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On the continuity of bending

CHRISTOS KOUROUNIOTIS

Abstract We examine the dependence of the deformation obtained by
bending quasi-Fuchsian structures on the bending lamination. We show
that when we consider bending quasi-Fuchsian structures on a closed sur-
face, the conditions obtained by Epstein and Marden to relate weak conver-
gence of arbitrary laminations to the convergence of bending cocycles are
not necessary. Bending may not be continuous on the set of all measured
laminations. However we show that if we restrict our attention to lami-
nations with non negative real and imaginary parts then the deformation
depends continuously on the lamination.
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The deformation of hyperbolic structures by bending along totally geodesic
submanifolds of codimension one was introduced by Thurston in his lectures
on The Geometry and Topology of 3—manifolds. The geometric and algebraic
properties of the deformation were studied in [4] and [3]. Epstein and Marden
[2] introduced the notion of a bending cocycle and used it to describe bending a
hyperbolic surface along a measured geodesic lamination. The same notion was
used in [5] to extend bending to a holomorphic family of local biholomorphic
homeomorphisms of quasi-Fuchsian space Q(5).

Epstein and Marden [2] give a careful analysis of the dependence of the bending
cocycle on the measured lamination. They consider the set of measured lami-
nations on H? consisting of geodesics that intersect a compact subset K C H2.
This is a subset of the space of measures on the space G(K) of geodesics in
H? intersecting K , with the topology of weak convergence of measures. In this
topology, the bending cocycle does not depend continuously on the lamination.
One reason for this is the behaviour of the laminations near the endpoints of
the segment over which we evaluate the cocycle. For example, consider the
geodesic segment [¢? i] in H2, for suitable # in [0,7/2], and the measured
laminations p,, with weight 1 on the geodesic (1/n,n) and weight —1 on the
geodesic (—1/n,—n). Then {u,} converges weakly to the zero lamination, but
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318 Christos Kourouniotis

the cocycle of p, relative to [¢?, ] is approximately a hyperbolic isometry of
translation length 1. Epstein and Marden find conditions under which a se-
quence of measured laminations gives a convergent sequence of cocycles relative
to a given pair of points.

In this article we show that when the lamination is invariant by a discrete group
and we only consider cocycles relative to points in the orbit of a suitable point
x € H?, any sequence of measured laminations {u,} which converges weakly
gives rise to cocycles which converge up to conjugation. We show further that
the same conjugating elements can be used for the cocycles for u,, corresponding
to the different generators of the group. Hence the laminations u, determine
bending homomorphisms which, after conjugation by suitable isometries, con-
verge to the bending homomorphism determined by pg. This implies that the
deformations converge in Q(S5).

Theorem 1 Let S be a closed hyperbolic surface and Q(S) its space of quasi-
Fuchsian structures. Let {u,} be a sequence of complex measured geodesic
laminations, converging weakly to a lamination ug. Then the bending defor-
mations

By, : Dy, — Q(S)

converge to the deformation B, uniformly on compact subsets of D =D, N
(Unm=1 MnZm Dpn) -

We also state an infinitesimal version of the Theorem.

Theorem 2 Let S be a closed hyperbolic surface and Q(S) its space of quasi-
Fuchsian structures. Let {u,} be a sequence of complex measured geodesic
laminations, converging weakly to a lamination pg. Then the holomorphic
bending vector fields T}, on Q(S) converge to T,,, uniformly on compact
subsets of Q(5).

These results do not necessarily imply the continuous dependence of the defor-
mation on the bending lamination, because the space of measured laminations
is not first countable. If however we restrict our attention to the subset of
measured laminations with non negative real and imaginary parts, then we can
apply results in [6] to obtain the following Theorem.

Theorem 3 The mapping ML1TT(S) x Q(S) — T(Q(S)): (u,[p]) — Tu(lp])
is continuous, and holomorphic in [p].
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The proof of Theorem 1 is based on the observation that, when the lamination
is invariant by a discrete group and we are considering cocycles with respect to
points x and g(z), for some ¢ in the group, the effect of a lamination near the
endpoints of the segment [z, g(x)] is controlled by its effect near x, provided
that the lamination does not contain geodesics very close to the geodesic carry-
ing [z, g(x)]. This last condition can be achieved by choosing z to be a point
not on the axis of a conjugate of g (see Corollary 2.12).

In Section 1 we describe the space of measured laminations and we recall the
definition of bending. In the beginning of Section 2 we recall or modify cer-
tain results from [2] and [5] which provide bounds for the effect of bending
along nearby geodesics. Lemma 2.11 and the results following it examine the
consequences of the above condition on the choice of x.

