (AHS complex) as:

0 -1 Wi(Wo; ©) <t Wit (W 1) S¥ wikWo; 2) -1 0
where d* =1+ ) d.

Let M be a complete Riemannian 3 manifold without boundary, but possibly
be non-compact. We have in mind M = W:O(t); No(s) or My(s). Let g be a
Riemannian metric on M, and denote also by g the product metricon M R.
Let (M R)and 34(M R) be the exterior di erentials on 1 forms and
self-dual 2{forms with respect to g. Then we have the natural identi cation:

‘M R)=p (H(M) p (O(M));
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ZM - R)=p (M)
where p: M R ¥ M is the projection. The isomorphisms are given by:
u+vdtb (u;v); mut+runNdtbu

Let us put X = M R. Using the L? adjoint operator (here we do not use
any weight functions), we get the elliptic operator P =d d*: 1(X) U
O0(X)  2(X). Using the above identi cation, this is expressed as:

P=d d7:p(°M) (M) Ep(°M) (M)

Let us use t as the coordinate on R. Then by a straightforward calculation,
one has the following expression:

d md d d .
@t d o T@t®

Notice that Q is an elliptic self adjoint di erential operator on L>(M; (M)

1(M)). Notice that if M is closed, then Q is not invertible (one has constant
functions). When M is non compact, 0 may be contained in the spectrum of
Q, even if there are no kernels for Q.

Let us introduce a weight function on X as follows. Let M be possibly

non-compact as above. Let us choose a positive number > 0 which will

be speci ed later, and choose a smooth proper function ': R ¥ [0; 1) with

iIRn[—1;1](t) = jtj. Thenwede ne : M R ¥ [0;1) by (m;t) (b).

Let us introduce weighted Sobolev k norms on X by:
Z

juwk =« exp()jr'ujvol

Nl

We denote these Sobolev weighted spaces by W or L2 (for k = 0). Then one
de nes an isometry:

LPCGp (0 )y rAxp (0 )
by 1(u) =exp(—5)u. Then one has the equality:

1d
I"PPI=P+2—:
2 dt
Let d be the L? adjoint operator, i.e. hu;d(v)ijL? = hd (u);vijL?, and put
P =d d*. Then we have the following expression:

d md d _1d d

I7P I =——+ -4 Y40
dt d -% ~2dt dt Q

WKOGP (0 ) T wkep (0 )
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We recall the de nition of Wy(t) or M1(s); No(s) in the last paragraph in 2.A.
Practically we will apply the next lemma for M = \ﬁo(t). Let us consider the
operator:

Q= ", cwktow; b 9 pwkv; B O

2
Notice that Q coincides with Q above for t 1.

Lemma 3.3 Suppose M is a closed Riemannian manifold. Then for a small
>0and k 0, Q gives an isomorphism.

Proof Let us take (u;v) 2 WK*I(M; 1 9) and put Q (u;v) = (Xy).
Then we have:

+—+=' __=.
d2udvx,du2vy

For convenience, we recall 2u = (—=1)PMPu, d u = (—=1)"*"*1 d u fora

p{form u on an n{dimensional manifold. Then from the above, we have:
1

2
d du+§du+ddv=dx= 3 +dd v+§y:

Thus we can solve v from (Xx;y) as follows:

1
2 =1

V= 3 +dd dx+§y

Next we have the following equality:

2du+§ u+ dv= x=du+§ u+ dv:

ddu+§d u+d dv=d x

(3.1)
=d du+§ du=d du+§ x—zu—dv
Then from this, we have the follo=/ving equation:
2
dd-— 3 u——z(x—dv)+d X; 2
dd u =§dv + dy:
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Thus one can again solve u as:
)= 1
= - = + — X+
u 5 dy+d x 2x dv
It follows that there is a constant C = C(M) such that SpecjQ j C(§)4-
Notice the following inequalities:

-2 2

juviwkt ¢ (u;v) wkt

B B (3.3)

AW +jyjwe 5 1Q (u; V)W

In fact one may assume that C only depends on sup, | »SUPyom iF'Rj(X),
where R is the curvature form with respect to the Levi{Civita connection.
This completes the proof. O

C

Let (P ) be the formal adjoint of the Sobolev weighted spaces. Then one
considers the same analysis for (P ) . Notice the equality:

ate np=1teE)
Thus one can analyze an operator of the form P = % +Q, since Q is
self-adjoint over M.
Let us take a smooth (non-proper) function:
- W, 1 [0;1)

which is horizontally constant, namely for some positive constant > 0 we
have j\ﬁo(t) = tfort 0. Using , one de nes weighted Sobolev spaces
WK((Wo;9); ). One has the expression P jM([0; 1)) = —& +Q o where:

d d
Qo= 4. o “WETMi(s) & ) T WEMs): P )
is an elliptic operator over M{(s), and ' = jM4(s) is its restriction. It follows
that Q o has closed range with empty kernel. We do not use this fact later.
In this case one can not see whether P de ned above is Fredholm or not,
since one has no simple statement as above for the weighted adjoint operator

(Q o) JdWHK(Mu(s); 1.

Let us take another weight function : W ¥ [0; 1), with jM(s); No(s)
’s, where we choose a su ciently small 0 < ! . Let us put:

w= + W1 [0; 1):
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We call w a weight function with weight ( ; ’). Let us use w as the weight
function. Then one obtains a bounded operator:

Pu=dy d": W™ Wo D) ¥ Wi © )

Passing through the isometry 1: L? ¥ L3, 1(u) = exp(—%)u, Py has the
following expression on M1([0; 1)) and No([0; 1.)):

) __ 0 dd 10 0 .
I Pw 1= @s+ d, 0 +2 0 —1 @s+Q""'
On the other hand one has another expression on w:o([o; 1)):
_ @ d+, d @
It Py 1=——+ 2 =——+Qh:
v ot d —3 at " Qw

3.C Decay estimate

Let M be a (possibly non-compact) n{dimensional Riemannian manifold of
bounded geometry. In practice M stands for Wo(t) (or No(s); M1(s)). Let us
take a smooth function : M ¥ [0;1). Let E and F be vector bundles over
M, and take an elliptic operator:

Q: WK*Y(M:E) ¥ WK(M; F):

Letuschoose : M R ¥ R,y by (m;t)= jtjforjtj 1,andputw= +
Then one considers the following operator:
d

P=— +
dt

Q: WK (M R;p E) ¥ WX(M  R;p F):

Let P, be the formal adjoint operator with respect to the weighted inner prod-
uct. Then P,,P admits a spectral decomposition. For u2 WX(M  R;p (E)),
we denote Specu 2 [0; ] if u lies in the image of the spectral projection

BAO; D).

