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1. Higher dimensional local fields

Igor Zhukov

We give here basic definitions related to n-dimensional local fields. For detailed
exposition, see [P] in the equal characteristic case, [K1, §8] for the two-dimensional
case and [MZ1], [MZ2] for the general case. Several properties of the topology on the
multiplicative group are discussed in [F].

1.1. Main definitions

Suppose that we are given a surface S over afinite field of characteristic p, acurve
C c S, andapoint x € C such that both S and C' areregular a x. Then one can

attach to these data the quotient field of the completion (@ s,z)c Of thelocalizationat C

of thecompletion 65,1 of thelocal ring O, of S at =. Thisisatwo-dimensional local
field over afinite field, i.e., a complete discrete valuation field with local residue field.
More generally, an n-dimensional local field F' is a complete discrete valuation field
with (n — 1)-dimensional residue field. (Finite fields are considered as 0-dimensional
local fields.)

Definition. A complete discrete valuation field K is said to have the structure of an
n-dimensional local field if there is a chain of fidds K = K,,,K,,_1, ..., K1, Ko
where K41 isacomplete discrete valuation field with residue field K; and Kg isa
finite field. Thefield kx = K, _1 (resp. Kp) is said to be the first (resp. the last)
residuefield of K.

Remark. Most of the properties of n-dimensional local fields do not change if one
requires that the last residue K is perfect rather than finite. To specify the exact
meaning of theword, K can bereferredto asan n-dimensional local field over afinite
(resp. perfect) field. One can consider an n-dimensional local field over an arbitrary
field Ko aswell. However, in this volume mostly the higher local fields over finite
fields are considered.
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6 |. Zhukov

Examples. 1. F,((X1))...((X,)). 2. E((X1))...((X,-1)), k afinite extension of

Qp-
3. For acomplete discrete valuation field F' let

+oo
K=F{T}} = {Z a;T" : a; € F, inf vp(a;) > —oo, , IiEn vr(a;) = +oo}.
Define v (O a;T") = min vg(a;). Then K isacomplete discrete valuation field with
residuefield kg ((¢)).
Hencefor alocal field k thefields

(T - AT (The2)) - (1), 0<m<n-1
are n-dimensional local fields (they are called standard fields).

Remark. K ((X)){{Y}} isisomorphicto K ((Y)) ((X)).

Definition. An n-tupleof elements ¢4, ..., t, € K iscaled asystemof local param-
gersof K, if ¢, isaprimeelement of K,,, t,_1 isaunitin Og butitsresiduein
K, _, isaprime element of K, _1, and soon.

For example, for K =k {{T1}} ... {Tmn}} (T1n+2)) - - - ((T3.)), aconvenient system
of local parameter is 11, ..., Ty, 7, Tm+2, - - -, Ty, Where w isaprime element of k.

Consider the maximal m such that char (K,,) = p; we have 0 < m < n. Thus,
thereare n + 1 types of n-dimensional local fields: fields of characteristic p and fields
with char (K,,+1) =0, char (K,,) =p, 0 < m < n—1. Thus, themixed characteristic
caseisthecase m =n — 1.

Supposethat char (kx) = p, i.e, the above m equalseither n — 1 or n. Thenthe
set of Teichmller representatives R in O isafieldisomorphicto Kp.

Classification Theorem. Let K bean n-dimensional local field. Then

(1) K isisomorphicto F,((X1))...((X,)) if char(K) =p;

(2) K isisomorphicto k((X1))...((X,_1)), k isalocal field, if char (K1) =0;

(3) K isafiniteextension of astandard field £ {{T1}} ... {{T0n}} (Tn+2)) - - - (T7))
and thereis a finite extension of K which is a standard field if char (K,,+1) =0,
char (K,,) = p.

Proof. In the equal characteristic case the statements follow from the well known
classification theorem for complete discrete valuation fields of equal characteristic. In
themixed characteristic caselet ko bethefractionfieldof W (F,) andlet 17, ..., T,,_1, 7
be a system of local parametersof K. Put

K =ko{{Th}} ... {Th-1}} -

Then K’ isan absolutely unramified complete discrete valuation field, and the (first)
residuefieldsof K’ and K coincide. Therefore, K can beviewed asafinite extension
of K’ by [FV,I11.5.6].
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Part I. Section 1. Higher dimensional local fields 7

Alternatively, let t4, ..., t,_1 beany liftingsof asystem of local parametersof k.
Using the canonical lifting Ay, ... _, defined below, one can construct an embedding
K’ — K whichidentifies T; with ¢;.