The proof of Theorems 1, 2 and 3 is given in Section 3. The laminations .,
are replaced by finite approximations. The main result is Lemma 3.1, which
gives the basic estimate for the difference between the bending homomorphism
of pup and a conjugate of the bending homomorphism of pu,. Then a diagonal
argument is used to obtain the convergence of bending.

1 The setting

We consider a closed surface S of genus greater than 1. We fix a hyperbolic
structure on S, and let pg: 71(S) — PSL(2,R) be an injective homomorphism
with discrete image T'g = po(m1(S), such that S is isometric to H?/T.

We consider the space R of injective homomorphisms p: T'g — PSL(AQ,(C)
obtained by conjugation with a quasiconformal homeomorphism ¢ of C: if
g € T, acting on C as Mdbius transformations, then p(g) = ¢ o go ¢~ L.

PSL(2,C) acts on the left on R by inner automorphisms. The quotient of R
by this action is the space Q(S) of quasi-Fuchsian structures on S, or quasi-
Fuchsian space of S. We denote the equivalence class in Q(S) of a homomor-
phism p € R by [p]. Then [p] is a Fuchsian point if there is a circle in C left
invariant by p(Tg), so that p(T'g) is conjugate to a Fuchsian group of the first
kind. The subset of Fuchsian points in Q(S) is the Teichmiiller space of S,
T(S).

We fix a point [p] € Q(S5), represented by the homomorphism p: Iy —
PS£(2, C) obtained by conjugation with the quasiconformal homeomorphism
¢: C — C. We denote the image of p by I'. The limit set of 'y is R. Then
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¢(]1A%) is the limit set of I'. If ~ is a geodesic in H? with endpoints u,v € ]IA{,
we denote by ¢.(7) the geodesic in H? with endpoints ¢(u), #(v) in #(R). In
this way, geodesics on the surface S = H?2/I'y are associated to geodesics in the
hyperbolic 3-manifold H3/T.

We want to study the deformation of quasi-Fuchsian structures by bending, [4],
2], [5]. Bending is determined by a geodesic lamination on S with a complex
valued transverse measure.

A measured geodesic lamination on S lifts to a measured geodesic lamination
on H?. The space G(H?) of unoriented geodesics in H? is homeomorphic to a
Mobius strip without boundary. Let K be a compact subset of H?, projecting
onto H?/Ty. The set G(K) of geodesics in H? intersecting K is a compact
metrizable space.

A measured geodesic lamination on H? determines a complex valued Borel
measure 4 on G(K), with the property that if 4 and 7, are distinct geodesics
in the support of u, then they are disjoint. The set of measured geodesic
laminations on S can be considered as a subset of M(G(K)), the set of complex
valued Borel measures on G(K). The set M(G(K)) has a norm, defined by

Il =sup{]/fu ,

We shall use the weak* topology on M(G , with basis the sets of the form

U(u,e,fl,...,fm)—{uej\/l ’/fl,u /flv <ei=1,. }

where p € M(G(K)), fi, i =1,... ,m are continuous functions on G(K), and
€ is a positive number.

f continuous complex valued function on G(K), |f]| < 1}

A measured geodesic lamination p on S is called finite if it is supported on a
finite set of simple closed geodesics in S. Then, for any compact subset K of
H?, the measure on G(K) determined by the lift of 4 to H? has finite support.

Given a finite measured geodesic lamination p on S, we define bending the
quasi-Fuchsian structure [p] on S as follows.

Let g1,...,gr be a set of generators of I'g. Choose a point & on H? and,
for each g;, consider the geodesic segment [z,g;(x)]. Let ~i,...,7vmn be the
geodesics in the support of p intersecting [z, g;(z)], and let z1,..., 2, be the

corresponding measures. If y; (or 7,,) go through z (or g;(z) respectively),
we replace z1 (or zy,) by 321 (or 2zp,).

If v is an oriented geodesic in H? and z € C, we denote by A(y, z) the element
of PSL(2,C) with axis 7 and complex displacement z. We will use the same
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On the continuity of bending 321

notation for one of the matrices in SL(2,C) corresponding to A(v, z). In such
cases either the choice of the lift will not matter, or there will be an obvious
choice.

We orient the geodesics 71,... ,7¥m so that they cross the segment [z, g;(x)]
from right to left, and define the isometry

Ciu(x, 9;(@)) = AlPs(11), t21) - - - AP (V) t2m).-
For each generator g;, j =1,... ,k, define
peu(95) = Ceu(w, g;(x)) p(g;)-

For t in an open neighbourhood of 0 in C, the representation [p;,] is quasi-
Fuchsian, [4].

