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Abstract By using Thurston’s bending construction we obtain a se-
quence of faithful discrete representations p, of the fundamental group
of a closed hyperbolic 3—manifold fibering over the circle into the isome-
try group Iso H* of the hyperbolic space H*. The algebraic limit of p,
contains a finitely generated subgroup F' whose 3—-dimensional quotient
Q(F)/F has infinitely generated fundamental group, where Q(F') is the
discontinuity domain of F acting on the sphere at infinity S5, = 0H*.
Moreover F' is isomorphic to the fundamental group of a closed surface
and contains infinitely many conjugacy classes of maximal parabolic sub-
groups.
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1 Introduction and statement of results

By a Kleinian (discontinuous) group G we mean a subgroup of the group
Conf(S") = SO, (1,n 4+ 1) of conformal transformations of R~ = S =
R™ U {00} which acts discontinuously on a non-empty set Q(G) C S™ called
its domain of discontinuity. It may be connected or not; we will say that G
is a function group if there is a connected component Qg C Q(G) that is in-
variant under the action of the whole group: GQg = Q¢ . The quotient spaces
Mg =Q¢/G and M(G) = Q(G)/G are n—manifolds in the case in which G is
torsion-free. The complement A(G) = (S™\Q(G)) c OH"*! is called the limit
set of G.

A finitely generated Kleinian group G is called geometrically finite if for some
€ > 0 there exists an e—neighbourhood of Hg/G in H"™! /G which is of finite
hyperbolic volume. Here Hg C H""! is the convex hull of A(G).
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Let us consider for n = 3 a hyperbolic 3-manifold M = H3/T' (I' € PSL,C)
fibering over the circle S' with fiber a closed surface 0. The notation is
M = oxS'. A representation p: m1(M) — Conf(S?) is called admissible if
the following conditions are satisfied.

(1) p: T — Conf(S3) is faithful and p(I') = 'y is Kleinian.
(2) p preserves the type of each element, ie p(y) is loxodromic for all v € I'.

(3) p is induced by a homeomorphism f,: Q(I') — Q(I'y), namely f,,fyfp_1 =
p(v), v€T.

The set of all admissible representations modulo conjugation in Conf(S?) is
called the deformation space Def(I") of the group I'.

The set Def(I") inherits the topology of convergence on generators of I' on com-
pact subsets in S? because Def(I") C (Conf(SS))k /~, k € N (~ is conjugation
in Conf(S?)). As Def(T) is a bounded domain [13] two questions have arisen.
The first is to describe the cases when Def(T") is non-trivial and the second is to
study the boundary 9 Def(T"), as was done for the classical Teichmiiller space
[2], [10]. The answer to the first question is still unknown even in the case when
M is Haken. We will consider the case when M contains many totally geodesic
surfaces. Each of them produces a curve in Def(I") by Thurston’s “bending”
construction [19]. Our main interest is in groups which appear on the boundary
0Def(I"). These are higher dimensional analogs of B—groups which arise as the
limits of sequences of quasifuchsian groups in classical Teichmiiller space.

One of the most fundamental questions is to describe the topological type of
the orbifold M(I') = Q(I')/T" (a manifold in the case when I' is torsion-free),
in particular, when I' is a function group it is important to know when the
fundamental group 71 (Mg = Qr/I') turns out to be finitely generated, or even
more generally when it has finite homotopy type.

In dimension 2 the famous theorem of Ahlfors [1] says that a finitely generated
non-elementary Kleinian group G' C Conf(R?) has a factor-space Q(G)/G con-
sisting of a finite number of Riemann surfaces Si,...,S, each having a finite
hyperbolic area.

We discovered in [7] that the weakest topological version of Ahlfors’ theorem
does not hold starting already with dimension 3. Namely we constructed a
finitely generated function group F' C Conf(S?) such that the group m (Qp/F)
is not finitely generated. Afterwards it was pointed out in [15] that this group
is in fact not finitely presented.

