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572 Aleksey Zinger

1 Introduction

1.1 Background

Enumerative geometry of algebraic varieties is a field of mathematics that has
been a subject of ongoing research since at least the nineteenth century. Prob-
lems in this field are geometric in nature. It has connections to other fields of
mathematics as well as to theoretical physics. The general goal of enumerative
algebraic geometry is to determine the number of geometric objects that sat-
isfy pre-specified geometric conditions. The objects are often, but not always,
complex curves in a smooth algebraic manifold. Such curves would be required
to represent a given homology class, to have certain singularities, and to satisfy
various contact conditions with respect to a collection of subvarieties. One of
the most well-known examples of an enumerative problem is:

Question A If d is a positive integer, what is the number ng of degree—
d rational curves that pass through 3d—1 points in general position in the
complex projective plane P??

Since the number of lines through any two distinct points is one, n;j=1. A
little bit of algebraic geometry and topology gives no=1 and nz=12. It is
far harder to find that ns = 620, but this number was computed as early as
the middle of the nineteenth century; see [I6, page 378]. The higher-degree
numbers remained unknown until the early 1990s, when a recursive formula for
the numbers ny was announced; see [7] and [I4].

For more than a hundred years, tools of algebraic geometry had been the dom-
inant force behind progress in enumerative algebraic geometry. However, in [5],
Gromov initiated the study of pseudoholomorphic curves in symplectic mani-
folds and demonstrated their usefulness by obtaining a number of important
results in symplectic topology. Since then moduli spaces of stable maps, ie of
the parameterizations of pseudoholomorphic curves, have evolved into a power-
ful tool in enumerative geometry and have become a central object in algebraic
geometry. In particular, these moduli spaces lie behind the derivation of the
recursive formula for the numbers ng in [7] and [I4]. The latter work, in fact,
gives a recursive-formula solution to the natural generalization of Question [Al
to projective spaces of arbitrary dimension:

Question B Suppose n > 2, d, and N are positive integers, and

ME(M17“‘?MN)
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Counting rational curves of arbitrary shape 573

is an N —tuple of proper subvarieties of P in general position such that

N
Zcodimcul:d(n+l)+n—3+N. (1.1)
=1
What is the number ng(p) of degree—d rational curves that pass through the
subvarieties ..., un?

Condition (TI) is necessary to ensure that the expected answer is finite and
not clearly zero. For straightforward geometric reasons (the same ones as for
the linearity property and the divisor equation in [I4) Section 1)), it is sufficient
to solve Question [Bl as well as other similar questions, for tuples p of linear
subspaces of P" of codimension at least two. Thus, the enumerative formulas
given below are stated and proved only for constraints p that are points in
P? or points and lines in P3. However, analogous formulas hold for arbitrary
constraints p.

Following [5] and [§], moduli spaces of stable maps into algebraic manifolds
became subjects of much research in algebraic geometry. Algebraic geometers
usually denote by 90 n(P",d) the stable-map compactification of the space
Mo v (P", d) of equivalence classes of degree—d holomorphic maps from P! with
N marked points into P". These spaces are described as algebraic stacks in [3].
While their cohomology is not entirely understood, it is shown in [I1] that the
intersections of tautological cohomology classes in ﬁo,N(]P’",d) can be com-
puted via explicit recursive formulas. These cohomology classes include all
cohomology classes that arise through natural geometric constructions. As an
application to enumerative geometry, [I1] expresses the number |S; ()| of Ques-
tion [ in terms of intersections of tautological classes in Mo n (P?,d) and then
in terms of the numbers n,.

Question C Ifd is a positive integer, what is the number !Sl (u)! of degree—d
rational curves that have a cusp and pass through a tuple p of 3d—2 points in
general position in P27

A similar approach to enumerative geometry of plane curves is taken in [I5].
Using relationships derived in [2], [I5] expresses the “codimension-one” enu-
merative numbers of rational plane curves, such as those of Questions [CHEl in
terms of intersection numbers of tautological classes in Mo n(P",d) and the
latter in terms of the numbers ny.

Question D If d is a positive integer, what is the number %Wf)(,u)‘ of
degree—d rational curves that have a triple point and pass through a tuple pu
of 3d—2 points in general position in P??
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574 Aleksey Zinger

Question E Ifd is a positive integer, what is the number %‘59) (,u)‘ of degree—
d rational curves that have a tacnode and pass through a tuple p of 3d—2 points
in general position in P??

Questions [A] and [CHE] can actually be solved using more classical methods
of algebraic geometry, as is done in [I2] and [I3]. However, the derivations
in [I2] and [13] involve fairly complicated algebraic geometry. In contrast, the
computations in [I1] and [I5] involve much less algebraic geometry and rely on
known results, obtained via fairly complicated algebraic geometry elsewhere,
including [2], 3], and [§].

The method given in this paper can be used in a straightforward, if somewhat
laborious, manner to express the number of rational curves in a complex pro-
jective space, that have a k—fold point, for example, and pass through a set of
constraints in general position, in terms of intersections of tautological classes
in the moduli spaces of stable rational maps. In Subsection [L4l, we describe in
more detail the scope of the applicability of this method. Its application makes
practically no use of algebraic geometry. The method itself relies on a number
of technical results, only some of which are contained in this paper, and the
rest elsewhere, including [9, [10, 14, [, [18].

The author would like to thank Tomasz Mrowka and Jason Starr for helpful con-
versations during the preparation of this manuscript and Izzet Coskun, Joachim
Kock, Ravi Vakil, and the referee for comments on early versions of this paper.
The author was partially supported by the Clay Mathematics Institute and an
NSF Postdoctoral Fellowship. Most of this work was completed at MIT.

1.2 Outline of the method

The first step in our approach is to describe a subset Z of a moduli space of
stable rational maps, or of a closely related space, such that the cardinality
of Z is a known multiple of the number we are looking for. We would also
like the subset Z to be the zero set of a reasonably well-behaved section s of
a bundle V over a reasonably nice submanifold S of the ambient space M.
For example, in the case of Question [, we might take S to be the subset
of 93?071(]1”2, d) consisting of the equivalence classes of maps whose images pass
through the 3d—2 points in P? and take Z to be the subset of S consisting of
the equivalence classes of maps whose differential vanishes at the marked point.
Alternatively, we can also allow Z to be the preimage under a reasonably well-
behaved map h: § — X of a submanifold A of X'. For example, in the case
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Counting rational curves of arbitrary shape 575

of Question [0, we might take S to be the subset of 932073(]?2, d) consisting of
the equivalence classes of maps b whose images pass through the 3d—2 points
such that evy(b) = evy(b), where evy and evy are the evaluation maps at the
first and second marked points of Mo 3(P2, d). We could then take

Z = {evy xevy} L (Apayp2) NS,

where Ap2,p2 denotes the diagonal in P? x P2, In the case of Question [E] we
might take the ambient space to be the projectivization of a natural rank-two
bundle over My 2(P?, d). However, in practice, we will keep track of the points
on P! that get mapped to the constraints, ie there will be marked points labeled
by the positive integers 1,..., N, where N is the number of constraints. The
marked points of the domain of a stable map that describe the singularities of
the image curve will be labeled by T, 5, etc.

If S is a smooth compact oriented manifold, V' — & is a smooth oriented
vector bundle of the same rank as the dimension of S, and s: § — V is a
smooth section, which is transverse to the zero set in V', then

£57H0)| = (e(V), S), (1.2)

where i|§_1(0)| is the signed cardinality of the set 57 1(0). Equation (T2
is valid under more general circumstances. In the cases of interest to us, the
ambient M is an oriented stratified topological orbifold and S is a smooth
submanifold of the main stratum M such that S — S is contained in a finite
union of smooth manifolds of dimension less than the dimension of §. Under
these assumption, S determines a homology class in M. Furthermore, if 5 is a
continuous section of V over S and e(V) is the restriction of a cohomology class
on M, then equality (T2 still holds. By (), if s is any continuous section
of V over S such that s|S is transverse to the zero set and Z = s~ 1(0) NS is
a finite set, then

2] = (e(V),S) - Cy3(s), (1.3)

where C,3(s) is the s—contribution of 0S to the euler class of V. In other
words, Cyg(s) is the signed number of zeros of a small generic perturbation s
of s that lie near S. If the behavior of s near S can be understood, it is
reasonable to hope that the number Cyz(s) can be computed, at least in terms
of evaluations of some cohomology classes. On the other hand, in the case of
Question [0 S is a tautological class in the appropriate moduli space of stable
maps. Thus, if e(V') is also a tautological class, (e(V),S) is computable, and
we are done. Most of the time, however, we will have to describe (e(V),S)
as the signed cardinality of a subset Z’ of a space which is a step closer to
a tautological class than S and apply equation ([3)) with Z’. Eventually, we
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576 Aleksey Zinger

will end up with intersections of tautological classes in moduli spaces of stable
rational maps.

The topological setup of the previous paragraph is only slightly more general
than that of [Il, Section 3]. However, it is not sufficient for our purposes.
We now present two significant generalizations of this setup. The first is that
equation ([L3]) makes sense even if the section s is defined only over S and does
not extend over S —S. In such a case, we can use a cutoff function to define a
new section s’ that vanishes on a neighborhood of S —S and thus extends to a
continuous section over S. The term Cpyz(s) is then the signed number of zeros
of a small generic perturbation 5 of s’ that lie near S. If we can understand
the behavior of s near S and choose the cutoff function carefully, it is again
reasonable to hope that we can determine the number Cy3(s).

The second generalization has a very different flavor. Suppose S and M are
as above and X is a smooth compact oriented manifold. If h: M — X
is continuous map such that the restriction of h to every stratum of M is
smooth, then h|S is a pseudocycle in the sense of [T0] and [I4], ie it determines
an element of H,(X;Z). In particular, if A is an immersed compact oriented
submanifold of X such that dimS + dim A = dim X', there is a well-defined
homology-intersection number

({nisyHa)) = (r7H(A), §)).
If Y is an immersed compact oriented submanifold of X such that
VI =[A] € H(X;Z),  h(dS)NY =0,
and h is transversal to ) on S, then

({RSTHAY) = {({ASTH)) = *|{rISIH)). (1.4)

Alternatively, if @ is a small perturbation of h on a neighborhood of S in M,

({rlsy=H(a)) = ={olsy(A)].

Thus, if h: M — X is a continuous map as above such that h|S is transversal
to A and Z = {h|S}1(A) is a finite set,

12| = ({PSYHA)) — Coz(h, A), (1.5)

where Cyg(h,A) denotes the (h,A)-contribution to the intersection number
{({h|S}1(A))), ie the signed cardinality of the subset of #~1(A) NS consisting
of the points that lie near S for a small generic perturbation 6 of h near 0S.
If the image of a stratum Z; of S under h is disjoint from A, then clearly Z;
does not contribute to Cyz(h,A). If h maps Z; into A, on a neighborhood of Z;
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we can view h and 6 as vector-bundle sections. Thus, if we can understand
the behavior of h near S, computing Cy5(h, A) is no different than computing
Cy5(s) in the topological setup presented first. On the other hand, in the cases
of interest to us, we will be able to find a submanifold Y as in (L) such that
*{h|S}1(})| can be expressed as evaluation of tautological classes on S; see
Subsection BT, for example. If S itself is not a tautological class in a moduli
space of rational stable maps, we will have to describe *|{h|S}~1())| as the
signed cardinality of a subset Z’ of a space which is a step closer to a tautological
class than S and apply equation ([L3]) or (LH) with Z’. Eventually, we will end
up with intersections of tautological classes on moduli spaces of stable rational
maps.

In Subsection B2, we describe our topological assumptions on S, M, and the
behavior of s or h near S. These assumptions imply that the sets s~1(0) NS
and {h|S}~!(A) are finite. Roughly speaking, we require that S be contained
in a finite union of smooth manifolds Z; such that near each Z; the section s or
the map h can be approximated by a polynomial map between vector bundles
over Z;. The polynomial map may contain terms of negative degree. Proposi-
tions B.IRA] and of Subsection give an inductive procedure for com-
puting the contribution from each space Z; to Cyz(s) or to Cyz(h,A) in good
cases. The two propositions describe how to set up a finite tree with topological
intersection numbers assigned to the nodes and with integer weights assigned
to the edges. The root of the tree is assigned the first term on the right-hand
side of (3)) or (CH). The number on the left-hand side of (3] or (CH) is a
weighted sum of the numbers at the nodes. The weight of the number assigned
to a node is the product of the weights assigned to the edges between the node
and the root.

Remark The method presented in Subsection is an improvement over
that of Section 3 in [I7] even for the basic topological setup of the second
paragraph of this subsection. In particular, its use does not require applications
of the Implicit Function Theorem (IFT) to describe a neighborhood of 4S in S.
The complexity of applying the IFT increases rapidly with the dimension of
the boundary strata, as a comparison between [I7, Subsection 5.4] and [I9,
Subsection 2.3] suggests.

In order to apply the topological method of this paper to enumerative problems,
we use Lemma B4l and Proposition The former is a rather elementary re-
sult in complex geometry and implies that various bundle sections over smooth
strata of moduli spaces of stable rational maps are transverse to the zero set.
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The latter depends on the explicit construction of the gluing map in [I§] and de-
scribes the behavior of these bundle sections near the boundary of each stratum.
In many cases, Proposition B8 combined with Lemma B4l implies that natural
submanifolds S of moduli spaces of stable rational maps, or of closely related
spaces, that are needed for counting singular rational curves are well-behaved
near S and that the behavior near S of various natural vector-bundle sec-
tions over S can be approximated by polynomials.

1.3 Computed examples

We now describe the main enumerative results derived in this paper using the
computational method outlined above. These are the enumerations of triple-
pointed and of tacnodal rational one-component curves in P? and of rational
one-component cuspidal curves in P that pass through a collection of con-
straints in general position. The reason we choose these examples is that they
illustrate all aspects of our method and lead to new results. The numerical
values of some low-degree numbers can be found at the end of the paper. Note
that our low-degree numbers pass the standard classical checks; see Section B

We start by giving a formula describing the number of cuspidal curves in P”.
This is actually the least interesting example of the three mentioned, as it should
have really been done in [20]. However, the solution to this example is easier
to state and explain than the answers to the two other primary examples.

Theorem 1.1 Suppose n > 2, d > 1, N >0, and p = (p1,...,n) iS an
N —tuple of proper subvarieties of P" in general position such that

N

Zcodimcm =dn+1)—2+N.

=1
The number of rational cuspidal degree—d curves that pass through the con-
straints p is given by

2k<n+2 n+2—2k n41 _
|S1(w)] = Z (=D (k- 1)! Z < I ><alﬁ %,n+2—2k—l’vk('u)>‘
k=1 1=0

We now explain the notation involved in the statement of Theorem [[Jl The
compact oriented topological manifold Vi (i), which in general may be an orb-
ifold, consists of unordered k—tuples of stable rational maps of total degree d.
Each map comes with a special marked point (i,00). All these marked points
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Counting rational curves of arbitrary shape 579

are mapped to the same point in P”. In particular, there is a well-defined
evaluation map
evg: Vi(u) — P

which sends each tuple of stable maps to the value at (any) one of the special
marked points. We also require that the union of the images of the maps in
each tuple intersect each of the constraints pq,...,un. In fact, the elements
in the tuple carry a total of N marked points, y1,...,yn, in addition to the
k special marked points. These marked points are mapped to the constraints
U1, ..., N, respectively. Roughly speaking, each element of V() corresponds
to a degree—d rational curve in P, which has at least k irreducible components,
and k of the components meet at the same point in P”. The precise definition
of the spaces Vi(u) can be found in Subsection Bl

The cohomology classes ag and 75, are tautological classes in Vi(p). In fact,
ag = evg cl (Opn(1)).

Let V;(u) be the oriented topological orbifold defined as V. (i), except without
specifying the marked points y1,...,yny mapped to the constraints pq, ...,y
Then, there is well-defined forgetful map,

et V(i) — Vi),

which drops the marked points yi,...,yn and contracts the unstable compo-
nents. Let

~/
T’é’l € Hzl(Vk(M))
be the sum of all degree—! monomials in

V(1,00)5 - -+ » Y(k,00)
where 1(; ) 1s the first chern class of the universal cotangent line bundle for the
marked point (i,00) € P!. Since V;(u) is a collection of unordered k—tuples,
a priori (; o) may not be well defined as an element of V;g(u). However, it
is easy to see that every symmetric polynomial in ¥ o), -, Y (k,00) is well
defined. We put
6, = WZ”/@,l e H*(Vi(w).

In Subsection Bl we give a definition of 7; that does not involve the projection
map 7. The algorithm of [I1]] for computing intersections of tautological classes
in ﬁo, ~(d,P™) applies, with no change, to computing the intersection numbers
involved in the statement of Theorem [l

We will call top intersections of tautological classes on ﬁ07k(]l”",d) and on
closely related spaces, such as Vi(u) and projectivizations of natural vector
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bundles over Vi (1), level 0 numbers. All such numbers can be computed using
the algorithm of [I1]. Counts of rational curves with s basic singularity con-
ditions will be called level s numbers. Every level s number, with s > 0, can
be written in the form (3)) or (L) such that the middle term is a level (s—1)
number. For example, the number |S;(u)| of Theorem [[lis a level 1 number.

Counts of rational curves with a triple point or a tacnode are level 2 numbers.
Indeed, the sets of such curves are subsets of the space of one-component ra-
tional curves with a node. Counts of such curves are level 1 numbers, since the
next level down are the rational curves that pass through the given constraints;
see the first paragraph of Subsection Thus, the first two theorems below
express level 2 numbers in terms of level 1 numbers. After stating them, we
give some clarification on the notation involved and then state several lemmas
that express the relevant level 1 numbers in terms of level 0 numbers.

Theorem 1.2 Let d, p, and q¢ be nonnegative integers such that 2p + q =
4d — 3. The number of rational one-component degree—d curves that have a
triple point and pass through a tuple p of p points and q lines in general
position in P3 is %|V{2) (n)|, where

VP ()] = VP (u+ H)| + {ag, V5 (u+ HY)) + (165 + 815, 51(10))
+ 2V ()] = (12 = d)a2 + Sagng, + 202 | Vi () — 2/Sa(m)]-

Theorem 1.3 Let d, p, and q be nonnegative integers such that 2p+q =
4d—3. The number of rational one-component degree—d curves that have a
tacnodal point and pass through a tuple u of p points and q lines in general
position in P? is %|5£1)(,u)|, where

— 1 —
|S}1)(ﬂ)| — <6(1% + 77'(211’ Vgl)(u)> + <4a6 + 577’671,]}51’1)(#» + 7‘52(:[‘)‘

—(20a5 + 1975 1, S1(1)) — 2[ ViV ().

We define the spaces V,il)(u) as follows. Let V,gl)(,u) be the space of k—tuples
of stable maps as in the construction of the space Vi(u), but with the fol-
lowing exceptions. Every element of each k—tuple lies in the main stratum of
the appropriate moduli space of stable maps, ie the domain of the map is P'.
Furthermore, one of the elements of each k—tuple b carries a special marked
point, labeled by T, and the value of the map at this point is evg(b). In the
space Vél’l)(,u) each of the two components carries a special marked point, one
of which is labeled by 1 and the other by 2. Furthermore, evy(b) = evs(b) for
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all 2-tuples b in V(l 1)( ). The spaces V,(,C )( ) and Vgl’l)(,u) are the closures
of the spaces V( )( ) and Vz( )( ) in the unions of the appropriate products
of moduli spaces of stable rational maps. We denote by Sy(u) the subspace of
Vi#(u) consisting of tuples of maps with the simplest possible additional nat-
ural singularity. For example, the differential of every element of Sp(u) vanishes
t (1,00). The set So(u) is described in detail by Lemma Figure [ de-
. . . (1;0,1
picts the images of typical elements of these spaces as well as of V, 0, 1)( 1w,
which appears in a relatlonshlp between level 1 numbers; see the remark fol-
lowing the proof of Lemma B8 We give formal definitions of all these spaces
in Subsections BTl EE4l, and I5:[]. Finally, u + H" denotes the (N + 1)—tuple
of constrains (u1,...,un,H"), where H" is a generic linear subspace of P" of

complex dimension 7.

Vo< L0y

P01
2(0 1)

Figure 1: Images of typical elements of S. and V}

Lemma 1.4 Suppose d, p, and q are nonnegative integers such that 2p+q =
4d—3 and p is a tuple of p points and ¢ lines in general position in P3. The
number of rational connected two-component degree—d curves that pass through
the constraints p and such that one of the components of each curve has a
node and the other component is attached at the node of the first component

as depicted in Figure[ll is %|V§1)(,u)|, where

1 J—
V32 ()] = [Vl + HO)| + (ag, Vol + H')) +3[Va(n)|
—((12 - d)a% + dagng | + 2mG5 — 77%’1, Va(p)).
Lemma 1.5 Suppose d, p, and q are nonnegative integers such that 2p+q =
4d—3 and p is a tuple of p points and ¢ lines in general position in P3. The

number of rational connected two-component degree—d curves that pass through
the constraints yp and have a tacnodal point is given by

|Sa (1 )|—<6a»—|—4a07761+7752,l}2 )) = 3|Vs(u)].

Lemma 1.6 Suppose d, p, and ¢ are nonnegative integer such that 2p + q =
4d — 3 and p is a tuple of p points and ¢ lines in general position in P3.
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(1) The number of rational connected two-component degree—d curves, with
the components arranged in a circle as in Figure [, that pass through the
constraints y and have one of the nodes on a generic hyperplane is given by

%@a,v;l’”(m = (a5, Vo(p + {H" : H*})) — (462 + agng ,, Va(n))-

(2) Furthermore,

501, V8 () = Vol + (B2 ) + Vol + HO)

+<a6,V2(u+H1)>+d<a/~ Vg >—3‘V3 ‘
Lemma 1.7 Suppose d, p, and q are nonnegative integers such that 2p+q =
4d — 3 and p is a tuple of p points and ¢ lines in general position in P3.

(1) The number of rational degree—d curves that pass through the constraints
u and have a cusp on a generic hyperplane is given by

(ag: S1(p)) = (6adrg , +4adn3 | + agiid |, Vi (u)) — (4a3 + agirg . Va(u))-
(2) Furthermore,
(151> 81(w)) = (4afms , + 635 | +dagiis | + 13 |, V() — |Va(u)]-
Lemma 1.8 Suppose d, p, and q are nonnegative integers and p is a tuple
of p points and q lines in general position in P3.

(1) If2p+q = 4d — 1, the number of rational one-component degree—d curves
that pass through the constraints pu and have a node is %|Vf1)(,u)|, where

VP ()] = ((2d — 6)a2 — dagig, — 12, V1()) + [Va(u))-

(2) If 2p+q = 4d — 2, the number of rational one—component degree—d curves
that pass through the constraints p and have a node on a generic hyperplane

is %(aa,vgl)(,u)% where
J— 1 J—
(a5 Vi () = ((2d = 6)a3 — 4025 , — agn |, Vi (1))
+ (a2, Vi(u+ HY)) + (a5, Va(n))-

(3a) If 2p + q = 4d — 3, the number of rational one-component degree—d
curves that pass through the constraints p and have a node on a generic line

is §(aA V(l)( )), where

(02,1 () = 202, Vi + HY) — (dadng, + a2 |, Vi(w) + (a2, Va()).
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(3b) Furthermore,

(agm1 Vi () = (aggs Vil + HO)) + (a2, Va(u+ HY))
+ d{ading 1, Vi(w) — (4a3 + agig 1, Va(w)
<77%,1’V§1)('“)> = <77’(25,17v1(:“ +H)) + <a677’(23,17v1(ﬂ +HY)
+ (dadng, +d - a2, V() — [Vs(u)].

Every term on the right-hand side of each expression in Lemmas [[IHLH is a
level 0 number, ie it is a top intersection of tautological classes in a product
of moduli spaces of stable maps and thus is computable via the explicit for-
mulas of [I1]. We define the space Vao(p + {H! : H?}) in the same way as
Vo(u+H'+H?), with the only exception that we require H; and Hj to lie on
different elements of the tuple b.

Remark If one were to derive a completely general recursive formula for count-
ing rational curves with singularities, no separate formula would be necessary
for generalizations of Lemma [l part (2), Lemma [’ part (2), and Lemma [[§]
part (3b). Using [I1], one can express all classes 7, on products of moduli
spaces of stable rational maps in terms of subspaces of possibly other products
of moduli spaces of stable rational maps that consist of stable maps sending
their marked points to various constraints in P". In many cases, using Propo-
sition B3, one can thus express evaluations of the classes 7} , on a space S of
maps that represent curves with certain singularities in terms of the numbers
of singular curves that pass through various constraints. Furthermore, the level
of the latter numbers will be no higher than that of S.

We prove Theorems and in Sections @l and Bl In particular, we describe
the structure of the spaces Vﬁl) (p) and Vél’l (u) in Subsection 2 and conclude
that they define a homology class in a compact oriented stratified topological
orbifold. Since Si(u) is shown to be an oriented topological manifold in [I7,
Subsection 5.4], it follows that all the terms on the right-hand side of the formu-
las in the two propositions are well-defined. In Subsections EETl and BTl we write
V£2) () and Sfl)(u) in the form (LCH) and (I3), respectively, and express the
first term on the right-hand side in terms of evaluations of tautological classes
on Vgl)(,u) and on related spaces. Lemmas and [ are proved in [I7]. The
first statement of Lemma[[§is a special case of [20, Theorem 1.1]. The remain-
ing statements of Lemma and Lemmas [[4] and are proved in Section [6
In Subsections [Tl and [, we show that our method recovers the formulas of [6]
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and [T5] solving Questions [0 and [E], which are the P? analogues of the problems
addressed by Theorems and We conclude by proving Theorem [l in
Subsection [[3, where we construct a tree of contributions and thus illustrate a
point made at the end of Subsection

1.4 General remarks

Given the claims made in the abstract and at the end of Subsection [T, the
reader may wonder why this paper is so long, why the notation is so involved,
and why a more general case is not done. Doing a more general case, instead
of the examples we work out, may in fact shorten this paper. However, the
additional notation needed to describe a general case is likely to completely
obscure the computational method presented here.

The topological part of our method consists of Propositions and
The somewhat involved notation of Subsection P22 formally states what it means
to take the leading term(s) of a section along the normal direction to a submani-
fold. Proposition B0 gives power-series expansions for all relevant vector-bundle
sections near all boundary strata of moduli spaces of stable rational maps. De-
scribing the terms involved in the power-series expansions requires quite a bit
of notation. However, as we will see in later sections, very few boundary strata
actually matter in our computations, and the expansions of Proposition
corresponding to such strata are rather simple. In practice, it is best to draw
a tree of these simple strata along with all the relevant topological data; then
deriving formulas such as those of Theorems and becomes a nearly-
mechanical task.

The sections and linear maps between vector bundles that we introduce in Sub-
section are described in an analytic way. Nevertheless, it is likely that
the numbers of zeros of these and related linear maps have an algebraic in-
terpretation, and that the same is true of our entire computational approach.
Furthermore, there seem to be some general properties that remain to be ex-
plored. For example, finding any difference between our formulas for |S;(¢)| in
Theorem [[Tland for the genus-one correction term C'Ry(u) in [20, Theorem 1.1]
requires a rather careful comparison of the two. One may also notice some sim-
ilarity between the expressions for various level 1 numbers in Lemmas [CAHLR
A topological property of the number of zeros of an affine map in a simple case
is described in [19), Corollary 4.7].

We conclude this introductory section by describing some classes of enumerative
problems definitely and likely solvable by the method described in this paper.
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Suppose C is a one-component curve in P", or in another algebraic manifold M .
Let u: C — C be a normalization of C, ie C is a smooth connected complex
curve and u: C — M is a holomorphlc map such that the image of w is C
and wu is one-to-one outside of a finite set of points of C.Iftp p is a point in C
let 0,(p) be the nonnegative integer such that the first o, (p) derivatives of u
at p vanish, but the derivative of order o,(p) + 1 does not vanish at p. For
example, if o,(p) = 0, dulzy # 0, ie p is a smooth point of the branch of the
curve C corresponding to p. If o,(p) =1,

dulz = 0, but Dl(f)u = Ddulz # 0,

where D denotes the covariant differentiation with respect to some connection
in TM. In other words, the branch of the curve C at p corresponding to p has
a cusp at p. If p is a point of C, we denote by oo(p) the set of branches of C
at p; in particular, [og(p)| = [u™'(p)|. For each i € oo(p), let o(p;i) = ou(ps)
if p; is the point in C such that « maps a small neighborhood of p; into the
branch i at p. Let og(p) = | ]oox(p) be the partition such that

D(U“(pl +1) u || D(U“(pj)ﬂ) = i,j € op(p) for some k.
For example, if og(p) = 001(p) = {p1,p2} and o(p;1) = o(p;2) = 0, the curve
C has a tacnode at p. We take

a(p) = (o0(p), {o0k(P)}, {o(p;i)})-

The infinite set {a(p) : p € C} describes the singularities of the curve C.
However, for all but finitely many points p in C, o¢(p) = {i} is a single-element
set and o(p;i) = 0. Thus, we say that the curve C has the set of singularities

{o(a) :x=1,...,N}, where (@) = (0o(), {oo ()}, {o(a;7)}),

if there are distinct points p1,...,pn of C such that for all & and some iden-
tification of op(c) with the set of branches of C at p,, o(a) = g(ps). The
method of this paper can be used to determine the number of one-component
rational curves in a projective space that have any one-element set of singu-
larities of the form {(o,{c},{c(i)})}. In other words, the curves are to have
one |o|—fold singular point and the branches of the curves are to have cusps
of the orders {o(i)}. In particular, we are not imposing any tacnodal kind
of condition. The singular point of the curves may be required to fall on a
subvariety.

Some types of singularities that cause problems for this method are the flex,
two nodes, two cusps, and the tacnode. The reason is that the expansions of
bundle sections given in Propositions are not sufficiently fine in the cases
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when the boundary stratum involves curves of very low, but positive, degree.
For example, one of the strata of the space of one-component degree—d rational
curves with one marked point y; consists of two-component curves, one of
which has degree one and carries the marked point y;. Every element of this
stratum has a flex at y;, ie is a zero of a certain bundle section s. However,
Proposition does not give a sufficiently fine description of the behavior of s
near this stratum. On the other hand, a simple dimension-counting argument
shows that such a boundary stratum cannot occur if the dimension n of the
projective space is two. If we would like to count one-component curves that
have two cusps, or two nodes, or a tacnode, the problem stratum is the one
consisting of two-component curves, one of which is a double line and carries
two marked points. Again, a dimension-counting argument shows that this
boundary stratum does not occur unless n is at least 6, 4, or 5, respectively.
Indeed, among the examples worked out in this paper are the enumerations of
tacnodal rational curves in P2 and P3.