Any measured geodesic lamination 4 on .S can be approximated by finite lam-
inations so that the corresponding bending deformations converge, [2], [5]. In
this way, we obtain for any measured geodesic lamination on S a deformation
B,, defined on an open set D,, C Q(S) x C,

By: Dy — Q(S): ([pl,t) = [ptul-

B,, is a holomorphic mapping.

2 The lemmata

In the vector space C? we introduce the norm

1(z1, z2) || = max{[z1], [22]}-

a

A complex matrix A = ( . ) acts on C? and has norm

d
[A[] = max {|a| + [b], || + |d]} .

We will use this norm on SL(2,C).

Lemma 2.1 ([2],3.3.1) Let X be a set of matrices in SL(2,C) and ¢ =

(0,0,1) € H3. Then the following are equivalent.

i) The closure of X is compact.
ii) There is a positive number M such that if A € X then ||A|| < M.

iii) There is a positive number M such that if A € X then ||A|| < M and
|A7H| < M.
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iv) There is a positive number R such that if A € X then d(c,A(c)) < R. O

Let A be a maximal geodesic lamination on S, and ¢: § — H3/T the pleated
surface representing the lamination A [1]. Let ¢: H2 — H? be the lift of 1.

Lemma 2.2 ([5],2.5) Let K be a compact disc of radius R about ¢ =
(0,0,1) € H3, and M a positive number. There is a positive number N
with the following property. If [z,y] is a geodesic segment in ‘H? such that
U([z,y]) € K and {7, 2}, i =1,... ,m is a finite measured lamination with
support contained in A, whose leaves all intersect [r,y]| and are numbered in
order from x to y, and such that > " | |Rez| < M, then

||A(’71721)A(’77TL72m)H SN O

Lemma 2.3 ([2], 3.4.1, [5], 2.4) Let K be a compact subset of SL(2,C), M
a positive number, and let v be the geodesic (0,00). Then there is a positive
number N with the following property. For any B,C € K, and z € C with
|z| < M, we have

|BA(y,2)B™! = CA(v,2)C | < N||B=C|||2]. O

In order to examine the effect of bending along nearby geodesics, in Lemma 2.5
and 2.6, we shall use the notion of a solid cylinder in hyperbolic space. A solid
cylinder C' over a disk D in H™ is the union of all geodesics orthogonal to a
(n—1)-dimensional hyperbolic disc D in H™. The radius of the cylinder is the
hyperbolic radius of the disc D. If x is the centre of D, we say that C is a
solid cylinder based at x. The boundary of C at infinity consists of two discs
Dy and Dy in OH™. We say that the solid cylinder C' is supported by Dy and
Dy. The geodesic orthogonal to D through its centre is the core of the solid
cylinder C'. We shall denote the cylinder with core -y, basepoint x € v and
radius r by C(vy,x,r).

Lemma 2.4 ([5], 2.6) Let L be a compact set in H3. Then there exists a
positive number M with the following property. If D is a disc of radius r,
contained in L, and «,(3 are two geodesics contained in the solid cylinder
over D, then there is an element A € SL(2,C) such that A(a) = [ and
|A—=1I|| < Mr. O

If C is a solid cylinder supported on the discs D and Dy, with Dy N Dy =0,
and 71,72 are two geodesics, each having one end point in D; and one in Do,
we say that v and 9 are concurrently oriented in C' if their origins lie in the
same component of Di U Ds.
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Lemma 2.5 Let m be a positive number and L a compact subset of H?>.
Then there are positive numbers My and My with the following property. If
1,72 are concurrently oriented geodesics contained in a cylinder of radius r,
based at a point in L, and z1, z9 are complex numbers such that |z;| < m, then
there are lifts of A(v;, z;) to SL(2,C) such that

|A(y1, 21) — A(y2, 22)|] < Myrmin{|z1|, 22|} + Ma|z1 — 22|

Proof We assume that |z1| < |z2|. We have

A1, 21) = A2, 22) [ < |A(y1, 21) = A(yz, 20) || + [[A(y2, 21) — A2, 22) ] -

Let B € SL(2,C) be an element mapping the geodesic (0,00) to 72, and
mapping the point ¢ = (0,0,1) to a point in L. Then, by Lemma 2.1, there
is a constant K7 depending only on L, such that ||B|| < K;. By Lemma 2.4
there is an element C' € SL(2,C) such that C(y2) = 7, and ||C — I|| < Kar
for some constant Ko depending only on L.