Suppose the above Q is a Fredholm operator, and is self adjoint with respect
to the weighted L? inner product.

Proposition 3.1 [24, 13, 28] For su ciently small > 0, the above P is
Fredholm. Moreover if Q is invertible, then one may choose = 0. In particular
P is also invertible.

Suppose Q: WK*1(M;E) ¥ WK(M:F) has closed range with kerQ = 0. Let
us put = Q Q, and choose a positive constant o > 0 with Spec 2

Geometry & Topology, Volume 8 (2004)



ASD moduli spaces over four{manifolds with tree-like ends 809

[ 3,1). Then under the above condition, one has the following; for any
small o, there exist positive constants C; g > 0 such that for any
u2 WktI(M  R;p E) with Specu 2 [0; ] for P,, P, we have the following
decay estimate:

ju( ;DIL> (M) Cexp(— ojthiuiL> (M [0;1)); t 0

Proof The rst statement follows from the decay estimate. Next let us take
u as above, and denote itsRince on M s by us. Let us put a smooth function
f: R ¥[0;1) by f(s) = ,,_ exp( )jusj?. Then by di erentiating, one has the
inequalities:

z
() =2 exp( Hhul;uli+  exp( )hu¥; usi
Ms Ms
z z
2 exp( Hhud;uli+  exp( h( — )us;Usi (3.4)
Z Ms MS
2 exp( h( — usiusi  2( o — )F(s):
Ms
Thus one has di erential inequalities " of. From this, one can get the
desired estimate. This completes the proof. ]

Let Y be a complete Riemannian four{manifold such that except for a compact
subset K Y, YnK is isometric to Y (0) [0; 1) where Y (0) is a closed
manifold. Let us equip a weight function :Y ¥ [0;1) by jY(@©0) t= t.
Let I: L?(Y) = L?(Y) be the isometry.

Corollary 3.2 [24] The corresponding:
P=17"P 1 Wiy, D B wky; © %)

gives a Fredholm map.

Proof This is well known, but for convenience we recall the proof. Let us take
acut-o function ”jy with ”jYy (0) [1;1) 1,and ”jK 0. Let us choose
any u 2 WX*L(Y; 1), Then one may regard “u 2 WK*1(Y (0) R; 1). Thus
one has the estimate:

jujWk+1 j’UjWk+1 +j(1 _ ’)UjWk+l
Cj”P (U)W  +j[*; PIujwk + j(1 — *)Pujwk (3.5)
+j[( = ") Pluiw* + j(L = Mujwg:
This shows that P has closed range with nite-dimensional kernel. One has a
similar estimate for P . This shows the result. O
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3.D First cohomology
Let w= + Dbe as in the last paragraph of 3.B.

Lemma 3.4 For a su ciently small choice of ° ,d: WLy, 0) ¥
WX(Wo; 1) has closed range with kerd = 0.

Proof Clearly kerd = 0.

As lemma 3.3, passing through the isometry I, 171 d Ij\ﬁo([o; 1)) can be
expressed as:

d +

gt G5 WKWl ([0; 1)) ¥ WKWp(o; 1); ©  b):

Clearly this has closed range. One has the same property on Ng([0; 1)) and
M1([0; 1)).

Now let H; W"*l(\ﬁo), i = 0;1;2;3 be closed subsets whose supports lie
in No([0; 1)), M1([0; 1)), Wy([0; 1)) and K respectively, where K W is
some compact subset. Then one may assume [iH; = W"*l(\ﬁo). Now by the
open mapping theorem and above, every image d(H;) has closed range. This
completes the proof. ]

Let us consider Wy and the weight function w on it with the weight constants
(; "). Let us recall that we have a bounded complex:

0 -1 WE2(Wo) <8 Wi Wo; 1) =1 wi(Wy; 3) -1 0
where the weight function is w = +

It is clear kerdo = 0. Suppose ! 2 WV%,(WO; D) with d.(¥) = 0. Then by
integration by parts, one has 0 = \7\70jd+!j2 =1 Wojd!jz. In particular we

have d! = 0. The following sublemma shows H(AHS) = 0.

Let W = W, or ¥(S) in 2.B. Recall that one has a weight function  over
W,. There is a natural extension of on ®(S). Let : ¥(S) ¥ [0;1) be
another weight function de ned as j\‘ﬂ/:(;‘([—S;S])(x) = I(jnj + t(x)), where
t: WO([—S;S]) ¥ [0;1] satis es tjNo(S) 0 and tjMy(S) 1.

Let w= + be aweight function on W. In order to make explicit the weight
constants, sometimes one uses notations () and ( '). Later one will show
that d: WE*1(®(S)) ¥ WK(B(S); 1) has closed range. Assuming this, one
has the following:
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Sublemma 3.1 Let f 2 C1(W) satis es jdfjL2,(W) < 1. Then there are
constants C and k = k(f) such that:

if —kjL2 < 1.:

Proof The situation di ers from [27, lemma 5.2], in that on the end, we have
non compact slices, Wo(t); M1(s), and Ng(s). In order to verify this, one takes
two steps. First one sees a weaker version of the sublemma.

Step 1: Let us choose any o < and any ) < 0 so that the pair ( o; }) is
su ciently near (; "). Letusputw= ()+ (Dandw' = (o)+ ().
Then we claim that f —k 2 L2,.

By lemma 3:2(1) and lemma 3:4, one has an estimate:
Z Z
exp(W)juj> C  exp(w)jduj?:
w w

This shows that gne has a Hilbert space, which is a completion of C,:%(W) by

the norm juj? = |, exp(w)jduj®. Let us gake any f 2 C(W) with df 2 L.
Using a functional s: H ¥ R, by s(v) = exp(w)(jdvj2 — 2hdv; df i), one gets
a unique u = (d,,d)~*(d,,df) 2 H with dy,d(f —up=0. We show that g = f—u
is in L2,. From dg 2 L2, one has estimates W([t;tﬂ])jdgjz exp(— t) ¢,
where ¢ ¥ 0. Notice that dg satis es the elliptic equation (d,, d)dg = 0.
Thus by the local Sobolev embedding and the above estimate, one gets:

SUPG,oiddi  Cexp(—=7) ¢
In particular one has the next estimate:
Z t
jgm;t)j Ci1+ Crexp —?S sds;
0

where C; = jg(m;0)j. This shows that there is a constant C,, such that
limes 2 SUPw (m:tyJ9 — Cmj = 0. It is clear that Cn, is independent of m, and
we write the same constant by C.