Many types of curves with multiple components and with first-order tangency
conditions to disjoint subvarieties can be counted as well. In fact, as the results
described in Subsection indicate, counting one-component singular curves
involves counting multiple-components curves with simpler singularities. We
plan to elaborate more on what types of curves can be counted and why in
a later paper. Finally, due to the explicit nature of the gluing maps used, it
should be possible to sharpen the expansions of Propositions along the few
problem strata that appear in more general cases. If so, every enumerative
problem, in the sense described above, will be solvable.

Remark This paper concerns counting curves in P", but our method may
apply to counting curves with singularities in some other Kahler manifolds
as well. Our aim is to express curve counts in terms of top intersections of
tautological classes on moduli spaces of stable rational maps. Thus, in order to
obtain actual numbers we make use of:

Fact 0 Top intersections of tautological classes on ﬁ07k(]}”", d) are computable.
It is essential for the method itself that the moduli spaces M ,(P", d) have the
expected structure. This is due to

Fact 1 If u: P' — P" is a holomorphic map, then
HY(PLw*TP" ® Op1 (—1)) = 0.

In order for our method to apply to a Kahler manifold M, Fact 1 needs to hold
with P™ replaced by M for maps up to the relevant “degree”, ie the homology
class of the curves to be counted. Additional positivity conditions, dependent
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on the type of singularities involved, need to be satisfied as well. For example,
in order to count curves with a cusp in P”, we rely on

Fact 2 If u: P! — P" is a nonconstant holomorphic map, then
HY(PL w*TP" @ Op1 (—2)) = 0.

Theorem [[CTlis valid with P™ replaced by M as long as Facts 1 and 2 hold with
P™ replaced by M for maps of degree up d.

2 Topology

2.1 Monomials maps

This section contains details of the topological aspects of the computational
approach of this paper. We describe the setting in the next subsection and
state and justify the reductive method for computing boundary contributions
in Subsection The present subsection collects a few basic facts that are
used elsewhere in this section. The key statements here are Definition 22T and
Propositions B23Al and B23Bl

We denote by Rt the set of nonnegative reals. Let f3: RT — [0,1] be a
smooth cutoff function such that

0 ift<i1
t) = - d "(t) >0 ift e (1,2).
B() {1 toa Wl AH>0ifte?)

If 6 >0, let 85 € C° (TRJF;R) be given by (s(t) = ﬂ(é‘ét). We also denote by
0Bs the natural extension of G5 to C":
ﬁ& (z) = ﬁ5(|§|)7

where |z| = /212 + ... + |z |? if 2 = (21,...,zn) € C". We write Bs(0,C")
for the open ball of radius é about 0 in C". Let Y, be the union of the n
codimension-one coordinate subspaces C* x {0} x C"~'=* in C".

Definition 2.1 Suppose m and n are positive integers and A = (a);; is an

m X n integer matrix. Then:

(1) A function p: C" —Y,, — C™ —Y,, is a degree- A monomials map if
al,n am,1 am,n

p(zl,...,zn):(zfl'l...zn seen 2 2 )

for all (zl,...,zn) eC"-Y,.
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(2) A degree-A monomials map p is nondegenerate if rkp =rk A =m.

(3) If m = n, a nondegenerate degree— A monomials map p is positive (or
negative) if all components of the vector A~'1 are positive (or negative).

(4) If m = n, a nondegenerate degree— A monomials map p is neutral if it is

neither positive nor negative.

In (3) above, 1 denotes the column vector of length n consisting of all ones. If
m = n, let det p denote the determinant of the square matrix A.

Definition 2.2 Suppose n is a positive integer, A is an n X n nondegenerate
integer matrix, and 4; and Ay are row vectors of length n. Let p, p1, and po
be monomials maps of degrees A, A, and As, respectively.

(1) If p is a positive monomials map, p1 >, pa if ATA™ < Ay A7
(2) If p is a negative monomials map, p; >, pa if ATAT > A, A7
Remark The notions of nondegenerate, positive, negative, and neutral of De-
finition ] are invariant under every reordering of coordinates on the domain
and/or the target space. The same is true of the partial-order relation intro-

duced by Definition 22 We describe geometric consequences of these proper-
ties below.

Proposition 2.3A Ifp: C"-Y, — C"-Y,, is a degree—A neutral monomials
map and K is a compact subset of C" —Y,,, there exists §* = §*(A,K) € R
such that

(Bs+(0,C™) = Yy,) N p (R - K) = 0.

Proposition 2.3B Suppose p: C" —Y,, — C" —Y,, is a degree—A positive
(or negative) monomials map and K is a precompact open subset of C™* —Y,,.
Then:

(1) The set p~*(R* - K) is closed in C"* — {0}.

(2) For every 6* € Rt, § € (0,0"), and 6, € (6'/2,00), there exists
e=¢e(A,6%,0,0,,K) € RT

such that for all t € (0,¢), the map

7 85p: (Bager2(0,C™) = Yy) N {t ™ B5p} 1 (K) — K
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is a smooth covering projection of oriented order |det p| (—|det p|). Further-
more,

(Byg1r2(0,C™) = Yy) N {t™ Bsp} ~(K) € Bs, (0,C™).

(3) If p1 and py are monomials maps of degrees A; and Ay such that p1 >, pa,
for every € € R, there exists § = 6(A, A1, A, €) such that |p2(g)‘ < e|p1 (g)‘
for all z € (Bs(0,C™) = Y,) Np~{(RT - K).

The rest of this subsection is devoted to proving these propositions. Note that

= (det p)zi=t . g (2.1)

n

det Dp‘ (214e+0y2n)

where A; = ZZZL a; j. Thus, Imp contains an open subset of C" if (and
only if) p is nondegenerate in the sense of (2) of Definition EZIl Since p is
a rational function in complex variables, it follows that Imp is a dense open
subset of C™ if p is nondegenerate. Since p is given by monomials, Im p is in
fact all of C" —Y,,. Thus

p: C"-Y, —C"-Y,
is a local diffeomorphism. By Lemma .8, this map is in fact a covering projec-

tion of order |det p|.

Remark The proof of Lemma [Z8 does not rely on Lemmas or Corol-
lary 271 We postpone its proof until the very end of this subsection in order
to focus on the main aspects of the proof of Propositions E3Al and P31

Denote by ffn the union of all the n_codimension-one coordinate subspaces
R* x {0} x R*™ 7% in R™. Let Y, =Y,, N S"'. We identify C" —Y;, with
RY x (S"71 —Y) x (§1)"
by the map
C"—Y, — RPx (8" 11—V x(SH",

T e e e A (- )

2] [ Jenl

With respect to this decomposition,

p(T, 12 6) = (f(T7 (:0)7 g(T, ()0)7 h(@)) )
where (£(r),¢(r) = p(r) € R" and

h(ewl, .. ,ew”) = p(ewl, .. .,ew”) e (sHr ccn

Proposition B23A] follows immediately from:
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Lemma 2.4 If p is a neutral monomials map, for every compact subset K of
Sn=t —Y*  there exists § € RT such that for all r € (0,9), {g(r,")} "1 (K) = 0.

Proof We use the variables sq,...,s, to denote the standard Euclidean co-
ordinates on the target space R", as well as the corresponding component
functions of (f,g). Let

a1 —ail ... Q2p—0ain
A=
Gp,1 —ail ... Gpn — Aln
It is sufficient to show that, for some i = 2,...,n,

. si(r) _ . si(r) . _
hr;:s(t;p{Sl(z) | < r} =0 or hl;n_}(l]lf{SI(f) Hrl < r} = 00.

This condition is equivalent to

n
limsup{i Z(ai7j—a17j)tj 1ty € (—oo,t)} = —0
=1

t——00
ai,j—aLj20f0rallj:1,...,n 29
{or a;;—ar; <Oforall j=1,...,n. (2.2)
Note that the two lines above are equivalent because A is assumed to be nonde-
generate. If (Z2) is not satisfied by any i = 2,...,n, for every nonzero vector
z € R there exists a vector ¢ € R™ such that
f.Zg>0 and Cly...,Cp > 0.

This means that the image of A contains no nonzero vector with all components
of the same sign. Thus

there exists (z1,...,2y) in ker A — {0} such that z1,...,2, > 0. (2.3)

Let .Zg be the matrix obtained from A by removing the jth column. Since p

is nondegenerate, det .Z; # 0 for some j. Then, by Cramer’s Rule,

—1)7H9' =1 det A, —1)7" det A=,
Ty = =D L (—x;) = ()—NJ z; for all j'. (2.4)

det A (—1)J det A=

Since p is neutral, N
—1)7" det A-,
Gy,
(—1)7 det ./4’]7
for some j'. Thus (ZZ)) contradicts ([Z3). O
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Lemma 2.5 If p is a positive or negative monomials map, then for every
r € RY, the map
g(r,): S" Y — S — Y ¥, given by 0 — g(r,0),

is a local diffeomorphism.

Proof We assume that n > 2; otherwise, there is nothing to prove. Suppose
g(r,-) is not a local diffeomorphism at r = (r1,...,7,) € R" —Y,. Then, there
exists ¢ € R™ — {0} such that

n

n
ercj =0 and Z (aij — aLj)rj_lcj =0forali=2,...,n. (2.5)
Jj=1 Jj=1
The first equation above is equivalent to the condition ¢ € 7,,5"~*. The second
equation means that the ratio of the ith and the first Euclidean components
of the function (f,g) does not change in the direction of ¢ at r. The n condi-
tions (23) are equivalent to A (r*)d =0 € R, where:

2 2
] T

a1 —ai1 ... A2 — Q1np
1 2\ — 1 2 2 ’ ’ ’ )
Al )(z )= Al )(rl,...,rn) =
Qn,1 ail ... Qann a1,n

This equation has a nonzero solution only if det AWM (12) = 0. However,

det AW (f2) = 2:(—1)3'_1 (det ./13) 7‘]2-.
j=1
Since p is positive or negative, all the elements of the set {(—1)j ~1det .Z;}
have the same sign. Thus, det A1) (fz) does not vanish on R™ —{0}. It follows
that the differential of g(r,-) is an isomorphism everywhere on S"~1 —Y*. 0O

Let V) =Y, NS?~1 c C". We identify C" —Y,, with R* x (§?"~1 —Y*) and
denote by
(]7’ g) Rt x (S2n—1 o Y;) _ LRt x (S2n—1 - Y;)
the pair of maps corresponding to p.
Lemma 2.6 If p is a positive (or negative) monomials map, then for every

r € RY, the map
T e 1

is a local orientation-preserving (or orientation-reversing) diffeomorphism, and
is a covering projection of oriented order |det p| (or —|det p|).
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Proof To prove the first claim, we assume that p is a positive monomials map;
the negative case is proved similarly. By Lemma and the decomposition
g = (g, h), it follows that g(r,-) is a local diffeomorphism. Since p is orientation-
preserving everywhere, g(r,-) is orientation-preserving at (r,6) if

<{Dp\(r79)}_l<§), (%» > 0. (2.6)

Let ¢ € R” be given by Ac =1 € R™. Then

d
%t 2) = tp(z1, ... 2 d —t ‘ = . 2.
p(t%z1,. ..t 2n) = tp(z1 Zp) an 7 p(2) " o (2.7)
Since p is positive, c1,...,c, € RT and thus
d C C
E\(t Y21, 2) | > 0. (2.8)

The desired inequality (0] is immediate from ([Z7) and (ZF]). The remaining
claim follows from Lemma 8 and (1), since the curves

t— (tclzl, . ,tc"zn) and ¢+— (twl, . ,twn), for t € (0,00),
with (z1,...,2,) and (w1, ...,w,) € S~ 1, foliate C" —Y,, and intersect each
(2n — 1)—sphere r = const exactly once. O

Remark The first claim of Proposition 3Bl now follows from Lemma L& the
first identity in (1), and the assumptions that all the exponents ¢; have the
same sign.

Corollary 2.7 Suppose p is a positive (or negative) monomials map, 6* € RT
0 € (0,0%), and K is a precompact open subset of C" —Y,,. Then, there exists
¢ € RT such that for all t € (0,¢), the map

7 85p: (Bagr2(0,C™) = Yz) N {t 1 B5p} " (K) — K

is a smooth covering projection of oriented order |det p| (—|det p|).

Proof We prove this corollary in the case p is negative. If p is positive, a
stronger claim can be obtained by a similar and somewhat simpler argument.
With notation as above, (s5p corresponds to the pair (85f,g) with respect to
the splitting of C* — Y,, = R* x (§?"~! —Y*). Thus

/ ry 99
det D(ﬁép)‘(rﬁ) = Bs(r) det Dp‘(rﬁ) + Bs(r) f(r,0) det (a_g)

: 2.9
) (2.9)
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Let K C §2n—1 — Y be the image of K under the projection map onto the
second component. Since the closure of K in C" —Y,, is compact, Lemma
implies that the set

0= |J {@r)} 'K

51/2STS25*1/2

has compact closure in $?"~! — Y*. Thus, there exists C' > 0 such that

<-C!

det Dp‘(rﬂ) <C and f(r,0)det (ﬁ) 0)

06

for all (r,0) € (51/2,25*1/2) x U. The second bound is obtained by using
Lemma 26l Choose n > 0 such that

B5(r) > 2C2B5(r)  for all 7 € (62,612 4 7). (2.10)
Note that combining (Z3)-EI0), we obtain
det D(Bsp)] .9 <0 (2.11)

for all (r,0) € (51/2,51/2 + 1) X U. Let € > 0 be such that

e-max {|w| 1w e K} < %min{ﬁgﬂgmp(g)‘ 12 € (51/2 + %77, 25*1/2) X (7}
(2.12)
We claim that e satisfies the required properties. Suppose that ¢ < €, that
z = (r,0) € Bys1/2(0,C"), and that {t~!8s5p}(2) € K. Then

re (62,2002 = 6 e {g(r,-)} "'(K) C U.

Assumption ([ZI2) on e then implies that (r,0) € (51/2,51/2 +1n) x U. From
(IT), we conclude that the determinant of the derivative of t~!3sp at z is
negative and the map

7185+ (Bayser/2(0,C™) = Yy) N {t ' Bsp} 1 (K) — K

is a local orientation-reversing diffeomorphism. It remains to see that for each
point (s,9) € K,

[{(r,0) € (8%%,6Y2 + In) x U : Bs(r) f(r,0) = ts,5(r,0) = 0}| = | det p).
By Lemma 8 there are smooth paths
0;: [(51/2,51/2 +1in] — Ufori=1,...,|detp|
such that
{3, V@) = {6:(r) i =1,...,|detp|} and 6;(r) # 6;(r)
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for all r € [51/2,51/2 + %77] and i # j. By (ZII)) and ZI2),
{B:73(8Y2.6:(6Y2) = 0. {85} + 30.0:(6"2 + §m)) > ts,
and %{ﬁg?}(r, 0;(r)) >0 forallre (51/2,51/2 + 1n).
Thus, for each i =1,...,|det p|, there exists a unique number
r; € ((51/2,51/2 + %n) such that {ﬂgf}(m,@i(m)) = ts,

as required. O

Corollary 21 essentially concludes the proof of part (2) of Proposition R2.3Bl
The claimed inclusion is achieved if, in the proof of Corollary B, n is chosen
so that 62 +n < &, .

We next prove part (3) of Proposition 3Bl Suppose A is a positive monomials
map and K = p~1(K). Since K is a compact subset of C" —Y,,, there exists
r > 0 such that B,(0,C")NK = 0. On the other hand, by Lemma Z8 and the
first identity in @7), if t € RT and p(z) € ¢- K,

(z1,...,2p) = (t%w01, ..., twy,) for some (wy,...,wy) € p *(K)
= |z| > ¢mincip,
Thus, if |z| <4,
‘P2(§)‘ _ pAre—Arc P2(Q)‘ < O(é)(AQ'Q—Al'Q)/mincz"
p1(2) p1(w) r

Since As - ¢ > Aj - ¢ and min¢; > 0, the right-hand side above tends to zero
with §. If p is negative, the proof is similar.

Lemma 2.8 If p: C"—-Y,, — C" —Y,, is a nondegenerate monomials map,
p Is a covering projection of order |det p|.

Proof By (1), we only need to compute the order of the cover. We can view
p as a rational map from (PY)Y to (P1)¥. In turn, this rational map induces a
holomorphic map p: M —s (PHN | where M is a compact complex manifold
obtained from (P')" by a sequence of blowups along submanifolds disjoint from
C"™ -Y,,. Then

ord p = <,?fk(w1/\.../\wn),[M]> = /Mﬁ*(wl /\.../\wn)

(2.13)
:/ p*(wl/\.../\wn),
Cn_Yn
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where w; is the Fubini-Study symplectic form on the ith P! -factor of the target

space. Since w; = 5= (ff‘ﬁc‘lgl)% see M, p31], by 1),

p*(wl/\.../\wn)

— | det p|? (‘)" P2 242 g A dE AL A dzy NdE,  (2.14)
(

2 2 2 2 :
2 1 +r ai, 1 o rnal,n) (1 +r an,1 o rnan,n)Q

Combining [(ZT3) and [ZT4) and switching to polar coordinates, we obtain

2A1_1 2An_1 d,r. d
1- T
Ordp = 2n‘ detp‘2 / / 2(11 1 2(11 n 2(1” 1 - 2an,n
(147 )=

(14 R teal )2'
(2.15)
The change of variables,
(7‘1, e ,rn) — (r%al o .rff“’”, . 774%(177,,1 o Tiﬂn,n)7
reduces (T3 to
drl d
ord p = | det
p= p!/ / (R TI c—
det —_— det
- p|</0 (1+r)> = [det p,
as claimed. °

2.2 Topological setup
In this subsection, we give formal definitions of the topological objects to which
the computational method described in the next subsection applies.

We start by extending the concept of monomials maps to vector bundles. All
vector bundles we encounter will be assumed to be complex and normed. Vector
bundles over smooth manifolds will in addition be smooth. Given a vector
bundle F' — X and any map 6: X — R, put

Fs = {(b;v) € F : |v]y < 6(b)}.

If F =@, Fi is the direct sum of nontrivial subbundles and Iy C I, let

Y(F: o) = U(@ )

1€y jel—{i}
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Definition 2.9 Suppose Iy, I, and J are finite sets, and A = (a;;) is an
integer-valued function on (fo U 1) x (Ip U J) such that for all j € Iy, a;; =0
ifi#jand a;; =1if ¢ = 7.
(1) Suppose F; — M is a vector bundle for each j € Iy and a line bundle
for each j € J,
F = EB F;, E: ® F]®a” forallie Ipul, and F= EB E
jeloJ jeloJ ielgll
A function p: F —-Y(F;J) — Fisa degree- A monomials map on F if
®a;,j
mip((v5)jerur) = ® v;
jelolJ

for all (vj)jerus € F —Y(F;J) and i € Ip U I, where m;: F— E is the
projection map.
(2) Suppose p is asin (1), E; — M is a vector bundle for each i € T,

i€l iel
A function N

p: E@F-Y(E®F;J)— FE
is a degree- A monomials map on E ® F if

Tip(wi)ier, (V)jerus) = w; ® mp(v)

for all ((w;)ier, (v)jerous) EE®F —Y(E® F;J) and i € 1.

A monomials map between vector bundles in the sense of Definition Z9 part (1)
can be viewed as a pair of bundle maps

pLJ:FJE@Fj—)ﬁ[E@ﬁZ’ and pIO:FJ@@E—)@E.
jed icl icly icly

The vector bundles F'; and F are sums of line bundles and the restriction of the
bundle map pr,; to each fiber is a monomials map in the sense of Definition EZT1
The degree of this map is A|I x J. The bundle map py, has Iy components,
indexed by i € I:

T~ ®ai; :
mip: FeF; — F; = Fi®®Fj i given by (vi, (Uj)je]) — Ui®®vj.
JjeJ Jje€J
A monomials map in the sense of Definition part (2) is equivalent to a

monomials map in the sense of Definition 20 part (1) with A being a function
on (IUQ)x (IUJ).
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If p and p are as in Definition part (2), and i € I, we put
Fi(p) = F, and pi(v) = mip(v) € Fy(p) for all v € F — Y (F;.J).

If p is as in Definition EZXQ part (1), we call p nondegenerate if the restriction of p
to a fiber of F' is nondegenerate in the sense of Definition 2T, for some choice of
identifications of the sets IoUI and IyLlJ with the sets of integers 1,. .., |IoUI|
and 1,...,|Ip U J|. If p is nondegenerate and |I| = |J|, we call p positive (or
negative, or neutral) if the restriction of p to a fiber of F' is positive (or negative,
or neutral). Similarly, suppose p is a positive or negative monomials map, I
and Is are one-element sets, and A; and As are integer-valued functions on

11X(Io|_|J) and IQX(I(]UJ),

respectively. If p; and ps are monomials maps of degrees A; and As, respec-
tively, we write p; >, ps if this relation holds for the restriction to a fiber;
see Definition Due to the remark following this definition, the notions of
nondegenerate, positive, negative, and neutral depend only on A; the partial
ordering relation depends only on A, Ay, and As.

If F is any (normed) vector bundle and § € RT, we define the function 35 on
F by:
Bs: F — [O, 1] C R, ﬁg(v) = 55(‘1)’)

If p is a positive or negative monomials map between vector bundle and ¢t € R,
we denote by degp the oriented degree of the map t~'35p given by Proposi-
tion

The next two definitions characterize the topological spaces with which we work.
Ms-orbifolds, as described by Definition E.T0l include spaces of stable maps.
Examples of pseudovarieties, as described by Definition EXTT], that we encounter
are subspaces of spaces of stable maps that consist of elements corresponding
to curves with specified singularities.

n—1

Definition 2.10 A compact topological orbifold M = M, U || M is a
mostly smooth, or ms-orbifold of dimension n if k=0

(1) M = M, is an open subset of M, and My — M C [JM; for all
k=0,...,n; j<k

(2) My is a smooth oriented orbifold of dimension 2k for all £ =0,...,n;

(3) for each k=0,...,n—1, there exist a smooth complex vector orbi-bundle
Fr — My, and an identification ¢: U, — V. of neighborhoods of My in
Fi. and in M such that ¢y: (b,;l(./\/l) — Vi N M is an orientation-preserving
diffeomorphism.
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There is no firm consensus about the correct definition of the orbifold category.
For our purposes, we put the following, rather strong, requirements on the
objects involved in Definition Each smooth orbifold M} of Definition 210
is the quotient of a smooth manifold My, by a smooth action of a compact Lie
group Gy. All points of M}, have finite stabilizers, and the set of points with
nontrivial stabilizers has codimension at least two in M. In other words, this
set is a finite union of smooth manifolds of dimension at most 2k — 2+ dim Gy,
In addition, there exists a vector-bundle splitting

Tﬂk = Tvﬂk ® Thﬂk,

where T”ka is the vertical tangent bundle and Tthk is a complex vector
bundle on which G} acts by complex-linear automorphisms. We call Fp, —
M. a smooth complex vector orbi-bundle if there exists a smooth complex
vector bundle F, — M}, on which G} acts smoothly.

By a compact topological orbifold M, we mean the quotient of a compact
Hausdorff topological space

n—1
M=, u| | A,
=0

by a continuous action of a compact Lie group G. For the purposes of Defini-
tion EZT0, M), denotes the preimage of M, under the quotient projection map

M — M, G = G, and the restriction of the continuous G-action to M,,
agrees with the smooth G,—action of the previous paragraph. Condition (3) of
Definition means that there exist

(3a) a splitting G = G x G ;
(3b) a Gy—invariant neighborhood ﬁk of ka in ﬁk;
(3¢) a G-invariant neighborhood Vj, of ./K/lvgC in M:;
a G—equivariant topologica —fibration ~k3 Nk — Nk such that
3d G ivari logical G —fibration ¢y: U 1% h th
(3d-i) p(My) = M), and g: 5,;1(./(/7”) — Vi, N M,, is smooth;
(3d-ii) for each z € 55,;1(/%), the map F(% ( )odq~5k|m: T;‘./K/lvk — Té‘ M
k\T k

(z)
is an orientation-preserving isomorphism.

Throughout the rest of the paper by a vector bundle over a smooth orbifold
we will mean a smooth complex normed vector orbi-bundle. With notation
as above, this means that ﬁk carries a Gp—invariant Hermitian inner-product.
Similarly, V. — M is a vector bundle if
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(1) V is the quotient of a topological Hermitian vector bundle V— M by
an action of G;

(2) V|My is a vector bundle for all : =0,...,n.

In (1), the action of G preserves the Hermitian structure.

If both M = M, U le;é My and M = M, U |_|Zl:_01 M), are ms-orbifolds, a
continuous map m: M — M’ will called an ms-map if for each £k =0,...,n,
there exists k' =0,...,n such that 7: Mj — M}, is a smooth map.

Definition 2.11 Let M be an ms-orbifold as in Definition

(1) A smooth 2m-dimensional oriented suborbifold S of M is an m -pseudo-
cycle in M if § — § is contained in |_|Z;é My and § N My, is contained in a
finite union of smooth suborbifolds of M, of dimension at most 2m — 2.

(2) A pseudocycle S is a pseudovariety if S is a smooth submanifold of M.

This definition of pseudocycle is a variation on that of [I0, Chapter 7] and
[I4, Section 1]. For fairly straightforward topological reasons, every pseudo-
cycle of [10] and [T4] determines an integral homology class. For nearly the
same reasons, every pseudocycle S of Definition EETTl determines an element
of Hopy(M;Q). If a € H?*™(M;Q), we denote the evaluation of o on this
homology class by (a,S). We write S for the boundary of S, ie the set
S-S.

If S is a pseudovariety in M, by a vector bundle V. — S we will mean a
topological Hermitian vector bundle over a neighborhood Uy of S in M such
that for each k£ = 0,...,n the restriction of V to UyNM,, is a smooth Hermitian
bundle. Similarly, we denote by I'(S; V') the space of continuous sections of V
over Uy that restrict to smooth sections on Uy N My, for all £k =0,...,n. For
the sake of simplicity, we restrict the presentation of our main topological tools
to vector bundles over pseudovarieties as this is sufficient for the purposes of
counting rational curves in projective spaces.

Throughout the paper, we assume that every smooth oriented manifold Z
comes with a system of trivializations, ie a smooth map

Vz: TZ5 — Z,

where § € C(Z;R"), such that ¥z|TyZ54) is an orientation-preserving dif-
feomorphism onto an open neighborhood of b in Z that sends (b;0) to b. If
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V — Z is a vector bundle, we assume that such a map ¥z comes with a
choice of a lift of ¥z to a bundle identification

. *
0Z;V. WTZV‘TZg I V,

ie an isomorphism of smooth Hermitian vector bundles that restricts to the
identity over Z C T'Z. If V is given as a direct sum of proper subbundles V;,
Yz will be assumed to be induced by the identifications Jz.y,. If M is a
smooth oriented manifold, F — M is a vector bundle, and x € T'(M; E)
is a section transversal to the zero set, we assume that the smooth oriented
submanifold Z = £71(0) comes with a normal-neighborhood model, ie a smooth
map

Vi By — M,

for some § € C(Z;R"), which is an orientation-preserving diffeomorphism onto
an open neighborhood of Z in M such that ¥;|Z is the identity map. If
V — M is a vector bundle, ¥, comes with a choice of a bundle identification

;v WEV|E5 - V‘Imﬁﬁ
which respects vector-bundle splittings as above. Furthermore,
/{(ﬁﬁ(b; ’LU)) = 19/@;E(b; ’LU)

for all (b;w) € Es. We will often only imply these identifications in equations
involving vector-bundle sections.

Definition 2.12 Suppose M is an ms-manifold as in Definition EZI0, S is
a pseudovariety in M as in part (2) of Definition EZTT, and Z is a smooth
submanifold of My, for some k=0,...,n.

(1) A regularization of Z in M is a tuple (UZ,E, K, (fk;j)jeJ(Z)), where
(la) Uz is a neighborhood of Z in My, E — Uz is a vector bundle,
and k € I'(Uz; V) is a section transversal to the zero set such that
Z =r"1(0);
(1b) Fi,j — Uz is a non-zero subbundle of F;|Uz for each j € J(Z)
such that Fi|Uz = @jcy(z) Fij» ok(UrNY (Fi|Uz; J(2))) C OM,
and ¢ ((Up|Uz) — Y (Fx|Uz; J(2))) C M.
(2) A model for Z in S is a tuple (Ug,E, Ky (Frsj)jet(z); (’)g,wg), where
(2a) (Uz, E,k,(Frij)jes(z)) is a regularization of Z in M;
(2b) Oz — Uz is a vector bundle of rank 3(dim M — dimS);
(2¢) tz: Frp — Oz is a bundle map such that
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(2¢c-1) 1z is smooth outside of Y (Fy; J(2));
(2¢-ii) if v € Uy|Uz, ¢x(v) € S if and only if ¢¥z(v) = 0.

Suppose V — S is a vector bundle and (Uz, E, &, (Fkj)jer(z)) is a regular-
ization of Z in M. In such a case, we assume that the tuple

Uz, B, Kk, (Frij)jesz))

implicitly encodes a Hermitian vector-bundle isomorphism

. *
19UZ§V’ Tr]:kv‘(j)]:l(Uv)KUvﬂUz) - V‘Uvﬂ(f)k(Uk‘(UvﬁUz))
that covers the map ¢, and restricts to the identity over Uy N Uz. This
isomorphism is to be smooth over the complement of Y (F;|Uz; J(Z)). Along
with the map 9.7, we then obtain an identification
=,
02?‘/ . WE@FkV‘(E(;X}—k;(;)l(UVrTZ) - V‘Uvﬁ(f)kﬁ,i;]:k((E(;X}—k;(;)KUVrWZ))’

covering the map ¢y 0 9.7, for 6 € C(ZNUy;RT) sufficiently small.

Definition 2.13 Suppose M is a smooth manifold, F,V — M are vector
bundles, and 2 is an open subset of F'.

(1) A smooth bundle map ¢: Q — V is C”-negligible if lim,__ge(v) = 0.

(2) A CY-negligible map ¢: Q — V is C! —negligible if lim,, o Dage(v) = 0,
where Dae denotes the differentiation of ¢ along M with respect to some
connections in ' and V.