To provethelast assertion of the theorem, one can use Epp’stheoremon elimination
of wild ramification (see 17.1) which asserts that there is a finite extension [/kg such
that e (IK/IK') = 1. Then K’ isstandard and (K isstandard, so K isasubfield of

IK. See[Z] or [KZ] for details and a stronger statement. 0

Definition. Thelexicographicorder of Z™: i= (i1, ...,i,) <j= (1, ..., jn) if and
only if

Z‘l <j17 Z.l‘i'l:jl‘*'l? "'7Z.n:j7’bf0rsomel<n'

Introduce v = (vy, ...,v,): K* — Z" as v, = vk,, vn-1(a) = vk, ,(an-1)
where a,,_1 istheresidueof at;*~(®) in K, _;, andsoon. Themap v isavaluation;
thisis a so called discrete valuation of rank n. Observethat for n > 1 the valuation
v does depend on the choice of t, ..., t,. However, al the valuations obtained this
way are in the same class of equivalent valuations.

Now we define severa objects which do not depend on the choice of a system of
local parameters.

Definition.
Og ={ae K:v(a) 20}, Mg = {a€ K:v(a) >0}, s0 Ox/Mg ~ Ko.
The group of principal unitsof K with respect to the valuation v is Vi = 1+ M.

Definition.
P(igy ...yin) = Pr (i, ...yin) ={a € K : (v(a), ...,vn(a)) = (g, - in)}-

In particular, Ox = P(0, ...,0), My = P(1,0,...,0), whereas Ox = P(0),
——

Mg = P(1). Notethat if » > 1, then

n;Mj; = P(1,0,...,0),
2

since tp =t Ht/th).
Lemma. The set of all non-zero idealsof Oy consists of all
{P @y v yin) i (igy oonyin) = (0,...,0), 1<I<n}.

Thering Ok isnot Noetherian for n > 1.
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8 |. Zhukov

Proof. Let J be a non-zero idea of Ox. Put i, = min{v,(a) : « € J}. |If
J = P (i), then we are done. Otherwisg, it is clear that

in—1:=inf{v,_1(a) : @ € J,v,(a) =ip} > —o0.

If i,, =0, then obviously i,,_1 > 0. Continuing this way, we construct (i, ... ,i,) =
©, ...,0), whereeither [ =1 or
i1 =inf{u_1(a) : a € Jyv,(a) =iy, ..., v(a) =4} = —oc.
In both casesitisclear that J = P (i, ..., iy,).
The second statement is immediate from P(0,1) ¢ P(—1,1) C P(—2,1).... O

For moreonidealsin Oy see subsection 3.0 of Part I1.

1.2. Extensions

Let L/K beafiniteextension. If K isan n-dimensiona local field, thensois L.

Definition. Let tg, ...,t, beasystem of local parametersof K and let t;, ... ,t,

r'n

be a system of local parametersof L. Let v, v’ bethe corresponding valuations. Put

, ... 0
E(LIK) = (v5(t), ;= | 62 ... 0]
€n

where e; = ¢;(L|K) = e(L;|K;), i =1, ...,n. Then e; do not depend on the choice
of parameters,and |L : K| = f(L|K)[[=; e:(L|K), where f(L|K) =|Lo: Ko -

The expression “unramified extension” can be used for extensions L/ K with
en(L|K)=1and L,_1/K,_1 separable. It can be also used in a narrower sense,
namely, for extensions L/K with []'; e;(L|K) = 1. To avoid ambiguity, sometimes
one speaks of a “semiramified extension” in the former case and a “purely unramified
extension” in the latter case.

1.3. Topology on K

Consider an example of n-dimensional local field

K=k} . AT} (Tnsd)) - (T)).

Expanding elements of % into power seriesin = with coefficientsin R, one canwrite
elementsof K asformal power seriesin n parameters. To makethem convergent power

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part I. Section 1. Higher dimensional local fields 9

series we should introduce atopology in K which takes into account topologies of the
residue fields. We do not make K atopological field this way, since multiplication is
only sequentially continuousin thistopology. However, for classfield theory sequential
continuity seemsto be more important than continuity.

131

Definition.