Let us make a similar procedure on s direction along M1(s) and Ng(s). Then
one nds other constants C” and C¥ such that g — C'jM;(m;s) and g —
CY%Ng(m;s) vanish at in nity for every m. Again it is clear that C = C' = C".

Now one nds a constant ¢ with jdgj(x) cexp(—@). Then by integration,
one has the inequality:

. . W(X
J9—Cj(x) cexp —%
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Notice that for any >0, w is integrable over W. Combining with this and
the above inequality, one gets the rst claim.

Step 2: For any su ciently small pair ( ; '), one has a well-de ned rst co-
homology group H(; %) = kerd \ L2(W; 1)=d(W2(W)). Then one has a
natural map:

it HY(; ) 1 HY (o )

We claim that i is an injection. This is enough for the proof of the sublemma.

Letusput (; =@, dy,@d, donLZW; Y, w=w(;". Then
the spectrum of  (; ") is discrete near 0. Thus for ( o; }) su ciently near
(; 9, onehas dimH(; %) dimH(o; ).

Suppose these dimensions are di erent. Then one chooses another ; < |
and § < . If dimH!(¢; 3) = dimHI( 1; }), then one puts o = and
0 = g and gets the conclusion. If these dimensions are di erent, one has
dimH(o; ) > dimH( 3; }). If they are di erent, then one must have
dimH(; % 2. Let us take another , < ;< o and J similarly.

One iterates this process until one gets the equality on dimension. If this is not
the case, one has an in nite sequence ( i; !). By choice, one may assume that
this sequence converges to ( 1; 4) with2 ;O — O < 12O < (. Then

( 1; %) must have a continuous spectrum near 0. This is a contradiction.
This completes the proof. ]

Remark 3.1 When ° = 0 (no weight in the horizontal direction), one can
still nd some constant C such that g — C vanishes at in nity. Let us take
any (m';t) 2 W:(;‘([—S;S]) %(S). Then we show that if n is su ciently
large, then jg(m";t) — Cpj is su ciently small for C, as above. With respect
to n, let us choose a su ciently large T. Then since one has the estimate
jdgj8(S)(T) C exp(—TT), one may assume jg(m;T)—g(m’; T)j issu ciently
small. On the other hand, jg(m’t) — g(m’; T)j is less than ,, where ,, ¥ 0
asn ¥ 4. Thus jg(m’;t) — Cmj is su ciently small.

Lemma 3.5 Let W = ¥(S). H!( ;0) is naturally isomorphic to H( ; ?).

Proof Let 2 H(;0) be a harmonic representative. Then from corollary
4.1 below, and by the same method as [27, lemma 5.3], one can verify 2
'—3\/( -5y (P(S); 1. This completes the proof. m]
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4 Fourier{Laplace transforms between open mani-
folds

4.A Fourier{Laplace transforms

Our main application is the analysis over (Wg; Ng; M1) = kinky handles. Recall
that for the simplest kinky handle, Wy is di eomorphic to S* D3. In this
section, one considers (Wo = S D3;Mj:Ng), where M1;Nq are all di eo-
morphic to St D2, and the embeddings are given as follows. Let us regard
@Wo =SS! D2 [S! D2, and consider two knots st D%2,y2s! D2
as follows;

D) represents a Whitehead link diagram (see [22, page 79, gure 3.3]) and
2 y=st 0o st D2.

Notice that is null-homotopic, and y represents a generator of ;(Wy). Let
us take tubular neighborhoods of and y in St D? respectively. We denote
them as — and y. Then we choose =~ = M; and ¥ = Ngp. Let us denote the
quotient space by Y = Wp=M; Ng. By a simple calculation, one knows the
following:

Sublemma 4.1 H(Y:;R) =R and H?(Y ;R) = H3(Y ;R) = 0.

In this section, one introduces the Fourier{Laplace transform over Y , which is
an open analogue of the one in [27]. In order to do this, one will only require the
above topological conditions. In particular one can apply the method in this
section for cylindrical manifolds Y which includes the simplest Casson handles.

Now by the previous construction, one has a complete Riemannian manifold
Wo. Let us take in nitely many W, and for convenience, we enumerate the
same Wzo as W:i, i 2 7Z. Let us choose a su ciently large S, and introduce
notations:

W ([—S; S1) = WonfM,([S; 1)) [ No([S; 1))g;

4.1
Y (S) = Wo([-S; SI)=No(S) M (S): “

One has a natural extension of notation Y (S)(t) = Wo(t):No(S;t) Mq(S;1),
t 2 [0; 1). Recall that one has a weight function : W, ¥ [0; 1) by jW(t) =
t. One can make a natural extension of on Y (S). We will use the same

for this.
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Now one has a periodic Riemannian manifold as:
2S)= Lunes) noris) Wo (=S SD)
Luvorvisy Ng™2(s) W, +2([—S;S]):

There is a free and isometric Z{action on ¥ (S), and we denote the action 12 Z
by T.

(4.2)

Let us take vector bundles E; ¥ Y (S) (for i = 1;2) and a di erential operator
D between them. Then it lifts to the following one:

D: Cgp(B1) ¥ Coh(E2)
where E; ¥ ¥(S) are the natural lifts.

Let us take any 2 C; (El) and z 2 C . Then we de ne the Fourier{Laplace
transform of  by:

b( )= F_az"T" ()
Let us de ne another vector bundle over Y (S) C as:
El [E1 RT=Z 1Y) C

where 1 2 Z sends (; ) 2 B; [T to (T ;z ). One may regard E} as a
family of vector bundles fE}(z)g over Y (S), parameterized by z 2 C .

Now by restriction BjW9([—S;S]), b, de nes a smooth section over Y (S) of
E!(z), where W2([—S;S]) ®(S). Thus one may regard b, 2 C; 5 (E1(2)).
The Fourier{Laplace inversion formula is as follows. Let us take a smooth
section b 2 Cl(El) with b, 2 C (E (z)). Then for any s 2 (0; 1), the
following: Z
1
TN (X) P
2 1 izi=s
de nes a smooth section over E; ¥ ¥(S), where : ¥(S) ¥ Y (S) is the

projection and x 2 \ﬁg([—s; S]). By Cauchy’s formula, these are inverses of
each other, independently of s.