(3) If p is a positive or negative monomials map on I’ = @, ; F; and p is a
monomials map on F with values in a line bundle L, a smooth bundle map
e: Q — V is (p, p) —controlled if there exist monomials maps p1,...,pxy on F
with values in L such that

veEQ-Y (F;I)
v—s0

N J—
o0 forallj=1.. N, and tim (3 |o(0)]) ()] < oo,
=1

Definition 2.14 Suppose M, S, and Z C M, are as in Definition EZT2,
V — S is a vector bundle, and s € T'(S; V).

(1) A semi-regularization of s near Z is a tuple
(UZ7 E7 R, (fk,j)]EJ(Z)7 027 S Oga T/JE D wgv ﬁ7 P, 0y, v, V*)a

where
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(1a) (UZ,E, Ky (Frij)jes(z); Oz®0%, 17 EB?[)}) is model for Z in S such that
tk B >rkO%;

(1b) F= @ief(Z) .7?2 — Uz is a vector bundle and

p: FilUz =Y (FplUz; J(2)) — F
is a smooth bundle map;

(le) v* € T(Uz;,0f & V) and oy @ ay € F(Uz;Hom(f; OL ®V)) is an
injective linear map such that a4 is onto along Z;

(1d) there exist § € C*°(Z NUy;RT) and a C°-negligible map
Evv: Fuldz — Y (Filidz; J(2)) — Hom(F; 0L @ V)
such that
(14 (b5 0), s(b;0)) = (g p(b;v), ay p(byv)) + v (b) + E4 v (b;0)p(b; v)
for all (b;v) € Fi,s such that ¢(b;v) € S.
(2) A semi-regularization
(Uz, B, 5, (Fisj) jesz); Oz © O% 07 @ YL F.p,ap, v, V)
is hollow if rk fk < rk F; and either v* = 0 or the bundle map
F—0TaV, (b0) — {ay®ay}(b;0)+ v (b),
does not vanish over Z.
(3) A semi-regularization
(Uz,E, K, (Frj) jesz); Oz ® OF, b7 @ w;;]?, ps iy, oy, V")

is neutral if p is a neutral monomials map, a4 |V (F;{i}) is onto over Z for all

i€lI(2),and v* =0.

Definition 2.15 Suppose M, S, Z C My, V — S, and s € I'(S; V) are as
in Definition T4l A regularization of s near Z is a tuple

(Uz, (Eiicrz), (Ri)icr(z) (Frij)jes(z);
Oz ® 0L, 4z ® VL F,p,ap, avi (Eicr(z), pra-),
where

(1) E; — Uz is a vector bundle for each i € I(Z);
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(2) with E=;ci(z) Ei and & = (Ki)ier(z)
Uz, B, &, (Fij) jesz); Oz ® OF, 07 @ U5 F,p, oy, av,0)

is a semi-regularization of s near Z such that p is a positive or negative mono-
mials map and a4 |Y (F;{i}) is onto over Z for all i € I(Z);

(3) » = (pi)ier(z) is a degree-A monomials map on E @ F; with values
in E = Dicr(z) E;, for some integer-valued function A on I(Z) x J(Z);
(4) a_€ F(Z; Hom(E', (9,;7)) is an isomorphism on every fiber;

(5) there exist § € C(ZNUy;RY) and for each i € I(Z) a C'-negligible map
and a (p, p;)—controlled map,

& Filiz — Y (Filiz; J(2)) — Hom(E;(p), i(E;))  and
e Filuz — Y(Filiz; J(2)) — ai(E))
such that
;7 (byv) = a—pi(b; ki(b),v) +&; (b;v)p;(v) +¢€; (b;v) for all (byv) € Fi.s,
where v, denotes the ith component of 1)~ under the decomposition O%|Z =
Bicr(z) - (Ei).

Remark Proposition ensures that 1~ admits an expansion as in (5) of
Definition in most cases one would encounter in counting rational curves
in projective spaces. However, this expansion is not needed if Z is s—hollow or
s—neutral; see Definition EZT7 and Proposition 22IRBl

If F,E — Z are vector bundles and o € I‘(Z; Hom(F, E)) , let
& € I'(PF; Hom(vz, mp5E))

denote the section induced by a. Here yr — PJF is the tautological line
bundle, while mpr: PF — Z is the bundle projection map.

If F,E — Z and « are as above, a closure of (Z,a) is a tuple (./\_/l,,]:’,E/),
where M’ is an ms-manifold containing Z as a pseudovariety, and F’ and FE’
are vector bundles over Z that restrict to F and F, respectively, over Z.

Definition 2.16 Let M, S, Z, V, and s be as in Definition ZZT4l A regu-
larization

(UZ, (Ei)ieI(Z), (“i)ieI(Z), (}—k;j)jeJ(Z)S
Oz © 0L, vz OV F,p, o, av; (Ei)icr(z), Py o)
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of s at Z is closable if (Z,ay) admits a closure (M, F',0') and PF’ admits
an ms-orbifold structure such that

(1) M c M, Tp7 PF — M is an ms-map, and a;l(o) is a pseudovariety
in ]P’]?';

(2) 9a1'(0) is a union of subsets Z; such that &y admits a semi-regularization
at each Z;.

Definition 2.17 Let M, S, V, and s be as in Definition EZT4l

(1) Z C My is s—hollow (neutral, regular) if s admits a hollow semi-regular-
ization (neutral semi-regularization, closable regularization) near Z.

(2) A section s is regular if s is transversal to the zero set and there exists a
finite collection {Z;};cs, of smooth disjoint manifolds in M such that

(2a) 08 C | ;s Zi and Z; — Z; C Udim2j<dimzi Z; for all i € I;

(2b) Z; is either s—hollow, s—neutral, or s—regular for every i € I;.

Suppose s € I'(S;V) is a regular section as in (2) of Definition EZT7A1 Let
{Zi}ier: be the subcollection of s-regular subsets. To each i € I, we associate
the tuple

0i = (M, Si, 71, Os, s deg py),
where, with notation as in Definitions and 216,
M; = Pf/, S, = 5[;1(0) cM;, vi= YE — Si, O, =71%V — S,
o; = ay € I'(S;, Hom(v;, 0;)),

are the objects corresponding to Z;. We will write deg p; for deg p;.

2.3 Contributions to the Euler class

In this subsection, we describe the topological part of the computational method
of this paper:

Proposition 2.18A Suppose S is an m-—pseudovariety in an ms-orbifold M
and E,O — S are vector bundles such that tk E =1 and tkO = m + 1. If
a € F(S; Hom(FE, (9)) is a regular section, for a dense open subset T'n(S; O) of
sections v € I'(S; O), the affine map

VYop=a+v: E|S — O, Ya,5(b;v) = ap(v) + oy,
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is transversal to the zero set. The set zﬁ;};(O) is finite, and its signed cardinality
1]1/1;17(0)\ is dependent only on « and is given by

N(a) =* [ 5(0)] = a7 (0)],

where ot € F(S; Hom(FE, O/C)) is the composition of « with projection map
onto the quotient of O by a generic trivial line subbundle.

Proposition 2.18B Suppose S is an m-pseudovariety in ms-orbifold M,
V — 8 is vector bundle of rank m, such that e(V) is the restriction of a
cohomology class on M, and s € I'(S; V) is a regular section. Then, s~(0) is
a finite set, and

“s7HO)] = (e(V),8) = Y degoi - N(oi) = (e(V),8) — Cys(s),
i€l
where I is a complete collection of effective regularizations of s on S, as in
the last paragraph of Subsection and N(g;) = N(«y).

Remarks (1) Together the two propositions give a reductive procedure for
counting the number of zeros of a section over the main stratum of a pseudova-
riety, provided that the section is “reasonably nice.” Indeed, one application of
both propositions reduces the rank of the target bundle by one. In the holomor-
phic category, every section is in fact “reasonably nice.” By Proposition B3],
many sections of interest to us also have the needed properties.

(2) In Proposition 2IRAl E can be a vector bundle of arbitrary rank, provided
the rank of O is adjusted appropriately and the section « is regular. In such a
case, N(a) = N(a). In fact, one can obtain such a reduction even if the original
map « is a polynomial; see Subsection 3.3 in [I7] for details. In addition, it is
not necessary to assume that a does not vanish over §. However, in practical
applications, the boundary of M can be enlarged to absorb the zero set of «.

(3) If E,E' — M are vector bundles, p € I'(S;Hom(E, E')) is an isomor-
phism on every fiber, and a € I'(S;Hom(E,O)), then N(a) = N(aop™?t),
provided both numbers are defined. Note that the isomorphism p is assumed
to be defined over S, and not over S. We will call the replacement of a by
aop~ ! a rescaling of the linear map. A good choice of the isomorphism p may
greatly simplify the computation of the number N(«) via Propositions EZI8A]
and In actual applications, our isomorphisms p will be such that N(a)
is defined if and only if N(a o p~!) is defined.

(4) If ay and ayp are as in the last paragraph of Subsection 222,
N(ay) = N(ay @ ay).
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In particular, if Z; is a finite set and thus a; ® ay is an isomorphism over

every point of Z;, then N(ay) =% |Z;|.

For computational purposes, it is useful to observe that if E — S is a vector

bundle of rank n such that ¢(F) is the restriction of an element of H*(M),

k=n
B+ (BN F=0e H(PE;Q)  and
Pt (2.16)

(N PEIS) = () for all p € H2" (M3 Q)

the same formula in a more standard setting can be found in [Il, Section 20],
for example. In the situation of Proposition EZIRA] but with E of an arbitrary
rank, Propositions ZZI8A] and B-IRB] and equation [ZI6]) give

N(a) = (c(0)e(E) ™1, 8) = Cppips(@h). (2.17)

The last term above is zero if a extends to a section of Hom(E, Q) over S that
has full rank over every point of S. In the computational sections of this papers,
we view formulas (ZI6) and ([ZI7) as parts of Propositions 2I8A] and 2188

In the rest of this subsection, we prove Propositions B.I8Al and Before
proceeding, we first comment on the topology on I'(S;O) to which the first
proposition makes an implicit reference. There are many topologies in which
the statement of the proposition is valid. One of them is defined via convergence
of sequences on compact subsets in the C%—norm on Up and the C? norm on
compact subset of Up N My; see [I7, Subsection 3.2] for more details.

The proof of Proposition EZI8A] is essentially the same as the proof of [I7,
Lemma 3.14]. The finiteness claim is proved as follows. Suppose (b,,v,) € E|S
is a sequence such that ¥, (b, v,) = 0 and {b,} converges to some b* € 9S.
Let

(U27E,7K/7 (fk,])]EJ(Zﬁ 027 @ O}ﬂﬁ% @ 1)[)27*%7107 O[+,OZE*®(9,V*),

be a semi-regularization of a at a submanifold Z of M; containing b*, as
provided by (2) of Definition ZT7l By replacing Z with Z N Ug N Up, if
necessary, it can be assumed that Z; C Ug N Up. As in the proof of Lemma 3.12
in [I7], from the sequence {(b,,v,)} we can obtain a zero of the map

wa,ﬂ;Z: E® ﬁ — E® O+ S waa,ﬂ;Z(b;U) = (a-i-(v)?aE*@O(U) + Ij),

if v* = 0. This is a bundle map over Z. By (lc) of Definition T4l the
first-component map is surjective. Thus, for a dense open subset of elements
of I'(S; O), the map 9, 5.z is transversal to the zero set. Assumptions on the

Geometry € Topology, Volume 9 (2005)



Counting rational curves of arbitrary shape 607

dimension and the ranks imply that 1, 5.z (b;v) does not vanish if & lies in this
open dense subset; see (2) of Definition and (la)—(1c) of Definition T4l
On the other hand, if 7* # 0, we can obtain a zero of the map

VYapz: EQFOE —E®0T 60,
VYo, z(b;w,v) = (oz+(v),ozE*®o(U) + 17) + v*w.

In this case, rkF < rk 73, and thus the map 1, 5.z again has no zeros if
v is generic. We conclude that zﬁ;};(O) is a finite set. The independence of
i‘?[)a_}7(0)| of the choice of ¥ is shown by constructing a cobordism between
1/1;7,171(0) and 1/1;7192(0); see part (5) of the proof of Lemma below for a
similar argument. The final claim of Proposition EZI8A]l is nearly immediate
from the definition of 1, 5; see Subsection 3.3 in [I7]. The trivial subbundle
mentioned in the statement of the proposition is simply Cw, if v € I'(S; O) is
generic and thus does not vanish.

We next prove Proposition BISBl The first step is to construct a section
5 €T(S;V) such that 3 = s outside of a small neighborhood of dS that con-
tains no zeros of s. This is achieved by cutting s off near S, so that the new
section extends over S by zero. This procedure changes the estimate of (1d)
of Definition ZT4] in a well-controlled manner. We then add a small perturba-
tion tv to § such that 5+ tv has transverse zeros on S and no zeros on 9S.
The total number of zeros of this section is then the euler class of V over S,
(e(V),8). On the other hand, for each element of s~'(0) there will be a nearby
zero of the perturbed section. All the remaining zeros will lie near 0S. The
final step is to show that all such zeros lie near the s—regular subsets of S, for
a good choice of v, and can be expressed in terms of the zeros of affine maps.

Let {Z;}ic1. be a collection of smooth manifolds in M as in Definition EZI7]
with corresponding semi-regularizations

(Ui, Ei, ki, (Frisi)jes(zy Of @ OF 7 @05 Fi, pi, i, gy, V7).

By replacing Z; with Z; N Uy, if necessary, it can be assumed that Z; C Uy .
Let 6; € C(Z;R™) be such that 9y, is defined on Es

Onir, (5 %z Fp 5) C Uk, and @07, (B5 %z Fp 5) C Uy
If § € C(Z;;RT) is less than 6 and K is a subset of Z;, let
Ui(0) = Eis Xz, Fieys — Y (E;i ® Fi,; J(Z3)), and
Wi(6;K) = on, (Vsi7, (Bis Xk Fris)) C M.

We denote W;(0; Z;) by W;(d). Since all the zeros of s are transverse, the next
lemma implies that s~1(0) is a finite set.
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Lemma 2.19 There exists 67 € C(Z;R™) such that W;(67) Ns~1(0) = 0.

Proof Let &; = a;y & aiv. By (1c), (2), and (3) of Definition ZT4] and (2)
of Definition EZTH there exists e5, € C'(Z;; RT) such that

| (b5 D) + v} (b)] > e5,(b)[D]  for all (b;D) € F. (2.18)

If &4 v is a C%-negligible map as in (1d) of Definition EZI4 corresponding
to Z;, let

Eir(byr) = sup{‘giﬁy(b;w,vﬂ D (byw,v) € Es Xz, Fy 55

Then, &;,+ is continuous and lim,_,¢&;.4(b,7) = 0. Suppose
(b;wﬂj) € UZ(6)7 ¢ki19"fi§]:ki (bvav) € ‘97 and s(¢kiﬁﬁi;fki (b7’LU,U)) = 07
where § < 0;. Then, by Definition EZT4],
@it o) + 7 (0)] < B (5,00) i) (219)
By (ZIR) and @T9), if &;,4 (b,0(b)) < eg,(b) for all b € Z;, then W;(6)Ns~1(0)
is empty.
Choose v € I'(S; V) with the following properties:
(A1) for all i € I, 7; = v|z, has no zeros, and the map
Vig: Fo — Of @V, g (b0) = (i (v), (D) + aiy (v)),

is transversal to the zero set. Furthermore, if Z; is s—hollow, the sets Ry} and
R* - Im 1.5, (b; v) are disjoint.

(A2) If Z; is s-regular or s—neutral, ¢i;,7i|Y(.7?i; j) does not vanish for all

J€1(Z);
(A3) If Z; is s-regular, ¢Z_1712 (0) is a finite set.

Note that (A1) and (A2) are just transversality assumptions, due to (1c) and
(3) of Definition 2T and (2) of Definition Conditions (A3) holds if 7; is
the restriction of a section #/ € I'(Z;; V) such that

€Lz, (&Z_i (0); W}i V).
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Lemma 2.20 If Z; is s—hollow, there exists 6} € C(Z;;R") with the following

property. If W is an open neighborhood of S in M, there exists € > 0 such
that for all n € C(S;R), t € RT, and v € T'(S; V), satistying v'|w = v|w and
v — V/HCQ(S—W) <€,

Wi(67) N {ns + 1/} (0) = 0.

Proof By assumption (A1), the map
FioR — OFf @V, (b;v) — (@i (b;v), 73 (b) + iy (v)) + 715 (b),
has no zeros over Z;. Thus, there exists dz, 5, € C(Z;;RT) such that
(0, 7:(D)) + @ (b5 D) + 707 (B)| > 05,5, (b) (1 + | @ (b5 D)])  for (b;D) € F;. (2.20)
By continuity of v, there exists ¢;,, € C°(Z; x R;R) such that
lim0 iv(b,r) =0 and ‘V((bkiﬁni;fki(b;w,v)) — 7i(b)| < &, (b,6(b))

r—

for all (b;w,v) € U;(6) such that ¢, Vs,;7, (byw,v) €S. If v/ € T(S; V) is such
that /|y = vlw and [|v — V/[|c2s_w) < €, then
[{v = '} (00057, (b;w,0))| < Ciw (b)d(b)e
for all (b;w,v) € U;(5) such that ¢y, Uy, 7, (b;w,v) €S, where C; w € C(Z;;R)
depends only on W. Thus, by the above and (1d) of Definition 141
| (0,7:(b)) + @ (1(Dr, V7, (03w, 0)) pis(b; ) + (P, Vo7, (b3 w,0))v7 (b))
< e, (0) 711 (b, 8(6))] @ (1(Pr Vs, (05w, 0))pi (b3 v) ) |
+ t(gi,(b,6(b)) + C;w (b)S(b)e)  (2.21)
for all (b;w,v) € U;(0) such that ¢y, Uy, (b;w,v) €S and
{773 + tV/}QSki’ﬂHi;]-‘ki (b;w,v) =0,
where €5, is as in the proof of Lemma By Z20) and ZZ10),
Wi(6) N {ns + tl//}_l(()) =

if e5,(b)71e4(b,8(b)), €0 (b, 6(D)), Ciw (b)S(b)e < 105, 5, (b) forall be Z;. D

Lemma 2.21 If Z; is s—neutral, there exists 0; € C(Z;;R™) with the follow-
ing property. If W is an open neighborhood of S in M, there exists € > 0
such that for alln € C(S;R), t € RY and v’ € T'(S; V), satisfying v'|y = v|w
and |[v —V'l|c2s—w) <,

Wi(67) N {ns + 1/} (0) = 0.
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Proof By assumptions (A1) and (A2), 1/)_} (0) is a discrete subset of F; —
Y (Fi; I1(Z;)) and contains at most one point of each fiber. For each & € Yo ( ),

let Kz be a neighborhood of v in F; — Y (Fi;1(Z;)) such that the closure of
Kz in F; — Y(F;; 1(2;)) is compact. For simplicity, it can be assumed that all
the sets Ky are disjoint. By Proposition BZ3A] there exists ), 5, € C°(S;R™)

such that
Frsone N0 (U RY-Ks) =0
o€ ;. (0)
Then, there exists 0y, € C(Z; R") such that for all 7 € R
|(0, Dz(b)) + a; (T,OZ' b v ) ‘ > 5,71(b)(1 + |C~¥Z (Tpi(b; U)) D (2.22)

for all (b;v) € Fr,6,. 5 — Y (Fi;1(Z;)). On the other hand, by the same argu-
ment as in the proof of Lemma 220

1(0,t74(b)) + @i (n(b; w, v)pi(b;v))]
< ez (D) ter(b,6(b )| @i (n(b; w, v)pi(b;v))]|
+ t (&5, (b, 6(b)) + Ciw (b)5(b)e)  (2.23)
for all (b;w,v) € U;(0) such that ¢y, Uy, (b;w,v) €S and
{ns + tl/}(bki(b; w,v) =0,
if /|w = vlw and ||y — /|| cos_w) < €. Thus, Wi(8) N {ns + /17 (0) = 0

if ez,(b) 7 e (b,8(b)), €10 (b,6(b)), Ciw (b)S(b)e < 165, (b) for all b € Z; and
o< 5pivl7i‘ D

Lemma 2.22 If Z; is s—regular, there exist 07 € C(Z;;RT), a compact subset
Ka,.» of Z;, and 6;,¢; € RT with the following property. If W is an open
neighborhood of dS in M, there exists eyy € RT such that for every n €
C(S;R), satisfying
(S, 07, (W, 0)) = Bs, ([v])

for all (w,v) € Ejg: XK, Fhysr such that ¢p, . T, (w,v) € S, t € (0,¢),
and V' € I‘(S V), satlsfymg 1/|W =vlw, |[v—v H02(S w) < €w, and ns + tv'
is transversal to the zero set on S, then

E|Wi(67) N {ns + 10/} 7H(0)] = deg pi F 471 (0)]

and
Wi(67) N {ns + t'} TH(0) € W67 Kzp,)-

Furthermore, if W* is a neighborhood of Z; in M, 07 can be chosen so that
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Proof (1) Let K be an open neighborhood of the finite subset 1/)2_,711(0) of
Fi —~Y(,7?i; I(Z;)) such that the closure of K in F; — Y (F; jf(%)) is compact.
Let Kz, .5 = p; -(R-K). Note that by (1) of Proposition E3B}, K, 5, is a closed
subset of F, — Z;. We take

’Cauﬁi = TFy, (’Cauﬁi) =Tz (K)
This is a compact subset of Z;.

(2) As in the proofs of Lemmas and ZZT] there exists 5, € C(Z;R™)
such that

(0, 7;(b)) -+t (b; D) | > 0, (b) (14| i (b; D)) for all (b;0) € Fi—R-K. (2.24)
On the other hand, as before, by the estimate (1d) of Definition Z14]

(0,27 (b)) + @i (n(b;w,v)p; (b;v))]

< E4 (b, 87 (6))] (n(b:w, ) (b)) | + (24, (0,57 (1)) + Cow (B)ew)
(2.25)

for all (b;w,v) € U;(07) such that @iV, 7, (b;w,v) €S and
{ns+t/'}(b;w,v) =0,
where &, (b, 67 (b)) = ez, (b)"'e4(b,67(b)) and Ciw(b) = Ciw(b)6:(b). By
[224) and ZZ5),
Wi(67) N {ns + '} (0)
C b Vnyr, ({(w,0) € B @ Fi,, 1v € Kg, 5,0 |w],|v] <57 (b)}) (2.26)
if 2(b, 8% (b)), 1, (b, 67 (D)), Cow (D)ew < 165, (b) for all b€ Z;.

(3) Let p; = (piir)wer(z,) and ;;— be the monomials map and the vector-
bundle isomorphism as in (3) and (4) of Definition ZT3, respectively, corre-
sponding to Z;. Similarly, for each i € I(Z;), let 'EVZ_Z, and &, be a Ccl-
negligible map and a (p;, p; #)—controlled map as in (5) of Definition cor-
responding to Z;. Since a;,— is an isomorphism on every fiber and the image
of 52_2, lies in the subbundle o, (E; ) of O, we can define a Cl-negligible
map
gi,i': .7'—]gZ |UZ - Y(}—kz |UZ'; J(ZZ)) — Ez'

by & . (w,v) = o (&, (w,v) ® p;ir(v)). By the Contraction Principle, there
exists 0_ € R such that for all

/
(w 7U) € EZ';(L X’Cai»f’i kai’(L
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the equation
w+ Z Eiir(w,v) =, w € B,
vel(Z;)

has a unique solution. Furthermore, this solution satisfies |w| < 2|w’|; see the
proof of [I7, Lemma 3.18], for example. Let e € RT be such that

i (@)] > e_|@]  for all @ € E|Kz, p,- (2.27)

By (3) of Definition and (3) of Proposition 3Bl there exists §; € RT

such that
€_0_

‘Ez‘_,i’( ‘ — 4|I( ||p” ‘

for all i’ € I(Z;) and v € ﬁam such that |v| < 1. It can be assumed that
04+ < d_. Then by (5) of Definition ZTH

€_0_

CIEAL !p” )| (2.28)

|Oé7;;_ ((U) + gi,i’ (w7 U)) ® ﬁi,i’(v)) ‘

for all (w,v) € Ejs: X 2, F,;5: Where v € Eaiﬂjﬂ vl <604, k7, (w,v) €S.

(4) Let & = 702. If 64 < infx; , 07, by (2) of Proposition 231, there exists
¢; € RT such that for all t € (0,¢;),

Fis: N (" noi} ™ () € Fg,

and t~1np;: Fizor N {t‘lnpi}_l(lC) — K is a covering projection of oriented
degree degp;. Then, by (Z20)—(Z2])) and the assumption on 0_,

Wi(67) N {ns +t/} 1 (0)
1
- ¢kﬂ9ni;fki ({(b;wyv) cb® sz tbe ’C&i,mv |’LU|, |U| < 55:«))})
for all t € (0,¢;), if 0+ < %5;(6) for all b € Kg, 5, and
~ " " ~ 1
E+(b,07 (b)), i (b, 67 (1)), Ciw (b)ew < 705,(b)

for all b€ Z;.

(5) By Definition T4l the set W;(6)N {ns—i—tu’}_l (0) consists of the solutions
of the system

Y, (w,v) =0€ O~
¥ (w, )—O e Ot (w,v) € Ui(5}).
{ns—l-tu} )=0€V
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By our assumptions, the zeros of this system of equations are transverse. By
(1)—(4) and Definitions LT and EZT0 these zeros are the same as the zeros of
the system

ai;—ﬁi(wv U) + Zi’EI(Zi) (g;Z’(wv U)ﬁi,i’ (U) + E;z" (w7 U)) =0€0”
B, ([v]) (4 + Eisr- (w, ) pi(v) =0 € O (2.29)
Bs, ([v]) (v + iy (w, v)) pi(v) + t/ (w,0) =0 € V
where &4 and &,y denote the O and V —components of &+ v and (w,v) €
U;(6F) as before. We will show that the zeros of ([Z2J) are cobordant to the
zeros of the system

a;.—pi(byw,v) =0€ O~
aiv (Bs, (Ju)pi(b;v)) =0 € OF  (b;w,v) € Ui (6). (2.30)
it (85, ([v])pi (b5 v)) + ti(b) =0 € V
We construct a cobordism between the two zero sets as follows. If A_, hy, and
hy are bundle maps from X = [0,1] x U;(67) to O~, O, and V, respectively,
and h = (h—_,hy,hy), let X(h) be the set ot tuples (7, (b;w,v)) € X such that

ﬁ&‘ (|U|) (Oéi;+ + Tgi;-‘r(b; w, U))pl(ba U) + h+(7—7 ba w, U) = 07
Bs; ([0]) (i + T (0w, v)) pi(bs ) + (10 (b;w, v) + (1 = 7)7i(b))
+hV(Tv ba w, U) =0,

aipi(bw,v) +1 Y (E (b w, 0)pi (b v) + &5 (b w, )
iIEI(Zi)

+h_(7,b;w,v) = 0.

Since the zeros of ([ZZ9) and ([Z3) are transverse, for a generic choice of h
with the boundary condition h,_q; =0, X'(h) is a smooth oriented manifold
such that 90X (h) = X1(h) — Xy(h). By the same argument as in (1)—(4),

X(h) € [0,1] x {(b;w,v) € E; & F, : (b;v) € Kg, 1,
1 1
0i < ol < 567 (b), fwl < 552‘(6)},

if |hV(T, b;w,v)‘, |h+(7', b;w,v)‘ < %tégi(b) for all b € Z; and |h_(7', b;w,v)‘ <
Jf(—ézz_)'m,i/(v)‘ for all v € lzai,,;i such that §; < |v| < 6f(b), i’ € I(Z;). The
lower bound on |v| above follows from the fact that G5, (|v]) is zero if |v| < 6;.

Thus, X' (h) is a compact space if h is sufficiently small. We conclude that
F|X(R)] =" | X ()| = deg pi * |1 (0)]. (2.31)

The second equality is immediate from (A1), (A2), (A3), and (2) of Proposi-
tion This concludes the proof of the main claim of the lemma. The other
claim is clear. O
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Proposition is essentially proved; it only remains to construct a cutoff
function 7 that has good properties. Let Wi = | |;c; Wi(d7/2). This is an
open neighborhood of S in M. By Lemmas EI3 27 it can be assumed
that s~1(0) N Wy = 0 and that

Ok, (Vrssr, (Bissr XK, 5, Fhisr)) 0 Ok (ﬁnj;fkj (Ejor XKz, Thy 5*)) =0

for all 4,5 € I} such that ¢ 75 j. Let Wy be an open neighborhood of 9S in M
such that Wy C Wy and let ’: M — [0,1] be a smooth function such that
n'[Wo =0 and n|M —W; = 1. For each i € I, let K, be a compact subset
of Z; such that Kz, 5, C Int Zi’C/ai _and 7

7VZ
B, (Onisr, (Bisse *xcr,  Fhussr)) 0wy (O, (Bjis: Xicr, | Fiegie;)) =0
17 777

for all 4,5 € I¥ such that ¢ # j. Choose a smooth function n}: E;®Fy, — [0,1]
such that

M| Eisst 2 %Kay o0 Frossz e =1 and ni|(E; & Fi, — Eisr xxr,  Frgsp) = 0.
If 6; € RT is as in Lemma 222 we define n;: S — [0,1] by
(") = 0 (b; w,v) B, ([v]) + (1 — ni(byw,v))1y' (")
if b* = gbkiz?,{i;]:ki(b;w,v) for some (b;w,v) € Eis: Xxr  Fp,6t, and
mi(0%) = n'(b%)
otherwise. This function is smooth on &, since it is the restriction of a smooth
function on M. Let
n=1+> n

i€lr
Since 7 vanishes on a neighborhood W of S in M, the section 5 = ns of V
over S extends by zero to a continuous section over S. Since v does not vanish
on S, we can assume that v does not vanish on W as well. Furthermore, 7
satisfies the requirements of Lemma 22 with v replaced by (1 —n')v and 6
replaced by 6} /2. Since n does not vanish on the complement of W7, it follows
that ns + t(1 — n')v is transverse to the zero set on (S — Wy) UW. Thus, for
all t,e € RT, there exists v/ € I'(S; V) such that

V,LS'_Wl = (1_77/)1/‘5_‘/[/17 v |W (1 77 V‘w7 HV,_ (1_77/)VHC2(S—W) <,

and ns + tv/' is transversal to the zero set on S. Since 7s + tv/ does not vanish
on OS and is a positive multiple of s outside of W7,

<e(V),§> = iHns—l—tV/}_l }‘
= Es710)| + Y F|{ns + 0/} 0) N W8} /2)] (2.32)
i€l
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On the other hand, by Lemmas Z20HZ22,
ST E s+ 1/} 0) W07 /2) = D deg pi E [ (0)] (2.33)

iels iels

provided ¢ and e are sufficiently small. Proposition ZI8B] follows immediately
from equations ([Z32)) and ([Z33]), assumptions (A1) and (A3), and the second
remark after the statement of the proposition.