(@ If F has atopology, consider the following topology on K = F((X)). For a
sequence of neighbourhoods of zero (U;);cz in F, U; = F for ¢ > 0, denote
U,y = {Xa; X" 1a; € U;}. Thendl Uy, constitute a base of open neigh-
bourhoods of 0in F ((X)). In particular, asequence u(™ = 3" a{™ X' tendsto 0
if and only if thereisan integer m such that «(™ e X™F[[X]] for al n andthe
sequences a{™ tend to O for every i.

Starting with the discrete topology on thelast residuefield, this constructionisused
to obtain awell-defined topology on an n-dimensional local field of characteristic
p.

(b) Let K,, beof mixed characteristic. Chooseasystem of local parameters ¢4, ..., t,
=7m of K. Thechoiceof ¢4, ..., t,_1 determinesa canonical lifting

h=h, . ¢ 4 Kpo1— Ok

7"1.71.

(see below). Let (U;);cz be a system of neighbourhoods of zero in K,,_1,
U; = K,_1 for i > 0. Takethesystemof al Uyy,y = {3 h(a;)n?, a; € U;} as
a base of open neighbourhoods of 0in K. Thistopology iswell defined.

(¢) In the case char (K) = char (K,—-1) = 0 we apply constructions (a) and (b) to
obtain atopology on K which depends on the choice of the coefficient subfield of
K,_1in Og.

The definition of the canonical lifting A, .. ¢ , israther complicated. Infact, itis
worthwhile to defineit for any (n — 1)-tuple (¢4, ..., t,_1) suchthat v;(¢;) > 0 and
v;(t;) =0 for i < j < n. Weshall give an outline of this construction, and the details
can befoundin[MZ1, §1].

Let F = Ko((t1))---((tn—1)) C K,,_1. By aliftingwemeanamap h: F — Ok
such that the residue of h(a) coincideswith a forany a € F.

Step 1. Anauxiliary lifting Hy,,.. . _, isuniquely determined by the condition

p—1
H _Zl in—-1_D
t1,. 0t 1 Z : : tl : 'ﬂ l all, [

Z1_0 tn— 1_0

_Z Z AU S (2 PR R L3

Ipn— 1_0
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10 |. Zhukov

Step 2. Let ko bethefraction field of W (Kp). Then K’ = ko{{T1}} ... {Tn-1}}
is an n-dimensional local field with the residue field F'. Comparing the lifting H =
Hrp, ..., _, withthelifting i defined by

(D 6™t T ) = > (6T T

I'EZ"_J' I‘EZ"_]'

we introduce the maps \;: F' — F' by the formula
h(a) = H(a) + pH(M1(a) + p*H2@)) + ...
Step 3. Introduce h¢,,... ¢ ,: F — Ok by theformula
Moyt 1(@) = Hey o 1 (@) ¥ pHyy o (@) 97 Hey, o, Qo(@) + -
Remarks. 1. Observethat for astandard field K =k {{T1}} ... {T.-1}} , we have
om0 D O Ty gt e S IGITY T

where T} istheresidueof 7} in kx, j=1,...,n—1.

2. Theideaof the above constructionistofind afield ko{{t1}} ... {{t,_1}} isomor-
phicto K’ inside K without apriori giventopologieson K and K’. More precisely,
let t1, ...,t,—1 beasabove. For a =Y > p'h(a;) € K', let

oo
ftL...,tn,l(a) = szhtl ..... tn,l(az‘)

Then ft17...,tn,
that

.. K’ — K isan embedding of n-dimensional complete fields such

ftl,“qtn,l(irj):tj? .7 :17 7n_1

(see[MZ1, Prop. 1.1]).

3. In the case of a standard mixed characteristic field the following alternative
construction of the same topology is very useful.

Let K = E{{X}}, where E isan (n — 1)-dimensiona local field; assume that the
topology of E is aready defined. Let {V;};cz be a sequence of neighbourhoods of
zeroin E such that
(i) thereis c € Z suchthat Pr(c) C V; foral i € Z;

(ii) for every | € Z we have Pg(l) C V; for al sufficiently large i.

Put

Vivy = {D_biX’ b € Vi}.
Then al the sets V¢, form abase of neighbourhoodsof Oin K. (Thisisan easy but
useful exercisein the 2-dimensional case; in general, see Lemma 1.6 in [MZ1]).