2 ( ()%

Let D be as above. Passing through the Fourier{Laplace transform, one has
another di erential operator between (Eg)' and (E;1)° by:

B,b, ©),:

Notice that at z = 1, (E;)’, i = 0;1, are isomorphic to E; ¥ Y(S) re-
spectively. In fact every (E;)"(z) is isomorphic to E; as follows. Let us take
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t: \ﬁo([—S;S]) ¥ [0;1], a smooth map such that t 0 near Ng(S),and t 1
near M1(S). By taking [0; 1) C as a branched line, one may de ne logz.
Let us put z' exp(tlogz), and consider zt b,. This gives a C{valued section
over EJ. One calculates B, in terms of this identi cation. The result is as:

B(z) =D +2z'[D;z7Y: CF(Eo) ¥ C&(Ey):

4.B Elliptic complexes over periodic covers

Let TE;; Digi=o:1.2 be an elliptic complex over Y (S). It is clear that it gives a
bounded one as:

0—1 Wk+2(ig) P8 wk*1(g)) Pi wk(e,) —1 o

Proposition 4.1 The above D; is an acyclic Fredholm complex, ie all coho-
mologies H' vanish, if for all z 2 C = fw 2 C ;jwj = 1g, i wk*i x
Wk+1=1g are also so.

Proof For any u 2 WK((S); ), b, has the following property; it lies in
WX((Ei)z; Y (S),) for all z with 0 <jzj 1.

When jzj = 1, the inner product on E; has a natural extension of a Hermitian
metric on Ej(z). Recall that Dj: WK*1(Y (S);Ei(z)) ¥ WK(Y (S); Ei+1(2))
has closed range. Let (Dj) be the formal adjoint operator. This di eren-
tial operator is de ned independently of z, with jzj = 1 over E;(z). By the
assumption, one has an isomorphism:

D=Dy (D1) : WKLY (S);Eo(z) Ea(2)) ¥ WX(Y (S); E1(2)):

We denote by D™ its inverse. On the other hand one has a natural lift of D
as:

D: WETL(B(S); By [By) ¥ WE(B(S);By):
Here we show that there is another bounded operator:
R: Wa(P(S);B1) ¥ W™ (P(S): B0 Ep)

with R D is the identity. From this, one knows that D has closed range. In
particular Dg has closed range.

Next one proceeds similarly for D = (Dy) D1. Then one also knows that
its lift D has closed range. Clearly it follows that D; has also closed range.
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Now let us take 2 WK*1(B(S);B; EB,). Then one considers b( ) =
D~1(b)y 2 Wk+1(Y (S); E1(z)). This element also has the property in the rst
paragraph of the proof.

Then one de nes R( ) 2 WX*1(®(S); El)zby:
TPROOIWD(=S; SD0) = 5 G N %
We claim that this assignment:

R: Wy (B(S);B1) ¥ Wi'(B(S)Ey )

gives a bounded operator. Then by the de nition of D; over Y (S), it satis es
R D=1.

Let us put C = fz = exp(i ) 2 Cg, nj\‘ﬂ/i‘,’([—S;S]) = T"( ). By regarding
b( ), 2 WK*L(WQ([—S;S])), one has a Fourier expansion b( ) = nz"7p,
" n+1JNo(S) = "njM1(S). Notice the equality D(”y) = n. One can regard
the value of the inner product hb( );b( )ijWKk(Y (S);E (2)) as a real-valued

function of 2 [0;2 ]. Then one has the equality:
Z,

| dBOPWSIY (S)E () =
Z

z " el (0= M WS RSISD) = i W
0

(4.3)
Combining with the inequality (D~! are bounded operators for all z 2 C)
jb( WKLY (S);E (2)) Cj IOjW" for every , one gets the estimate:

a7 WSHWE(-S;S))  C nj niWHWE(-S:SD):
From the equality, T"( ) = ,, one has the desired estimate:
JROIPWKHR(S) B ) = oj nfP WK I (WP(-S;S])) C njD(n)i?WX
=C WT"( )PWHWE(-S;S]) = Cj jPwk:

This completes the proof. O

4.C Computation of parametrized cohomology groups
In 4.C, one will verify the assumption in proposition 4.1.
Sublemma 4.2 Dj: WK*(Y(S);Ei(z)) ¥ WK(Y (S);Ei+1(z)) has closed

range.
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Proof It is true for z = 1. Recall Y (S) = Wy ([=S;S])=No(S) M1(S). Let
Hi WKLY (S);Ei(2)) be closed subsets satisfying:

(1) Hi [Hz =WX&*(Y (S);Ei(z)) and

(2 SuppHi Wo(—(S —1);S —1]) and SuppH,  No([—S;—(S — D] [
My([S — 1;S]).

By regarding Hi WKLY (S); Ei(1)), it follows that Dj(H;) is a closed
subspace of WK(Y (S): Ei+1(z)). Let u 2 H,. Then one may associate & 2
WKLY (S): Ei(1)) by 8jNo([—S; —(S —1)]) = u and 8jM1([S —1;S]) = z1u.
Clearly Dj(H2) = Dj(19,) is a closed subspace of WX(Y (S); Eix1(1)). Since
this assignment is isometric, it follows that H, is also a closed subspace of
WK(Y (S); Ei+1(2)).

This completes the proof. O

Proposition 4.2 Let fD g be an AHS complex. Suppose it gives a Fredholm
complex and all the conomology groups vanish, H/(WX(Y (S); );D ) = 0,
i =0;1;2. Then for C(1) = fz : jzj = 1g, one has H (WX(Y (S); ):(D ),) =
0 forall z2 C(1) and i =0;1;2.

Proof The rst part is essentially [27, page 390]. Let u 2 WX(Y (S); ,) with
do(u) = 0. Then passing through the identi cation zt: 2 = 0 one has
d(z7tu) = 0 where z7tu 2 WK(Y (S); ©9). Clearly this shows u = 0.

Next let us take 2 WX(Y(S); 1) with d+( ) = 0;d () = 0. Then by
integration by parts, one has d( ) =0. is zero in Hl(\ﬁo;R) (see the proof
of lemma 5.1). Thus one may express = d(f) on W for £ 2 C 1 (Wy([—S; S])
and d d(f) = 0. Let i: No(S) = M1(S) be the identi cation. Then one has
i (f) =zf+const. If one takes T so that it vanishes at in nity, then const = 0.