3 Spaces of stable maps

3.1 Notation

In this subsection, we describe our notation for spaces of tuples of stable ra-
tional maps and for important vector bundles over them. The zeros of certain
sections of these bundles can be identified with rational curves with prescribed
singularities. In many cases, using the topological method of Section Bl and the
analytic estimates of Subsection B2, one can express the number of such ze-
ros in terms of intersection numbers of certain tautological cohomology classes,
that are also defined in this subsection. The notation described below is a gen-
eralization on that of [T, Subsection 1.3] and [I8, Section 2]. Thus, we omit
some details.

Definition 3.1 A finite partially ordered set I is a linearly ordered set if for
all 41,49, h € I such that iq,io < h, either 7; < iy or i3 < iq.

The term linearly ordered set is sometimes used with a different meaning in
combinatorics, as the referee pointed out. We continue to use this term with
the meaning of Definition Bl to be consistent with earlier papers.

If I is a linearly ordered set, let T be the subset of the non-minimal elements
of I. For every h € I , denote by ¢, € I the largest element of I which is
smaller than h, ie

vy =max {i €1:i<h}. (3.1)

Definition 3.2 A linearly ordered set [ is graded by I = I~urtifI-Ic I,
tp € IT for all h € I* N1, and for every i € I~ there exists h € I such that
lp =1.
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A graded linearly ordered set can be represented by an oriented graph. In Fig-
ure B the small black and large gray dots denote the elements of I~ and IT,
respectively. The arrows specify the partial ordering of the linearly ordered
set I. We use graded linearly ordered sets to encode the structure of an I -
tuple of stable maps. The set I~ will describe the nodes of the domain of the
map. For example, the domain of an I™—tuple of stable maps with the structure
depicted by Figure Bl will have two connected components. One of these com-
ponents will consist of six irreducible components and contain a double point
and two triple points. We give more details below.

gy

Figure 2: A graded linearly ordered set

IfI=I"UltTisa graded linearly ordered set, I~ and I T are linearly ordered
sets. We denote by I~ and I the subsets of the non-minimal elements of I~
and I1, respectively. If h € T * . we define Lf as in (B, but with I replaced
by I%. If hy,hy € I, let
[hl,hQ] = {’L S It h1 <i< hg}, [hl,hg) = {’L S It h1 <i< hg},
(hl,hg] = {Z el™: hi <i< hg}, (hl,hg) = {Z el™: hi <i< hg}.

If I =1 UI" is a graded linearly ordered set and ¢* is an element of 11, we
define a new graded linearly ordered set

I(*) =TI~ (") uIt(™)

as follows. We take I=(i*) = I* U {i1}, where i% and i* are new elements.
We define a partial ordering = on the set I*(i*) by

h=1i if h,ie I and h > i; i>idy if i€l andi>
it =4 if ieland i >4 @ =i,
It is easy to see that I(i*) is indeed a graded linearly ordered set.

We denote the south pole of the 2-sphere S? C R? by oo and identify S? —{oco}
with C via the standard stereographic projection gy mapping the origin in C
to the north pole of S2. If M is a finite set, a P" —valued bubble map with
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M ~marked points is a tuple b = (M, I;z,(j,y),u), where I = I~ UI" is a
graded linearly ordered set, and

x: I — 5% — {00}, j: M —TI", y: M — S*—{cc},
and  w: IT — C>®(S?%P")
are maps such that
(thisxny) # (tharTho)s (o) # Ui ¥ia)s (ensn) # (G, 1)
for all h, by, ho € I~ and 1,111y € M;
Up, (00) = up, (00)
for all hy,hg € I'™ such that ¢, = tp,; and
un(00) = u,+(2,,)

for all h € I*. We associate such a tuple with Riemann surface

Eb=< |_| Eb,h)/'\“a
hel+

where Xy, = {h} x S?, and (hy,0) ~ (he,00) for all hy,hy € I such that
Lhy = lhy, and (h,00) ~ (Lz,l‘bh) for all h € f+, with marked points (j;,y;) €
Ypj,» and continuous map uy: X — P™, given by up| Xy, = up, for all h € It.
We require that X j, contain at least two singular and/or marked points of ¥
other than (h,00) if up.[S?] = 0 € Hy(P*;Z). In addition, we implicitly
consider each point (h,00) to be a special marked point. Figure B is basically
the dual graph of 3. The black dots simply specify which of the special marked
points are identified and thus are mapped to the same point in P™. If

by = (M, ;2 (i, yM),uD) and by = (M, Ir;2@, (@, 4?),u?)

are two bubble maps and I is a subset of I 1+ and of 1’2Jr , we say b; and b are
I —equivalent if there exists a homeomorphism ¢: ¥, — 3, such that ¢|2b1ﬂ.

is holomorphic for all i € I'T, ¢(Xp, ;) C X, ; for all i € f, Up, = Upy O O,
(1) (1 (2) (2
oG ) =GPy forallle M,
and for every i € I there exists ¢ € I such that ¢(i,00) = (7', 00).

The general structure of bubble maps is described by tuples 7 = (M, I;5,d),
with d; € Z specifying the degree of the map u; on X ;. The above equivalence
relation on the set of bubble maps induces an equivalence relation on the set of
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bubble types. If IcI T, we denote by A(Tﬁ ) the group of I —automorphisms
of T;let A(T) = A(T|0). For each i € I'", let
HT ={hel :u =i} and MT ={le M :j =i}
If i € I7, we put
) ficT
HiT:{hGI"':Lh:i}U {i}, 1 Z.GA 7
0, ife g I,
Let H7 denote the space of all holomorphic bubble maps with structure 7.
This is a smooth complex manifold; see [I0), Chapter 3], for example.

We denote by Z/IT‘ 7 the set of I —equivalence classes of bubble maps in H7. Then
there exists a smooth submanifold By of H7 such that UT\ 7 is the quotient of
B7 by a natural action of the group

Gpr=ATI)xGr,  where Gr=(s")"".

(@)

For any ¢ € I , denote by Z/{Tilf the quotient of By by the group

i) = i i IT—{i}
G(T)ﬁ: A(T|I) x G(T), where G(T) = (") .

Then, Z/{ﬂf is the quotient of U ® by the residual S'-action. If i € I is fixed

TIT
by every element of the group A(7|I), corresponding to the first quotient we
obtain a line orbi-bundle L;7 — UT|T' In general, the direct sum of the line
bundles L;7 taken over all elements of the orbit A(T|I) - i is well-defined. If
hel' let 7,7 =L""T®L,T.

th

The Gromov-convergence topology on the space of all holomorphic maps induces
a partial ordering on the set of bubble types and their equivalence classes such
that the spaces

70 _ 70 _ 0 7 y _
Uy =Uzp. = J Uy, and Uz =Uzpo = {J U
T<T T<T

are compact and Hausdorff. Here T = (M, f,:yv, E), and the unions are disjoint
if taken over I -equivalence classes of bubble types. If 7 < 7, let

7Y =¥ and U

T|T I+ ﬂ%:uﬂﬂ-

gj.), and thus the line
orbi-bundle Li’f’ — Uz extends over U as the line bundle L;7 .

)

The residual S*—action on Z/{(; extends to an action on U
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For each I € M, h € I, and i € I, we define evaluation maps Hy — P" by

€vy ((Mv Iz, (]7 y),u)) = ujl(yl)v eV ((Mv Iz, (]7 y)?“)) = ’LLh(OO),

and ev; = evy, if h € I'™ and 1;, = i. These maps descend to all the quotients
defined above and induce continuous maps on U7 . If M C MUI™ and p = pqy

is an M —tuple of submanifolds of P, let
Ur(p) = {beUr :evy(b) € py for all | € ]\7},
and define the spaces U7 (u) and Z/{Tﬁ(,u) analogously.

If T = (M,I;j,d) is a bubble type and k € I, we define the bubble type

My = MTUHT;, Li={ku}cl; "=k forallle My; d¥ =d,.

Let Ut 17 = [[}c7+ U, and UrT = [lrer+ Ur,. Note that the spaces Uz and
UT are contained in Uz 7 and U7 7, respectively.

Suppose 7 = (M, I;j,d) is a bubble type, i* is an element of I such that
di» # 0 and My is nonempty subset of M;«7. We define bubble type

T(Mo) = (M, I(i"); 5", d)

by
i, if 1 € Moy; 0, ifi=74"
gl =qi%, ifl € MqT — My; di = < dp, if i =1i%;
ji, otherwise; d;, otherwise.

If 1 € M, we will write 7(I) for 7({l}). In Figure Bl we show the domain of
an element of the space Uy, where I = {i*} is a single-element set, and the
domain of an element of the space Uz (y1y), where My = {l1,12} is a two-element
set.

In Figure B, as well as in later figures, we denote each component of the domain
by a disk and shade the component(s) on which the map into P" is noncon-
stant. We indicate marked points on the ghost components, ie the components
on which the map is constant, by putting small dots on the boundary of the
corresponding disk. The point labeled by ¢*, ie the same way as the component,
is the special marked point (i*,00). Lemma B and Proposition B3l as well as
the decomposition (B), show that it is crucial to clearly distinguish between
ghost and non-ghost components.
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Iy
Q :

7 7

Figure 3: The domains of elements of Uz and Uz ()

If [N] ={1,...,N} is a subset of M such that the set M — [N] contains no
positive integers, we put

a(LiT) = (LLT) — > PDy, . [Ur) 1)) € H(UTT).
0#£MoCM;«TN[N]
(3.2)
By Proposition B3], HT,T is an ms-orbifold, while HT(MO),T(MO) is an ms-
suborbifold of Uz 7. Thus, the cohomology class on the left-hand side of (B2
is well-defined. We illustrate definition ([B2)) in Figure ] in the case IT = {i*}
is a single-element set. In this figure, as well in the future ones, we denote
spaces of tuples of stable maps by drawing a picture of the domain of a typical
element of such a space. On the other hand, let
TG HT,T _)U'TiU where 7—7;/ = (MZ - [N]7IZ7J(Z)7Q(Z))7

be the composition of the projection onto the ith factor with the appropriate
forgetful map. By [, Lemma 2.2.2],

A (L5T) = miuahs,
where ;= is the first chern class of the universal cotangent line bundle at the
marked point (i*,00) over the moduli space

Mo, (v, [N U=} (dix, P™)
of stable rational degree—d;» maps into P with marked points labeled by the
set (M; —[N])U (i*,00). In particular, ¢; (£ 7) is the first chern class of a line
orbi-bundle over U7 7. Whenever the bubble type 7 is clear from context, we
will write ¢;(L}) and ¢;(L}) for ¢;(Lf7T) and ¢;(L;T), respectively. If M is a
subset of M U I~ that contains [N] and p is an M ~tuple of constraints in P™

such that py, N, = 0 for all distinct elements 11,lo of N,
Uzay()] Ner(L3T) = [Uzqy(w)] Ne(Li, T(1)) 53)
= [Urpy(w)] N cl(ﬁfi’f(l)) for all | € MT. .

Note that by Lemma B4, Uz ()(1) is a pseudocycle in Ur 7 and thus induces
a homology class. The first equality in (B3] can be deduced from [T, Subsec-
tion 3.2].
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M
cl(cgz)m‘ = cl(L;;)m. - % %}/ ‘
o o 0#MoC[N] o’

(3 (3 (3

Figure 4: An example of Definition B2

We are now ready to formally explain the notation involved in the statement
of Theorem [LTl Let n, d, N be positive integers and let u be an N—tuple of
constraints in P". If k > 1, denote by Vi (i) the quotient of the disjoint union
of the spaces U7 (1) taken over all bubble types 7 = ([N], I1; j,d) such that

LE={L,...,k}, > di=d,

and IS = {6} is a one-element set, by the natural action of the symmetric
group Si. We define the spaces Vi (i) similarly. Denote by

776’17776’1 S H2l (Vk(:u))

the cohomology classes such that 7175, and 7*7;, are the sum of all degree-/
monomials in

{cl(ﬁﬁ),...,cl(ﬁi)} and {cl(Lf),...,cl(Lz)},

respectively, where 7: (J; Uz — Vi(p) is the quotient projection map. For
example, if k = 2,

TG 5 = c‘i’(ﬁ%) + ci’(ﬁg) + c?(ﬁ})cl (L35) +a (E})c%ﬁ%).

Let a5 = evier (vin) € H?(Vi(p)), where pn — P™ is the tautological line
bundle.

Suppose 7 = (M,f,;,g) and 7 = (M, I;j,d) are bubble types, such that
T <7, M is asubset of M U™, and p is an M —tuple of constraints in P".

Let
IOZ{ZEI+dZ:0}

Suppose Io C I — T+ and for every i € Iy there exists h € I such that i < h.
We can then construct a decomposition of the spaces Z/ITI%(,u) and aﬂ%(,u)
which is useful in computations as follows. Let 7 = (M, I;7,d) be the bubble
type given by

M=M-|JMT and I= (Iu U Mﬂ')/N,

i€lp i€lg
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where ¢; ~ h if i € Iy and h € ({i} U H,;T) U M;T. The set I is a graded
linearly ordered set, with its structure induced from 7. Let d; = d; and g1 =1
whenever i € [T C It and I € M C M. Let M’ be the image of M under
the quotient projection map I UM — I'U M. We identify the M —tuple j of
constraints with an M’—tuple ji of constraints in P" by

pp = ﬂ M-
=l

Since every degree-zero holomorphic map is constant, we obtain

Upiz () ~( [T Moo x Ur(p) [ ATIT)
i€lp
L . N (3.4)
< TI Mommonnr < Ur()) JATIT).
i€lp

Here ﬁ(iuHﬁ)uMﬁ denotes the Deligne-Mumford moduli space of rational
curves with marked points labeled by the set (i U H;7) U M;7, and also
Mum,T)um,7 denotes the main stratum of ﬁ(iUHﬂ')uMﬂ'- If i € Iy C f+,
then by definition the line bundle L;T restricts to the universal tangent line
bundle at the marked point ¢ over ﬁ(iu H,T)uMm;T- We will denote this bundle
by vr. If d; # 0 for all i € I and My C [N] N M;T for some i € I, we will
write 7 /My for the bubble type T corresponding to 7 = T (Mp) under the
construction of this paragraph. The decomposition (B2 for the bubble 7 (M)
of Figure B is illustrated in Figure B

l1 .
Iy = Moas X
i (AN N

Figure 5: An example of the decomposition B2

3.2 Structural descriptions

In this subsection, we define certain bundle sections over the spaces Z/{Tﬁ.
These sections are central to this paper, as the zeros of these and closely related
sections count rational curves with pre-specified singularities. We state a basic
transversality lemma that implies that these sections are well-behaved over MTﬁ
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in most cases. The general structure of the spaces U%(,u) and the behavior of
the sections near the boundary strata are described by Proposition

Let gs denote the standard stereographic projection C — S? mapping the
origin in C to the south pole of S?. Suppose

b:(M,I,ﬂf,(],y),U) GBT
and m € ZT. If i € I, let
1 D™t d

(m), L el
DT’i b= ml ds™1 ds

(ui 0 qs)

(s,t)=0

where (s,t) are the real and imaginary coordinates on C and C’Z:Z—: denotes
the (m — 1)st covariant derivative with respect to the Levi-Civita connection
of some metric gp; on P*. If h € I~ and [ € M, we similarly define
-1 m—1
(m), _ 1 D" d ), _ 1 D" d |
i = m!ds™=1 ds s=0 and D b= ml dsm=1 ds (+-5) s=0
Here we take covariant derivatives with respect to some metrics g and g

Uy, (:Eh+8)

on P, respectively. If I is a subset of I *, each metric g,; is Kahler near ev;(b),

and the family {gy;} is invariant under the action of the group of GT|T7 D(Tmi)

induces a section of Hom(LY™ T, ev} TP") over Uz given by

1

DY) b,ci] = DYV, if be Br, ¢ eC.

Under analogous circumstances, D(Tmiz and D(Tml) induce sections of
Hom(L;®™T ,evy TP") and Hom(L;f@mT yev; TP™),
respectively. In a certain sense, the choice of the metrics does not matter, since
D(ﬁ)b, D(Tm,zb, and D(Tmi)b are well-defined modulo the image of the lower-order
derivatives, and only these quotients have a geometric meaning. However, the
method of [I7, Subsection 2.5] for proving the explicit estimates of Proposi-
tion makes use of special properties of the metric near the point where the

derivatives are taken. Thus, we put
Gbi = IPn ev;(b)s Go.h = gpnevy by, and  gbi = gpn ev,(b)s

where gpn . is as in Lemma B3] which is exactly [I7, Lemma 2.1].

Lemma 3.3 There exist rpn > 0 and a smooth family of Kahler metrics

{g]P’”,q 1q € ]Pm}
on P with the following property. If By(q',r) C P™ denotes the gpn ,—geodesic

ball about ¢', the triple (By(g,rpn),J, gpn q) is isomorphic to a ball in C" for
all g e P™.
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Suppose T = (M,f,:yv,g) and T = (M,I;j,d) are bubble types such that

~ ~ ~ ~ k
T <T. Foreach k € I, let T}, = (Mk,lk;j(k),é( )) be the one-component
bubble type defined as in Subsection Bl and let

T(T) = (My, I; 5P, d¥) < T,
be the bubble type given by
Iy ={u}U{hel:h>k h # W for all b’ € I such that n >k},
i =g forallle My;  d¥ =d, forall he I},
Let Uz 7 = [Ters uTk(%)@ - H%j. If M is a subset of I~ UM, we define an

evaluation map

s = H —>X~ N) (]P;n)’fiulﬁru(ﬁﬂM)

er+

T

evl(bk), if l € My;
by 7Tl(eV7- M(b)) = evl(bl)’ ifl e I-i-;

evi(b,), iflel .
If p is an M —tuple of submanifolds in P™, let

Tp = X for all h,l S Hzlj.a }

< [ <z

1e(MNM)

Az =TI {m)heHﬁ e (Pt
iel-

We denote by NAz(u) C TX%(M)|A~(M) the normal bundle of Az (u) in
T

X~(]\7 ) as well as an extension of this normal bundle to a neighborhood of

Az(p) in X%(M). By definition,

U=

() = ev:lﬁ (Az(n) NUz 77 and Z/IT‘T( 1) =evzl_ (Az(p)) NUz -

T, TM

The following lemma and now-standard arguments, such as in [I0, Chapter 3],
imply that Uz ~(u) is a smooth orbifold, if x is a tuple of constraints in general
position:

Lemma 3.4 Suppose u: S2 — P" is a holomorphic map of degree d,

2, ..., 2, €S2, viGTziS2—{0}forz'zl,...,k:, and mq,...,my €Z".
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If d+1>>",m;, the map

Zk‘] =my

¢: {€ e T(S%uTP") : 06 =0} — P P TunP"s 0i,(€) = DI,

i=1 j=1

is surjective.

In the statement of this lemma, D%iﬁ . denotes the jth covariant derivative
of ¢ along u in the direction of wv. The meaning of the lemma is the same
no matter what connection is used near each point. The proof is a very slight
generalization of that of [I7, Corollary 6.3]. Lemma B4l implies that if d is
sufficiently high, a certain section over the space of degree—d holomorphic maps
is transverse to the zero set. In many actual computations, low, but positive-
degree, cases will not appear for simple geometric reasons. For example, the
space of degree-one maps whose image is a cuspidal curve is empty. Thus, if
k = 1 and my = 2, the relevant implication of the lemma is valid as long
as d > 0.

Let

FT= @ AT=P AR} — Uz,
helt-T kel+

If 7 is a bubble type such that I = 0, we will write F7 for FzT. By
(2) of Proposition B3, 757 is the “normal bundle” of Uz 7 in Hf%’ Part
(3) of Proposition B3 describes the behavior of various evaluation maps and
bundle sections over Uz 7 7 near the stratum Uz 7T of the boundary of UTT
However, before we can state the relevant expansions, we need to introduce
more notation.

If ke It, hi,hy € I}, and [ € My, let
’l"]'(hl,hg) = max {Z S [lj_ 19 < hl, 7 < hg}, i’]’(l,hg) = iT(jl,hg);

0, ifd;=0forallic [Z"]'(hl,hg),hl] @] [ij'(hl,hg),hg];
if d; =0 for all 7 € [Z"]'(hl, hg), hl] U [Z"]'(hl, hg), hg] — {hg},
xrmha) = Ly, 4o,
2 )

2, otherwise.

Put Xhl(T) = {hg € I]:_ : XT,hl(h2) = 1} and XI(T) = {hg € le(T) : ho ﬁ jl}
If

= (M. Lz, (j.y)w) (on)pers 7] € FsT = @ AT
kelt—T
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and m,m’ € Z, let

Thyshy (V) = Z Loy, H Vi € L:T(hl,hZ)T;

he(ig (h1,h2),h2] 1€ (i1 (h1,h2),h)

yhl;l(v) = Z T, H v; + Uy H v; € L;'kT(h1,l)T'

he(iz (h1,0),51] i€ (i (h1,0),h) i€ (i (h1,l),41]

m;m’ ®(=m) @m/ Z(m;m/’
pg',hl;h)2 (U) - ( ® Ui) ® ( ® Ui) € ff(tl;hQ )T’
1€ (ki (h1,h2)] 1€ (i1 (h1,h2),h2]
(3.5)

where féThT/)T = ( ® ET>®(_m) ® ( ® E-T) ®m/.
i€(kyiz (h1,h2)] i€(i7 (h1,h2),h2]

The map péﬁn;T;L is defined if hy = k or v & Y(}"%T;ﬁ' —:TV) Ifi eI, —1,

(m;

we define the map pTZ._TZZ;) by (B3), but with iz (hy, he) replaced by ¢; € I,".
Furthermore, we define the map p%? ) by replacing hs in ([B3]) with the unique
element h(i) € I,j such that ¢y = 4. We will write xy,(v), pri;n, and I;l;hT
for xj.n(v), prjsn, and l?’jl;h’f, respectively, whenever | € Mj. Finally, if
d; # 0 for some i € [k, ji], let 05 ~(I) = 1; otherwise, let o5 ~(I) = 0. In the
former case, we put

" Ji € M, if d;, # 0;

Ji(T) = - . .

min {1 €l :i<j, dy,=0forall he (Z;jl]}, if dj, = 0;

0, if djz 75 O;
yl;T(U) = .
yna(v), if dj, =0,

where h € I," is given by v, = j; (T) if j;{(T) € fk_
Proposition 3.5 Suppose T = (M,T,'j,j) and T = (M,I;j,d) are bubble
types such that T < T .

e spaces U= = and U= . are smooth orbifolds, while Uz ~ is an ms-
1) Th Uz 7 and Uz , h orbifold hile Uz >
orbifold.

ere exist 0 € = and a map @z : F51s — Uz = such that
2) Th ist 6 € C(Usz R* d b5z 7 F57T;s Uz 5 h th
(157177- is a homeomorphism onto an open neighborhood WfT of L{iT in Uf%’
¢7~'7T(}—7~'% N Y(.7'—7-T; It — f)) C 8U7-’7-,

and (;57177-: .7:,3-7:5 — Y(.7'—7-T; It — f) — uf'j’ NWr
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is an orientation-preserving diffeomorphism.

(3) Furthermore, there exist normal-neighborhood models and collections of
trivializations such that the following identities are satisfied by all elements
keIt and (bjv) € FzT; =Y (FzT;17 —I):

(3a) if M is a subset of I~ UM,
evz 77 (07 7 (v) = evz 77(b) + ez 7 (v),

where ez 72 FzT5 — Y(FzT;11 — I) — ev*%MTX%(M) is a C'-negligible

map,

(3b) if keIt and m e Z*,

=2 (m,_11> > wk;h(v)m_m/{p(fnfé) +E%)(U)}P%?Zl)(v)a

hex(T)

where each map

0 FaTs =Y (FRT5 1 = I) — Hom(LY™' T  ev;, TP")
is C' —negligible;
(3c) ifl € M and m € Z™,

DY) 7 1(v)
o (m ! —m [ (') (m") (mim)
= J%,T(l) Z <m>yl;7(v) {IDT,]';(T) + 577]'1*(7') (U)}pj'dl*(']');jl (v)
m/'=m+1
g m+m' —1
+(=Dm > {( . >

Y (o) - zi(v)) ){D(Tnjh) + g%’.’fh)(v)}p%x )(U)}

hexi(T)

where E?;;(T) (v) =0 if m" #m and E,(;-??};(T) is a C'-negligible map on
FzT5 — Y (F-T,17 —1I).

The expansions (3b) and (3c) above look quite complicated. However, it is
clear from the construction that they involve monomials maps between vector
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bundles. Figure B illustrates the expansion (3b) in a case when I+ = {i*} is a
single-element set and m = 1. Note that, while the stratum UT\? of Figure
)

has codimension three in LIT, the section D( 7 iv depends only on two parameters

of the normal bundle, vy, and vy, ® vp,, at least up to negligible terms. Such
bubble types 7 will always be hollow in the sense of Definition EZT4 and will
not effect our computations.

TﬁbTT {DTh1+ (Tlh (V) }n,

+ {DT hs T E(T ‘hs (v }Uh2 ® Uy

hi ha

Figure 6: An example of the expansion (3b) of Proposition B

One of the crucial points about the expansions (3b) and (3c) of Proposition BHis
that the terms that appear between the curly brackets depend on h, j/(7), and
m/, and not k, [, or m. Thus, by subtracting expansions of lower-derivatives
with appropriate coefficients from expansions of higher-derivatives, we can get
rather good estimates on the latter along the subspaces of the main stratum of
a moduli space on which the former vanish; see the proofs of Lemmas and

ET0d, for example.

Statements (1) and (2) of Proposition are basically special cases of Theo-
rem 2.8 in [I7]. The map ¢7~',T of Proposition is the product of the gluing
maps, as constructed in Subsection 3.6 of [I8], corresponding to each pair of
bubble types 7x(7) < 7;. Claims (3a) and (3b) are proved in Subsection 4.1
of [I8] and in Subsection 2.5 of [I7], though only a slightly weaker version of
the m = 1 case of (3b) is stated as part of Theorem 2.8 in [I7]. The proof
of (3c) uses essentially the same trick as the proof of (3b) in [I7]. The dif-
ference is that we make (ji,y;), instead of (k,00), a node and then use the
explicit nature of the gluing map ¢ﬁ T(7) to do integration by parts as before.
The appropriate normal-neighborhood models and collections of trivializations
referred to in (3) are described as follows. In (3a), we use the product of
exponential maps in every component taken with respect to the family of met-
rics of Lemma In (3b) and (3c), all the relevant bundles have the form
Hom(L@im ev; TP™). We use parallel transport in the metric g, ; to identify

T 7OV T]P’” with 7'('_7_— 7ev; TP". On the other hand, the map QST T.(T)» Con-
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structed in Subsection 3.6 of [I8], is descendant from an S'-equivariant map
b~ ~ _ 77(k) . -
¢Tk T (D) from a bundle over BTk ) to U 7 - This map quk Tu(F) induces an

identification of the line bundles qﬁ*% TLk’Z~' and F;:?TLkT over Fz7T;s.

Remarks (1) By the construction of the map ¢7-k T(F) in [I8, Subsection 3.6],
if v is an element of Fz75 — Y (Fz7;1" — I,

67 7(v) = (M, I;2(v), (j,y(v)), uv),
where y;(v) = ygy(v) for all | € Mj,. We use this fact in Section Bl

(2) Even in rather simple cases, the bundle 37 — Uz - is not the normal

bundle of H%T in H% 7, as can be seen from Subsection 3.2 in [IT]. State-

ment (2) of Proposition only implies that the restrictions of Fz7 of the
normal bundle of U%T in U%% to Uz 7 are isomorphic.

4 Example 1: Rational triple-pointed curves in P3

4.1 Summary

In this section, we illustrate our computational method by proving Theorem [C2
We first describe the set V£2) (1) that appears in the statement of the theorem.
If N =p+q, we view p as an [N]-tuple of constraints in P3, where

[N]={1,...,N}.

Let I =17 U1 1+ be a two-element graded linearly ordered set. We denote the
unique elements of I;” and I1+ by 0 and 1, respectively. Put

,‘ZE) = (M07[17;j(0)7d(0))7 7-1 = (Ml?Il;j(1)7d(0))7 7-2 = (M27Il;j(2)7d(0))7
where
My = [N], My = MoU {1}, My = My U{2}; 5" =T forall l € My; d =d.

The tuples 7y, 71, and 75 are bubble types, and we set

VI (1) = {b € Uz () : evi(b) = evy(b) },
UR (1) = {b € Un(n) - evy(b) = ev(0)},

V§2) (n)={be L{%)(,u) s evy(b) = evg(b)}.
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The cardinality of the last set is clearly six times the number of rational curves
that have a triple point and pass through the tuple z of points and lines in P3.

Let Vgl)(,u) and H%) (1) denote the closures of the space VF)(,u) in Ur, (1) and

of the space L{% ) (1) in Uz, (1), respectively. In the next subsection, we describe

the boundary of the set H%) () and conclude that L{% )(u) is a 3-pseudovariety

in Uz,. Thus, the map
evy X evy: L{%)(u) — P3xP3, {evyxevs }(b) = (evi(b),evy(b)), (4.1)

is a 6-pseudocycle in P3 x P? in the sense of [I0J, Chapter 7] and [I4}, Section 1],
ie the map (EJ]) defines an element in Hg(P? x P3;Z). In particular, there is a
well-defined homology-intersection number

(VP (1)) = (fevy x evg) ™ (Apsps), U, (1))
= 3 (({evy x evg) TH(HT x =), U (1)),

r4+s=3

where Aps, ps and H" denote the diagonal in P3 x P? and a linear subspace of

complex dimension 7 in P2, respectively. However, this number is not |V{2) ()]
in general. Since the map evy X evs is transversal to a generic submanifold
H" x H® of P3 x P3, by definition,

P ) = VIt H)| + (ag, V1 (u+ HY) + d(ad V1 (), (4.2)

where the spaces Vfl)(,u + H%) and Vgl)(,u + H') are defined as above, but
with p replaced by p + 1 in the first case and with ¢ replaced by ¢ + 1 in the
second case.