By Lemma 2.3 there is a constant K3 such that
A1, 21) = A(v2, 21)|| < K3 [[CB = Bl| |21| < K1 K2 K3r|z].
On the other hand,
142, 21) = A(y2, 22)I < [ BIHIA((0, 00), 21 = 22) = || || B~"]| | A((0, 00), 22)]]

By Lemma 2.1 and the fact that the entries of A((0,00),2; — 22) depend an-
alytically on z; — 29, there is a constant K4, depending on L and m such
that

|A(v2, 21) — A(y2,22)|| < K4|z1 — 2. O

Lemma 2.6 ([5], 2.7) Let m be a positive number and L a compact subset
of H?. Then there is a positive number M with the following property. Let C
be a solid cylinder of radius r based at a point in L. Let vy, ...,V be geodesics
in C and 21, ...,z complex numbers with Z,’f:l |Re (z;)| < m. Then

k
<MrY |zl
i=1

!
A(yr,21) - Ak, 21) — A (71,Zzz'>
=1

O

We want to show that if two geodesics on S are sufficiently close, then the
corresponding geodesics in H?/T" will also be close, (Lemma, 2.10).
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Lemma 2.7 Let K be a compact subset of H?, and ¢: OH? — OH> a home-
omorphism onto its image. Then there is a compact subset L of H?® such
that if ~ is a geodesic of H? intersecting K, then ¢.(v) intersects L, i.e.
¢:(G(K)) C G(L).

Proof We consider the Poincaré disk model of hyperbolic space. There, it is
clear that if K is a compact subset of B2, then there is a positive number m
such that if 7 is a geodesic in G(K) with end-points w,v, then |u —v| > m.
Since ¢! is uniformly continuous, there is a positive number M such that
|p(u) — ¢(v)] > M, and hence there is a compact subset of B3 intersecting

o« (7). 0

Lemma 2.8 ([5],2.2) Let ¢ and n be two positive numbers. Then there is
a positive number § with the following property. If Dy and Dy are discs in
S?, with spherical radius < §, and the spherical distance between D; and Do
is > n, then the solid cylinder supported by D; and Dy has hyperbolic radius
r<e. D

Lemma 2.9 Let K be a compact subset of B", and d a positive number.
Then there is a positive number § with the following property. If C is a solid
cylinder in B™, over a disc with radius v < § and centre at a point in K, then
the spherical radius of each of the discs supporting C' is < d.

Proof The radii of the supporting discs are given by continuous functions of
the core geodesic, the base point and the radius of the cylinder. For a fixed
base point, they tend to zero with the radius of the cylinder. The result follows
by compactness. m]

Lemma 2.10 Let [p| be a quasi-Fuchsian structure on S, K a compact subset
of H?, and L a compact subset of H? such that ¢,(G(K)) C G(L). Let r be a
positive number. Then there is a positive number & with the following property.
Ifye G(K), z € yNK and 0 <ry <9, then there is some point 2’ € L such
that for any geodesic « contained in the solid cylinder C(vy,x,r1), the geodesic
¢« () is contained in the solid cylinder C (¢« (), z',r) C H3.

Proof We work in the Poincaré disc model of the hyperbolic plane and space,
B? and B3. Since L is a compact subset of B3, there is a number 7, > 0 such
that if u and v are the endpoints of any geodesic in B? intersecting L, then the
spherical distance between u and v is > n2. Then, by Lemma 2.8, there is a
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positive number do, such that any solid cylinder with core a geodesic v € G(L)
and supported on discs of spherical radius < do, has hyperbolic radius < r.

Since ¢: St — S? is uniformly continuous, there is a positive number d;, such
that any arc in S! of length < §; is mapped into a disc in S?, of radius < 5.
Then, by Lemma 2.9, there is a positive number § such that any solid cylinder
of radius < § and based at a point in K, is supported on two arcs of length
< é. O

Recall that, if X is a subset of H?, we denote by G(X) the set of geodesics
in ‘H? which intersect X . To simplify notation, we will write G(z) for the set
of geodesics through the point z € H?, and G(z,y) for the set of geodesics
intersecting the open geodesic segment (z,y).

If T is a group of isometries of H?, we denote by G- the set of geodesics in H?
which do not intersect any of their translates by I':

r={1y€GMH?*) :VgeT,g(y)Ny=0org(y) =~}

In the following Lemma we consider the angle between unoriented geodesics to
lie in the interval [0, 7].

Lemma 2.11 Let ¢ and 6 be positive numbers. Then there is a positive
number ¢ with the following property. Let z,y € H?, ~ the geodesic carrying
the segment [z,y], g € PSL(2,R) and +' € G’<g>, such that:

i) The hyperbolic distance d(x,y) < (.

ii) The geodesic segments [x,y] and [g(x),g(y)] intersect, and the angle
between v and g(v) is a > 0.

iii) 4 intersects the segment [x,y| and the angle between ~ and +' is 3.