Thus one has thg equality: .

0= exp( hf;d d(f)ivol = — exp( )jdfj*:
Wo([—S:S])
This shows df = 0. Let O C(1) be the subset satisfying a property that
any 2 WHK(Y (S); 1) with d+( ) =0 satis esd =0. The above implies O
is non-empty, open and closed in C(1). Thus H (WX(Y (S); ):(D ),) =0,
=0;1 for all z2 C(1).

Now let us put D = (Dg) Dy, and consider =D D on L?(Y(S); 1(2)).
Then there is a constant > 0 with , > |, where , is the bottom of
Suppose H2 & 0 at z = exp(i o), but H2 =0 for all z =-exp(i ), 0 < .
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Then by choosing some , it follows that there exists u 2 W(Y (S); 2), z =
exp(i ) with (1) juiw! =1 and (2) j(D1) (WjL? <

Since D; is surjective, one nds 2 W?(Y(S); 1) with Dy( ) = u and
(Do) ( ) =0. Then there is a constant C independent of z such that:

juw?®  Cj jw?  Cj(D1) Di( )iL*:

This is a contradiction. This shows that the second cohomology also vanishes
for all z 2 C(1). This completes the proof. ]

4.D Computation of cohomology groups with z =1

Now we compute the cohomology H'(WX(Y (S); );D ) of the AHS complex
for the simplest kinky handles (Wg; Ng; M1). Notice that the end of Y (S) is
isometric to M [0; L) for a compact Riemannian three manifold M. We will
denote M =M ftg Y (S).

Proposition 4.3 Let Y (S) be as above. Then for all i = 0;1;2, the coho-
mologies H'(WK(Y (S); ):D ) vanish.

Proof Clearly H(AHS) = 0. Let us consider H1(AHS). Let us take any
representative u. By integration by parts, one nds du = 0. One may express
u=w+ fdt around theend Y(S) =M [0; 1), where w does not contain
dt component. Then through this isometry, one considers wy 2 (M) for
t 2 [0;1). Let d3 be the di erential over M. Then for every t, one has
dsw¢ = 0. Thus one may express wg = gi(t) i +d ¢, where T jg; consists
of the orthogonal basis of HY(M;R). Here one may assume d;( i) = 0. By
taking into account of dt component of du, one has the following equation:

i0i(t)’ i +d3 (1) = dsfe:

This shows gi(t)? 0. Since u 2 L?, one concludes gi(t) 0. Then one has
another equality, f; = (t)' + c(t), where c(t) are constants depending on t.
Thus one gets u =dz ¢+ ( { + c(t))dt.

Sublemma 4.3 If d3 { 2 WK, then for a smooth family of constants d(t),
one has ¢ — d(t) 2 WK,

R
Proof of sublemma Let us put d(t) = (volp) ™t pm  tvol. Then we show

that this family is the desired one. Notice that one has the following bound:
jd3 ¢jL? Cj ¢—d(t)jL? for some positive constant C. In particular one has
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t—d(t) 2 L?. Notice that one has the equality {—d(t) = ( o)~ *d d( ¢—d(t)),
and ( o)~ 'd is a translation invariant bounded operator. Thus we get:

t—d(®) _

X0 = LhC oyt - O = ()7 s

From the last term, one sees that %d(t) 2 L2. By a similar consideration, one
gets the result. This completes the proof of the sublemma. O

Proof of proposition (continued) Then by replacing by —d(t), one
may assume 2 WK. Thus d { =ds ¢+ Jdt 2 WK=1. On the other hand,
let us consider the equalityfy = §+c(t). Then it follows c(t) 2 W*™1. Let
us put C(t) = Otc(s)ds — 01 c(t). Then by [27, lemma 5.2] (see sublemma
3.1), one nds that C(t) 2 WX, and dC(t) = c(t). In particular we have
uj endY (S) = df, f 2 WK, Then using a cut-o function, one may represent u
by a compactly supported smooth 1 form, which is itself exact by a compactly
supported smooth function, since Hclp(Y (S);R) = 0. This shows H(AHS) =
0.

Next we consider H2(AHS). Let us take a representative u 2 H?(AHS). One
may choose u so that it satis es d(e u) = e~ d(ue ) = 0. Since H?(Y (S);R) =
0, one may express e u =d , 2 CL( 1). Let us denote jendY (S) =

+ T dt, where  does not contain dt component. Then we have the following
relation:

d jendY (S) =ds ¢+ (daf — {dt=ds ¢+ 3ds ¢~dt

where 3 is the star operator over M. Let us decompose = {+ 2, where
L( %) does (not) consists of a closed form over M. Then from the last two
terms, one nds d3fy = ( {)'. In particular one may represent:

eYujendY (S)=d f=d3 { —( §)’Ndt=ds {+ 3d3 {"dt:
By the decomposition, one nds a positive constant C such that:
jds WK (M) Cj GWK(My):
Now we have the next relations (put = 2 on the end):
eu=d; jJgW"(M) Cie ujw* *(My):

Sublemma 4.4 If > 0 issu ciently small with respect to S, then e u 2
L2(Y (S); 2)-

Geometry & Topology, Volume 8 (2004)



820 Tsuyoshi Kato

Proof of sublemma Let us consider e ujend =d . One may assume that for
every t, 2 CL( *(My)) lies on the orthogonal complement of kerd. Then
ad is invertible on (kerd)? by corollary 3.1. Moreover it is self-adjoint with
respect to the L? inner product. Since satis es the equation, (& + 3d3) =
0, one has the exponential decay estimate for . More precisely there exist
constants C > 0; o = 0 which are independent of , such that:

j JL2(My)  exp(— ot)supfj jLZ(Ms);0 s 2tg:

Notice that a priori, satis es the following bound of its growth j jL?(My)

C exp(tz)jujLz(Mt). Combining these estimates, one gets the exponential es-
timate for . Then one has also the exponential decay estimate for d on the
end. This completes the proof of the sublemma. O

Proof of proposition (continued) Let *¢: Y(S) ¥ [0;1] be acut-o func-
tion such that *jM [t+1;1) 0, "j(M J[t; 1)) 1. Letus xalarge S,
and let > 0 satisfy the above condition. By the above estimate on WK norm,
one nds *¢ 2 L2(Y(S); 3) for all t. Then for any small >0, one nds a

large t so that:
Z z z

U= d(e )NdCe )+ eVt <

This shows u 0, and we have shown H2(AHS) = 0 for this pair ( ;S). This
completes the proof of the proposition. O

Remark 4.1 Suppose for all 2 [ ; ¢], the di erential of the AHS complex
has closed range, where is su ciently small. Then H (AHS) also vanishes
for all !. This is seen as follows. Notice that for any choice of the constants,
one knows H°(AHS) = H1(AHS) = 0. We want to calculate H2(AHS) when
we vary ?> 0. Let us take an isomorphism:

W (Y (S); )=W (n(Y(S); )

where we denote () to express the weight constant. Passing through 1, one
has TW ( )(Y (S); ); 171 d g, acontinuous family of Fredholm complexes.
In particular, the indices of these complexes are invariant. Since for all cases,
one has H°(AHS) = HY(AHS) = 0, one concludes H2(AHS) = 0.