The number ((VF) (p))) can also be obtained by perturbing the map evy x evs.
If
0: U (1) — P x P3

is a small perturbation of evy X evs such that
_ —(1
071 (Apayps) N AU (1) = 0
and 6]2/{% )(,u) is smooth and transversal to Apsyps, then
1 () =* 107" (Apsces)]-

Since Z/{%)(,u) =0 if d =1, by Lemma B4 the map evy x evs is transversal to

Apsps on L{%)(,u). Thus, 6 can be chosen so that § = evy x ev; outside of a
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very small neighborhood W of 83%) (1). Then,

<<V£2) (/L)>> = iw_l(ApSXps‘
- |V£2) (N)‘ + i‘{evI X eV’Q}_l(Apra) N W‘ (4.3)

= VP (W) +¢,

1 evy X evy; Apsyps ).

The last term above is the contribution to <<Vf2) (1)) from the boundary of

U%) (p); it is the analogue of the term Cy35(s) in Proposition E.I8Bl If evy x evs

maps a stratum Z of OH%) (1) into Apsyps, near Z the map evy X evs can

be modeled on a section of a bundle over Z. In Subsection B4, we use the
topological approach of Section B to compute this contribution. Theorem
follows from equations ([2) and (3] and Corollary

Before concluding this subsection, we formally define the space Vél’l)(,u). We
do not need this space in this section, but it is used in the next section and it is
natural to describe its structure along with the structure of the space V&l)(,u).
Let Iy = I, U I be the graded linearly ordered set such that I, = {0} is a
one-element set and I} = {1,2} is a two-clement set. If 7 = (My, Is;5,d) is a
bubble type such that j; = 1 and J5 = 2, put

UM = {b e Ur : evs(b) = evs(b) }.

Let U(Tl) be the closure of Z/I(T1 ) in the space U or equivalently in Uz 7. We
define Vél’l)(,u) and Vél’l)(,u) to be the disjoint unions of the spaces L{(Tl)(,u)

and H(;)(,u), respectively, taken over all bubble types 7 as above such that
dI,d§ > 0 and dT+d§:d.

4.2 On the structure of H%) (), Vgl)(u), and similar spaces

In this subsection, we describe the closure H%) (u) of the space L{% )(u) in
Ur,(1), or equivalently, in Uz,. The tuple p can be arbitrary, and, in fact,
P3 can be replaced by any other projective space. Lemmas Bl and imply
that L{% )(u) is a pseudovariety in Uz, if p is as in the previous subsection and
is a pseudocycle in general. The two lemmas in particular describe the kinds
of curves that can appear in the limit of rational one-component nodal curves,
reproducing a known result in algebraic geometry, but in a fairly direct way.
More importantly, we obtain a description of what happens in the limit on the
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finer level of stable maps. The analytic expansion (3b) of Proposition plays
a crucial role in the proof of the second lemma. We conclude this subsection

with Lemma E3l which describes the structure of the space Vgl’l)(,u).
If T = (M>,I;j,d) is a bubble type such that 7 < 73 and i,l € IT U My, let
XT(i7 l) = max (X'T,i(l)7 XT,l(i));

see Subsection Bl Note that by continuity of the map evy X evy,
U(l)( - -1 A
7 (1) C {evy x evy} ™ (Apsxps).

Figures [ and [§ summarize the three lemmas below. All other boundary strata
are either empty or will be hollow with respect to all sections that we encounter.
The map may be constant or not on the disk shaded light gray. The lines
connecting two marked points indicate that the map has the same value at the
two points.

1 1
l
cusp . tacnode
1 1 1 1

Figure 7: Some boundary strata of Vgl)(u)

Lemma 4.1 If T = (My,I;j,d) is a bubble type such that T < 73 and
x7(1,1) > 0, the map

evy X evy: U (1) — P3 x P?
is transversal to the diagonal Apsyps. Thus,

u(Tl|)Tz (1) = {evy x eV'l‘}_l(AIP’SXIP’S) NUz1(1)

is a smooth submanifold of Uy |z, (i) of dimension less than the dimension of

LI(T; )(,u) with normal bundle isomorphic to ev} TP3.

Proof The first statement is immediate from Lemma B4l The second claim
follows from the first, since the dimension of Uz, (1) is less than the dimension
of Ur, (). O
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Lemma 4.2 If T is as in Lemma B, but x7(1,1) = 0, for every h € It and
k € 7 there exists a C'—negligible map

¥l FT;— Y(FT;T*) — Hom(LJ*T evi TP?),

where 0 is as in Proposition [, such that with notation as in Proposition [3.3
and with appropriate identifications,

{evi XeVT}(¢727 (v ))
Y S (o) — ) D, < )} (0

k=1 hexz(T)
for all v € FTs— Y (FT;IT). Thus, U%) () NUz, T C S173(1t) , Where

for some vy, € Ly, T
Stin(n) = {b € Urin(w) = Y DT non =0 it (n) hero(z) 70 }
1

h6x1
In particular, U%) (1) NU7, T Is contained in a finite union of smooth subman-

ifolds of Uz, 7 of dimension less than the dimension of Z/l% )(,u).

Proof In this case, we choose a specific identification of small neighborhoods
of Apsyps in W%T]P’?’ and in P3 x P3:

((m,x), (O,w)) — (a;,expwc w),
where exp, . denotes the exponential map with respect to the metric gps ,; see
Lemma Since x7(1,1) =0, evy(b) = ev3(b) for all b € Uz, 7, and thus
9,7 = 9,7 for all b € Uz, 7. The above expression for {evy x evs }(dn,7(v))

is then simply the “difference” between the values of evy and evs at ¢z, 7(v),
which is computable from (3b) of Proposition

{ev~ X evy } O1,7( Z yI p(v)""D (T:)I¢?,T(U)

N o~ (M1 m mk \ [ p®) (k) (0:k)
> ¥ (z(,f_l)ymw o) D+ %, 0 ke 0
k=1 hex;(T)" m=k

— Z Z (yT;T(U) - wi;h(v))_k{D(ﬁ)h + E(Tk)ih(v)}pg%)h(v). (4.4)

)

Note that pgfnﬁz = ,0(7(_) f)h for all m € Z. The last expression in [Z) is the

same as the right-hand side of the expansion in the statement of the lemma; see
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Subsection Bl This sum is absolutely convergent for all § sufficiently small,
since there exists C' € C'(Ugz,; RT) such that

‘yh 7(b;v) — xih(b; v)|_1 < C(b) and
|pT1h ()] < v for all h € x3(7), (b;v) € FT.

The first inequality is immediate from the definitions of y, 7 and w3, , while

the second follows from the assumption XT(T, T) = 0. The above expansion of
{ evy X evy } o ¢7,,7 immediately implies that

U (1) Uz C Srim ().
In fact, the opposite inclusion also holds, as can be seen from Lemma B4l and
the Contraction Principle. The remaining claim of the lemma is obtained by
simple dimension-counting from Lemma B4 O

T o)
> tacnode =—<> >
2 2

Figure 8: Some boundary strata of Vél’l)(u)

Lemma 4.3 Suppose z~' = (Mo, IQ;Z, 67) and T = (M, I;j,d) are bubble types
such that j; =1, jg=2,and T <7T.

(1) If dy >0 for some h € I'" such that h < j; or h < js, the map
evy X evy: L{Tﬁ(u) — P3 X ]P)3
is transversal to the diagonal Apsyps. Thus,

1 _
u;RT( ) = {evy x eve} ™ (Apayps) N Uy 7()
is a smooth submanifold of L[Tl%(,u) with normal bundle isomorphic to ev% TP3.

(2) Ifdy, >0 for all h e I'™ such that h < j; or h < js,
{evixevy} (¢:~r r(v))

ST U Y @) i) P+, 0} 0

i=1,2 k=1 hexs(T)
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for all v € FT5 — Y (FT;I"). Thus, H(l)(u) NUz ; C ST‘%(,u), where

T
S’Z'|’7'(:u') = {b S Z/{,Z-|,7-(,U,) : Z DT,hUh =0
hex;(T)ux3(T)

for some vy, € LT such that (Uh)hex~ux~(7) 7 0}'
1 2

In either case, U(%l)(u) ﬂL{fT is contained in a finite union of smooth subman-

ifolds of Uz ; of dimension less than the dimension of L{(%l )(,u).

Proof The proof is essentially the same as that of Lemmas BTl and The
only change is that in the second case we first obtain expansions for evy —evy
and evs —evs and then take their difference. O

4.3 Behavior of the map ev; X evs near 81/_{%)(;0

In this subsection, we use Lemma B4 and Proposition to describe the be-

havior of evy X evg near the boundary of the space H%) (1). We assume that pu

is a tuple of points and lines in P? as in Subsection E11

Lemma 4.4 IfT = (M, I;j,d) is a bubble type such that 7T < T3, XT(T7§) >
0, and x7(1,2) >0,

{evixevs ) (Apsps) N (@ (1) NUrr) = 0.

Proof (1) If x7(1,1) > 0, by Lemma T},

—(1 1

Uy (1) Uz 7 C U(ﬂ% (1)
Since every degree-one map into P? is injective, the map
(n) — PP x P?

_ .oy@
evy X evy: Z’[T|72

is transversal to Apsy.ps by Lemma B4l Since the complex dimension of
Z/{(Tl‘)T2 (u) is less than three by Lemma ECT], it follows that

{evyxevy ) (Apsyps) N [T (1) N Uz 1) = 0.
(2) If XT(I, T) =0, by Lemma L2,

—(1
Uy (1) NUziz, © Spr(p).
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Since every degree-one map into P? is an immersion, the map
. 3 3
evy X evy: 81‘7'2(/1) — P’ x P

is transversal to Apsyps by Lemma B4l Since the complex dimension of
S7|75 (1) is less than three by Lemma B2 it follows that

{eVT X evs }_I(Apsxps) N (U%) (/L) N Z/{T%T) = 0. D

~ o~

Lemma 4.5 If T = (Ms,1;j,d) < 73 is a bubble type such that x7(1,2) =0,
xr(1,2) > 0, and U%)Tz(,u) # (), then

—(1 -1 ~ ~
U, (1) Nttnr © {evxevy ) (Bese), xr(L1) >0, q(T)] € {12},
Furthermore, there exist a rank-|x;(7)| vector bundle FT — Ur, T, a mono-
mials map p: FT — FT, a section o € F(Z/{TQ,T;HOIH(}"’T; ev% TIP’?’)), and a
C° -negligible map
e: FT —Y(FT;I") — Hom(FT,evi TP?)

such that

{evi xevs }(¢7,7(v)) = {a+e(v) }p(v) for allv € FTs— Y (FT:TH).

The vector-bundle map « is injective over U%)TQ (u). Finally, if It = xi(T), p
is the identity map, and

a(@) = Z (y»2~ — :Eh)_l ® 'D,(Tl’)hvh for all v = (Uh)hEXT(T) e FT.
hexz(T)

Proof The first two claims of the first sentence are clear; the third follows by
dimension-counting from Lemma Bl On the other hand, equation (4 with
1 replaced by 2 gives

{ eVT X ev§ } ((;57'277'(1)))
= Z( | (93(0) = 23, (0) " { DL +Er 3,0}, ()
hexs (T

Thus, we define the monomials map p = (pp) hexz (T) and the linear map « by:

pr(v) = H Vi a((ﬂh)hEXI(T)) = Z (yh;§ - xi;h)_l ® ,D’(Tl,)hﬁf“
i€(i7(2,h),h] hex;(T)
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where
Ty, =ap if W€ (i7(2,h); h] and g = ir(2,h);
P if jo = iz (2, h);
2 ap, ifh e (ir(2, h); js] and ¢f, = ir(2,h).
We write b = (M, I;x,(j,y),u) as before; then z; and y; are sections of a
bundle over Uz, |7. By Lemma B4l the map « is injective over U%)TQ (u). O

Lemma 4.6 If T = (M, I;j,d) is a bubble type such that T < T3,

xr(1,1) = xr(1,2) = x7(1,2) = 0,
and Sti1, (1) # 0, [x5(7)| € {1,2}. Furthermore, the following properties hold.
(1) There exist a rank-|x7(7)| vector bundle FT — Ur 1, , section

a € F(Z/{T|7-2; Hom(]?’f, ev% T]P’?’)),
and a monomials map and C°-negligible map

pe: FT —Y(FT;T") — FT, Hom(FT, evi TP?)
such that
{evy xevs }om,7(v) = {a+e(v)}p(v)

for all v € FTs such that ¢g, 7(v) € Z/{%).

(2) If XI(;T) = {h} is a single-element set, « is injective over Sz, (pt). If, in
addition, I™ = x3(7), then
p(vp) =v @V

for all v € FT and

® (5 — 17) ® D)0

(D) = (s —2n) " ® (v — 2)
for all U € FT = FT®2.
(3) If [x3(7T)| > 1, there exist a line bundle L — Ur\z,, a section
oy € I'(Urin; Hom(FT,L* ® evs TP?)),
and a monomials map and a C°-negligible map
pi v FT =Y (FT; f+) — L, Hom(FT,L*® ev%T]P’?’)

such that o @ « is injective over St7;(1),

o |[Y(FT,{h}) and  oi|Y(FT,{hs})
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are onto Im(ay) over Stz;(p), and
{evi xev }(91,7(v) = p(v) ® {ay +e1(v) (V)

for all v € FTs—Y(FT;I"). If, in addition, T+ = x7(T) = {h1, ha}, p Is the
identity map, and

ay(v) = (y7 — ZEhl)_l ® D(Tl,)hlvhl + (y7 — :nhz)_l ® D(Tl,)hzvhz§
a(v) = (vg — %)—1 ® (vg — xhl)_l ® (g — xhz)_l ® (45— 1)
& (l‘hl — ﬂjhz) &® D(717)h2Uh2

for all v = (vp,,vp,) € FTs.

Proof (1) The first statement of this lemma follows from Lemma Bl by
dimension-counting. If x7(7) = {h} is a single-element set, the remaining
claims are obtained by subtracting the expansion of {evy x evy} o ¢7; 7 given
in Lemma B2 times

(Y1:3(0) = 21, (v)) (v12(v) — 27, (v))

from the corresponding expression for {evy x evs} o ¢z, 7.
(2) If [x3(T)|>1, he x3(7), and | = 1,2, we put

i (h) = max {ir(h,1),ir(h,2)},
ix(l) =max {ir(I,h) : h € x5(7)}, i7(I) =min{ir(l,h):he x5(7)}.

If hy € x3(7) is such that either iz (hy,1) = i5(h1) or ir(h1,2) = z}(é\), we
subtract the expansion of {evy X evs} o ¢, 7 given in Lemma EEZ times
-1
(yT,T(U) - ‘TT;hl (U)) (yT,§(U) - xT;hl (U))
from the corresponding expression for {evy x evs} o ¢7, 7 and then take the
leading term. m]

4.4 Computation of the number C evy X evs; APSXPS)

AU (1) (

We are now ready to compute the term C evy X evs; Ap3xp3) appear-

o) (u)(
ing in equation (). We perturb the map evy X evz to a new continuous
map 6 on Uz, such that the image of 8U%) (1) under 6 is disjoint from Aps, ps3

and 0|Z/{% )(,u) is smooth and transversal to Aps,ps. In order to achieve these
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requirements, it is sufficient to perturb evy x evg very slightly on a small neigh-
borhood W of .
AU (11) N {evs x evy} ™ (Apsyps).

Then,

C evy X evg; Apsyps) = i‘H_I(A]anpg) N W|

o) (u)(
Along the set OU%) ()N {evy X evg} 1 (Apsyps), the maps evy x evs and 6 can
be viewed as sections of the bundle ev% TP3. Thus, we can apply the termi-
nology and the computational method of Section B to determine the number of
zeros of a small perturbation of evy x evg near

77(1) -1
82/[7-2 (M) N {GVI X GVE} (A]P’3><]P’3)’
Of course, we cannot “cut off” the map near the entire boundary of U%) (1),
as was done for vector-bundle sections in Subsection 23 However, the entire

approach of Subsection goes through, since {evy x evs} ™' (Aps,ps) is well-

defined on all of the space H%) (p), and not just on LI% )(,u).

We prove Corollary EET3, which expresses the boundary contribution

Caﬁ% oL

evy X evs; APSXPS)

in terms of level 1 numbers, by computing contributions from the individual
strata Z/{T2 7. We spht the computation into four cases, dependmg on whether
XT(l 2) and y7(1,2) are zero or not. By Lemma B if y7(1,2) # 0 and
x7(1,2) # 0, the space Uz, 7 makes no contribution. The case xr(1,2) =0
and XT(l 2) # 0 is handled in Lemma E7 Figure @l shows the three possi-
bilities for non-hollow spaces Uz, 7. In all three cases, we express the contri-
bution from the stratum in terms of the number N(ay) of zeros of an affine
map between vector bundles. However, in two of the cases, this number is
zero, basically for dimensional reasons; the remaining number is computed in
Lemma The case x7(1,2) # 0 and x7(1,2) = 0 is symmetric to the one
just considered and no separate computation is needed. The remaining case
is dealt with in Lemma Figure [ shows the three possibilities for non-
hollow spaces Ur, 7, but in all three cases the corresponding number N(a;) is
zero for dimensional reasons. In both figures, the numbers above the arrows
show the multiplicity with which the corresponding number N(«j) enters into
CBU%) " (evi X evs; APBX]PB) .

Before proceeding with the actual proofs, we formally define more spaces of
tuples of stable genus-zero maps that appear in the statements of Theorems
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and and describe curves pictured in Figure[ll First, let
1
S1(p {bEU% e 'D%ib—()}
and let 31( ) be the closure of Sy(u) in Ug,. If T = (Mo, I2;j,d), let

«57' {bGUT )
D(l) +D( )~v~ = 0 for some (b;vy,v5) € LyT & LsT — U7 }.

We denote by Sa(p) the quotient of the disjoint union of the spaces Sr(u),
taken over all bubble types 7 as above such that d;,ds > 0 and dy +d5 = d,
by the natural action of the symmetric group Se. Finally, if 7 = (M, I2; 4, d)
is a bubble type such that j; = 1, let

U (1) = {b € Ur(p) : evy(b) = eve(b)}.

We denote by Vé )(,u) the disjoint union of the spaces Z/{(T1 )(,u), taken over all
bubble types 7 as above such that dy,d5 > 0 and dy + d5 = d.

1
Q@i
Ve

P 1 .

Semel 5 1

.) x1 ®2 zﬁoAXQD W 0
1 1

3

%

Y () WWW> Lemma R

¢

Figure 9: An outline of the proof of Lemma E1]

Lemma 4.7 Suppose T (Mg,I;j, d) is a bubble type such that T < T,

xr(1,2) =0, and x7(1,2) > 0
(1) If|TH] > Ix7(7)|, Z/IT (1) is (evy X evs, Apsyps)—hollow, and thus

Cur, 1 ( evy X evs; APSXPS) = 0.
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(2) IF [7*] = pg(T)| = 1, [MET] € {1,2}. IF [MT| = 2,
CL{T%T(GVI X evy; Apaxpg) =0.
If IMGT| =1,
CUTQ’T(GVT X evg; Apayps) = <6a% + dager (£5) + c%(ﬁ ) 1}(1) () + |82 ‘
V" ()] - (802 + dex (£5), S1(w)).
(3) I 7| = [xq(T)| = 2. Cusy . (evy x v Aps o) = 0.

Proof (1) By Lemma ET], U%) (0) NURT C U%)TQ (u). With appropriate

identifications, Z/{(Tl|)72 (p) is the zero set of the section evr, n, ®(evqy —evy) of

the bundle
v, v NAT (1) © evy TP3

over an open neighborhood of U%)Tz () in Uz, 7. By Lemma B4l this section is
transversal to the zero set, since the constraints p are assumed to be in general
position. By Proposition B, there exists a C!-negligible map

e_: FT5—Y(FT;IT) — evi, vy NA7 (1) & ev} TP
such that
{evaap x evy x evg }(o1,7(b;0)) = {evay,amy X evy x evyg }(b) +e—(b;v)

for all (b;v) € FTs— Y (FT;It). On the other hand, by Lemma ET

{evixevs }(dgm,7(v) = {a+e(v)}p(v Eev%T]P’?’
for all v € FT g« — Y(]—"T;I ), where « is a linear map, which is injective
over L{(Tl‘)T2 (1), and its domain is a vector bundle of rank |x3(7)[. Thus, if
Tt > Ix7(7)|, then U(T\)T( ) is (evy X evg, Aps,ps)-hollow, and

Cz,{szT(eVT X evg; Apsyps) =0

by Proposition B IRBl, or Lemma P20, and Lemma EETl
(2) On the other hand, if || = Ix(7)|, by the above and Lemma E3],

Z/I(Tl‘)T2 (p) is (evy x evy, Apsyps)-regular, and by Proposition 2188l and rescaling

of the linear map,

CuszT(eVT X €Vs] A]P’3><]P’3) = N(a), where
a € F(U(Tl‘)T (u );Hom(]:’T,ev% TP3)), a(v) = Z (9’2‘ _ :Eh)—l ® D’(Tl,)hvh'
hexz(T)
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provided « is a regular section, as is implied by what follows. Since the map

FT= @ LToLT —F= @ LT, ou— (n-o) Su,
hGXi'(T) hEXI(T)
is simply a rescaling of factors over Uz, (1),
CUT\TQ (eVT X evg; Aps le>3) = N(d), where
—(1 .
o € F(U(TRTQ(M);HOIH(}", eviTP?), o (v) = Z D(Tl,)hvh-
hEXT(T)

Note that with respect to the decomposition (B4, shown in Figure @ the
linear map o’ comes entirely from the second factor. Thus, if the first factor is
positive-dimensional, N(a/) =0, ie

CUTQ’T(GVI X evg; Apayps) =0

unless [x7(7)| =1 and [M57| = 1. If |[x3(7)| = 1 and |M77T| = 1, we conclude
that

CUTQ’T(GVT X evs; A]PBX]PB) = N(ay), where
a € F(Vgl)(,u); Hom (L7 Ty, evy TP%), ai(v) = D(Tll)TU'
The number N (o) is computed below. O

)

Lemma 4.8 If o; € F(Vgl)(,u); Hom(Lz, evy TP3)) is given by ay = D(Tl <
1,

N(an) = (6a2 + dager (£3) + (L), V1 (1) + [Sa ()] — PV (w)]
—(8aZ +4c1(£5), S1 ().

Proof (1) Since a; does not vanish on V}l)(u) by Lemma B4, by Proposi-

tions and Z18B],
* * (1
N(an) = (602 +dager (L5) + HLH. VY () = Cppn  (ad), (45

where ozf denotes the composition of a1 with the projection wpﬁ onto the
quotient O; of ev% TP3 by a generic trivial line subbundle Co;. Figure
shows the five types of boundary strata that are not ozll —hollow. Contributions
from the first two are computed in (2) below, from the following two in (3), and

from the last one in (4) below.
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Figure 10: An outline of the proof of Lemma

%

Mo,g x Sa(p) WWW- Sz (p)]

(2) If T < T; and x7(1,1) > 0, Vgl)(,u,) NUrR T C u(71|)71('“’) by Lemma ET]
By Proposition B3]

D(Ti)T(QﬁTLT(U)) - Z (D(Tl,)h + en(v)) pr(v), where
7 hEXI(T)

pn(v) = H v, forall ve FTs —Y(FT;TT),
ie(1,h]

and for some C°-negligible maps
en: FTg —Y(FT;I") — Hom(L), T, ev; TP%).
Let F,T denote the line bundle determined by py,. By Lemma B4l the map

FT= @ AT —LToeiTP, (W), 7 — 2. Dfiin
hexs(7) hexs(T)
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is injective over L{(T‘)T (u). If 7y is generic, the same is true of the map
oy FT — LT @0, {ay@)}w) =mh > DEo v
hexz(T)
By the same argument as in (1) of the proof of Lemma E7]
Cur, 1 (o) =0 unless I+ = x7(7).
If I+ = x7(T), by dimension-counting either
Tt =xz(7)|=1 and [M;T|=1 or
I =|x7(T)|=2 and |M7T|=0.
In the second case, the map o is an isomorphism on every fiber of F7 over

the finite set Z/{(ﬂ)T (). Thus, by Proposition BISB],

CMT 7(a1 ‘u’]'ﬂ'l )|

Note that the sum of the numbers | T|T (p)], taken over all bubble types 7 < Tq
such that R
Iaa = Ix3(7)| =2 and |M;T| =0,

is \Vél)(u)\. On the other hand, if I+ = x7(7) = {h} is a single-element set
and |[M7T| =1, ie T = 7y(l) for some [ € [N], by Proposition and the
decomposition (),

—(1
Cu,;—l‘)T w (o) = N(az), where ag € F(U(Tl)/l(u);Hom(Lh, 1))
1

is the map induced by o, ie the composition of Dé})/l ,, With the projection

7T— onto the quotient O; of eVA TP3 by a generic line subbundle C;. Thus,
by Lemma L9,

™ Cutgy oy (o) = (dag + e (). Vi (1)) — 2|S1a ()]
IE[N]

Summing up the above contributions, we find that

N Cupplat) = V()] + (dag + en(L3), V5 () — 2[Sua(w)]. (4.6)
x7 (1,1)>0
In H), S1.1(p) denotes the disjoint union of the sets

S1o, (1) = {b € Uz, (p) : D%Z,Tb =0}, where
%;l = (MO - {l}yll(l)vjy d)7 Il(l) = {6 = l} L If_y
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taken over all [ € [N]. The space Vfll) (w) is the disjoint union of the sets
1
Zx[%?l (1) ={b €U, (n) : evy(b) = evi(b)}, where
7—1;1 = (Ml - {l}7 Il(l)7j7 d)7
taken over all [ € [N]. As usual, Vﬁ () denotes the closure of V}ll) (w) inside of
a union of moduli spaces of stable maps. More geometrically, the image of every

element of Sy.;j(p) (of Vfll) (1)) has a cusp (a node) at one of the constraints
Hiyen s [N -

3) T <T and xr(1,1) = 0, V" () Nz, 7 € S7i7 (1) by LemmaE2 On
the other hand, by Lemma B& Sz 7, (1) = 0 unless [x3(7)| € {1,2}. Suppose
x7(T) = {h} is a single-element set. With appropriate identifications, Szz, (1)

is the zero set of the section evz ar, @D(Tl)h of the bundle

Vi a1y NAT (1) & Lj, @ evi TP

defined over a neighborhood of Sz|7; (1) in Uz, 7. By Lemma B4 this section
is transverse to the zero set. By Proposition and Lemma 2,

eV, M, (¢71,T(b; U)) = evy M, (b) +e—.1(b;v),
{evi x evi} (67,7(0) = (g —2,3) " © {DF), +e—a0) 175, (0)
for all (b;v) € FT5—Y(FT, f+) and some C'-negligible maps
e,e—pt FT5—Y(FT;I7) — evh y NAR (1), Ly @ evi TP,
On the other hand, subtracting (yT;T(U) - xih(v)) times the expansion of

{evy x evq} o ¢7; 7 in Lemma EEZ from the expansion of D(T?T o ¢z 1 in (3b) of
Proposition BH, we obtain

D397, 7(0) = = (U5 — 71) @ {DF), + £(0)}o(v),
where p(v) = H U?z ® H Y

ie(XT(’l\vh)vh} ie(vaT(th)]
for all v € FTs such that ¢7; 7(v) € L{%)(,u) and for some C°-negligible map
e FTs—Y(FT;I7) — Li®* @ evi TP,

By Lemma B4l Dg?)h does not vanish over Srjz (1), and neither does the
linear map

oh: FT® — LTe0,  {ah@®)}) =5 DP) 50w,
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provided 77 is generic. Thus, Sz (1) is ai ~hollow unless I+ = x7(7). On
the other hand, if I+ = x7(7), by Proposition EZISBl a rescaling of the linear
map, and the decomposition (B2),

CuTl,T(H)(a%) = 2N (), where
az € Ty np 7 X S7(p); Hom(r1 L] ® w3 LY, L5 @ Or)),

as (V) = 7#1 o {D(%)hﬂ}.

By dimension-counting, [M57| € {1,2}. If |M57| = 2, ie M3T = {2,1} for
some [ € [N], S7(u) is a finite set and D(;)h does not vanish. Thus, by
Propositions E.T8A] and 2ZT8B] ’

> Cutzz, () = 2(er(L5), M3 pype ) [Stia ()| = 2[S1ia ().
xz (LD)=0,|M;T|=2

If |M;T| = 1, that is, M3T = {2}, by Propositions EZIRAl and and
Lemma EET0L

N(az) = (4ag + 2¢1(L35), S1(p)) — [Sa ()|

Thus, summing up the above contributions, we obtain

> Cur, +(a1) = (8ag + 4c1(L£3), S1(p)) + 2| S ()| — 2| S2 ()]

x7 (LD)=0,/x;(7)|=1
(4.7)
(4) Finally, if 7 < 77, x7(1,1) = 0, and X7(T) = {h1,ha} is a two-element

set, the section D(Tlfhl does not vanish over the set 87\7'1(,“)' We denote by

Thyt €vg TP — Im D(Tl)hl and Wﬁl Doevs TP — Ey,

the orthogonal projections, defined over a neighborhood of Sz7, (1) in Uz 7,
onto Im D(Tl)hl and its orthogonal complement E7 in ev% TP3. With appropriate

identifications, Sz, (1) is the zero set of the section evr a @ﬂﬁl o D(Tl)hz of

the bundle
evj;'l,M() '/\/’A,Tl (lu) @ L;klz ® Ehl

defined over a neighborhood of Sz|7; (1) in Uz, 7. By Lemma 4] this section
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is transverse to the zero set. By Proposition and Lemma EE2],
v i, (67,7(0;0)) = evry gy (b) + e—51(bv),

T {evi x evi} (67,7 (0) = (U1 — T1,) @

{Fhlopé'hz—’_g_ }pTlh
Thy {evl X evl}(qul’ ) {yhl 1 :ET;hl) ® (D'g})hl + €+§h1 v }p']'j;hl Uhl)

-1 0;1
+ (U7 = 1n,) " @ {Tm D, + E4ima(0) 057, (Wna)

for all (b;v) € FT;5 —Y(FT; f+) and some C'-negligible maps
€—1,E—;2, €43k FTs—Y(FT; f+)
— vy vy NAT (1), Ly, ® By, Ly @ Im D’(Tl,)hl'

However, subtracting the expansion of {evy x evy} o ¢7;, 7 in Lemma mul-
tiplied by (y;7(v) — xT-hl(U)) from the expansion of D(Tl)T o ¢, 7 in (3b) of
Proposition B, we find that

<Z5Tl, {042‘*‘5 }P

for all v € FTs such that ¢z 7(v) € L{%)(,u), where p is a monomials map on
FT with values in a rank-two bundle FT ,

oy FT — Lr® ev%T]P’?’
is a linear map, such that a4 @ « is injective over L{% )(,u), and
e: FT —Y(FT;I") — Hom(FT,L: @ ev; TP%)
is a CY-negligible map. Explicitly, if I= x7(7), p is the identity map, and
a(Uhy,0ny) = (47— 2) " @ (Thy — Thy) ® D(Tl,)h2vh2.