Then (8 > (.

Proof Without loss of generality, we may asume that =i € H? and y = ¢i.
The angle of intersection between the geodesics ¢ and g(d) is a continuous
function of §. Hence there is a neighbourhood U of v € G(H?) disjoint from
G’< ) that is consisting of geodesics ¢ such that g(J) intersects 6.

There is a positive number r such that the (two dimensional) solid cylinder
C(v,ivt,r) has the property: if § C C(v,iVt,r) then § € U. Then it is
easy to show, using hyperbolic trigonometry, that there is a positive number
¢ such that any geodesic ¢ intersecting [z,y] at an angle < ( is contained in
C(v,ivt,r), and hence 6 ¢ G’<g>. O
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Corollary 2.12 If ¢ is a hyperbolic isometry of H? and x € H? does not lie
on the axis of g, then there is a positive number ( with the following property.
If p is any geodesic lamination invariant by g, then no leaf of the lamination
intersects the geodesic segment [z, g(z)] at an angle smaller than (. O

Lemma 2.13 Let ¢,0 and ¢ be positive numbers. Then there is a positive
number r with the following property. Let z,y € H? with d(z,y) < ¢, and
let v be the geodesic carrying the segment [z,y|. Let g € PSL(2,R) be such
that [z,y] intersects [g(x),g(y)] at the point xy, and at an angle o > 0. If
o€ G’<g> N G(D(xp,7)), then ¢ intersects both v and ¢(7y), and the points of

intersection lie in D(xg,¢).

Proof Since g !(xg) € [x,9], we have d(g~'(zg),z0) < £. We consider the
geodesic segment [/, y] of length 3¢ on the geodesic v, centred at x.

Let U be a neighbourhood of v € G(H?) disjoint from G’<g>. There is r; such
that any geodesic which intersects D(zg,r1) and does not intersect [z, 1], lies
in U, and hence it is not in G’<g>. So, if § € G’<g> NG(D(xo,71)),  intersects
the segment [z/,%]. Similarly, there is 7o such that if 0 € G’<g> NG(D(zg,1m2)),

J intersects the segment [g(z'), g(y')].

By Lemma 2.11, the angle at the points of intersection is greater than a constant
¢. If r satisfies 0 < r < min(ry,72) and sinhr < sin(sinhe, then it has the
required property. O

The following Lemma shows that, under certain conditions, taking integrals
along geodesic segments describes weak convergence of measures.

Lemma 2.14 Let {u,} be a sequence of measured geodesic laminations on
H?, invariant by g € PSL(2,R), and assume that p, converge weakly to a
measured lamination pi. Let v be a geodesic in ‘H?, such that v and g(7)
intersect at one point. Then, for every geodesic segment [u,v] on -y and for
every continuous function f: [u,v] — [0,1], with f(u) = f(v) = 0, the sequence
f[u,v] f i, converges to f[uﬂ}] fu.

Proof Since 7 intersects g(v) at one point, there is a neighbourhood U of
v in G(H?) which is disjoint from G’<g>. We define a continuous function
f: G(H?) — [0,1] by letting f(8) = f(y) if y € [u,v] and 6 € G(y) — U, and
extending continuously to the rest of G(H?). Then, for any measured geodesic
lamination v invariant by g,

fr(G(u,v)) = fv. 0

[u,v]
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3 The theorems

We fix a reference point [pg] € T'(S), and we consider a point [p] € Q(S). Let
g1, .- ,gr € PSL(2,R) be a set of generators for I'g = po(71(S)). Let = € H?
be a point which does not lie on the axis of any conjugate of the generators g; .

Let 6 be the minimum of the angles between the geodesics carrying the segments
[g]-_l(:zf),:n] and [z, gj(z)], for yj=1,... k. Let d and d’ be the maximum and
the minimum, respectively, of the distances between z and g;(x), for j =
1,...,k.

Let K be a compact disc in H? containing in its interior the points z, g;(z),
gj_l(x), for j =1,...,k, and projecting onto Sy = H?/I'g. Let L be a compact
disc in H? such that ¢.(G(K)) C G(L).

We consider a positive integer m, and a positive number r(m) such that d/m
is less than the number (K, L,r(m)) given by Lemma 2.10.