Remark 4.2 Suppose a cylindrical four{manifold Y has nonzero H?(Y ;R).
Then in this case, one has a bound:

dimH2(AHS) 2dimH?(Y ;R):
This directly follows from the proof of proposition 4.3.
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Corollary 4.1 Let us choose a su ciently small > 0. Then one has an
invertible operator:

Puw: WETL(B(S);, D =WEB(S) © 3

5 An asymptotic method to compute cohomology
5A P, over Y (S;2)

Let (Wop; Ng; M1) be a simplest kinky handle, and W be the Riemannian mani-
fold constructed before. In the previous section, one has the invertible operator:

P WKy (S); B T wk(s) © 3

By the Fourier{Laplace transform, one gets an invertible Fredholm P over
% (S) where:

S)= [W(-S;S)IW(-S;SDL::: 2%
Let T, be the periodic tree as R [ n2zRg, where Rg is half the real line. The aim
here is to show that P is invertible over the periodic cover of Y (S;2) de ned

below which corresponds to T,. Let (W>; Np; M3; M3) be a kinky handle with

two kinks, and W, be the corresponding complete Riemannian manifold. Thus
one has three ends in the horizontal direction, No([0; 1)); M; ([0; 1)), j = 1;2.
Let us choose a large S, and put:

?(S)o = W ((—1;SD LWS(—S;SD [:::;
Y (S;2) = WonNo([S; 1)) [ Mi([S; 1))=No(S)  Ma(S);  (5.1)
Y (S;2) = Y (S;2)'nM2([S; 1)) [ #(S)onNo([S; 1)):

One may equip a weight function on Y (S;2) as before.

Lemma 5.1 d : WK*(Y(S:2); ) ¥ WK(Y(S;2); *1) has closed range
with HO(AHS) = HY(AHS) = 0.

Proof Closedness follows from the excision method used before. Let us take
(Ws =St D3 Ng=S! D?), where Ny represents a generator of 1(Ws).
By the construction in 2.A, one can get a complete Riemannian manifold W,
with one end Np([0; 1)) along the horizontal direction. Let us put:

Y (S;2)(0) =Y (S; 2)'nMo([S; 1)) [ WsnNo([S; 1)):
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Notice that Y (S;2)(0) is di eomorphic to Y (S;2)", but Riemannian metrics
are di erent. (Y (S;2)(0) has cylindrical end.) By corollary 3.2, the di erential
of the AHS complex has closed range.

Let Hi WX*1(Y(S;2); ) be closed subsets with:

(1) Hi [Hz =WK"Y (S;2); ),

(2) SuppHi Y (S;2)'nMy([S; 1)) and SuppHz  ¥(S)onNo([S — 1; 1)).
One regards Hy  WK*1(Y(S:2)(0); ) and H,  WK*1(8(S); ). From
this, it follows that d (H;) are both closed subspace of WK(Y (S;2); *1).
Let us see ker Py, = 0. ker Py, is isomorphic to the rst conomology H!(AHS).
One can easily check H(Y (S;2); R) = R. Let us take a nonzero element w.
Then this has the property hw; Ci & 0 for any loop C representing a generator

of 1(Y(S;2)). One may choose C su ciently near to in nity while having a
bounded length.

Let us take u 2 H(AHS), and consider its class [u] 2 H(Y (S;2);R). It
follows [u] = 0, since one can make hu; Ci arbitrarily small by choosing C as
above. Thus one may express u = df for ¥ 2 C1(Y (S;2)). One may assume
f 2 L2(Y (S;2)), by subtracting some constant. This shows u = 0. Thus we
have shown the result. ]

5.B  Some continuity of H(AHS)

Let us introduce another weight function:

:(S) T [0;1)
by jW:n(s S)(X) = jnj+t(x). We choose another small constant ° (we take
it so that ° , Where is the weight constant for ). Then we introduce

another weight w= ¢ + ang weighted Sobolev k spaces WK, where:
Guiwg)? = _exp(" + )( fSir'u):
Y
Since one knows H (AHS) = 0 over ¥(S), it follows that there exists a positive

constant C > 0 such that jPyj; j(Pw)wj C, for any small '210; }].
Let Y be a complete Riemannian manifold of bounded geometry. Let us take
a family of smooth maps:

w(h: Y 170;1); w(OHX w(Hx); ® '2]0;] x2V:
Suppose that for all w( '), the corresponding AHS complex between weighted

Sobolev spaces are Fredholm. In any case it is immediate to see H°(AHS) = 0.
Here one has some continuity property as:
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Lemma 5.2 HY(AHS) =0 for =0 when H(AHS) =0 for !> 0.

Proof Let us denote ker(d+)y, o) = H2( %) (the second cohomology H?(AHS)
when it is de ned). Let us choose su ciently small constants:

s 0 g

Then one has H?( ") = H?( ). This follows from that by varying these weights
from w( ") to w( ¥), one gets a family of Fredholm complexes between the
weighted Sobolev spaces (these spaces also vary with respect to the deformation
of the weights). For every value of weights, one has H(AHS) = H1(AHS) = 0.
Thus one gets the above statement.

Sublemma 5.1 If H?( ¥) & 0, then one has also H?( ") & 0.