Thus, if 7 is generic, Szi7; () is af —hollow unless It = xi(T). 1If It =
x7(7T), by dimension-counting M7T = {2} if S7i7, (1) # 0, and by Proposi-
tion ZZI8B] rescaling of the linear map, and the decomposition (B4),

CSTm (u)(o‘f—) = N(a2), where
@2 < F(m{l 1 hlvh?} x St ( ) HOHl(T['TLi ® ﬂ-;Lhzvﬂ'IL% ® Ol))7
ag(v ) = 7T— o {D 'U}
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The set S7(p) is finite and D%) does not vanish. Thus, by Propositions 2. I8Al
and ZI8B],

2 Cutriz, (a1) = (e1(L3), M3 75, 4y T)[S2(W)] = [S2(w)]- (4.8)
XT(T7T)207IXT(7)|:2

The claim follows by plugging equations (), D), and X)) into (X)) and

using (B2) and B3). O

Lemma 4.9 If O — Vgli(,u) is the quotient of the bundle ev%TIP’?’ by

a generic trivial line subbundle Coy, mi : eViT]P>3 — (1 is the quotient

1%
projection, and oy € F(V( )( ); Hom(Ly,04)) is given by as = 7y o pW

7-1l7
on Uffrl?l (1),
N(az) = (4ag + e1 (L), Vi (1)) — 2|81 ()
Proof By Propositions 2ZI8A] and 218D,
xy 151 1
N(az) = (dag +er(L3). ViAW) ~ Cppum (@), (19)
where 042L denotes the composition of «y with the projection 771%2 onto the

quotient Oy of O7 by a generic trivial line subbundle Cry. Suppose
T = (My, I;j,d) < Ty
is a bubble type such that D(T) I vanishes somewhere on V( )( )NUT,, 7 Then,
by Lemmas B4l Bl and B2,
~ (1
T=Tu(@) and  Vig(u) nlr,7 C Srir,, ()
By the same argument as in (3) of the proof of Lemma EJ]
CST\TM (u)(o‘;) - 2|ST|71;1 ('u)‘

We conclude that

C = 2|S1;1(p)]- (4.10)

av(l)( )(
The claim follows from (EJ) and (EI0). D

Lemma 4.10 If O; — Si(p) is the quotient of the bundle evs TP3 by a
generic trivial line subbundle Cry, 7r,7l1: evi TP3 — O, is the quotient pro-
jection, and ap € I‘(gl(,u);Hom(L?z,Ol)) is given by ag = 777 o D(2)

N(ag) = <4a5 + 261(£*) 81 > |32 |
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Proof (1) By Propositions ZI8A] and E1RB]
N(O[g) = <4ab‘ + 201([4%), gl(/.t)> — C§31(u) (Oé%'), (411)

where 042L denotes the composition of «y with the projection 771%2 onto the

quotient Oy of 07 by a generic trivial line subbundle Cry. We now use the
expansion (3d) of Proposition to describe the boundary strata of Si(u)
and compute the contribution of each stratum to Cyz, (, )(oz2 ). Our description

shows that 0S1(u) is a finite set and thus Sy () is a one-pseudovariety in V1 (i)
and V.

(2) If T =(My,I;j,d) < Ty, by Proposition B3,

1 1 1 0:1
Dponr(w)= Y (Dfy+elh )ory (), where o7 H vi
hexz(T) e(1,h]

for all v € F7 sufficiently small. Thus, S1(u) NU7, 7 is contained in the finite
set Stz (). If dy # 0, section D%)T does not vanish on Sz7 (1) and thus
’ o

UT|7, does not contribute to 6831(u) (ay), since D 5 is defined everywhere

on S(u).

(3) If dy = 0 and Sy, () # 0, It = x7(7T) and |x7(7)| € {1,2}. Suppose
xi(7) = {h} is a single-element set, ie 7 = 7Ty(I) for some | € [N]. With

appropriate identifications, Sz|7; (1) is the zero set of the section evr, EBD( )

of the bundle
vy v NAT (1) © Ly, ® evs TP3

defined over a neighborhood of Sz|7;(11) in Uz, 7. By Lemma B4 this section
is transverse to the zero set. By Proposition and Lemma B2,

evry, Mo (070,77 (;0)) = evy gy (b) + -1 (b;v),
D+ (67.7(v) = {Df), +e—a(v)}v.
for all (b;v) € FT5—Y(FT, f*) and some C'-negligible maps
e,e—pt FT5—Y(FT;I7) — eviy y, NAg (1), Ljy @ evi TP,
On the other hand, subtracting the expansion of D(1)~o¢70 7 of (3d) of Proposi-

tion B0 times zj, from the expansion of D ~0¢75,7 of (3d) of Proposition
we obtain

DR 65,1 (0) = {DF), + 20 ()}veuv forall v € FT; with ¢7,7(v) € 1.
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By Lemma B4 Dg?)h does not vanish on the finite set Srjz,(p). Thus, by
Proposition EZIRB,

> Cupyrw(0z) =2|S1a ()] (4.12)
Ix7(T)I=1
(4) If x5(7) = {h1,h2} is a two-element set, the section Dé},)hl does not
vanish over the set Szz(1). Let mp,, 7T;JL‘1, and Ep, be as in (4) of the proof
of Lemma Similarly to the previous case, S|z, (1) is the zero set of the
section
V7o, Mo @ﬂ-fﬁ © D’g},)hz

of the bundle evy . NAg(u) ® Ly, ® Ej, defined over a neighborhood of
S775 (1) in Uz, 7. By Lemma B4 this section is transverse to the zero set. By
Proposition and Lemma B2,

vy (07,7 (b3 v)) = evay g (b) + e (b v),
1 1
W}JLHDFE)E(QSTO,T(U)) = {ﬂ-fJLH ° D’(T,)hg + 6—;2(U)}Uh27
1 1 1
T D1 (67,7 (0)) = {DF, + o ()} 0,) + {0, DY, + €na(0) Yo,
for all (b;v) € FT5—Y(FT; f+) and some C'-negligible maps e_.1,€_.2,4.p.
On the other hand, subtracting the expansion of D(TI)IOQSTO , 7 of (3d) of Proposi-
tion B0l times xp, from the expansion of D%)quﬁoj of (3d) of Proposition B,
we obtain 7
DD _p7 7(v) = (zp, — Th,) & {D(l) +e(v) v
75,17 70,T ha h1 Toho ha
for all v € FTs such that ¢z, 7(v) € Si(p),
(1)

where ¢ is a C”negligible map. Since Dy, does not vanish on Sz|7;(pt), from
Proposition EI8B], we conclude that

Y Cup(az) = [Sa(w)]. (4.13)

X3 (T)I=2
The claim follows by plugging equations [12) and [I3) into ([EIT]) and using
B2) and B3). O

Lengrga 4.11 SuppoieA’T = (M, I;j,d) is a bubble type such that T < T,
XT(172) >0, and XT(172) =0.

(1) If [T #1 or [MiT|# 1, Cuy, - (evi X evy; Apsyps) = 0.
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(2) If |IT*| =1 and |M;T| =1,
* « (1
Cutr, 7 (V1 X g3 Apayps) = (605 + dages (£7) + ] (£7), Vi ()
+Sa(m)] = [V ()] — (802 + e (£2), 81 (u)).

Proof This lemma follows from Lemma EET by symmetry. O

Remark These contributions can be computed directly, ie similarly to the
proof of Lemma EE7 and in fact one finds a somewhat different expression for
the contribution in (2). What this means is that we have found a relationship
between certain intersection numbers:
o (1) 1 —(1,1) 1;0,1
(8ager (£3), Vy” () +2P5" ()] = (dag — 51, Ve () +[ Vo) ()] (4.14)

Here Vz(l(;g 11)) (1) denotes a set of tuples of stable maps whose cardinality is six

times the number of rational curves that pass through the constraints p and
have the form described by the last picture of Figure [l Using Lemma 2.2.2
n [IT], it is possible to restate the relation ([EI4) in terms of numbers of rational
curves of various shapes.

Lemma 4.12 AIiT = (Ms,I;j,d) is a bubble type such that T < 75 and
X7(172) = X7(172) =0,

Cur, 1 ( evy X evs; APSXPS) = 0.

Proof (1) Since y7(1,1) = 0, by Lemma B2,

—(1
U (1) N U1 C Syizy ().

If Sy (p) # 0, Ix3(7)| € {1,2}. If h is the unique element of x7(7), mix-
ing the argument in (1) of the proof of Lemma BT with (3) of the proof of
Lemma ER, we find that Sziz,(u) is (evy X evs, Apsyps)-hollow unless It =

x7(7). On the other hand, if It = x7(T) = {h}, by Proposition EIZB], the
decomposition (B4, and a rescaling of the linear map,

CZ”TQ,T(eVT X evg; A]P’3><]P’3) =2N(o), where
x~(2 = y . .
a1 =m3DF € T(M g gy X Srln); msHom (LY, evy TFY)).

Since |M7T| > 2, the first factor is positive-dimensional, while the linear
map «; comes entirely from the second factor. Thus,

Cur, 1 ( evy X evs; APSXPS) = 0.
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Figure 11: An outline of the proof of Lemma ET2

(2) If x3(7) = {h1, ha} is a two-element set, the section D(T)h does not vanish
over the set S|z, (). Mixing (1) of the proof of Lemmaﬂ:’_ﬂwmh (4) of the proof

of Lemma ¥ we find that Sz7, (1) is (evy X evg, Aps,ps)—hollow unless It =
x7(7). On the other hand, if It = x7(T) = {h1,ha}, by Proposition E-I8D],
the decomposition (B4, and a rescaling of the linear map,

CuTz,T(eVT X evg; Aps le>3) = N(o1), where
a1 € P(ﬁ{17h1,h2}uMIT X S(p); msHom(Ly, & Ly, Im Dg) ® ev% TIP’3)),

o1 (Uhl,vhz) = (D;)vhl + D%)th,D;)th).

Since |M7T| > 2, the first factor is positive-dimensional, while the linear
map «q comes entirely from the second factor. Thus,

CZ/{TQ,T ( evy X evs; APSXPS) = 0. m]
Corollary 4.13 The contribution from the boundary to the number ((V§2)(,u)>>
is given by

C (evy X evg; Apsyps) = <12a% + 8agrg | + 2n§71,vgl)(,u)> + 2|82 ()|

o)
—2[V ()] = (16a5 + 85 1, S1(1)).

Proof This corollary follows immediately from Lemmas ETHEZ E7 BT,
and O
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5 Example 2: Rational tacnodal curves in P?

5.1 Summary

In this section, we prove Theorem The general approach is the same as in
Section El If 77 is the bubble type as defined in Section Hl let
1 % 3 1
é%mz{wmmwnewﬁ@Lﬂ—wﬁ’bew><»Duwhme 0}
where Diz € I(P(L; @ Lf)|V ( ) 7L~ L ® eva TIP’?’),

DT,T( vp) = pU )~’U1—|-D()

The set Sfl)(,u) can be identified with the set of rational one-component tac-
nodal curves passing through the constraints p, but with a choice of a branch

at each node. In particular, the cardinality of the set SF)(,u) is twice the
enumerative number of Theorem

Note that section Dj 7 does not extend continuously over all of the boundary of

Vf) (). In fact, this can be seen from (3c) of Proposition Nevertheless, the
behavior of this section can be understood everywhere. By Proposition 218D
and equation (ZTI6l), we have

-
SV ()| = (602 + A(L%), V() Cop(Lery) (P11)s (5.1)

where Cop(z.@rz)(Dyq) is the Djq-contribution from the boundary strata of
1 ) )
P(Ly ® L%) to the euler class of ’yzi@ L ®evs TP3. This contribution is com-
1

puted in the rest of this section. Theorem is obtained by plugging the
expressions of Corollaries B3 and B9 into (B]) and then using identities (B2))

and (B3).

Before proceeding with our computation of the contributions from various
. (1 .
strata, we observe that the section D;7 extends over v§ )(,u) NU7 T if

T= (M1717j7d) < 7-1

is a bubble type such that j; = 1, as can be seen from Proposition If in
addition dj # 0, by Lemmas B4l and EETl, D5 7 does not vanish over

—(1
V() Nz 7 C UL ().

Thus, such spaces Uz, 7 do not contribute to Cyp( L& 15 (Dg 7) and will not be
1 b
considered below.
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5.2 Contributions from the spaces Uz, r with y7(1,1) =0

In this subsection, we prove Corollary B3, which gives the total contribution to
Cop( L& L;)(DI 7) from all the spaces Uz, 7, where

T= (Ml)Im?)C_l) <T
is a bubble type such that XT(T, T) = 0. We use Lemma E2] which describes
the intersection V&l) (1) "UT, 7, along with Proposition Bl

Figure [[2 shows the three types of boundary strata Vgl)(,u) N U7, 7 such that

w (1
P(L; @ L)V () Nz 7

is not contained in a finite union of Dy ;-hollow sets. For such boundary strata,
w551
B(Ly & LYV} () N5 7

is a union of two Dj g-regular subsets: a section over the base V&l)(,u) NUrR.T
and its complement. Each number in the odd rows of the last column in Fig-
ure [[2 gives the multiplicity with which the number N(«) of zeros of an affine
map over the larger DT’Tfregular set enters into Cap( L& L;)(DIT)3 each number
in the even rows gives such a multiplicity for the smaller set. Lemma BTl com-
putes the contributions from the first two types of boundary strata of Figure 2
Lemma deals with remaining one.

2

P = _——

~  Si(w) —
x3
/ 1 cusp

-~ 2

1 - . /X
O O n ="

1 \ Tl

x1
~ ﬁOAXSQ(/L) <
tacnod T X2
1

Figure 12: An outline of Subsection
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Lemma 5.1 Suppose T = (My,1I;j,d) is a bubble type such that T < Ty,
x7(1,1) =0, and |XI(T)| =1.

(1) If |I| > IX7(T)[, P(Ly & L%)|S7|7; (1) is a finite union of Dy 3-hollow
subsets and thus
Cr(LyeLy)un - (P11) = 0.

(2) If |T*| = |x3(T)| and M;zT = {1},
Cr(Lreryiun. - (P11) = (20a5 + 19¢1(£3), S1(p)) — 11|82 ().
(3) If |Tt| = |x3(T)| and M5T = {1,1} for some I € [N],
Co(rrors) .« (Pr7) = 3[Sm(w)].

Proof (1) Let h be the unique element of x7(7"). By Lemma B2

1
( )muﬂTCST\Tl {bGUTm( ):Dé—?hb:()}.
With appropriate identifications, STm(u) is the zero set of the section

eIy, Mo 6917(71,)h

V(l)

of the bundle
eV%,M@ NA']'l (M) D Lh ® eVA ,I’]P)3

defined over a neighborhood of Sz|7; (1) in Uz, 7. By Lemma B4 this section
is transverse to the zero set. By Proposition and Lemma B2,

evr g, (67,7 (b v)) = eVTl Mo (b) + -1 (b3 v),
_ (0;1)
{evy x ovi} (67.7(v) = (47— 234) " © {D), +e-2(0)} @ o7 T, (v)
for all (b;v) € FTs— Y(FT;1") and some C-negligible maps
eq,empt FT5—Y(FT;IT) — eviy y NAg (), Lj, @ evi TP,

(2) Subtracting the expansion of {evy x evs} o ¢7; 7 of Lemma B2 multiplied
by
-1
(v75(v) —23,(v))  amdby = (yy5(v) — 27, (v))

from the expansions of D( <0 o7, 7 and D( = o117, respectively, given by
Proposition B3, we obtaln

Dy 167, 7([v1, v1l50) = {a + £(v) }p(v)
for all ([vg,v5];v) € FT5 with ¢g, 7(v) € VY,
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where p is a monomials map on F7 with values in a line bundle FT ,
T 3
a: FT — ’YEI@L; ® evs TP
is a linear map, and

e FT - Y(FT;T") — Hom(FT, Visor: © evg TP?)
1

is a CY-negligible map. Explicitly,

)= II e I o

i€(iz (h,1),h] ie(1ir(h,1)]
~ _ 2) ~
o[y, vl 0) = (5 — 21,) > © DF)D
® (yh;T - xT;h)2 ® UT + UT’ if ZT(h,E) = I;
vy, if ix(h,1) > 1.

In particular, « is an injective linear map outside of a section Z7 of IP’(LTEBI%)
over Stz (). Thus, P(Ly ® L3)|S77, (1) — Z7 is Dyq-hollow unless It =

xi(7). If It = x7(7), by Proposition ZZI8B] the decomposition (B, and a
rescaling of the linear map,

Cr(LyeLy)Srir w-2r (P13) = 2N(a1),  where
o1 € T(PF x S#(p); Hom (v ® LY 5 ® evy TP%)),

_ * _ @
f = L’I @ L'i' — m{I,h}UMTT’ a1 = DT,h'

If M5T = {1,1} for some [ € [N], D(;)h does not vanish on the finite set S(1)
and thus 7

Co(Li0L2)|S71n -27 (P17) = 2(30F — 3A% + A, PF) Sy ()| =0. (5.2)

If MiT = {1}, T = T, and by Propositions EZISAl and EI8B, and iden-
tity (2I0),

Cotrzens)Srym (-2 (Pr1) = 2( (dag + 201(L5), 81(1)) = € a1 )

The zero set of «; is precisely PF x D%)T_ 1(O). From the argument in (3)
and (4) of the proof of Lemma ETI0, we obtain

Cortoy (1) = (Ar, PF) (2811 ()| + [S2(m)) = 2[Sa ()] + |Sa ()]
Putting the last two equations together, we conclude that if M77 = {T},
Cr(LyoL2)\S7 i (-27 (D7) = (8a5 + 4e1 (£7), S1(w)) — 2iSa(p)]. (5.3)
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(3) In order to compute the contribution from the space Z7, we keep the two
leading terms of the expression for Dis obtained as in (2). We can model a
neighborhood of Z7 in P(Ly @ L~) by the map

Lz ® L7 — P(Ly ® L7), ([vg, 5] u) — [vg, v + ulvy)].

It Z"]'(/l\, h) =1, near Zr,

Di 36 7([or. vili . 0) = = (g — 27,)° © (DF), + e2(u,0)) o3, () ©

_ (yi;'f _ xT;h)_2 ® Uy ® (Dg},)h + e3(u, U))p(T:?,)h(v)

Note that by Lemma B4 the images of Dg)h and Dgz-)”)h are distinct over
Stz (n). If ir(1,h) > 1, we similarly find Z7 is Dys-hollow unless [T =

x3(7). If It = x7(7), by Proposition EZT8B] the decomposition (B4, and a
rescaling of the linear map,
Cz, (D7) = 3N(a1), where
ay € T'(Zr;Hom(vy © Ly @95 © Ly v ®@ evi TPY)),
Zr CPFxSp(n), F =178 L — Mgy

041(1)2, ’U3) = 'D(?)hvg + 'D(?)hvg.
If M3T = {1,1} for some I € [N], a; has full rank over Z7 and thus
> Cz(Dr7) =3 (3hr =205, 27)|S7()| = 3[Sua(w)].  (5.4)

M;T={1,} l€[N]
If M;T = {1}, Z7 ~ S1(y), and
Cz, (D7) = 3N(a1) = (12a5 + 15¢1(L3), S1(p)) — 9| Sa(p) (5.5)
see [I7, Lemma 5.12]. The claim follows from equations (5:2])7(53) O

Lemma 5.2 Suppose T = (My,1I;j,d) is a bubble type such that T < Ty,
x7(1,1) =0, and |x3(7)| = 2.

(1) If |IT| > IX7(T)[, P(Ly & L%)|S7|7; () is a finite union of Dy 3-hollow
subsets and thus
Crryeryiun - (P11) = 0.

(2) If|TF| = |xg(T)|, M;T = {1} if Syyz (1) # 0, and

> Co(riors)un, « (P17) = 2| S2(1)
T<Ti

)
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where the sum is taken over all equivalence classes of bubble types of the above
form.

Proof The proof is a mixture of the proof of Lemma Bl with (2) of the proof
of Lemma EET2; thus, we omit it. O

Corollary 5

.3 The total contribution from the boundary strata Uz, 7 such
that x7(1,1) =

0 to the number C@P(LI@L%)(DT ) is given by

Y Cerrori, £ (Pr3) = (20ag + 1915, S1(1)) — 9] S2(u)| +3|Su ().
XT(T7T):O

Proof This Corollary follows immediately from Lemmas BJl and O

5.3 Contributions from the spaces Uy, with xr(1, T) >0

In this subsection, we prove Corollary B9, which gives the total contribution to
the number Cop(r-er2)(Dg7) from the spaces Uz, 7, where
1 )

T =(M,1;j,d) <T

is a bubble type such that XT(T, T) > 0. Note that by the last paragraph of
Subsection Bl it is sufficient to consider bubble types 7 such that j; > 1.

Figure [[3 shows the three types of boundary strata Vgl)(,u) N U7, 7 such that

w (1
P(Ly ® LV () n Uz 7

is not contained in a finite union of D;;-hollow sets. As in Subsection B2, we
have to split each space

w (1
P(Ly @ L)V (1) Nz 7

into two or three subspaces, as indicated on the right-hand side of Figure
Lemma B4l computes the contributions from the first two types of boundary
strata of Figure [[3} Lemma B deals with remaining one.

Lemma 5.4 Suppose T = (My,I;j,d) is a bubble type such that T < Ty,
xr(1,7) >0, and dy = 0. (1) If|T*] > [xq(T)|, P(Ly& LE)UL) (1) is a finite
union of D; 7 -hollow subspaces and thus

Cr(LyeLyun - (P17) = 0.
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.1

~ / 1 Dy 7-neutral
: o
)—’ ~ Vi (w) <’ Vs (w)l

H \ H D; +-hollow

1
/1) .
~ Py Lemma B3
2 ~— D;;-hollow

0

Figure 13: An outline of Subsection

(2) The total contribution from the boundary strata Ur, 7 such that I
Ix7(7)| =1 is given by

> Cerersiun - (Pi1) = (L), Vi1 () — 8|S ().
T =g (7) =1

(3) The total contribution from the boundary strata Ur, 7 such that T+ =
Ix7(7)| = 2 is given by

S Ceerun . (Prr) = VY ().
[+ |=Ix7(T)|=2
Proof (1) By Lemma 1]
Uy () Nz, C UL ().
With appropriate identifications, L{(T1|)Tl (u) is the zero set of the section

evr M, D(evy —evy)

of the bundle
evry v NAT (1) ® evy TP3

over an open neighborhood of L{(T‘)T( ) in Uz, 7. By Lemma B4, this section
is transversal to the zero set. By Proposition 5, there exists a C!-negligible
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map
e FTy— Y(FT:T*) — evi 1y N g (1) & ov; TP

such that
{evr my x evy x evy (o7, 7 (b)) = { evr my X evy X evg }(b) 4+ e—(b;v)
for all (b;v) € FTs5 — Y(]—"T' IT). On the other hand, by Proposition B3,
DT,TQlev 7([vg, vy); {a—i—g }p for allvE}"T(;—Y(]:T;JA'JF).
In this equation, p is the monomials map on F7 defined by
pirhg(®). i b€ X (T) = x3(T);
pn(v) = pﬁj;fhw if h € x(T);
p%;)h(v), if h€x3(T), h £ jg;
with values in the bundle 77 = @ " ef]?h’f, where

I ](T U{hEXI(T):hﬁjT},

félfﬁf, if b€ x4 (T) — x3(T);
FuT = ]?f[lgll)h’f, if h € x5(7);
]—“(71}117)}17, if h e xz(T), h £ jz.

The linear map a: F7T — ’y}i,l,@ 1 ® ev% TP? is given by
1

1 ~ .
vy ® D(T,)j;(T)Uhv if h e in(’f) —x3(7);
a(fvg, vq),0n) = —07 ® (Y1 — T70) —2® D(Tl?hﬂh, if h € x7(7);
v; @ DY), ifhexy(T), h £ j.

In particular, by Lemma B4, « has full rank over U%)Tl (1) outside of the set
_ {]P’LT, if h < j; for all h € x7(T);
PL;U ]P’L%, otherwise.
As usual,
e FT —Y(FT:T") — Hom(ﬁT,va@L% ® GV%TP?’)
is a CY-negligible map. Thus,
P(Ly & L7)

| 7‘7'1( ) Zr
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is Dyq-hollow unless It = 1. Since x7(1,1) > 0 and dy = 0, if It =1

and Ur g, (1) # 0, either 7 = T1(I) for some [ € [N] or T+ = Ix7(T)| = 2
and M77T = (). In the second case, the matrix corresponding to the monomials

map p is

-1 0

0o 1/
Thus, p is neutral, and

> G (el -z (Pri) =0 (5.6)
I€[N]

In the first case, the degree of p is —1. Thus, by Proposition 2. 18Bl a rescaling
of the linear map, and the decomposition (B4]), we obtain

i Z CIP(LTGBL-})\ZA(D (D11) = —N(aw), where
[ [=[x7(T)|=1

noim W2t
il * * * * 1
o1 € (B x Vi (u); Hom(y" @ L3.7" @ v TPY)). o Uy (1) = D(Tl)/z 7

Thus, by Lemma B3]

_ o * _( )
zgz:v]c (L3 @LDIUz 1y, () -2 z (P11 =~ (a5 = e1(2D): Via )

201 (o) = Vi ()]
The space Vé;ll’l)(,u) is the disjoint union of sets
U (1) = {b e Ur(p) : evs(b) = ev5(b)},
taken over all bubble types 7 = (Msy — {l}, I2(l); j,d), where
IQ(l) :{6ZZ}I_|I;_, jT:T, j§:§, dT,d§>0, and dT—I—d§:d.

The image of every element of V(l 1)( ) has two components arranged in a
circle, as in the fifth picture of Flgure [, with one of the two nodes lying on one
of the constraints py,...,un.

(3) We next consider the contribution from the space P Lz |U ()

T‘T( ). We model
a neighborhood of PLs in P(Ly @ L%) by the map

Lz ® L7 — P(Ly @ L7), ([vg,v5],u) — [vg, u(vy)].
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In this case, with notation as in (2) above, I = X5 (T) U x3(T),

1 1 ~ .
(u ® p(T) ~(v )7D(T,)j§(T)Uh)= if h e in(T)—XT(’T);

(1 1)
(u® pyg,,(v),
_ 1
- (yh;T - xT;h) ’® D(T)hvh)

| (pgj%;)h(v), D(Tl’)hﬂh), if h € x3(7).

(pn(u,v), (V) = if h € x7(7);

As before o has full rank on PLT’U%)Tl (w). Thus, PLTW%)TI (p) is Dy 3-hollow

unless either 7 = 7;(1) for some I € [N] or |I*| = Ix7(7)| =2 and M7T = 0.
In both cases, the degree of p is one. In the second case, a is an isomorphism
on every fiber, and thus

) ¢, (DL = [V ()] (5.8)
[T+ =z (7)|=2

In the first case, via the decomposition (B4l), we obtain

Z Cpp- ) ( 717) = N(aa), where

1E[N] e
a € F(Vg i(,u) Hom(Ly & L7, ev T]P’3)),
{al‘L{T p)} vy, v7) D( : ~U~+D(1) T

Thus, by Lemma B8]

(1 1 1
> Covutrin o (Pra) = (ag. Vi) = 5[Sa ()| + Pl (5.9)
lE[N]
(4) Finally, it is easy to see that the set ]P’L%\Z/{(Tl')T1 is Dy g-hollow. Indeed, in

this case, the target bundle FT has the same rank as the target in case (2),
but the domain of p is L7 ® Ly © F7T, instead of F7 . Thus, the claim follows

from equations (B.0)—(E9). O

Lemma 5.5 If ay € T'(P! x V( )( ); Hom(y* @ Lx, 7" ® evs TP?)) is given by
1 1
oa[Upy) (1) = D) .

xy 751 1
N(on) = (dag — e1(L3), Vi (1)) = 2/Swa ()| + [V ()|
Proof (1) By Propositions EXTRA]l and EZ1RB],

N(on) = {4ag — e1(12), Vi () — €

1
Plxavgﬂ(u) (al )7 (510)
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where aj denotes the composition of a; with the projection map onto the
quotient Op of v* ® ev% TP3 by generic trivial line subbundle Co;. Suppose
T < 7Ty, is a bubble type such that

(1
Vil (u) Nz, # 0.

(2) If x7(1,1) > 0, by Lemma ET]
!

)

L) Uz 7 UL (1),

and thus It = {h} is a single-element set. Furthermore, dy # 0, since our
constraints y are disjoint. Thus, if j; = 1, ay extends over P! XU(T\)T (1), and
this extension does not vanish by Lemma B4l It follows that P! x Ur,, T does

not contribute to C If js = h and dj, = 0, by Proposition B3,

i
picom ) (1)
a1 again has a nonvanishing extension over P! x Z/{(Tl‘)TlAl(,u). Thus, we only need
to consider the case j; = h and dy,d, > 0. By Proposition B3,

o ((JSTM,T(’U)) = {D(Tl)T +e(v) o forallve FTs—Y(FT;{h}).