It has also been shown that there exists a finitely generated Kleinian group
with infinitely many conjugacy classes of parabolics [6].
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In [14] we constructed a finitely generated group Fj such that 71 (Qp, /F1) is not
finitely generated and having infinitely many non-conjugate elliptic elements;
moreover F; appears as an infinitely presented subgroup of a geometrically
finite Kleinian group in H* without parabolic elements. On the other hand,
it was shown in [4] that a finitely generated but infinitely presented group can
also appear as a subgroup of a cocompact group in SO(1,4).

Theorem 1 Let I' = 71 (M) be the fundamental group of a hyperbolic 3—
manifold M fibering over the circle with fiber a closed surface o. Suppose that
I' is commensurable with the reflection group R determined by the faces of a
right-angular polyhedron D C H3. Then there exists a finite-index subgroup
L C T and a path 3;:[0,1[— Def(I') such that (; converges to a faithful
representation 3, € ODef(I') (as t — 1) and the following hold:

(1) p1(FL) contains infinitely many conjugacy classes of maximal parabolic
subgroups,

(2) m1(Q8,(r,))/B1(FL) is infinitely generated,

where Fy = L N w0 is isomorphic to the fundamental group of a closed hy-
perbolic surface which finitely covers o and (1(FL) acts discontinuously on an
invariant component Qg, (g, ) C S3.

Remark Groups satisfying all the conditions of Theorem 1 do exist. An
example of Thurston, of the reflection group in the faces of the right-angular
dodecahedron, which is commensurable with a group of a closed surface bundle,
is given in [18].
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author is deeply grateful to Heiner Zieschang and to the Humboldt Foundation
for this opportunity. I would also like to thank Nicolaas Kuiper (who died re-
cently) for reading a preliminary version of the manuscript and to express my
gratitude to the referee for many useful remarks and corrections.

2 QOutline of the proof

Before giving a formal proof of the Theorem let us describe it informally.

Our construction is inspired essentially by papers [6], [8] and [14]. In the first
two a free Kleinian group of finite rank satisfying the conclusion (2) was pro-
duced, whereas now we give an example of a closed surface group with this
property. Our present construction is essentially easier than that of [14]. Also,
we produce a curve in the deformation space whose limit point is the group in
question.
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Step 1 We start with an uniform lattice I' C PSL,C commensurable with
the reflection group R whose limit set is the Euclidean 2-sphere 0B — the
boundary of the ball B; C S3. There exists a Fuchsian subgroup H, C T’
leaving invariant a vertical plane 7w whose intersection with B; is a round
circle, its limit set A(Hs) (see figure 1). The group H also leaves invariant a
geodesic plane wy C B;. Consider the action of the group I' in the outside ball
Bj = S3\ B;. For some finite-index subgroup I'; of I' we construct a new group
(G1 obtained by Maskit’s Combination theorem from I'y and 7,I'17, combined
along the common subgroup Hs; = Stab wsy, where 7, is the reflection in .
The new group G is still isomorphic to some subgroup G* C R of finite index
essentially because the same construction can be done inside B; by reflecting
the picture along the geodesic plane ws. Thus G; belongs to the deformation
space Def(G7). One can obtain a fundamental domain R(G;) C Bj of G;
which is situated in a small neighbourhood of the spheres 0B; and 7,(0Bj).

v T3 1
Iy,
w2 2
& /
w1 }‘
Iy,
B
Figure 1

Step 2 There is another geodesic plane wy; C B; disjoint from wy whose
stabilizer in I'y is H; (see figure 2). Denote by By the ball 7,(B;). Take
a sphere ¥ C Bj passing through the circle ws N By — the limit set of the
group 7, H17; — and tangent to the isometric spheres of some element g; € I'y,
where H; is a subgroup of I'y stabilizing w;. We now construct a family
of Euclidean spheres 3; (0 < t < 1, ¥; = ¥) and corresponding groups G,
obtained as before from G; and 7x,G 7y, by using the combination method
along common closed surface subgroups. We prove then that there is a path
Be:t € [0,1] — B € Def(L’) such that By = L', 5 = G, where L’ is some
finite-index subgroup of R. One can equally say that g; is obtained by using
Thurston’s bending deformation. The main point is now to prove that the limit
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Figure 2