Proof of sublemma Let us denote w = w( ") and w’ = w( ). Let us take
v 2 L2, with d (exp(w’)v) = 0. Then one puts u = exp(—w + w’)v. One may
assume u 2 L2. Since u satis es d (exp(w)u) = 0, one gets the result. O

Proof of lemma (continued) Recall that by putting w = w( ), one also
has a Fredholm complex fW,, (Y (S;2); );d g. Then by varying a parameter
02 1[0; ], one has a family of Fredholm complexes:

W,,n(Y(S:2); )dg

From the above proof, one has the inclusion H2( ®) H?( ") forallo

’. Now let us see H?( ') = H?(0) and H1(0) = 0. Suppose H(0) & 0. Then
by invariance of Fredholm indices, one must have dimH?(0) > dimH?(").
This contradicts the above. This completes the proof. ]

5.C Computation of H?(AHS)

To show that P : WK*L(Y (S;2); 1) ¥ WK(Y(S;2); ©  2) is invertible,
one uses an asymptotic method. Roughly speaking one approximates Y (S;2)
by a family of Riemannian manifolds with cylindrical ends. Then the spectrum
of P over each cylindrical manifold has a uniform lower bound on 1 forms.
From this one gets a lower bound of (d+) over Y (S;2). In the presence of
H2(Y ;R), one can get a uniform bound of dim H?(AHS). The approximation
of spaces corresponds to the one of in nite tree by its nite subtrees. This
method completely works for higher stages in 5.D.
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Computation of dim H?(AHS) uses information of HX(AHS) on both approx-
imation spaces and the limit space. The former is obtained by proposition 4.3
and the latter by sublemma 3.1. On the other hand for all cases H°(AHS) = 0.
Then using this and proposition 4.3, one can apply the asymptotic method in
this section to verify HY(AHS) = 0 for the limit space. This will be another
method to compute H1(AHS) without using sublemma 3.1.

Let us take (Ws =S! DS3;Ng=S! D?) where Ny represents a generator of

1(Ws). Then by the construction in 2.A, one gets a complete Riemannian man-
ifold W5 with one end No([0; 1)) along horizontal direction. Let (Wo; No; M1)
be the simplest kinky handle as before. Let us put:

Y (8)o(n)’ = W (1=S;SD Lmies) nzcs) WE(—S;S)
Lvr-is) npes) W8S SD);
Y (S)o(m) =Y (S)o(n)' [mypcs) nocs) WsnNo([S; 1)); (5.2)
Y (8)8 = ::: Wy (=S SD Lunesy nonisy Wo W (=SiSD)
[M{‘_l(S) NZ(S) 0 ([=S; S [MF(S) No(S) WanO([S; 1)):
Notice Y (S)o(1)" = Y (S)o. Let us put Y (S;2)(n)’ = Y (S;2)" [u,s) NO(S)
Y (S)o(n)" and:
Y (S;2)(n) =Y (S;2) Lvas) nges) Y (S)o(n):
Y (S; 2)(n) is a complete Riemannian manifold with cylindrical end. Let the
weight function be : Y (S;2)(n) ¥ [0; 1), with weight as before.
Proposition 5.1 One gets isomorphisms:
P WY (S;9)(n); H=wWKY (Sm) © L
Proof By proposition 4.3, the conclusion is true when one uses a su ciently
small weight constant °. On the other hand, by the rst part of the proof
of lemma 5.1, the di erential of the AHS complex has closed range for all
02 (0; ]. From this, one gets H°(AHS) = HY(AHS) = 0 for all °. To see

H2(AHS) = 0, one can use the same method as proposition 4.2. This completes
the proof. O

In particular there are constants C,, such thatfor = (P ) P , one has the
bounds jujWk*2(Y (S;2)(n))  Cnj (WjWX(Y (S;2)(n)). Also one has bounds:

JUWKT2(Y (S;2))  Cj  (WIWX(Y (S;2));
JUW (Y (S)E)  Cj (W)iWR(Y (S)B):
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Sublemma 5.2 There is a lower bound C, C for all n.

Proof For any small > 0, there exists a large n with the following property:
for any u 2 WK*2(Y (S;2)(n)) with jujwk*2 = 1, there is at least one n’,
0 n' n with juw*2(®(=S;S]) < . Let *(n) be a cut-o function
on Y (S;2)(n) with ’(n°)j(\ﬁ6‘°([—s; SP)¢  1and Y (S;2)(n)nSuppd”(n’) has
two components. Then one may express ”(n)u = u; + u;. One may regard
U 2 WK*2(Y (S;2)), upz 2 WK*2(Y (S)¥). In particular one has the estimates:

JUWHET2 jua W - jugfw 2 (L — 7 (nf))ujw <+ (53)
Cfi (UDIWX+j (uwiwkg+ Cj (ujwk+cC '

where C is independent of and u. This gives the result. ]

Now suppose H2(AHS) is nonzero over Y (S;2), and take u 2 ker(d+) \
WKLY (S;2); 2) with jujwk*! = 1. For each n, let us take a cut-o func-
tion 7(n) on Y (S;2) with *(N)jY (S;2)(n —1)' 1, ~()j(Y (S;2)(n)")°
0. Then one may regard >(n)u 2 WK*1(Y (S;2)(n); %). Thus there exists
Vi 2 WK2(Y (S;2)(n); 1) with d (vn) = 0, d+(vn) = ”(n)u. By the above
sublemma, one has the uniform estimates:

1= j7(MmUuws! = jdy (va)jw k!

T (5.4)
CivajW ™2 Cjd+(va)iW**t  Cj=(n)ujw 1 ()

By the above ( ), one has the uniform estimates C  jvajWw**2  Cl. Let us
take a sequence 1 1 2 % 0. Then for each n, there exists a large
N = N(n) and L(n) 0 such that at least one ijjWk+2(\‘ﬂ/=5‘°([—S;S])) is
less than , for N —L(n) n’ N. Let us take a subsequence VN (n)Gn and
denote it by fv,g,. For simplicity of the notation, one may assume n’ =n—1.

Using this, one can verify ker(d+) = 0 over Y (S;2). Let us put = dd
(d+) d+ on WX*2(Y (S:2); 1). From above, one has the estimate:

jdd (*(n = vn)jw*

CAidvnW K (i) + W S (-SiSD)g C o

Geometry & Topology, Volume 8 (2004)



826 Tsuyoshi Kato

where C is independent of n. Then one has the estimates:
j (=W Cli(d+) (*(n—1)7 (Mu)jwX
+j(d+) [de; 7 (n = DvajW (Suppd”(n = 1))] + C
Cli*(n —1)7(n)(d+) (Wjw*
+jl(d+) ;7 (0= 1) 7 (MIUW*(Lj=n-1.nW ((=S; SD)
+j(d+) [du; 7(n = DIVa] WG H([=S;S)) + C
jl(d+) 57 (0= D7 (MW + j(d+) [ds; 7 (0 — DVajWS +C

(5.6)

One may assume that the last term is arbitrarily small. This shows that
there is a sequence fw, 2 WK*2(Y(S:2); g with C  jwajwk*2 !
and jP (wn)jWKk*1 converges to zero. This is a contradiction. This shows
ker(d+) =0 over Y (S;2).