Since D(TI)T does not vanish on L{(Tl‘)Tl'l(,u), from Proposition BXIRBl we conclude
that ’

)

> Cortgy, o (0f) = =N(az)- P55 (w)],  where
XT(T,T)>0
a9 € F(IP’l;Hom((C,(C?’/’y))

is a nonvanishing section. Thus, by Proposition EZTSA],
> Coiaur, 7 (0) = =| V3] Vi (). (5.11)
x7(1,1)>0
(3) It XT(T, T) =0, by Lemma 2,
Vi () NUri,7 © Srim, (1)

Thus, It = {h} is again a single-element set. Adding the expansion of evy x evy

(1)

- of (3c) of Proposi-
7-1 l7

of Lemma EZ times (y; — x5) " to the expansion of D
tion B, we obtain

1(673,7(0)) = —(15 — 21) 2 @ {DF), +e(w)Jv @ v
for all v € FT5 such that ¢, 7(v) € V(l)
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Thus, as in the second half of (2) of the proof of Lemma E8, we can conclude
that

Z C]P’lxuﬂl)j(af) = 2N (a2) - |S1a (1), where
XT(TvT)ZO
az € I(P'; Hom(C, C* /7))

is a nonvanishing section. Thus, by Proposition Z.18A],

S Gt 2 (0) = 2S1a(0). (5.12)
XT(TvT)ZO
The claim follows from equations (&10)—-(EI2). D

Lemma 5.6 If o) € F(Vili (n); Hom(Lgy & L%, evs TP3)) is given by

atly ) (v1.07) = DY) op + DY op

1
U, () T T 1 T Ty

for all | € [N],

)

N(an) = (dag, Via (1)) — 5 S ()| + VI (

()]

Proof (1) Let F = L;® L%. By Propositions E18A] and 2I8B]

N(ar) = (dag, Vi) (1)) = C (5.13)

]P’]-'lé)\)(l)(u)( o),
where @i denotes the composition of the section

a1 € I'(PF; Hom(vr, Tpr evs TIP’?’)),
induced by «, with the projection map onto the quotient Oy of 7p - ev% TP? by
generic trivial line subbundle C#;. Suppose 7 < 7y, is a bubble type such that

D(w) N1 # 0.

Vi
(2) If x7(1,1) > 0, then
1

byl 1
Via () NUn 7 CUSE (1),

I+ = {h} is a single-element set, and d; # 0. As before, we only need to
consider the case j; = h and dy,d, > 0. By Proposition B3,

aq (¢T1;17T([UT’UT] v)) = {’U’*@D (v)}o* forallv € FTs5—Y(FT;{h}),
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where ¢ is a C?-negligible map. Since the linear map v+ vy ® D( ) does not

vanish outside of the set Z7 = PLs, by Proposition [ and a rescahng of the
linear map,

Z C]pj:| 1T (w)—Z (O‘f_) = _N(OZQ) . |V§’1’1)(,u)‘, where
xr(11)>0
Qg € F(]P’l; Hom(y*,7v* ® (CQ))

is a nonvanishing section. Thus, by Proposition 2ZT8A],

~ 1,1
Z C]P]-'\Z/{(l‘T (w)—Z (O‘IL) = _|V§;1 )(N)|'
x7 (1,1)>0

On the other hand, we can model a neighborhood of Z7 in PF by the map
Lz ® Lz — PF, ([vg,v5),w) — [vg,u(vy)].
Since by Proposition
&1 ¢z, 7 ([, vgl w,0) = {D% + 1 (0) }u @ v* + Dy 1+ €1(v)
for all v e FT5—Y(FT;{h}),

it follows that ZT| T\T (p) is @i —hollow. Thus,

Y Cerpg, (@) = ~ P W) (5.14)
x7(1,1)>0
(3) If x7(1,1) =0,
=(1
V() NUn,1 C Srim, (1)

/\+ _ . . . . - .
and I™ = {h} is a single-element set. Subtracting the expansion of evy x evg

of Lemma times
(y3 — =n) and times (y7 — xp) 7t

from the expansions of D(Tl) = and D(Tl) < in Proposition B3, we obtain
15 1

&1 (67, 7 (g, v5),0) = = (g — 2) ™' ® (v @ DF), + £7(v)) 1™
—(y5 — )72 ® (UT ® Dg}h + 6’1‘(’1)))’1}®2

for all v € FT§s such that ¢7,, 7(v) € V}ll) Let

2r = {[vy,vq] € PF vy + (yg — 2n) Pv5 = 0 € Ly}
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Similarly to the argument in (2) of the proof of Lemma B4l from the above we
can conclude that

Z C]P’]:|ST\71 (n)— ZT(al)_ZN az) ‘311 |, where
x7(1,1)=0
Qg € F(]P’l; Hom(y*,7v* ® (CQ))
is a nonvanishing section. Thus, by Lemma ZTRA]L
> s -2 (@) = 2[St ().
x7(1,1)=0

On the other hand, the same argument as in (3) of the proof of Lemma BEA
shows that

Czﬂsﬂm(u) (1) = 3|27].

Thus, we conclude that

> C]PF\L{TM,T(alL) = 5|81 (). (5.15)
XT(ALT):O
The claim follows from equations (13])—(GEIH). O

Lemma 5.7 Suppose T = (M, 1;j,d) is a bubble type such that T < Ty,
x7(1,1) >0, and dy > 0.

(1) Ifj =1, [T] # 1, or dj, =0, P(L7 @ L*)]U(O is a finite union of

T|Th
D; 7 -hollow subspaces and thus
CP(LI@%)\UTLT (DT,T) = 0.
(2) The total contribution from the boundary spaces Uz, 7 such that j; > T,
[I*| =1, and dj. > 0, is given by

> Cotsarpum, » (Pra) = —(dag + 1 (£5). V5"V () + V57 ()] + 2/Sa ().
d'1'>0

Proof (1) We proceed as in (1) of the proof of Lemma 4l In particular, we
have

D; ¢ 1([vy,vq)iv) = {a +e(v)}p(v) forall v € FT, —Y(FT;I7).
In this equation, p is the monomials map on F7 defined by

pa(v), i b€ X (T) = x3(T);
pr(v) = (1 11)1 .
pr1,W)s i hExq(7)
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with values in the bundle

FOLT it b€ xi(T) = x3(T);

@ th, where ﬁh’f = ~(Tl’;1;)T )
hexy (T) fT,T;hT’ if h € x7(7).

The linear map a: F7T — vzi@ L: ® ev% TP3 is given by
1 ~ .
D§-7)j-;(7)vhy if h € Xz (7) - XT(T)Q

a(lvg, vil, Oh) = 07 ® o
~(1 — 1) 2 @ DYy T, if b€ x3(T).

In particular, by Lemma B, « has full rank over U%)Tl (1) outside of the set
Z7 = PL5. Thus,

P(Ly @ LUy (1) — 21

is DT’Tfhollow unless I+ = {h} is a one-element set, j; = h, and dj, #0. If

It = {h}, js = h, and dj, # 0, the degree of the map p is —1, and from
Proposition R.I8Bl and a rescaling of the linear map,

C —N(a)), where

P(Ly@ L) ULy, (1)~ 27 (Dr1) =
o) € I‘(]P’]:, Hom(yr ® Ly, vF ® ev% TIP’?’)),
1
F=ly® L} — Upy (1), of = D(Z)T.

Thus, using Lemma B8 another rescaling of the linear map, and an obvious
symmetry, we obtain

N ~ * (1,1)
ZC]P’(LI@L* |M(Ti)m( )—Z (D171) = — (4ag+ &1 (£7), Vs () (516)
+ Y ()] + 2[Sa()|.

Finally, it is easy to see that the set Zﬂu%)ﬁ (1) is Dy s-hollow for all bubble
types 7. O

Lemma 5.8 Suppose T = (M, Ig;},cj) is a bubble type such that
m=1, j3=2, dy,d3>0, and d;+d5=d,
and F — Uz # Is a rank-two vector bundle such that c;(F) ]H(%l)(u) =0. If

o € I‘(IP’}"|Z/{(%1)(,u); Hom(y" ® L1;v" ® evg TP%))
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is given by ay(vy) = pU )IUT

N(en) = (dag + 1 (L5), Uz (1)) — ‘urfﬁ | = Uz )32, W)

In other words, the sum of the numbers N(ay) taken over all bubble types T
over the above form is given by

- N(an) = (dag +e1(£5), 95 () — V3 ()] — 2|20

Proof By Proposition EET8Al and the assumption c; (f)\ﬁg)(,u) =0,

N(ar) = (dag + e (L2), U3 () — C (5.17)

1
- «
where all denotes the composition of «; with the projection map onto the

quotient Op of v* ® ev% TP3 by generic trivial line subbundle C;. Suppose
T = (M, I;4,d) is a bubble type such that 7 < T and

UL () Uz, # 0.

The section «a; extends over PF ]85(%1)(/1). Moreover, by Lemmas B3 and B4
this extension does not vanish unless dy = 0. Thus, in computing the number

CP #l aﬁ(%l) w (ozll), we only need to consider bubble types 7 such that dy = 0.

(2) If d5 # 0, then

77(1) (1)

and T = T(1) or T = T(I) for some | € [N] N M5T . Moreover, by Proposi-

tion B,
(¢T’T ) = {D(1h+€ )} for all v € FTs,

if A is the unique element of I T+. Thus, by the same argument as in (1) of the
proof of Lemma B4l we conclude that

= N(ay), where ay€ F(]P’ XU( ) (1 );Hom((C,(C/’y))

¢ T\T

1L
pru) ) (1)

is a nonvanishing section. Thus, from Proposition EZT8A] and the decomposi-
tion (B4)), we obtain

> Coru, (01) = U+ YD U] (5a8)

d5>0 le[N]NM7T
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(3) If d3 =0, then
—(1
Uy (1) Uz 7 C Spiz(n),

=1, js =92, dy =ds =0, and \fﬂ = 2. Furthermore,

a1 (¢7~',T(U)) - {D’g},)hl + €(U)}Uh1 for all v = (Uh17vh2) € fT(g,

if IT = {hy,hy} and hy = Jq- By an argument similar to (4) of Lemma EES, we
conclude that

C]p]:|ST‘%(u)(Oéf_) = N(ag), where ay € (P! x ST‘%(N);Hom((C,(C/’y))

is a nonvanishing section. Thus, from Proposition ZZI8Al and the decomposi-
tion (B4)), we obtain

Coruz o (01) = |87 5.2, (10)]- (5.19)
The claim follows by plugging equations (EI8) and (@IJ) into (BI7) and us-
ing B2) and B3). 5

Remark By the second rescaling of the linear map referred to in the proof of

LemmaR7, the number ) = N(a1) of Lemmal.T does not change if we replace
D(%l)I by D(?l)T However, a direct computation, ie using Propositions 2.IRA]
m and B:El, gives a slightly different answer. As a result, we obtain yet
another enumerative relationship:

25, Vs (1) = Vo) ().

Corollary 5.9 The total contribution from the boundary strata Ur, 7 such
that x7(1,1) > 0 to the number C@P(LI@L{,)(D’I 1) is given by

o (1 1 —(1,1
> Cosersim £ (Pra) = (L3, Vil () — (dag + 5m,. Vs ()
XT(ALT):l

+2P5P ()] + 2/ S2 ()] — 3|11 (1)
Proof This Corollary follows immediately from Lemmas B4 and B0 O

Geometry € Topology, Volume 9 (2005)



670 Aleksey Zinger

6 Level 1 numbers
6.1 Evaluation of cohomology classes on the spaces Vgl)(u)

In this subsection, we evaluate various tautological classes on the space V&l)(,u)
and compute the other level 1 numbers of Lemma We again use the com-
putational method of Section B, but first we represent each cohomology class
by a vector-bundle section s on neighborhood of Uz (i) in Uz, . We choose
this section s so that it is smooth and transversal to the zero set on all the
strata of Uz (n), as well as on a finite number of natural submanifolds of the
strata. We will impose additional restrictions on each given section to simplify
our computations.

Lemma 6.1 With assumptions as in (2) of Lemma [[.§,

(a5, V1 () = ((2d — 6)a2 — daZng, — agn |, Vi()) + (a2, Vi (u + HY))

Proof (1) In this case, we choose a generic hyperplane H? in P3, instead of
a section of evz O(lps). Let i be the M = [N] U {0}~tuple of constraints in
P? given by

fiy =y for all I € [N]; [ig = H*.

By Proposition Bl Uz, (i) is a pseudovariety in Hﬁ , and thus
evy X evy: Uz (1) — P3 x P?
is a 6-—pseudocycle and determines the homology-intersection number
(1 1 —_ 55 g~
(ag. V1 () = (@) = ({evy x evi} ™ (Apss). Uz (0)))
= Z <<{GVT XeVT}_l(HT X HS),H']&(/Z)», (6.1)

r+s=3
= 2d(a3, V1(n)) + (a3, Vi(u+ H")).
By the same argument as in Subsection BT,

(a5, V1 () = V0] = (a5 V1 (1)) ~Cor,. gy (7 % evp, Apisps), (6.2)

where Coy. )(ev1 x evy, Apsyps) is the contribution of dU7, (1) to <<V(1)( )
to be computed as in Subsection 4L
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(2) If T = (My,I;4,d) < 7y is a bubble type such that XT(I,T) > 0, the
map evy X evy is transversal to Aps,ps on Uyz; (1) by Lemma B4l Thus, the
image of Uz, (i) is disjoint from Aps,ps, and Urjz; does not contribute to

C6U71 @ (evy X evy, Apsyps). Thus, from now on, we assume that yr(1,1) =o0.
Note that Uzz, (1) = 0 unless [x7(7)| € {1,2}.

(3) With appropriate identifications, L{Tm(ﬁ) is the zero set of the section

v 57 of the bundle ev?. ~NA71 (1) over an open neighborhood of Ur 7, (1)

in Uz, 7. By Lemma BE thls section is transversal to the zero set. By Propo-
sition B, there exists a C'-negligible map

_: FTs— Y(FT;TY) — ovl —NAg (i)
such that
vy 37 (o7, 7(bsv)) = evT’M(b) +e_(b;v)
for all (b;v) € FTs— Y (FT;It). On the other hand, by Lemma E2
{evixevi}orr(v) = Y (pa—214) @ (DY), +en()}on(v),
hexz(T)

where  pp(v) = H vg,
i€ (it (h,2),h]

for all v € F7 5. Since the linear map,

F = @ L,T, v —> Z D(Tl’)hvh,
hexz(T) hex;(T)

is injective over Z/{Tm( ) by Lemma B4 Ur 7 is (evy x evg, Aps,ps ) ~hollow
unless x3(7) =1 It 1f xi(7T) = IT, by Proposition EIRB, decomposition (&),
and a rescaling of the linear map,

Cu # (ev1 X evy; Apayps) = N(a1), where

ar € r(ﬁmuxﬂﬂmﬂ x Uz(1i); msHom(F, evi TPY)), ar(v) = »_ D
h6x1

Since the linear map «; comes entirely from the second factor, N (al) =0
unless |x7(7)| + [M7T| = 2.

(4) Thus, we only need to consider the case |x7(7)| =1 and M7T = {1} and
to compute the number N(a1), where

a) = D(T) e I'(Ug (B );Hom(LT,eV%T]P’?’)).

Geometry € Topology, Volume 9 (2005)



672 Aleksey Zinger

Since a7 does not vanish on Ug, (iz) by Lemma Bl by Propositions EI8A]
and ZZ18B],

N(al) <6af‘ + 4@061 (L%) + C%(L%),H']b (ﬁ)> - C{)H?O () (Oéf'), (63)
where ai denotes the composition of a; with the projection 771%1
quotient O7 of ev% TP3 by a generic trivial line subbundle C#, .

onto the

(5) If T = (Mo, I;j,d) <7y is a bubble type such that dy > 0, the section ot
does not vanish over L{T%(N) by Lemma B4, if 7, is generic. Thus, Uz|z, does
not contribute to Cau () (af). If d; = 0, by (3b) of Proposition BJ]

1;1) 1;1
¢TO7 = > {f h+€(71h )}p(T,I;)h(U)’
hexl(T)
where pT - h H vy,
h ic(1,h)

for all v € FT sufficiently small. Thus, as before, we conclude that Urz, (1)
is i —hollow unless I+ = x7(T). If It = xi7(T), either T = 7y(l) for some
L€ [N]or |[IT] = Ix7(T)| =2 and [M7T| = 0. Thus, by Proposition ZZT8Bl and
decomposition (B4,

CMT‘TO(all) = N(a2), where oy € I'(Uz(i); Hom(F, (91))

@ Ly, O :ev%T]P’?’/(CDl, 042 U = 7'('— Z D
hexz(T) hexz(T)

In either case, ay does not vanish on U=(f), and thus, by Propositions EZIRA]

and B-TRB],

Comzy, (1) = D (dag + ex(L3), Uz () + [ Va()]. (6.4)
lE[N]

The lemma follows from equations (GJI)—(E4) and by using (B2) and B3)). DO
Lemma 6.2 With assumptions as in (3) of Lemma [[8,

(02,1 () = 202, Vi + HY) — (dadng, + a2 |, Vi(w)) + (a2, Va()).
Proof The proof is nearly identical to that of Lemma B.T] ]

Lemma 6.3 With assumptions as in (3) of Lemma [[§,

<a5?75,1avgl)(ﬂ)> = (agig 1 Vi(p + HY)) + <af(23?7571791(ﬂ +H"Y)
+d(adng 1, Vi(n)) — (462 + agig 1, Va ().
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Proof (1) Let M = MU {0} and let i be the M ~tuple of constraints given
by fu = pu for all [ € [N] and fig = H?. If s is a section of the bundle L2 over

a neighborhood of U, (ji) in Uz, such that s is transversal to the zero set on
all smooth strata of Uz, (i), the map

evy X evy: s7H0)NUz () — P32 x P3

is a 6-pseudocycle. In particular, we have a well-defined intersection number,

(ager(£). V" (W) = (7 V()
= <<{evi X evy} (Ap3xp3), 3_1(0) NUT ([Z)>>
= <aﬁcl(£§),vl(u + H0)> + <a%cl(£§),vl(u + H1)>
+ d<a%61(£§)a Vi(w))-
(6.5)
As before,

(ager (£2), V1 (1)) = £]s71(0) NV ()]
= <<aac1 (ﬁ;),vgl)(u)» — CaHTl ) ( evy X evy, A]P’3><]P’3)7

where CauT @ )(evl X evy, Apsyps) is the contribution of s™1(0) N oU7, (1) to

(510 NV @)y

(2) If T = (M, I;j,d) < T is a bubble type such that x7(1,1) > 0, the
map evy X evg is transversal to Aps,ps on Uz7; (1) by Lemma B4 Thus, if s
is chosen to be transversal to the zero set on the set {evy x evs} ! (Apsyps) N

Ur (1),

(6.6)

3_1(0) N {eVT X eV’I}_l(A]PBX]PB) N Uﬂq—l(ﬁ) = @,

and U7, does not contribute to CauT @ )(ev1 X evy, A]PBX]PB) It XT(I, T) =0,
it can be assumed that s is transversal to the zero set on the submanifold
Sri7 (1), ie that s71(0) N S7i7; (1) = 0. Then, as in the proofs of Lemma BT
and we can conclude that s™1(0) N Uz 7 (1) is (evg x evy, Apsyps)—hollow

unless x7(7) = It

(3) We can also assume that section @7, 7 is constant along the fibers of the
bundle 77 over an open subset K7 of Ur|z; that contains all of the finitely
many zeros of the map affine map

F= @ L, — eV%TIP’?’, (b,v) Z DT Uk
hexz(T) hexy(T)
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over s~1(0) NUz |7 (1) for a generic section v € DUz 7 (1); evs TP3). Then, as
before,

CUTm (eVT X evy; Aps ><]P’3) = N(aq), where
ar €T (s7H(0) N M5 ) a7 X Up(i)); Hom (F, evg TP?)),

Oél(’U): Z 'Dg}?hvh.
hex;(T)

(4) 1t Cl(ﬁ%)’aﬂﬂ(ﬂ) = 0, we can choose s so that

s7H0) NUT 7 (1) = 0.

Thus, we only need to compute contributions N(a1) from the strata Ur 7, (1)
to which ¢ (£%) restricts non-trivially. By dimension-counting, [x7(7)| € {1,2}
if Upi (n) # 0. If [x3(7)] = 1, either M3T = {1} or M77T = {1,1} for some
I € [N]. In either case, c1(L5) restricts trivially to Uz 7 (). On the other
hand, if [x5(7)| = 2 and M7T = {1,1} for some I € [N], N(a;) = 0, because
the second factor in the decomposition (B4) is a finite set of points, while
the map «a; comes entirely from the second factor. In the remaining case, ie
Ix7(7)| =2 and M7 = {1}, c1 (ﬁ;) is the pullback of the poincare dual of a
point by the projection map ;. Thus, in this case,

CUT\Tl (eVT X evy; A]P’3><]P’3) = N(o1), where
o T B 7 e ), )= 3 Do
hexy(T)

Since a; has full rank on all of Uz|7; (z), by Propositions E.T8Al and 2.T8B),
N(on) = (dag + (e1(Ly,) + a1 (Li,) . UF(R) = Cprom_ ) (@), (6.7)
where @i denotes the composition of the linear map
oy € I'(PF; Hom(vr, mpr evs TP?))

with the projection onto the quotient of mp - ev% TP3 by a generic trivial line
subbundle Cry. If

T/ = (M07I/;jlvd/) < T

is a bubble type such that a; vanishes somewhere on PF Uz, 7(1), T "=T()
for some [ € [N] and

&y H0) NPFWUz 7 (i) = { (b, [vny, vny]) : b € Upz (), vy = 0},
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as can be seen from Lemma B4l From Proposition B, we then conclude that
CoFUss (R y(@y) |u’2"|7'( )|.

Thus, summing equation (E) over all bubble type 7 and using [B2) and B3)),

we obtain
Cang (70) ( evy X evy, Apaxpa) = <4a5 + (Cl (ﬁ%) +c1 (ﬁ%)) s Vg(ﬁ» (6.8)
The claim follows from equations (&H), (68]), and (ES). O

Lemma 6.4 With assumptions as in (3) of Lemma [[§,

(1 V1 (1)) = (3, Vi + HO)) o+ (o V(e HY))
+<4a%n5’1+d-a%m Vi) — |[Vs(w)]-

Proof (1) We proceed as in the proof of Lemma Let s be a section of
ﬁ% S5 /L% with good properties. Then, we have a well-defined homology inter-
section number

(3, P () = (s~ 0) NV ()
= <<{eVT X eV'l*} 1(A]P>3><]p>3) s ( ) QU'E (N)>>
= > (d(C})afal, U, (1)) (6.9)

q+r=3
= (1 (£5), Vi(p + {H"})) + (agei (L), Vi(u + {H'}))
T d- (a2A(L3), V() + 4laden (£3), Vi + {HO)).
A little care is required to obtain the last equality above. For example, note that
(A(L5)ad, Uz, (1)) = (F(L3), Vi(u+ {H"})) + (ader (£5), Vi(p + {H"})),
with our definitions; see [B2). As before,
- ;1 — 1
(e W) = =|s~ 0 n v )|
o (1
= <<C%(£~1'), Vg )(N)>> — Caﬁ’fl (1) ( evy X evy, APB ><]P’3)7
where Cypz_ (u )(evT X evy, Apsyps) is the contribution of s™1(0) N OU7 (1) to

(510 VD ().

(2) If T = (M, I;j,d) < T is a bubble type such that x7(1,1) > 0, as in the
proof of Lemma B3] the space Uz|7; does not contribute to

(6.10)

CaHTl (:U') ( eV’I X eV’l‘, AI[DB X]IDB) .
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If x7(1,1) =0, but I # xi(T), Urjz; (1) is (evy x evy, Apsyps)—hollow and
again does not contribute to Cfﬂrl (M)(GVT X evy, APBXPB). If It = x7(T), by
dimension-counting
X7(T)] € {1,2}, M;T = {1} or M;T = {1,1} for some [ € [N],
OR  |\3(7)|=3, MT={1}.
In all cases, but the last, c%(ﬁ%) restricts trivially to Uz (). If [x7(7)| =3

and M;T = {1}, under the decomposition (), c%(ﬁ%) is the pullback of the
poincare dual of a point by the projection map onto the second factor. Thus,
similarly to the proof of Lemma B3]

CUT\Tl (eVT X evy; A]P’3><]P’3) = N(o1), where
a1 € F(L{?(,u);Hom(}", ev%T]P’?’)), F = @ Ly, ai(v) = Z D(Tl)hvh'
hexz(T) hexz(T)

Since «a; is an isomorphism on every fiber of F over the finite set Uz /MIT(N)a
N(o) = !L{7(,u)‘. Thus, over all bubble types 7 as above, we obtain

Cottr, () (€VT X V3, Apaes) = [Va(u)|. (6.11)
The claim follows from equations (E3), (EI0), and @EIT). m]

6.2 Other level 1 numbers

In this subsection, we compute the level 1 numbers of Lemmas [[4] and [C6 and
thus conclude the computation of the enumerative numbers of Theorems
and
Lemma 6.5 With assumptions as in Lemma [[4,
1 J—
VY ()| = [Valp + HO)| + (ag, Vol + H)) + 3|Vs(u)|
—((12 — d)a3 + 4agig , + 21155 — 77'(23,17 Va(p)).

Proof (1) By definition and the usual argument,

VP 0)] = 3 ({(feve x ev) ™ (Aoaes). B ()

T
— Caﬂf(u)(eVT X evy; APSXPS))
= Va(p + H)| + (ag, Va(u + H')) + d{aZ, Va(p))
- anﬁf(p)(e‘/? X evy; waw),
T

(6.12)
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where the union is taken over all bubble types T = (M, 12;3:, J) such that
j]}zi d},c%>0, and CII—FC%:O.
Let T = (Mi,1;7,d) be a bubble type such that 7 < 7 and T|T( w) £ 0. If
x7(1,1) > 0, as in the proof of Lemma Bl U 7 does not contribute to
68277:(#) ( evy X evy; Apsxps).
Thus, we assume, XT(T, T) =0.
(2) By Lemma L2

{ovixevi}oz,(0)= D (mg—a1s) " @ {DF) +en(0)}on(v)
hEXI(T)

where pn(v) = Vi,

for all v € FTs. Since the linear map,
F = @ L,T, v —> D(Tl?hvh,
hexz(T) hex;(T)
is injective over Z/{Tﬁ(ﬁ) by Lemma B.2] Z/IT‘%1 is (evT X evy, APSXPS)*hOHOW
unless x3(7) = I". If x3(7) = I by dimension-counting,
Xg(T)| = |Tt|=1 and M;T = {1} or M;T = {1,1} for some [ € [N]
OR  |xs(7)|=|T"|=2 and M;T = {1}.
Furthermore, by Proposition EZI8Bl, a rescaling of the linear map, and the
decomposition (B4,
C arald
o) € F(ﬁ{f}uxT(T)uM%T) X Z/{7( ); Hom (F, eViTIP’?’)),

F= P L, o prv

hexz(T) hexz(T)

)(eVT X evy; Apayps) = N(a1), where

Since oy comes entirely from the second component, N(«;) = 0 unless the first
component is zero-dimensional, ie unless x3(7) = {h} is a single-element set

and M577T = {1}. Thus, we assume that this is the case.
(3) By Propositions ZI8A] and 2-I8B],
N(an) = (602 + dager (L) + G (L) T (1)) — Copr o).
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Suppose T' = (My, I'; j',d') is a bubble type such that 7/ < 7 and UT/|7(,U) #+
(). Then, UT/‘T(/L) does not contribute to CfﬂT(u)(O‘ll) unless dj, = 0. If dj, =0,
by Proposition B

arpr ()= Y ARy +ew@)}ow(), where pw(w)= ] v

hexn(T") i€ (h,h']

for all v € FT%. Thus, HT,|7(M) is ot —hollow unless x;(7) = I'T. In such

a case, either 7' = T(l) for some | € M,T or |xu(T')| = |I'*] = 2 and
MT' = (. In either case,

CUT/‘?(M) (af) = N(a), where ag € T'(Uz(p); Hom(]—"’]",ev% TP?/Cry))

is a nonvanishing section. Thus, using Proposition 2ZT8A] along with identities

B2) and B3), we conclude that
N(a) = (60 + dager (L7) + 61 (L5), Uz () — ) U] (6.13)
Ixn(T")|=2
Summing equation (&I3]) over all bubble types T, we obtain

Z Caﬂf(,u) ( evy X evy; APSXPS)
7 (6.14)

= (1205 + dagig y + 205, = 15,15 Vo)) = 3 Va ().
The claim follows from (GI2) and (614). D

Lemma 6.6 With assumptions as in Lemma [0,

(a5, V8 () = 2(ag, Va(u + {H" : H2})) — (8a2 + 2a5m5,, Va()).

Proof (1) Let M = MU {0} and let i be the M ~tuple of constraints given
by = if 1 € My and pg = H 2 where H? is a generic hyperplane in P3.
By definition and the same argument as before,

(a5, V5" () = 3 ((Tevy x evg) ™ (Apop) U (7))

T
— Cﬁﬂf(ﬁ) ( evy X evs; APSXPS)>
= 2(ag, Va(pu + {H!: Hz})> - anai(m(evT X evg; Apsyps),
T

(6.15)
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where the union is taken over all bubble types T = (M, 12;3:, J) such that
}T:T’ }'QZN, C?T,Cfl%>0, and Cfl}—i-(fi%:().
Let T = (Ms,1I;7,d) be a bubble type such that 7 < T and Z’{Tﬁ(“) # (0. If

dp, # 0 for some h € T such that h < J7 or h < js5 as in the proof of Lemma [6T],
L{%’T does not contribute to Caﬂ%(ﬁ)(evi X evs; APSXPS); see also Lemma

Thus, we assume that dp = 0 for all h € T such that h < Jp or h < js.
(2) By Lemma E3]
{evixevs }oz £ (v)
; —k [ (k k 03k
=S DY D () — ) D, + 2L )} ()
i=1,2 k=1 hex:(T) v v
forall ve FTs—Y(FT, f*) Since the map
F = @ L, — ev% TP3, v — Z D(T{)hvh,
hexz(T)uxs(T) hexz(T)uxz(T)

is injective over UT\?(/‘)’ it follows that UT\?(/‘) is (evg X evs, Aps ps)—hollow
unless

7(T)Uxs(T) =T+,

In such a case, by Proposition BISBl, a rescaling of the linear map, and the
decomposition (B4),

Cu

Tﬁ’(ﬁ) (eVT X €vs; APSXPS) = N(Ozl), where
o1 € DM gy crunis ) X Mg (rus(r) X Uz () Hom(F, evi TPY)),

a(v) = Z D(Tl’)hvh.
hexz(T)uxz(T)

Since «a; comes entirely from the third component, N(«;) = 0 unless the first
two components are zero-dimensional, ie unless

IX1(T)l=Ix3(T)|=1 and [Mz(T)|=[M5(T)|=1.
It follows that

anﬂ?(ﬁ) ( evy X evy; Aps ><]P’3) = 2N (o), where
T
ay € F(Vg(ﬁ); Hom (L3 & Ls, ev% T]P’?’)), a1|u%(u) (v) = D(%l) v + D(lgvg,

1 T
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if 7 = (MO,IQ;},J) bubble type such that JI,(% > 0 and ‘ZT + d~§ = 0. Using
Propositions EZI8A] and ZZIRBl we conclude that

> Coromy (ev1 X evg; Apsyps) = (8ag + 2agig 1, Va(n))- (6.16)

7
This number is in fact computed in the proof of Lemma 5.13 in [I7]. The claim
follows from equations (EIH) and (E16]). O

Lemma 6.7 With assumptions as in Lemma [0,

(15,0 V5™ (1)) = (15,1, Vol + {H' = H2D) + [Va(u + HO)|
+2(ag, Va(p + H')) + 2d{a2, Va(1)) — 6]Vs(p)].-

Proof The proof is a mixture of the proof of Lemma with the proof of
Lemma 631 0

7 Other examples

7.1 Rational triple-pointed curves in P?

In this subsection, we prove Proposition [Z1] ie the P? analogue of Theorem [[2
The method is the same as in Section B, but the computation is significantly
simpler, since there are many fewer boundary strata to consider. Note that the
formula of Proposition [l agrees with [0, Lemma 3.2] and [I5), Subsection 3.2].
Figure [[d outlines the computation of the boundary contribution to the hom-
ology-intersection number ((V£2) (1)) . It shows all non-hollow boundary strata
and the multiplicity with which the number N(«a) of zeros of an affine map
over a closure of each stratum enters into <<V£2) (w))). In three of the cases, the
number N (o) is easily seen to be zero. Lemma [ computes the number N(«)
in the remaining two cases.