group G; = }m% B¢(L') is discontinuous and has a fundamental domain obtained

from the part of R(G1) by doubling along the sphere 3. The group G; is also
isomorphic to L’ and so contains a fundamental group A of a closed surface
bundle over the circle which is isomorphic to the group L = I'NL’. Let F be the
fundamental group of the fiber given by g1(Fyp = F'N L). Since two isometric
spheres of the element ¢g; € I'; are tangent to X, we get a new accidental
parabolic element g = ¢ - g2, g2 = T=¢17s in the group G;. By a choice of
g1 made from the very beginning we assure that g € F, so we have a pseudo-
Anosov action of some element ¢t € N'\ F such that the orbit t"-g-t~" (n € Z)
gives us infinitely many conjugacy classes of maximal parabolic subgroups of
F. Now Scott’s compact core theorem implies that m(2£)/F is not finitely
generated. End of outline

3 Preliminaries
We will consider the Poincaré model of hyperbolic space H? in the unit ball B,

equipped with the hyperbolic metric p. By a right-anguled polyhedron D C H3
we mean a polyhedron all of whose dihedral angles are 7/2.
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Consider the tesselation of H3 by images of D under the reflection group R
from Theorem 1. Denote by W C H? the collection of geodesic planes w such
that there exists r € R, for which r(w) N 9D is a face of D.

It is easy to see that if o1 and o, are two faces of D with o1 Noy = (), then
also the geodesic planes 61 D 01 and G5 D 09 have no point in common. One
can easily show that the distance between o, and o9, as well as that of &7 and
03, is realized by a common perpendicular ¢ for which ¢ NintD # ().

Let ' = RN T which is a subgroup of a finite index in both groups R and
I'. By passing to a subgroup of a finite index and preserving notation, we may
assume that 'y is a normal subgroup in R, |R: T'y| < co. For a plane w € W
we write H,, = Stab(w,I'g) = {g € 'y, gw = w}. It is not hard to see that H,
is a Fuchsian group of the first kind commensurable with the reflection group
determined by the edges of some face of the polyhedron r(D;), r € R.

Let us now fix two disjoint planes w; and wy from W containing opposite faces
of D and let ¢ be their common perpendicular; up to conjugation in Isom H?
we can assume that £ is a Euclidean diameter of B;. Denote B = S3\cl(B;)
as well (where cl(-) is the closure of a set). We have the following;:

Lemma 1 For every horosphere m3 in Bi centered at the point £ € { N 0B,
(see figure 1) there exists €y > 0 such that for every e—close sphere my C Bf
to 3 (e < €¢ ) orthogonal to the plane my there exists a geodesic plane w and
an element g, € [H,, H,] (commutator subgroup) such that:

Iy, Ny #0 and g1(I,, Nm) = I, N,

! . .
where I, I, = 191_1 are isometric spheres of g .

(1)

Proof Up to further conjugation in Isom B; preserving ¢ we may assume that
mg is the vertical plane tangent to 0By at £ € N JB;. Take w = wy and let
g1 € [Hy,, Hy,] be any primitive element corresponding to a simple dividing
loop on the surface wq/H,, .