Let (W; No) = (D% S D?) be the standard disk. Let Y = WinNo([S; 1)) [
2 (S)onNg([S; 1.)). In this case, one has HO(AHS) = H1(AHS) = 0 (notice Y
is simply connected). But H?(Y ;R) = R. In this case, one has the following:

Corollary 5.1 Suppose Y has nonzero H?(Y;R). Then one has a bound
dimH2(AHS) 2dimH?2(Y ;R).

Proof Suppose dimH2(AHS) 2dimH?(Y;R)+1=bh,+1. Let us take L?
orthogonal vectors up;:::;uUp,+1; 2 L2(Y : 3)\ker(d+) with jujjL? =1.

One can make a family of cylindrical manifolds Y (n) by the above method. By
a straightforward calculation, one has an upper bound of dimH?(Y (n); R) by
bo. By remark 4.2, it follows that dim H2(AHS) has also an upper bound over
Y (n). Now let *(n) be as above. Then for any small > 0, there exists a large
ng such that for all n  ng, one has:

jds) CMuiL® 5 jTmuil® 1— 5.7)

h>(nui; >(N)yjijL? 5 i=1:b+ 1 '
Let vi;:::;v, be an orthonormal basis of HZ_(AHS) over Y(n), I bz. Then
one may express “(n)uj = jajvj+d«( i), aj 2R. Letai = (a3;:::;8)) 2 R!.

Then the set of vectors ay;:::;ay,+1 would satisfy jajj 1— and haj;ajpl
with respect to the standard norm in R'. Since | < b, + 1, it is impossible to
nd such set. This completes the proof. ]
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5.D Fourier{Laplace transforms on higher stages

Let us put:

W2([—S; S]) = WanNo([S; 1)) [j=1.2 M; ([S; 1));

Y (8:2)0 = W2 [iz(s) nocs) P (S)onNo((S; 1));

B(Si2) =::Y(Si2)" [unesy nymisy Y (S 2)g Mt

B(S;2)0 =Y (S;2)g Lvis) nas) Y (S 2)5 Lmzes) ngs) Y (S 2)5:::
where (Y (S;2)g; M['(S); Ng'(S)) is the same triple (Y (S;2)o; M;j(S); No(S))

as before. Notice that ¥(S;2)o is di eomorphic to CH(TJ), where T) =
R+ [nh2n R+. Now by the Fourier{Laplace transform, one gets the following:

(5.8)

Corollary 5.2 P : WK*1(8(S;2); 1) ¥ WK(®(S;2); ©  2) is invertible.
Now one de nes: Tz = R [n2z T and T = Ry [non T2. Similarly T4 =
R [n2z TS. One inductively de nes Tj, j =1;2;::: as:

Ti+1 =R Ln2z T Thi =Ra [nan T}
where one puts T; =R, T? = R..

One can construct the corresponding spaces. Let (W2; No; M1; M) be a kinky
handle with two kinks. One has already de ned Y (S), Y (S;2). Let us de ne
inductively Y (S;j) as follows:

Y (S;1)o = Wa(I=S; S]) Imacs) Nocs) B (Sid — o;

Y (S:3) =Y (S;1)0=No(S)  Mu(S);

B(Si) =Y (S0 " Dunsy nonvigsy Y (Sid)g it

B(S:i)o =Y (S 1) Lmicsy nzs) Y Si1)? Dmzsy naesy Y (Si0)° e

One may express CH(TjO) = ¥(S;j)o. The previous method works for all
Y (S;]J) iteratively.

(5.9)

Proposition 5.2 P over Y (S;]j) are all Fredholm with H (AHS) = 0 for
=0;;2and j =1;2;:::.

Let ny;:::;ng 2 F1;2;:::9 be a set of positive integers. Then using kinky
handles with nj kinks, one has a natural extension, and gets (Tn,;:::n,;1)o Which

is a signed in nite tree. For Riemannian metrics on CH ((Tn,:::zn:1)0), See 2.B.

.....
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responding homogeneous tree of bounded type by (Tr)o. By the previous
method, one gets a complete Riemannian metric and a weight function on every
CH((Tn)o). Recall that one has constructed complete Riemannian metrics and
weight functions on Y (S;n).

Proposition 5.3 P : WKy (s;n); 1) ¥ wky(S;m); ©  2) gives an

| lp. Let us put m = fny;:::;N,+1;19. Then by Fourier{Laplace trans-
form and excision method used before, one knows P : WX*1(y(S:n); 1) ¥
WK(Y (S;m); ©  2) gives a closed operator with H (AHS) =0 for =0;1.
One may follow the same process to see H?(AHS) = 0 as 5.C. Thus one has
shown the result for lp + 1. This completes the induction step. O

In practical applications, one considers open four{manifolds composed of one
0{handle attached with Casson handles. Recall that k(S? S?)npt is homotopy-
equivalent to some wedges of S2. In particular Hi,(M;R) = H3(M;R) = 0.
Recall also that it has a link picture by k disjoint union of Hopf links with
0{framings. Let (W¢; My;:::;My) = (D% St D?;:::;S!  D?) express the
link diagram of k(S? S?)npt.

Let (T1)o;:::;(Tok)o be signed homogeneous trees of bounded type. Let us
consider an open four{manifold S obtained by attaching CH((T;j)o) along
(D% St D3;:::;S!  D3). Then by the previous procedure, one can equip a
complete Riemannian metric on S:

s W\ [ CH(To):

As before one can also equip a weight function , and the AHS complex over
S.

Corollary 5.3 The di erential of AHS complex has closed range over S with
HO(AHS) = HY(AHS) = 0 and dimH?(AHS) 2dimH?(S;R).

By the work of Freedman [15], the end of S admits a topological color, =
S® [0;1). In fact S is homeomorphic to k(S?> S?)npt. Now we have
completed the veri cation that any open four{manifold with a tree-like end of
bounded type can admit an admissible pair (g; ) on it.

Geometry & Topology, Volume 8 (2004)
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