Let p be a complex measured geodesic lamination on H?, invariant by the
group I'g, with ||| < My. We consider one of the generators g;, j =1,... ,k,
and to simplify notation we drop the suffix j for the time being. Let v denote
the geodesic carrying the segment [z, g(z)]. We divide the segment [z, g(x)]
into m equal subsegments, by the points

T =2T0,L1y--- yTm—1,Tm = g(l’)

If [x,7] is a geodesic segment in H? and v is a measure on a set of geodesics
in H?, we introduce the notation

| v=3r(C@)+r (G )+ 3G W)
[z,9]

We define two new measures on the set G(H?) of geodesics in ‘H? in the follow-

ing way. For every ¢ =1,... ,m, let 4; be a geodesic in supp p, intersecting -~y
in [x;—1,z;]. We define, for i =1,... ,m,

/

= [

[Ti—1,24]
For every i = 1,... ,m — 1, let 7, be the geodesic in supp p intersecting the
open segment (z;_1,x;+1) as near as possible to z;. Let \;: [xg,z,] — [0, 1],
t=1,...,m— 1, be continuous functions satisfying

(1) supp(N) C [xi—1,Tit1] and
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(2) S () =1 for all z € [z, ).

Then, in particular, [zo,z1] € A;1(1) and [2m—1,2m] C A1 (1). We define,

fori=1,... ,m—1,
w () = / Aip
[i—1,2i41]

Now we define

Ci = A(«(%), (%)) fori=1,...,m

and
Di= A () fori=1,...,m—1
We want to bound the norm ||C1Cs---Cy, — D1Ds -+ - Dy 1]
We put a; = ‘[v[;ifl,ﬂ?i] Aipp and by = f[;i,xﬁl] Aipt. Then M’(%{) = a; + b;, for

i=1,...,m—1,and (%) = a1, (Ym) = bm-1, and for i = 2,... ;m —1,
(%) = bi-1 +a;.
We put D! = A(¢.(7]),a;) and DI = A(¢p«(v}),b;). With this notation we have
||C’1...C’m_D1...Dm_1|| <
1Cy - Coa |l || Con — Dy 4 ||
+11C1 -+ Conall ||t = Do Dl | 1051

et 0 Gl €y - Diy D)

||D§Ds+1 T Dm—1||
+”w@_mwmm~ﬂmm

Then, by Lemma 2.2, there is a positive number M;, depending on L and
My, which is an upper bound for the norm of the factors of the form Cy --- Cj,
D!Dgyq- Dp—1. By Lemma 2.6, there is a positive number Ms, depending on
L and My, such that each factor of the form Cy — D”_; D! has norm bounded
by Mar(m)i(7s). Then

|C1---Cp— Dy Dy 1| < MoM3EMyr(m). (1)
In the following we want to examine the behaviour of Dy ---D,,_1 as m — o0

and as the lamination p changes. For this we must consider more carefully the
leaves of the lamination near x.

By Lemma 2.13, there is an open set U C G(K), depending on d,6 and d'/m
such that, if § is any geodesic in U Nsupp u, then § intersects the geodesics
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v and g(y) at a distance less than d'/m from z. Let x: G(K) — [0,1] be
a continuous function, with suppy C U and X|G(r) = 1. We introduce the

notation
!
a’ =/ X a =/ (1= x)n
[z0,21] [z0,21]

/
b’Z/[ ](Xog_l)ﬂ b”z/[ ](1—X09_1)M
Tm—1,Tm ITm—1,Tm

P = A(¢«(m1),d) Q= A(¢s(71),a")
R=A(6+(Ym-1),0") S = A(@«(Vm-1), ),
and we have
D, = PQD? Dy1=D! _|RS.

Let {u,} be a sequence of complex measured geodesic laminations on the sur-
face Sp, converging weakly in M (G (K)) to a measured lamination 9. Then,
by the Uniform Boundedness Principle, there is a positive number M, such
that ||un|| < My for all n > 0.

For each positive integer m, foreach : =1,... ,m—1,foreach j=1,... ,k and
for each measured lamination u,, n > 0, we define as above the points ;,,
the geodesics fy;mmﬁ, the functions A;,,;, the quantities a, jmi, bnjm,

/ / ] 1 . . . . . .
a’?’Lyj»TfL’ n)j7m and the lsometrles DTL,j,m,’L7 anj?m7 Qnﬂ?m’ Rn)]7m7 Snvj?m'

Let By, jm = Dnjma1 - Dnjmm—1- We want to find a bound for the norm of
the difference between By ;,,g; and some conjugate of By, jmg;-

Lemma 3.1 With the above notation, there exist positive numbers N7, No
and functions r: N— R, e: Nx N — R such that

lim r(m) =0, lim e(m,n) =0 for each m € N
m—00 n—oo
and
HPO,l,mPT;imBn,j,mgjPn,l,mpo_’l{m - Bo,j,mng < Nir(m) + Nag(m, n).
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Proof To simplify notation, we drop the index m for the time being, and
write, for example, D, j.; for Dy, j ;. We have

HPo,lpﬁBn,jgjanP&f - Bo,jng =

n,jngn,IP()J POjP Bn 395 Pn P H (2)
+ HPO,]P B30 PrPo 05 = Pog Pt By bSos gl
+HP0,; P, iBn S, 150,J—Bo,jH g1l -

We will find upper bounds for the three terms of the right hand side of the
above inequality.