Suppose first that I, N 73 = 0. In this case we proceed as follows. Put
X = Tw, ©Tw, € R, where 7,,, denotes the reflection in plane w; (i = 1,2). Then
X is a hyperbolic element whose invariant axis is ¢. Consider the sequence of
planes x"(wi). We claim that, for some n, x"(I;) N7 # 0. In fact this
follows directly from the fact that the fixed point £ of the hyperbolic element
X is a conical limit point of I'y, and so the approximating sequence x"(Iy,)
should intersect a fixed horosphere (or equivalently by sending £ to the infinity
and passing to the half-space model one can see that xy becomes now a dilation
z — Az (A > 0) which implies that the translations of the image of I, by
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powers of the dilation will intersect a fixed horosphere at infinity). Since T’y
is normal in R it now follows that x"g1x™" € [Hyn(w,), Hyn(w,)] C T'o and
X"(Ig,) = Iyng,—n - The latter is true since x preserves each Euclidean plane
passing through B; N/ and, hence (x"g1X™")|y»( 1,,)1s an Euclidean isometry.
So up to replacing wy by x"(w1) and g1 by x"g1x~ " if needed, we may assume
that I, Nmg # (. The same conclusion is then obviously true for a plane
m C By sufficiently close to 3.

For ¢; = I, N7y we now claim that g, (¢;) =l = I;lﬂm. Indeed, g1 = 7x, 71,
where 79 is orthogonal to m; and contains ¢ (figure 1). Evidently

gl(ﬁl) = Try (Ig1 mﬂ-l) :7-#2([91)m771 :Ig/h nmy (2)
since 7, (m1) = m . The lemma is proved. O
So we can suppose that w; € W is chosen satisfying all the conclusions of
Lemma 1. Let wy, € W be a geodesic plane disjoint from w; and let ¢ be

their common perpendicular passing through the origin of B;. Now consider
the Euclidean plane 7 orthogonal to ¢ (figure 2) such that

WﬂaBlzﬂ'mUJQ.

It is not hard to see that Stab(w,I') = Stab(ws,I') = H,,. Reflecting our
picture in the plane m we get

By =7:(B1), w3=r7.(wz) and
Hy, =1 Hy 7r .
By Lemma 1 we can now find a Euclidean sphere ¥ centered on ¢ which goes

through the circle wy N 0By and is tangent to I, (figure 2). Moreover, by
Lemma 1, ¥ is tangent also to IS/h‘

Denote ¥/ = 7, 1(2).
Lemma 2 There exists a subgroup I'y C I'g of finite index such that the
following conditions hold:

(a) The boundary of the isometric fundamental domain P(I'y) C By lies in
a regular e-neighbourhood of OB} (Bf = S3\cl(By), € > 0).

(b) NI, =0, yeTi\{g1,97 '}
(c) For subgroups Hy =T'y N H,,,Hy =T'1 N Hy,, there exists another fun-
damental domain R(I'1) C BY of 'y such that

RT)N(rUY)=PH)N(rUX),

where P(H) is an isometric fundamental domain for the group H =
<H17H2>'

(d) g1 €evnN[Hy, Hi.
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Proof This Lemma can be obtained by repeating the arguments of [14, Main
Lemmal]. We just sketch these considerations. First, we choose a subgroup
[ C Ty of a finite index satisfying conditions (a) and (b) such that g; € T by
using the property of separability of infinite cyclic subgroups in I'g [9].

To obtain (c¢) we will find I'; by using Scott’s LERF -property of the group 'y
with respect to its geometrically finite subgroups (see [16], [17]). To this end
we proceed as follows: the group H is geometrically finite as a result of Klein—
Masgkit free combination from H; and Hs, which are both geometrically finite
subgroups of I'y. The LERF property now says that for the element g there
exists a subgroup of I'y of finite index which contains H and does not contain
g1. Call this subgroup I'y. Evidently, g1 € [H1, H1] C I';1 by construction. For
the complete proof, see [14, Main Lemmal]. O

Let us introduce the following notation: Qi = By\ U, cp, 7(7~) where 77 is
the component of S*\7 for which w3 € 7. Let I} = Stab(Q7,T'1).

The complete proof of the following assertion can be also found in [14, Lemma 3].

Lemma 3 The group G, = (I'}, 7.I'\7,) is discontinuous and
(1) Gy =T *m, (7.0 70).