4. The formal construction of hy, .. ; , worksalso in case char(K) = p, and
one need not consider this case separately. However, if one is interested in equal
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Part I. Section 1. Higher dimensional local fields 11

characteristic case only, all the treatment can be considerably simplified. (In fact, in

thiscase hy,,...;, , isjustthe obviousembedding of F' C kg into Ox = kx|[[t,]].)

1.3.2. Properties.

(1) K isatopological group which is complete and separated.

(2) If n > 1, then every base of neighbourhoods of O is uncountable. In particular,
there are maps which are sequentially continuous but not continuous.

(3) If n > 1, multiplication in K isnot continuous. Infact, UU = K for every open
subgroup U, since U D P(c) for some ¢ and U ¢ P(s) for any s. However,
multiplication is sequentialy continuous:

ai—a, 0FBi—B70= a8t —ap "t

(49 Themap K — K, «aw ca for ¢ #0 isahomeomorphism.

(5) Forafiniteextension /K thetopology of L = thetopology of finite dimensional
vector spacesover K (i.e., the product topology on KK1). Using this property
one can redefine the topology first for “ standard” fields

E{TL - T} (Tne2)) - (T0))

using the canonical lifting h, and then for arbitrary fields as the topology of finite
dimensional vector spaces.

(6) For afinite extension L/K the topology of K = the topology induced from L.
Therefore, one can use the Classification Theorem and define the topology on K
as induced by that on L, where L is taken to be a standard n-dimensional local
field.

Remark. Inpractical work with higher local fields, both (5) and (6) enables oneto use
the original definition of topology only in the simple case of a standard field.

1.3.3. About proofs. Theoutline of the proof of assertionsin 1.3.1-1.3.2isasfollows.
(Here we concentrate on the most complicated case char (K) = 0, char (K,,_1) = p;
the case of char (K) = p issimilar and easier, for details see [P]).

Sep 1 (see[MZ1, §1]). Fix first n — 1 local parameters (or, more generally, any
elements t1, ...,t,_1 € K suchthat v;(t;) > 0 and v;(t;) = 0 for j > 4).

Temporarily fix m; € K (i € Z), vy(m;) =4, and e; € Px(0), j=1,...,d, sO
that {e_j}j:l is abasis of the F-linear space K, _1. (Here F isasin 1.3.1, and &
denotestheresidueof « in K,,_1.) Let {U; };cz beasequence of neighbourhoods of
zeroin F, U; = F for dl sufficiently large 7. Put

d
U{Ul} = {Z TG * Zejhtl ’’’’’ tn_l(aij) P Qi € Ui,i0 € Z}

i>ig j=1

The collection of all such sets Uy, isdenoted by By .
Sep 2 ([MZ1, Th. 1.1]). In parallel one provesthat
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12 |. Zhukov

—the set By has a cofinal subset which consists of subgroups of K'; thus, By is
a base of neighbourhoods of zero of a certain topological group Ky, ... with the
underlying (additive) group K;

— Ky,,...+, , doesnot depend on the choice of {7;} and {e;};

—property (4) in1.3.2isvalidfor Ky, . ..

Sep 3 ([MZ1, §2]). Some propertiesof K, . ¢+
(1) in 1.3.2, the sequential continuity of multiplication.

Sep 4 ([MZ1, §3]). The independence from the choice of ¢4, ..., t,_1 iSproved.

We give here a short proof of some statementsin Step 3.

Observe that the topology of K. , isessentialy defined as atopology of a
finite-dimensional vector space over astandard field ko{{t1}} ... {{tn—1}}. (It will be
precisely o, if wetake {me; : 0 < i <e—1,1<j < d} asabasisof this vector
space, where e is the absolute ramification index of K, and m;+. = pm; for any i.)
This enables one to reduce the statements to the case of a standard field K.

If K isstandard, theneither K = E((X)) or K = E{{X }}, where E isof smaller
dimension. Looking at expansionsin X, it is easy to construct a limit of any Cauchy
sequencein K and to provethe uniquenessof it. (Inthecase K = E{{ X }} oneshould
use the alternative construction of topology in Remark 3 in 1.3.1.) This proves (1) in
1.3.2.

To provethe sequential continuity of multiplication in the mixed characteristic case,

Since a; — 0, 8; — 0, onecan easily seethat thereis ¢ € Z suchthat v, («;) > ¢
vp(6;) = ¢ for i > 1.