The first term of (2) is bounded above by
[Poapit = Posn | [ BrsssPr i

1 -1
| = PusPy) |-

[P B

By Lemma 2.2, the factors containing g; are bounded above by M;. We con-
sider the other factor in each term. Recall that P, ; = A(¢«(v;, 1), 4, ;). We
have

HPO,j - P 1P_%H <

[P0,

A ) =) (3)
+ || A« (V0.5:1) @05 — An ) — AP (V0.1:1) @01 — am 1) ||
1P 1| A€ (b 1), —ah0) — P

By Lemma, 2.5, there is a positive constant M’ such that the first and the third
term of the right hand side of (3) are bounded by MyMj;M'r(m). To find a
bound for the second term we consider two cases.

(1) The segment [z, z;;1] intersects the same geodesics in supp (x ) as does
the segment [zg, z1,1].

(2) The two segments intersect different sets of geodesics in supp (xin)-

!/

Let z,; = f[mo,xi;ﬂ X(Ho = pin) = a{)’i i

In case (1), znj = zn,1, and the geodesics ) ;.1,701,1 lie in a (2-dimensional)
solid cylinder of radius d/m based at xg. The segments [zg, ;1] and [zg, Z1;1]
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induce concurrent orientations on the geodesics vj ;. and 7, respectively.
So, by Lemma, 2.5,

HA(@(%,),j;l)v Zn,j) - A(@(’Y{),l;ﬁ,zn,lH < MOM’r(m).
Note that if u, satisfies the conditions of case (1) for large enough n, then pg
also satisfies these conditions.

In case (2), the orientations induced by the segments [zg,z;;1] and [zg, 21 1]
on the geodesics 76,3‘;1 and 7(),1;1 respectively, are not concurrent. Hence, by
Lemma 2.5,

HA(¢*(’76,J';1)7Zn,j) - A(¢*(7(’),1;1)7 Zn,l)H < MoM'r(m) + M"|zp j + 2]

Note that, in this case,
ag; +ag; = / Xto + / Xto = xo(G)
[zo,2j31] [z0,71;1]

and similarly for p,,. Hence 2, ; + zn,1 = xp0(G) — xpn(G). Let
g0(m,n) = sup [xm o (G) — X tts(G)|-

s>n

Now we turn our attention to the second term of equation (2). This term
involves only the generator g;, so we drop the subscript j from the notation.
We have

| PoPyt BugPu Py tg™ " — PoPy ' BrS, S| <
1P6E Bul[ (1S [ [1Sng P g™ — SogPog™"[[lo P "™

We consider the term S,,gP; 'g~!, which is equal to

A (gb*(’y;;m—l)v/[ ](X og_l):un> A (Qs*(g(’ﬁz;l)v/[ ]X'un) .
Tim—1,T;m Z0,T;1

Since py, is invariant by g, and z,,, = g(zo), we have

/ (xog Npn = / Xt
[%5m,9(x;1)] [0,2;1]

We have to consider two cases:

(1) The segments [Z.n—1,%;m] and [, g(z,1)] intersect the same geodesics
in supp ((x 0 g~ ) ptn).-

(2) The segments [z,y,—1, ] and [2.,, g(x,1)] intersect different sets of geod-
esics in supp ((x © g~ ")pn) -

Geometry and Topology Monographs, Volume 1 (1998)



332 Christos Kourouniotis

In case (1), we let z, = f[m;m_l,x;m] (xog D, = f[x;mg(x;l)] (x © g YHn. The

geodesics 7,,.,,, _jand g(7;,.1)lie in a solid cylinder of radius d/m, based at .,
and the orientations induced by the segments [z.,—1,2.,] and [, g(z.1)] are
not concurrent. Hence, by Lemma 2.6, HSnang_l — IH < MoMsr(m). As
before, if u,, satisfies the conditions of case (1) for large enough n, then g also
satisfies these conditions. Hence

|SngPng™" — SogPog™ || < 2MoMar(m).
In case (2), since p,, is invariant by g, and z.,, = g(zo), we have

/ (xog pn + / (x 0 g itn = xttn(G)
[x;m,g(m;l)]