(2) G, is isomorphic to a subgroup G C R of finite index.

Sketch of proof (1) This follows from the fact that the plane 7 is strongly
invariant under Hs in I} by [14, Lemma 3.c|, which means Hsm = 7 and
yrNm =0, v €Tl \Hs. One can now get assertion (1) from Maskit’s First
Combination theorem [11].

(2) Consider the reflection 7, in the geodesic plane wy C B;. We claim that
the group G5 = (I}, 7w, I'| Tw, ) is isomorphic to G;. Indeed, wy is also stronglz

invariant under Hy in I} and we again observe that G} = I'} s, (Tw, I 7w, ) =
G1 because 7y, |,,= T |_=id.

Now 7,, € R. Therefore, G} C R and G] has a compact fundamental domain
R(G}) = R(I'}) N 7w, (R(T'})). The covering H3 /(G NTy) — H3 /G7 is finite
since |R : I'g| < oo and, hence, the manifold M (G; NTy) = H?/(G; NTy) is
compact. Thus, the covering M (G} NTy) — M(I'y) is finite as well and so
’FoZGTﬂF0’<OO. a

Corollary 4 There exists a path ay: [0,1] — Def(G7) such that oy = G5
and a1 = G1.
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Proof By choosing a continuous family of spheres u; for which pu; N'7m =
waNm = A(Hs), po D wa, 1 =, t €[0,1), we construct the family of groups
Gy = (I}, 7,,T'17,,) by the arguments of Lemma 3. Consider now the action of
Il in B} where p;: Bf — Bf/I'y is the covering map. The surfaces p; () are
all embedded and parallel due to condition (b). If now Qg, is the component
of G7 containing oo then the manifold Mg, = Q¢g,/G; is homeomorphic to
the double of the manifold M; = Q7 /T along the boundary p;(r). Thus,
for all t € [0,1], Mg, are all homeomorphic and there exists a continuous
family of homeomorphisms f;: Q(G*) — Q(G,) such that G, = f,G%f ', Gy =
AGTfT O

By construction the domain R(Gy) = R(I')) N7 (R(I'})) is fundamental for
the action of G in Qg¢, .

Claim 5 R(G1)NY = (P(Hs)Ul, UI} )NX.

Proof Recall that 7 (7~) means the right (left) component of S3\m
(I, em™). Then 7" NENRTY)) = P(H)NE = (I, Ul )NY by (b)
and (c) of Lemma 2.

Also, 7 (1 NENT(R(TY))) = 7" N7 ()N R(TY) € P(H)NY, so 7 N
EﬂR(Gl) = Tr (P(Hl))ﬂE:P(Hg)ﬂE O

Let us consider now the family of spheres ¥; centered on the y—axis (figure 2)
such that ¥; Nws =X Nws, 01 =3, 09 = Xo, t € [0,1], where ¥; Next(B1)N
ext(Bz) C ext(X) Next(By) Next(Bz) (recall ext(-) is the exterior of a set in

ES), Yy NI, =0 (t >0). Denote by 7, the corresponding reflections. As
before take the domain Q* = Q¢g,\G1(X,) and the group G} = Stab(2*,G1),

where ¥, = ext (X) is the unbounded component of E?’\zo.
Denote G; = (G}, m=,G7s,). Evidently, G, = }/uri Gi.

Lemma 6 The groups G; are discontinuous, t € [0,1].

Proof First, let us prove the lemma for ¢t # 1. By Claim 5 we have now that
R(G1)N%; = P(Hs) NXs. Moreover we claim also that

9Ny =0, g€ Gi\Hsz, H3X, =%,

where Hz =71,H 7y .

(3)

To prove (3) we only need to show that g(X; N A(Hs)) N (X N A(H3)) = 0,
but this can be shown from the fact that each point of A(Hjs) is a point of
approximation (see [14, Claim 1]).
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All conditions of Maskit’s First Combination theorem are now satisfied for the
groups G} and 75,G 1y, (t # 1) [11] and we obtain also

Gt = G #m, (15,G175,) (4)
where the G, are all discontinuous, t € [0, 1).