By the above remark, we may assumethat K isstandard,i.e., K = E{{t}}. Fixan
open subgroup U in K; wehave P(d) C U for someinteger d. One can assume that
U ="Vv,, Vi areopensubgroupsin E. Thenthereis mg suchthat Pr(d—c) C Vi,
for m > mg. Let

o = Zagr)tr’ 8 = Zbgl)tl, Er)7b5l) c E.

b1

are established, in particular,

Notice that one can find an o such that ag’“) € Pg(d—c¢) for r < ro and dl 1.
Indeed, if this were not so, one could choose a sequence 1 > r» > ... such that

agj) ¢ Pg(d — c) for some 4;. Itiseasy to construct a neighbourhood of zero Vr/j in
E suchthat Pr(d—c) C V., (”) ¢ V,.,. Now put V;! = E when r isdistinct from
any of r;, and U’ = Viyy. Then a;;, & U/ j=1,2, ... Theset {i,;} isobviously
infinite, which contradicts the condltlon o; — 0.

Similarly, bgl) € Pg(d —c) for | < lp and dl i. Therefore,

mo mo
;i = Z aler . Z st mod U,

r=rg I=lg
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Part I. Section 1. Higher dimensional local fields 13
and the condition (") — 0 for all r and I immediately implies a;3; — O.

1.3.4. Expansion into power series. Let n = 2. Then in characteristic p we have
F, (X)) ((Y)) = {>0:;;X7Y"}, where 6,; are elements of FF, such that for some ig
wehave 6;; = 0 for i < ig andfor every i thereis j(¢) suchthat 0,; = 0 for j < j(7).

Ontheother hand, thedefinition of thetopol ogy impliesthat for every neighbourhood
of zero U thereexists ig and for every i < ig thereexists j(i) suchthat 6X7’Y* c¢ U
whenever either i > ig or ¢ < ig,j > j(1).

So every formal power series has only finitely many terms X7Y outside U.
Therefore, it isin fact a convergent power seriesin the just defined topology.

Definition. Q C Z™ iscalled admissibleif forevery 1 <1 < n andevery ji+1, - .-, Jjn
thereis ¢ = i(ji+1, - - -, Jn) € Z such that

(il7 7Zn) € Qa Z.l'+':|.:.jl+].7 "'7in :jn :>il > i
Theorem. Let ¢4, ...,t, beasystemof local parametersof K. Let s bea section of

theresiduemap Ox — Ok /My suchthat s(0) = 0. Let Q be an admissible subset
of Z™. Then the series

Z biy, i i .t corverges  (bi,, i, € s(Ox/Mg))
(i17...,in)€Q

and every element of K can be uniquely written this way.

Remark. In this statement it is essential that the last residue field is finite. 1n a more
general setting, one should take a “good enough” section. For example, for K =
E{T1}} .. {70} (Thh+2) - - - ((T%)), where k is afinite extension of the fraction
field of W (Ky) and Kq isperfect of prime characteristic, one may takethe Teichmuller
section Ko — K41 = k{T1}} ... {{T:n}} composed with the obvious embedding
Km+1 — K.

Proof. We have

DIURSE: BRCEND SN SRSl

(il,...,in)EQ bES(OK/MK) (il,u',in)EQb

where Q, = {(i1, ...,in) € Q : by,..i, = b}. Inview of the property (4), it
is sufficient to show that the inner sums converge. Equivalently, one has to show
that given a neighbourhood of zero U in K, for dmost al (i1, ...,i,) € Q we
have ti*...ti» € U. This follows easily by induction on n if we observe that

i1 Tp—1 _ gt} by —
tl ‘e tn—l - htl,m,tn_l(tlzl ‘e tn,lzn 1).
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14 I. Zhukov

To prove the second statement, apply induction on n once again. Let » = v, (),
where « isagiven element of K. Then by the induction hypothesis

tra= Y by ()™ ()

(il)“‘7in—l)EQ’l‘

where Q, ¢ Z"1 isacertain admissible set. Hence

a= N bt b
(ilu"'zin—l)eQr
where v, («’) > r. Continuing this way, we obtain the desired expansion into a sum
over the admissibleset Q = (Q, x {r}) U (Q+1 x {r+1})U ...
The uniqueness follows from the continuity of theresiduemap Oy — K,,_1. O

1.4. Topology on K*

1.4.1. 2-dimensional case, char (ki) =p.