[@;m—1,2;m]
and if n is large enough, the same is true of pg. Then
1SngPrg ™" = SogPog || <
19n9Png™" — A(Ss (Vi —1)s Xt (@) |
+ (| A0 (Vim—1)s Xt (G)) = A(D«(Vosm—1), Xh0(G)) |
+ “A(¢*(7ll),m—l)7XM0(G)) - SO.gPO.g_lu .
By Lemma 2.5 and Lemma 2.6, this is bounded above by M'r(m)+ M"e(m,n).
The third term of equation (2) is bounded by
1Poll |12 Byt — By BoSy | [1Soll llgll -
But
| Pyt BaS,t — Py ' BoSy || =
|@uDpDua - Dun-2Dhiys 1 R = QoDj Doz - Do Db R
and by Lemma 2.2, this is bounded by

m—2
M12< HDiﬁm—an - Dll);m—lROH + Z ||Dn,z - DO,iH +
=2

+1@uDrs — Qo3| ). @)
Note that QD = A (6-(Vha)s fizg e At (1 = X)tin ) and hence
|@QnDpy — QoD || < M'r(m) + M"e1(m, n)
, and similarly for the

where e1(m,n) = supgs, fho’m] A1 (1 = xm) (s — 110)

other terms of (4), for suitable €;, i =2,... ,m — 1.
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To complete the proof of Lemma 3.1 we must show that r(m) and e(m,n) =
Z?:ol g;(m,n) have the required properties. It is clear that we can choose a
sequence r(m), with lim,, . 7(m) = 0, such that the pair r = r(m), 6 = d/m
satisfy the conditions of Lemma 2.10. Lemma 2.14 implies that, for each m,
lim,, oo e(m,n) = 0. O

We let En,j,m = Cn7.j7m71 T Cn,j,m,m and Hn7m = P0717mPTL_,%,TTL‘
ing the above result with (1), we have

HHn,mEnmmng;,ln — Eo jm3j H < M(r(m) +e(m,n). (5)

Then, combin-

If ¢g1,...,9; is a set of generators for I'y, the space R of homomorphisms
p: Tg — PSL(2,C) with quasi-Fuchsian image is a subspace of PS’L(Q,(C)k,
and Q(S) is a subspace of the quotient by the adjoint action on the left,
PSL(2,(C)”“/ PSL(2,C). Let

Pnm = (Hn,mEn,j,mng;}n, g=1,... ,k‘)

Pnm = (Eo,j,mgj, j=1,... ,k)
and let [py ] denote the equivalence class of py, ,, in PSL(2, (C)k/ PSL(2,C).

Let n(m) be a sequence such that n(m) > m and ¢(n(m),m) < 1/m. Then
iMoo Pn(m)m = Puo- AS M — 00, [pnm] converge, uniformly in n, to the
bending deformation [p,], [5]. Hence, limy,—oo[Pn(m)m] = imm—oo[pp, ] =
limy,—oo[pp, ], and we have

Jim [o,] = [y ). (6)
To complete the proof of Theorem 1, it remains to show that the convergence is
uniform in compact subsets of D. If ([p],t) € D, each bound used in the proof
of (6) depends at most linearly on ¢, while it depends on p only in terms of the
endpoints of a finite number of geodesics ¢, (). The endpoints of the geodesic
¢«(7y) are, for each ~y, holomorphic functions of [p]. Hence each bound can be
chosen uniformly on each compact subset of D.

Note that D contains in its interior the set Q(S) x {0}. If the laminations pu,
are real for all but a finite number of n, then D also contains the set Q(S) xR,
but this is not true in the general case.

To prove Theorem 2 we recall that the bending vector field 7}, is defined by

Tl6]) = 5 Bullo). )
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The vector fields 7T}, are holomorphic, and By, ([p],t) converge to B, ([p],?)
for ([p],t) € D. It follows that T}, converge to T),,, uniformly on compact
subsets of Q(.9).

We conclude with the proof of Theorem 3. We consider the subset of ML(S)
consisting of measured laminations with non negative real and imaginary parts,
and we denote it by MLTT(S). We identify MLT1(S) with a subset of the
set of pairs of positive measured laminations MLE(S) x MLL(S). If v €
MLFTH(S), then Rev and Imv are in MLF(S) and they satisfy the condition

supp (Rev) Usupp (Imv) is a geodesic lamination. (7)

Conversely, any pair vy, v, of positive measured laminations satisfying (7) de-
fine a measure v = vy +ivo € MLTT(S). The mapping is a homeomorphism of
MLTT(S) onto a subset of MLE(S) x MLE(S). But ML (S) is homeomor-
phic to R%=6_[6]. Thus MLT*(S) is first countable, and Theorem 2 implies
that p +— T}, is continuous. Theorem 3 then follows by the continuity of the
evaluation map.
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