Let us now consider the group G; and the domain R(G,) = R(G1)N1s(R(Gy)).
Our goal now is to show that R(G;) is a fundamental domain for the action of
Gi in Qg, (00 € Qg,). If now (g1,71,...,7) is a set of generators of G then
S = {91,715V 92:715---,7) are generators of Gy, where v, = 75, - y; - Ty
and go = 7y - g1 - . Observe that the element g; is included in S because
some of its isometric spheres belong to the boundary OR(G})

We want to apply the Poincaré Polyhedron theorem [12]. Indeed, an arbitrary
cycle of edges in OR(Gy) consists either of edges situated in O(R(G1)) Nint(X),
and O(1s(R(G1))) Next(¥), oris an edge cycle £ = Iy, N1y, o =1, NI,
where ng,I;k are the isometric spheres of g, and gk_l(k = 1,2). The sum
of angles in any cycle of the first type is 27 because R(G1) is a fundamental

domain [12].

We now claim that the element g = g5 1. g1 is parabolic with a fixed point
d=1, NI, . Indeed, 92_1 -g1 = (TZ . T[g1)2 because g1 = Tr, “TI, and g is
orthogonal to ¥ (figure 2). Now it is easy to check that g(d) = d, glg, C int(ly,)
and g(int(I,,)) = ext (g(I,,)), therefore the elements g and ¢’ = g;-g-g; ' are
parabolics.

All conditions of the Maskit—Poincaré theorem are valid at the edges ¢; also
and, hence, G; is discontinuous. Lemma 6 is proved. |

Lemma 7 The group Gy is isomorphic to a subgroup L' C R of a finite index.

Proof We repeat our construction of Gy by modelling it in H? so as to get
the required isomorphism.

Recall that we started from the group I'j C Isom(H?) and showed that G; =
(T, 7 D7) 2 G = (T, Tw, I Tw,) (see Lemma 4). Next we constructed G
by using reflection in oy = Xy such that g Nws = A(H3), oo N By =0, ws =

Tw(wl).

Let n = Ty,(wy) C H3, n € W. Again let us take the subgroup G%* of G%
which is G7* = Stab(H3\G5(n™), G7), where = is a subspace H3\n not
containing ws.
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By construction the fundamental domain R(G7T) = R(I"}) N 7y, (R(T})) of the
group G7 satisfies R(G7) Nn = P(H4 = Stab(n,G7)). Again by Maskit’s First
Combination theorem we have a group L’:

L'=Gy" *H} (T G1"T0) (5)

We constructed an isomorphism ¢1: G7 — G7 in Lemma 4 such that 7, - ¢ -
Twy, = @1, therefore ¢1(Hj) = Hs and ¢1(G7*) = G . It follows now from (4)
and (5) that the map ¢y can be extended to an isomorphism ¢: L' — G .

o
Gy

Index |R : L'| is finite because L’ has a compact fundamental domain. The
Lemma is proved. |

Recall that we identify [p] € Def(L’) with p(L’).

Lemma 8 There exists a path (;: [0,1] — cl(Def(L’)) such that 5y = L',
B1 =G € 0Def(L"), 4:([0,1)) C Def(L').

Proof We have constructed a path ay: [0,1] — Def(G7) in Corollary 4 such
that ap = G7, a1 = G1 and oy is a family of admissible representations. Let
further oy = «,. Obviously, the representations o are also admissible and

ek
o (G7*) = GY. We can easily extend our family o to a family of admissible
representations 6,: L' — Def(L’) by the formula 6, = 7,,,a;7,,, where p; are
the spheres constructed in Corollary 4.

Observe that p; = 7 and now take a new continuous family of spheres 1, for
which vy N w3y = A(Hg) = w3 N By and vy = w3, vo = Xy where w3 is the
sphere containing ws (¢ € [0, 1]).