Let A be the last residue field Ko if char (K) = p, and let A = W(Kp) if
char (K) = 0. Then A iscanonically embedded into O, and it isin fact the subring
generated by the set R.

For a2-dimensional local field K with a system of local parameters t,, ¢ definea
base of neighbourhoods of 1 asthe set of all 1+ 50, + t{A[[tl,tz]], i1=>1, j>1.
Then every element o« € K* can be expanded as a convergent (with respect to the just
defined topology) product

a = 526310 [ [ (1 + 6:5t5t))
with 6 € R*,0,; € R,a1,a2 € Z. Theset S = {(j,7) : ;; 70} isadmissible.

1.4.2. Inthe general case, following Parshin's approach in characteristic p [P], we
define the topology 7 on K* asfollows.

Definition. If char (K,,_1) = p, then define the topology 7 on
K™ ~ Vi X (t1) X -+ X (t,) x R*

asthe product of theinduced from K topology on the group of principal units Vi and
the discrete topology on (t1) x --- X (t,) x R*.
If char (K) = char (K,,+1) =0, char (K,,) = p, where m < n — 2, thenwe havea
canonical exact sequence
1—1+Px(1,0,...,0) = O — O} ., — 1
——r

n—m—2
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Part I. Section 1. Higher dimensional local fields 15

Definethetopology = on K* ~ O3, x (t1) x --- x (t,) asthe product of the discrete
topology on (t1) x --- x (t,) and the inverse image of the topology 7 on O .

Then theintersection of all neighbourhoodsof 1isequal to 1+ P (1,0, ...,0) which
——

n—m—2

isauniquely divisible group.

Remarks. 1. Observe that K,,+; is a mixed characteristic field and therefore its
topology iswell defined. Thus, the topology 7 iswell defined in all cases.
2. A base of neighbourhoods of 1in Vi isformed by the sets

hUo) + h(Un)t,, + ... + W(U._1)te™ 1 + P (c),

where ¢ > 1, Up isaneighbourhood of 1in Vj,., Uy, ...,U._1 areneighbourhoods
of zeroin kg, h isthe canonical lifting associated with some local parameters, t¢,, is
the last local parameter of K. In particular, in the two-dimensional case 7 coincides
with the topology of 1.4.1.

Properties.

(1) Each Cauchy sequence with respect to the topology 7 convergesin K*.

(2) Multiplication in K* is sequentially continuous.

(3) If n < 2, then the multiplicative group K* is a topological group and it has a
countable base of open subgroups. K* is not atopological group with respect to
7 if m > 3.

Proof. (1) and (2) follow immediately from the corresponding properties of the topol-
ogy defined in subsection 1.3. In the 2-dimensional case (3) is obvious from the
description givenin 1.4.1. Next, let m > 3, andlet U be an arbitrary neighbourhood
of 1. We may assumethat n =m and U C Vx. From the definition of the topology
on Vix weseethat U D 1+ h(Ut, + h(Uz)tfl, where U1, U, are neighbourhoods of
0in kg, t, aprimeelementin K, and i the canonical lifting corresponding to some
choice of local parameters. Therefore,

UU + P(4) D (1+ h(U)t,) (1 + h(Ua)t2) + P(4)
= {1+ h(a)t, + h(b)t2 + h(ab)t> : a € Uy, b € Us} + P(4).
(Indeed, hA(a)h(b) — h(ab) € P(1).) Since U1Us = ki (see property (3) in 1.3.2), it
isclear that UU cannot liein aneighbourhood of 1 in Vi of theform 1+ h(kgk)t, +

h(k)t2 +h(U')t3 + P(4), where U’ # kg isaneighbourhood of 0in kg . Thus, K*
is not atopological group. O

Remarks. 1. From the point of view of class field theory and the existence theorem
one needs a stronger topology on K* than the topology 7 (in order to have more open
subgroups). For example, for n > 3 each open subgroup A in K* with respect to the
topology 7 possessesthe property: 1+t20 C (1+t30x)A.
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Atopology A, whichisthesequentia saturationof 7 isintroducedin subsection6.2;
it has the same set of convergence sequences as = but more open subgroups. For
example [F1], the subgroup in 1 +¢,0x topologically generated by 1+ 6ty ... ¢}
with (i1, ...,4,) Z(0,0, ...,1,2), i, > 1 (i.e, thesequential closure of the subgroup
generated by these elements) is openin A, and does not satisfy the above-mentioned
property.