If d is a positive integer, let ny denote the number of degree—d rational curves
that pass through 3d — 1 points in general position in P2. Following [I5], we
put

Ag=mng = (a3, V1(n)),
n 1 3d — 2 —
d < >d%d§nd1nd2 = <a6776,17 V1 (/‘)>,

— _|_ J—
d 2d ditdaed 3d; — 1

BdE—

1 3d—2 _
—Cyg=A7Ag= 5 Z <3d1 B 1>dld2nd1nd2 = [Va(p)| = —<77'(2317V1(M)>,
di+do=d
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where p is a tuple of 3d—2 points in P?. The computation of the above in-
tersection numbers, with essentially the same notation as in this paper, can be
found in Subsection 5.7 of [I7].

Proposition 7.1 If d is a positive integer, the number of rational one-com-
ponent degree—d curves that have a triple point and pass through a tuple y of
3d—2 points in general position in P? is %]V?) ()|, where

V® (1)] = 3(d> — 6d + 10) Ay — 3(d — 6) By + 6Cy.

Proof We use the same notation as in Section H, except now all the stable
maps under consideration have values in P?, instead of P3. Similarly to Sub-
section ELJl, we have

V()] = (V2 (1)) = Coty, oy (ev7 X 0v53 Apa )

1) ) (7.1)
=2n,’ + d{ag, Vi’ (n)) — CaﬂT (u )(eVT X evg; Ap2yp2),

(1)

where n;’ denotes the number of degree-d rational curves that pass 3d — 1
points in general position in P? counted with a choice of a node, ie

d—1
n[(il) = < 5 >nd. (7.2)

The number <a5,vgl)(,u)> is computed in Lemma In order to compute
the boundary contribution Cgz_ (u)(evi X evs; Ap2ypz), by Lemma B it is
sufficient to consider only bubble types T = (My,I;4,d) such that 7 < 75 and
either x7(1,2) =0 or x7(1,2) = 0. Thus, the number

63177'2 (1) ( evy X evy; A]p2><]p2)
is computed by Lemmas and [[4l Finally, the numbers (1 1,?51)(,11)) and
|S1(1)| are given by Lemmas [[H and D

Lemma 7.2 The total contribution to the number
CaﬁTQ(u)(eVT X evs; A]P2X]P>2)

from the boundary strata Uz, 1, where T = (My,1;j,d) is a bubble type such
that T < Ty and either x7(1,2) =0 or x7(1,2) = 0, but not both, is given by

Z Cz,{szT(eV‘l’XGV’i;AHﬂXPZ) <6a0+2%1,v§) )) — 4|81 ()]

x1(1,2)+x7(1,2)>0

Geometry € Topology, Volume 9 (2005)



682 Aleksey Zinger

Y () WWW>Lemma [

(—\1—0
Do)
X

- 1
~ sz,M‘) W= 0
1,1

/ Q/: l
2 1
Q/ =~ ﬁOAX“,_) VW 0
1,1
2 =~ ﬁmx‘ MW= 0

%] cusp——~

1

Figure 14: An outline of the proof of Proposition [Z1]

Proof (1) By symmetry, it is sufficient to consider the case x7(1,2) = 0 and
x7(1,2) > 0 and then double the answer. By Lemma ET]

Uy (1) Uz, 7 C U(T|)T2 (1)

By Lemma B2,
—1
{evixevsYonr(n) . (us—2p3)  {DE) +en(®)}on(v)
hexz(T)
where pn(v) = Vi,

i€ (it (h,2),h]
for all v e FTg — Y (FT; T *) and some C-negligible maps
ent FTg —Y(FT;I") — Hom(Ly, evi TP?).

The linear map
a: F= @ L, —>eV%T]P’2
hexz(T)
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is injective over L{(T‘)T( ) by Lemma B4l Thus, if It + x7(7), then L{(Tl‘)T( )
is (evy x evg, Apz,p2)-hollow, and
CUTQ’T(GVI X evg; Ap2ypz) =0
by Proposition 22I8B], or Lemma 220, and Lemma BTl
(2) On the other hand, if I+ = x7(7), by the above and Lemma E3] U(Tlm( )

is (evy x evy, Apzyp2)-regular, and by Proposition EI8Bl a rescaling of the
linear map, and the splitting (B4,

CuTsz ( €Vy X evy; A]P’ZX]P’Z) = N(a), where
m 1) 2
o€ F(M{T}uxi(’]')uM,l,(T) X Uz"(p (1); Hom(F, evy TP*) a(v Z pU hUh
hex7(T)

Since the linear map « comes entirely from the second component N(a) = 0
unless the first component is zero-dimensional, ie |x7(7)| = 1 and M57 = {2}.
Thus, we conclude that

Z CuszT(evT X evs; A]IDQX]PQ) = 2N (o),
XT (I7§)+XT (T7§)>1

where a) = D(Tll)j € F(Vgl)(,u); Hom(Lg, ev TP?)).

The number N(«7) is computed in Lemma D
1 —1 .
Lemma 7.3 If o) = D(Tl),T € F(Vg )(,u); Hom(Lg,ev TP?)),
N(an) = (3ag+ e1 (L), V3" (1)) — 2|31 (u)]-

Proof (1) Since a; does not vanish on V}l)(u) by Lemma B4, by Proposi-

tions PIRA]l and P IRB)

N(an) = (3ag + er (£2), V() — € (7.3)

il
o ( (01))

where ozf denotes the composition of «y with the projection wpﬁ onto the

quotient O; of ev% TP? by a generic trivial line subbundle C#;. Suppose
T = (Mlvlajvd)
is a bubble type such that 7 < 7;.
(2) If x7(1,1) > 0, by Lemma BTl
—(1
VW) Ntz < Uy ().

Geometry € Topology, Volume 9 (2005)



684 Aleksey Zinger

If in addition dy > 0, a1 does not vanish on L{(T‘)T (p), and thus Uz; 7 does not
contribute to Cavgl)(u) (a1). On the other hand, if d; = 0 and L{(TI‘T( ) # 0,

by dimension-counting via Lemma B4, x7(7) = {h} is a single element-set and
T = Tl(l) for some [ € [N]. By Proposition B3,

(¢T1, (v)) = {DTh +e(v)}v, for all v € FT 5« — Y (FT;{h}).
Since the section D(Tl?h does not vanish over M%)Tl (1) by Lemma B4l by Propo-
sition EXTRBL
CUT T O41 ‘UT |

Summing up for all bubble types 7 = ’Z'l(l) we conclude that

> Cup o \v )| (7.4)

x7 (1,1)>0

(3) If T <T; and x7(1,1) = 0, by Lemma

(1

V1 (1) Nz, 7 © Sy ().

If S7i7;(n) # 0, by dimension-counting via Lemma B4, x3(7) = {h} is a
single element-set and 7 = Tl(/l\) Subtracting (yT — xh) times the expansion
of {evy xevq} o ¢7;, 7 in Lemma from the expansion of D(Tll)i in (3b) of
Proposition B35, we obtain

D%)’Tqﬁflj(v) =—(y; —an) ® {DT L +e()v@u
for all v € FT s such that ¢7, 7(v) € Z/{(Tl)(,u)
and for some C°-negligible map
e: FT;—Y(FT:It) — L;®? ® evi TP

By Lemma B4l D » does not vanish on the finite set Sr|7;(u). Thus, by
Proposition IZEB],

> Cuprlo1) =2|Sr(p)] = 2|8 ()] (7.5)
XT(T;I):O
The claim follows from (Z3)—([Z3) along with (B2) and B3). O

Lemma 7.4 If T = (Ms,I;j,d) < 73 is a bubble type such that XT(T,/Z\) =

xr(1,2) =0,
CMTZ,T(QVT X evg; Apzyp2) = 0.
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Proof Since y7(1,1) = 0, by Lemma E3, U%)(,u) NUnpT C ST (p). If
Stin(r) # 0, x7(T) = {h} is a single-element set. Subtracting the expansion
of {evy x evs} 0 ¢, 7 of Lemma B2 times

(yh;T(U) - xT;h(U)) (yh;i(v) - ‘Ti;h(v))
from the corresponding expansion {evy X evs} o ¢7; 7, we obtain
{evi x evatodr 7(v) = {ate(v)}p(v) for allv € FT ;5 with ¢z ,(v) € Z/{%)(u),

where p is a a monomials map on F7 with values in a line bundle FT and
ar FT — eVAT]P>2 is a linear map. Explicitly, if hy = iz (h, 1) and hy =

ir(h,2),

ZE(hl,h] Ze(hg,h}
(yh;§ - xi;h)_2 ® (yh;T - $T;h)_l ® (yh;§ - yh;T)’ if hl = h2’
2 _ .
W3 — 737 @ (W7 — 277 if hy > hy.

Thus, S77;(p) is (evy X evg, Aps . ps)-hollow unless It = x7(7). On the other
hand, if I+ = x7(7), by Proposition ZI8B] the decomposition ([B4), and a
rescaling of the linear map,

CZ”TQ,T(eVT X evy; Apsyps) = 2N (ay), where
x~(2 = N . .
a1 = m5DY € T(Wyg 07 X S7(n); w3 Hom(LE, evs TF?)).

Since |M77T| > 2, the first factor is positive-dimensional, while the linear
map «; comes entirely from the second factor. Thus,

CMTQ,T(eVT X evg; Apsyps) = N(ap) = 0. O

Lemma 7.5 Ifd is a positive integer and p is a tuple of 3d—2 points in general
position in P2, the number of rational one-component degree—d curves that pass

through the constraints ;1 and have a node on a generic line is %(aﬁ,vgl)(u)>,
where

(a5, V3" () = ((2d — B)a2 — agng . Vi ()

Furthermore,

<017V(1)( ) = <a/~—|—d %7761’]}1 ) — |V2 ‘
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Proof (1) In order to prove the first identity, we take g to be the M =
[N]U {0} ~tuple of constraints defined by i = 4 and iz = H', where H' is a
generic hyperplane. Similarly to the proof of Lemma B.1],

gl) (N)> — <<a67V(1) N)>> — CaHTl (ﬁ)(eVI X eV’i‘, APZ ><]P’2)
= 2d<a/~ Vi(p)) — Cang @ (evy X evy, Apzyp2),

(5. (7.6)

where CauT @ )(ev1 x evy, Apz,pz2) is the contribution of dUT, (&) to <<V£ )( ) -

If T =(M,I;j,d) <7y is a bubble type such that XT(l,l) > 0, the map
evy x evq is transversal to Apz,p2 on Uz 7 (i) by Lemma Bl and thus the
boundary stratum Uz, 7(1t) does not contribute to the number

C6U71 (7)) ( evy X evy, Apz X]PQ) .

If x7(1,1) = 0 and Uri (1) # 0, x7(T) = {h} and M7T = {1} are single-
element sets. By Lemma 2]

{evy xevs b 7(v) = (47 — xh) ® {DTh +e(v)}v for all v € FT5.
Since the section D(Tl7)h does not vanish on Urz (u) by Lemma B4, Ur g

is (evy x evy, Ap2yp2)—hollow unless It = {n}. If It = {h}, by Proposi-
tion 2I8Bl decomposition (B4l), and a rescaling of the linear map,

Cuﬂﬁ @) (evy x eve; Apzype) = N(ay), where
o =Df L € I (V1(ji); Hom(Ly, evi TP?)).
By Propositions Z2I8A] and B-I8B],
N(a1) = (3ag + e1(L3), Vi()) = Cap, (1)

If 7= (Moy,I;j,d) < 7o is a bubble type such that «; vanishes somewhere on
Urir (1), T = T1(l) for some [ € [N]. From Proposition B3, we then obtain

Cav () al ‘Vl 1 (p |

Putting everything together and using identities (B2) and B3]), we conclude
that

Cc’ﬂrl @) (evy X evy, Apzyp2) = <3a%~ + ager (£5), Vi(p))- (7.7)

The first claim of the lemma follows from ([Z6]) and ([Z7).
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(2) Let s be a section of E; with good properties, ie as in the proof of
Lemma 631 Then,

= {(er(£3), vy )(N)>> — om0yl ( y(evi X evy, Apayp2)
= (a1(£3),Vi(u+ H®)) + (ager (£5), Vi(u+ HY)) + 3(a3, Vi ()
- Cs*1(0)08571 (1) ( evy X evy, AP2xP2)
= <a%~ +d- a501(£§),vl(,u +HY) - 6571(0)06571 (M)(GVT X evy, Apzyp2).
(7.8)

In the last equality we used Lemma 5.17 of [T7], which is essentially Lemma 2.2.2
of [T1]. If
T= (M17I7J7C_l) <T

is a bubble type such that XT(T, T) > 0, the space Urz; does not contribute
to CaﬁTl(u)(eVT X evy, Ap2ypz) unless y7(1,1) =0 and nmlaﬂﬁ(u) # 0. On
the other hand,

XT(Iv/l\) =0, 77671’HT|T1 (N) 7'é 0 = f+ = XI(T) = {h17h2}7 MI(T) = {/1\}
By Lemma B2,

{evixevy bor,r(v) = Z (yg — xh)_l ® {D(Tl,)h + en(v) up,
hexz(T)

for all v € FTs. Thus,

CMT\Tl (u)(evi X evy; Apzxpz) = i‘S_I(O) N u’T|’Tl (u)| = |L{7(,u)‘.
We conclude that

Csfl(())maHT1 (M)(eVI X evy, Auﬂx]}ﬂ) = \V2(M)\- (7.9)
The second claim of the lemma follows from (ZF)) and ([Z3). O
Lemma 7.6 Ifd > 1, the number of rational degree—d cuspidal curves passing
through a tuple p of 3d—2 points in general position in P? is given by
[S1()| = (3§ + Bagig , + 15 1. Vi(w)) — [Va(p)]-

Proof This is the n = 2 case of Theorem [T} see [I7, Lemma 5.4] for a direct
proof. The same formula can also be found in [T, Subsection 4.5] and [I5,
Subsection 3.2]. O
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7.2 Rational tacnodal curves in P?

In this subsection, we prove Proposition [, the P?-analogue of Theorem
The formula we obtain agrees with previously known results; see equation (1.2)
in [2] and Subsection 3.2 in [I5].

Figure [[8] shows the three types of boundary strata Vgl)(,u) N U7, 7 such that

w (1
P(L; & L)V (1) Nz 7

is not contained in a finite union of Dy ;-hollow sets. For such boundary strata,

w=(1
P(Ly ® LV () n Uz 7

is a union of one Dj7-regular or hollow subset and one D;;-regular subset: a

(1)

section over the base V) ’(u) NUz 7 and its complement. The second-to-last
column of Figure [[H shows the multiplicity with which each number N(«) of
zeros of an affine map over a closure of the larger and the smaller subset, if it is
regular, enters into the euler class of the bundle ’y}i_l,@ Lx ® ev% TP? as computed

via the section Dy 3. The last column gives the number N (o) for each regular
subset of the boundary strata. Contributions from the boundary strata as in
the first row of Figure [H are computed in Lemma [ Lemma [Z9 deals with
the boundary strata as in the last two rows of Figure [[Hl

Proposition 7.7 If d is a nonnegative integer, the number of rational one-
component degree—d curves that have a tacnodal point and pass through a

tuple i of 3d—2 points in general position in P? is %\851)(/0\, where

158 ()] = 2(3d — 11) Ag + 2(d — 9) By — 8C.

Proof Similarly to Subsection 15:[1,

|5£ (n)| = (3ag, V M)> — Corryery) (P17)s (7.10)
where Cap(L,i@lej)(D“l”l‘) is the contribution from the boundary strata of the
space P(Lg @ L%). This contribution is computed in Lemmas 8 and The

numbers <a5,vgl)(,u)> and |Sy(u)| are given by Lemmas and Finally,
the number of two-component rational curves that pass through 3d—2 points
in general position in P2, counted a with choice of an ordered pair of distinct

Geometry € Topology, Volume 9 (2005)



Counting rational curves of arbitrary shape 689
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Figure 15: An outline of the proof of Proposition [[1]

nodes at which the two components intersect and with a choice of a branch at
one of these nodes, is easily seen to be

3d— 2
LAOIEEDY <3d1 - 1) etz =1 )marme
di+d2=d

=2A,+ 2dBg + 2Cy

(7.11)

which proves the claim. O

Lemma 7.8 The total contribution to CQP(LT@L%)(D“I’T) from the boundary
strata P(Ly ® L%)|Uz 7, where T = (My,1;j,d) is a bubble type such that
T <717 and XT(T,T) =0, is given by

Z CBP(L;@LZI.)\Z/{T%T(DIj) = 5|S1(p)|.

Proof (1) By Lemma2]

—(1
UP (1) N U1 C Srim ().

If Syig(p) # 0, It = xij(7) = {h} and MFT = {1} are a single-element
sets. Subtracting the expansion of {evy X evs} o ¢7; 7 of Lemma B2 multiplied
by (y; — zp) and by —(y; — z,)~" from the expansions of D(Tll)T o ¢7, 7 and
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D(T b o o1, T, respectively, given by Proposition B3, we obtain

D; 17 7 ([vp il v) = —{ (4 — )" @ v + (1 — 20) > @ 07) @ DY,
+e(v)lv v
for all ([vg,v3];v) € FT 5 such that ¢ 7(v) € Z/{%). Let
Zr = {[ U1 1] eP(Ly® Ly )’UT\Tl (yp — xh)_lvi + (yg — @) vy = 0}
()

Since the section D, does not vanish over Sz, (1), by Proposition E.T8B]
the decomposition ([F4]), and a rescaling of the linear map,

Cr(Ly@LD)Srir w27 (P13) = 2N(a1),  where
) € F(]P’1 x S1(p); Hom(y", 7" @ evs T]P’2))
is a nonvanishing section. Thus, by Proposition EZTSA],
Y CenaL)isrin (-2 (Pr1) = 2020 = A PY)[Si(n)| = 2[Si(u)]- (7.12)
XT(TvT)ZO

(3) In order to compute the contribution from the space Z7, we model a
neighborhood of Z7 in P(L7 @ L;) by the map

Lol —P(Lye L), (g vgu) — [og,vp+u(vp)].
Near Z7,
Dsom.r (v, vilsu,v) = = (v — @) @ (DF), + 2w v))v@v@u

)

P
—(yf—xh)_z@)lq@(i? h+63(u V)RV U
)

for all ([vg,vq];v) € FT s such that ¢ 7(v) € Z/{( By Lemma B4l the images

of D(T)h and D(T)h are distinct over Sz iz, (). Thus, by Proposition ZI8B] the
decomposition (B4, and a rescaling of the linear map,

> Cz(Dr7) =3|Su. (7.13)
XT(T7T):O
The claim follows from equations ([LI2) and ([ZI3)). ]

Lemma 7.9 The total contribution to Cap(LT@L%)(D“l”l‘) from the boundary
strata P(L7 @ L;)|UT1’T, where T = (Mj,1;7,d) is a bubble type such that
T < T, and x7(1,1) > 0, is given by

> Cop(LreL2) iz 7 ( —s Y (w)].

XT(l 1)>0
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Proof (1) By Lemma 1]
(1
Uy () Nz, C UL ().

If j7 = 1or JT > 1 and dj. = 0, the section Dy 7 has a nonvanishing extension

over U(T1|)Tl (). Thus, we only need to consider bubble types 7 such that

j;=h>1 and  dj>0.
Furthermore, if U(T\T( )# 0, It = {1,h}.

(2) If dg = 0 and U(Tl‘T( ) # 0, T = Ty(l) for some | € [N]. By Proposi-
tion B3,

D; 167 7 ([, vl v) = — (g — o) "2 {vy ® DY), + e(v) }o*

for all v € FT5—Y(FT;TH).
Let Z7 = ]P’L~ Since the section D( ) does not vanish on Z/{(ﬂ)T (1), by Propo-
sition and a rescaling of the hnear map,

Cor FOLHUL ) (- z,(Pi3) = —N(a1),  where

a1 € T(P' x S (p); Hom(v*,7* ® evs TP?),
is a nonvanishing section. Thus, by Proposition EZTSA],

1 1
Cotwyors i i-zr (P11) = ~(X = ANPO{Urr ()] = ~[tdriy ().

On the other hand, with the same notation as in (2) of the proof of Lemma [[§],
near Zr,

_ 1 *
Di6m,7([or, vil; w,v) = ~ (o — ) H{ D), + ep(0)fu @
1
+{D§7)h +e1(v) fo.
Thus, by Proposition 2.I8Bl,

We conclude that

> CryoLn)uz, - (P11) = 0. (7.14)

(3) Finally, suppose dy > 0. The same argument as in (2) above shows that

(1)
C P(Ly® LUy (11)— ZT(DT,l) Wﬂfl( )

7|1y
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but Z7 is DT’Tfhollow. Thus, summing up over all bubble types 7 of appro-
priate form, we obtain

1 1
> Co(trorsin, - vt . (7.15)
d7>0
The claim follows equations ([LI4)) and ([ZTH). O

7.3 Rational cuspidal curves in P"

In this subsection, we prove Theorem [[Jl In particular, we construct a tree
of chern classes, as mentioned in the third-to-last paragraph of Subsection
The sum of these chern classes, with an appropriate sign, is the number that
appears on the right-hand side of the equation in Theorem [Tl The tree is very
similar to that constructed in Subsection 3.1 of [20]; the main difference is that
here we focus on intersection numbers, instead of zeros of polynomial maps.
Theorem [Tl follows immediately from Corollary and Lemma

We first introduce a little more notation. If d, N, and p are as in the statement
of Theorem [I, k¥ > 1, and m > 0, let Vi m(u) and Vi m(p) denote the
quotients of the disjoint unions of the spaces Uz (ji) and U7 (1), respectively,
taken over all bubble types

T = ([N] — Mo, I; j,d) such that My C [N], [Mo| =m
L ={0}U{l,....k}, dq,....dz>0, D di=d,

by the natural action of the symmetric group Sy. Here [i is the ([N]—Mg)L{0}—
tuple of constraints defined by

fn=p if 1€ [NJ=My;  fig= ()
leMy

By dimension-counting, the spaces Vj (1) are smooth manifolds. We define
the vector bundle Ej, ,;,, — Vi, (1) and homomorphism o, Eg  — eVA P

over Vi (i) by

Ej m‘uT @ Lu akm Uz zeI+ Z D']' iVis

ielt iel+

whenever 7 is a bubble type as above.

We now construct the tree mentioned above. Each node is a tuple

o = (r;k,m; ),
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where r > 0 is the distance to the root g = (0;1,0;-), £ > 1, and m > 0. The
tree satisfies the following properties. If r > 0 and

o =(r—1;k"m"; ¢")
is the node from which o is directly descendant, we require that £* < k,
m* < m, and at least one of the inequalities is strict. Furthermore, ¢ specifies

a splitting of the set [k] into k* disjoint subsets and an assignment of m — m*
of the elements of the set

[m] = {(1,1),...,(1,m)}

to these subsets. This description inductively constructs an infinite tree. How-
ever, we will need to consider only the nodes

o= (r;k,m;¢) such that 2k+m <n+ 2.
We will write ¢ - ¢* to indicate that o is directly descendant from o*.

For each node in the above tree, except for the root, we now define a linear
map between vector bundles. If o = (r;k,m;¢) and s > 1, let

{os = (sks,ms305) : 0 < s <1}
be the sequence of nodes such that o, = ¢ and o5+ 051 for all s > 0. Put
VJ = Vk,m(:u'% Es = Ek,m - VU’ Qo = Ok,m;
Xo = yo X Vcry Xo’,s = yo,s X Vcry
where
ya = ya,r: yJ,O = {Pt}a ya,s = ]PFO'S X ya,s—l if s> O,
ﬁo— = H ﬁi-ﬁ-(b*l(i)’ Fo— = @ /70';1' — ﬁo.
i€lm ¢ i€lm ¢
For the purposes of the last line above, we view ¢ as a map from [k] — [k*] and
a subset of [m] to [k*] in the notation of the previous paragraph. Then,
VYoyi — ﬁi—l—d)*l(i)
is the “tautological” line bundle, ie the universal tangent bundle at the marked
point ¢. Let
Op =05y, Op1 = ev% TP", Oy = Oo,s_l/lm Ugs—1 if s>1,
where 75, € F(XJ78;H0m(’yFUS,OU,S)) is a generic section. Since k;_1 < ks,
ms_1 < mg, and one of the inequalities is strict,
1 1 —
Sdim X, < —dim&, = (n+2—-2k—m) + Y _ (|Im ¢ — 1)
2 ’ 2 —~

=n+1—k—r<rk Oy — (r—1).
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Thus, we see inductively that each bundle O, is well-defined and a generic
section 7, of Hom(vr, ,,Os ) does not vanish. Let

Tyt ev% TP" — O,
be the projection map. We define

Oy € F(XU; Hom(vr, ® Eqg; v, ® (’)0)) by
{&U(T ® U)}(w) =7(w) - Tpas(v) € Op.

Lemma 7.10 With notation as above,

|81 ()] = (c(L2 @ ev TP™), Vi (1)) — > N (d).

olog

Furthermore, for every node o* # oy,

N(Go+) = {c(vh. ® Op)e(7f,. @ Egr) " Xor) = > N(@s).

oko*

Proof This lemma is obtained by the usual argument from the estimate (3b)
of Proposition via Propositions BEIRAl and BIRBL If o* # oy, the proof is
the same as the proof of Lemma 3.3 in [20]. For the first identity, apply the

proof of Lemma 3.3 with a(J;O = D(Tl)f i
Lemma 7.11 For every node o # oy,
* * —1 * — vy ~
(c(vF, ® Ox)c(Vh, @ Ey)  , Xy) = <c(evﬁ TP e(Egm) ™, Viem (7).
Furthermore,

{c1 (L% ® evy TP"), Vi(p)) = <c(ev% TIP’")C(ELO)_l,VLO([Z))

Proof For the first identity, see the proof of 20, Corollary 3.5]. The second
equality is clear from the fact that dimV;(u) = rk evsTP" ]

Corollary 7.12

S = > {(—n“m-lkm(m—n!
(1,0)<(k,m)
n+2—(2k+m)

n+1\, - _
X Z < l ><al776,n+2—(2k+m)_l,Vk7m(u)>}_

=0
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Proof This corollary follows from Lemma and Lemma [[TT] via straight-
forward combinatorics; see [20), Corollary 3.6 and Lemma 3.7]. O

Lemma 7.13 Forall k> 1 and [ > 0,

Z (_1)mkm(m - 1)!<alﬁﬁ,n+2_(2k+m)_p Vk,m(ﬂ»
m>0

= (k- 1)!<al776,n+2—2k—17vk(ﬂ)>'

Proof See the proof of Corollary 3.10 in [20], which uses (B2) along with [IT],
Subsection 3.2]. O

8 Low-degree numbers

We now give some low-degree enumerative numbers for rational curves in pro-
jective spaces. In all five tables, the top row lists the degree d of the map.
In Tables [ and B, the constraints are assumed to be 3d—2 points in general
position in P". In Tables Bl and B, the constraints are p points and ¢ lines
in P3, as specified by the second row. Similarly, in Table [, the constraints are
p points, ¢ lines, and r two-planes in P?.

The formulas of Theorems and give zeros in degrees one, two, and three.
From classical algebraic geometry, one would expect these low-degree numbers,
as well as the first three degree-four numbers listed in Tables Bl and B, to vanish.
In addition, as expected, the fourth number in Table B (Table H) is the same
as the degree-four number of Table [ (Table B). Similarly, all degree-one and
-two numbers |Sy(u)| and several degree-three and -four numbers, as listed in
Table Bl are zero, as the case should be. Finally, observe that the third number
of Table Bl is the same as the long-known number of plane cubic cuspidal curves
that pass through seven general points.

d 1]2[3] 4 5 6 7 8
VP [o]o]0]60] 56400 | 49,177,440 | 56,784,765,120 | 91,466,185,097,280

Table 1: One-component rational triple-pointed curves in P?
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d 11213 4 5 6 7 8

ISP (] [o]o

o

1,296 {499, 680 | 271, 751, 040 | 227, 509, 931, 520 | 287, 190, 836, 432, 640

Table 2: One-component rational tacnodal curves in P2

d 1 1 1 1 1 1 5 5 5 6
(.9 61 [ (63 | @5 | 37 [ (29 | A1) [ (81 [(7,3) ] (6,5) | (10,1)
WPwl ] o 0 0 60 | 1,280 | 19,640 | 8 | 264 | 4,360 4,680

Table 3: One-component rational triple-pointed curves in P3

d 4 4 4 4 4 4 5 5 5 6

(g |(6,1)|(53)|(4,5] (37| (29) | (1L11) | &1) | (7,3) | (65) | (10,1)

LS ] o | o | 0 [1,296]27,648]426,672] 960 | 9,792 | 111,840 | 112,320

Table 4: One-component rational tacnodal curves in P3

3 3 3 3 4 4 4 4 5

(p,g,7r) | (4,0,1) | (3,1,2) | (3,0,4) | (2,1,5) |(6,0,0)|(5,1,1)[(5,0,3)|(4,1,4)|(7,1,0)

1S1(1)] 0 0 24 240 0 0 0 | 1,680 | 120

Table 5: One-component rational cuspidal curves in P*
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