Again we have a path 0;(L") = (G, 7,,G|7,,). Composing the path 6; with 0]
and with the path corresponding to spheres ¥; connecting ¥ with ¥; we get
required path ;. The Lemma is proved. O

4 Proof of Theorem 1

(1) Denote by F' = mo a fixed fiber group of our initial manifold M, and let
also Fop =TgNF.
By Jorgensen’s theorem [5] the limit £ = }m% B, is an isomorphism (3;: L' —

Gy. Let us consider the subgroup L = L' NTy, [Ty : L] < co. Put also
Fr, = LN Fy for its normal subgroup. We have also the curve (,(L) C Def(L).
Let N = Bi(L), F = B1(FL). Let us show that g = g5 ' - g1 € F. To this
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end let us recall that the element ¢g; was chosen from the very beginning being
in [Hy,,, H,,] (Lemma 1). Recalling also that 8;'(g1) = g1 and denoting
By H(g2) = gh, by construction we get gh = T, - g1 - Ty N = Tun(w1), g1 €
[Huw, s Hw,] C [Fo, Fp] (see Lemma 1). The group I'y was chosen to be normal
in the reflection group R, and since [I'g,Tg] C F, it is straightforward to see
that

’I“[F(),F()]T'_l - Fo, rekR.

Hence, gj € Fp, and for the element ¢’ = (g5)~! - g1 we immediately obtain
g € F, = Fon L. Tt follows that 3,(¢') =g =g, -91 € FyNG = F as was
promised.

We have that A is isomorphic to the semi-direct product of F and the infinite
cyclic group Z, so taking the element ¢ € N'\F projecting to the generator of
N /F, we observe that the elements

go=ttgt ™ "eF, geF, nel (6)

are all parabolics. Since A contains no abelian subgroups of rank bigger than
1 and t" ¢ F (n € Z) one can easily see that the elements (6) are also non-
conjugate in F. We have proved (1) of the Theorem.

(2) By the construction, the fundamental polyhedron R(G;) of the group G;
contains only one conjugacy class of parabolic elements g of rank 1. There is
a strongly invariant cusp neighborhood B, 2 [0,1] x R! x [0,00) which comes
from the construction of R(Gy). So each parabolic g, of type (6) gives rise to
submanifold

By, [{gn) = T x [0,00), T, = 5* x S (7)

in the manifold M(F) = Qu/F. Therefore M(F) contains infinitely many
parabolic ends (7) bounded by tori 7,. They all are non-parallel in M (F)
and therefore by Scott’s “core” theorem the group m (M (F)) is not finitely
generated [16]. O

Remark By using the argument of [14] one can prove:

Theorem 2 There is a (non-faithful) represention (314, which is e—close to
(1 for some small € > 0 such that the group (14.(Fr) is infinitely generated,
has infinitely many non-conjugate elliptic elements. Moreover, $14.(Fp) is a
normal infinitely presented subgroup of a geometrically finite group [14(L)
without parabolics.
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To prove the theorem one can continue to deform the group for 1 <t <1+¢
(these representations will no longer be faithful) in order to get an elliptic
element g; whose isometric spheres form an angle 0(t) instead of being tangent.
To do this in our Lemma 2, instead of the sphere ¥ tangent to the isometric
spheres of g1, one needs to consider a nearby sphere ¥, . forming angle 0(¢)
with them. If 0(¢) = F- and n > 0 is large enough the group Fi4.(F1)
is Kleinian, has infinitely many non-conjugate elliptic elements of the order
n (obtained as above as an orbit of ¢g14. by a pseudo-Anosov automorphism
of the B11c(FL)). The construction gives us that $;..(FL) is a normal and
finitely generated but infinitely presented subgroup of the geometrically finite
group f14.(L) without parabolic elements. In particular 8;,.(L) is a Gromov

hyperbolic group (see [14, Lemmas 5-7]).
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