One can even introduce a topology on K* which has the same set of convergence
sequencesas T and with respect to which K* isatopological group, see[F2].

2. For another approach to define open subgroups of K* see the paper of K. Kato
in this volume.

1.4.3. Expansion into convergent products. To simplify the following statements
we assume here char kx = p. Let B be afixed set of representatives of non-zero
elements of the last residuefield in K.

Lemma. Let {«a; : i € I} beasubset of Vi such that

(%) a; =1+ ) ot
I‘EQi
where b € B, and Q; C Z%} areadmissible setssatisfying the following two conditions:
(i) Q=U,c; Qi isan admissible set;
(i) Njes Qj =0, where J isany infinite subset of 1.

Then [, o; converges.

Proof. Fix a neighbourhood of 1 in Vi ; by definition it is of the form (1 + U) N
Vi, where U is a neighbourhood of O in K. Consider various finite products of
b@t7t .. trm which oceur in (*). It is sufficient to show that almost all such products
belongto U.

Any product under consideration has the form

— 1k ko 4l In
(x%) y=byt bttty
with I, > 0, where B = {b1, ...,bs}. We prove by induction on j the following
claim: for 0 < j < n andfixed l+1, ...,l, the element v amost awaysliesin U

(in case j = n we obtain the original claim). Let
f2={r1+ et it >1lrg, ..., € Q)

It is easy to seethat Q isan admissible set and any element of Q can be written as a
sum of elements of Q in finitely many ways only. This fact and condition (ii) imply
that any particular n-tuple (I, ...,[,) can occur at the right hand side of (xx) only
finitely many times. This provesthe base of induction (j = 0).

For j > 0, we see that [, is bounded from below since (1, ...,l,) € Q and
lj+1, ..., 1, arefixed. Ontheother hand, v € U for sufficiently large [; and arbitrary
k1, ... ks, 11, ..., l;_1 inview of [MZ1, Prop. 1.4] applied to the neighbourhood of
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Part I. Section 1. Higher dimensional local fields 17
zero tjiffl ...t;U in K. Therefore, we haveto consider only afinite range of values
c < l; < . Forany [; inthisrange the induction hypothesisis applicable. O

Theorem. For any r € Z} andany b € B fix an element

— 2 : ,by81 n
App = b; tl . th )
SEQr,b

such that b%* = b, and b5? = 0 for s < r. Suppose that the admissible sets
{Qp:reQ,,be B}

satisfy conditions (i) and (ii) of the Lemma for any given admissible set Q...
1. Every element a € K can be uniquely expanded into a convergent series

a = E ar,bm

I‘EQa

where b, € B, Q, C Z,, isan admissible set.
2. Every element « € K* can be uniquely expanded into a convergent product:

a= tzn R t;lbo H (1 + ar,br)v
rEQa

where by € B, b, € B, Q, C Z; isan admissible set.

Proof. Theadditive part of thetheoremis[MZ2, Theorem 1]. The proof of it isparallel
to that of Theorem 1.3.4.

To provethemultiplicative part, weapply inductionon n. Thisreducesthe statement
tothecase a € 1+ P(1). Hereone can construct an expansion and proveits uniqueness
applying the additive part of the theoremto theresidue of ¢ ~(“~D(q—1) in kx. The
convergence of all series which appear in this process follows from the above Lemma.
For details, see[MZ2, Theorem 2]. 0

Remarks. 1. Conditions (i) and (ii) in the Lemma are essential. Indeed, the infinite

products [](1+¢ +¢;"tx) and [[(1+¢} +¢2) do not converge. This means that the
=1 =1

statements of Theorems 2.1 and 2.2 in [MZ1] have to be corrected and conditions (i)

and (ii) for elements ¢, ¢ (r € Q.) should be added.

2. If the last residue field is not finite, the statements are still true if the system
of representatives B is not too pathological. For example, the system of Teichmuller
representatives is aways suitable. The above proof works with the only ammendment:
instead of Prop. 1.4 of [MZ1] we apply the definition of topology directly.
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Corallary. If char (K,_1) = p, then every element o« € K* can be expanded into a
convergent product:

Gexx)  a=te AP0 [[A+0n Lt ), 0ERT, 0y, ER

i1,

with {(i1, ...,4,) : 0;,....;, 70} beinganadmissibleset. Any series(x * * ) converges.

D] yeeny
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