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16. Higher classfield theory without using K -groups

Ivan Fesenko

Let F' be acomplete discrete valuation field with residuefield k& = kr of characteris-
tic p. Inthis section we discuss an alternative to higher local classfield theory method
which describes abelian totally ramified extensionsof F' without using K -groups. For
n-dimensional local fields this gives a description of abelian totally ramified (with re-
spect to the discrete valuation of rank one) extensions of F'. Applications are sketched
in 16.3 and 16.4.

16.1. p-classfield theory

Supposethat k isperfectand k& # p(k) where p: k — k, p(a) = a? — a.

Let I bethemaximal abelian unramified p-extensionof F. Thendueto Witt theory
Gal(ﬁ/F) is isomorphic to ], Z, where x = dimg, k/p(k). The isomorphism is
non-canonical unless k isfinite where the canonical oneis given by Frobp — 1.

Let L beatotally ramified Galois p-extension of F'.

Let Gal(F'/F) acttrivially on Gal(L/F).

Denote

Gal(L/F)™ = Hy((Gal(F/F), Gal(L/F)) = Homeon(Gal(F / F), Gal(L/ F)).

Then GQI(L/F)N ~ @, Gal(L/F) non-canonically. B
Put L = LF. Denoteby ¢ € Gal(L/L) thelifting of ¢ € Gal(F/F).
For x € Ga(L/F)~ denote

s.={ael:a¥®=q fordl ¢ € Ga(F/F)}.

The extension %, /F' istotally ramified.
As an generalization of Neukirch’'s approach [N] introduce the following:

Definition. Put
Yr/r(X) = N5 pmy/Npypmr, mod Np/pUp
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where 7, isaprimeelement of %, and 7, isaprimeelement of L.
Thismap iswell defined. Compare with 10.1.

Theorem ([F1, Th. 1.7]). The map Y}, is a homomorphism and it induces an iso-
mor phism

Ga(LNF®/F)” % Up/NypUr, > Usp/NypUsr.

Proof. One of the easiest waysto prove the theorem isto define and use the map which
goesin the reverse direction. For details see [F1, sect. 1]. O

Problem. If 7 isaprime element of F', then p-class field theory implies that there
is atotally ramified abelian p-extension F, of F' such that Fﬂﬁ coincides with the
maximal abelian p-extensonof F and # € Ny, ,pF;. Describe F,, explicitly (like
Lubin-Tate theory doesin the case of finite k).

Remark. Let K be an n-dimensional locd field (K = K,,, ...,, Kp) with Ky
satisfying the same restrictions as & above.

For a totally ramified Galois p-extension L/K (for the definition of a totally
ramified extension see 10.4) put

Gal(L/K)™ = Homeon(Gal (K /K), Gal(L/ K))

where K isthe maximal p-subextension of K pyr /K (for the definition of K pyr See
(A1) of 10.12).
Thereisamap Y7, which induces an isomorphism [F2, Th. 3.8]

Ga(LNK®/K)~ S VK (K)/Np e VKL(L)
where VK (K) ={Vx} - K! ,(K) and K} wasdefinedin 2.0.

16.2. General abelian local p-classfield theory

Now Iet~k: be an arbitrary field of characteristic p, p(k) # k.
Let F' bethe maximal abelian unramified p-extension of F'.
Let L beatotally ramified Galois p-extension of F'. Denote

Gal(L/F)™ = Hoy((Gal(F/F), Gal(L/F)) = Homeo(Gal(F/ F), Gal (L / F)).
In asimilar way to the previous subsection define the map
Y p:Ga(L/F)~ — Uyrp /Ny rUs L.

Infactitlandsin Uy p N N

\ ’LV/;UL’LV)/NL/FULL and we denote this new map by the
same notation.
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Definition. Let F be complete discrete valuation field suchthat F o F, e(F|F) =1
and kr = Uy, zok” . Put L =LF.
Denote I(L|F) ={(e"t:e € Uyp,0 € GaA(L/F))nU

Then the sequence

L/F

(*) 1— Ga(L/Fy* LU, P/ IF) —= Ny zU, ¢

L/FY1L

is exact where g(o) = WZ* and 7y, isaprimeelement of L (compare with Proposi-
tion 1 of 10.4.1).

Generalizing Hazewinkel’s method [H] introduce
Definition. Define ahomomorphism
Wi/pi(Urr N Ng 5U; 7)/NLypUs — Ga(L N F®/FY~, W p(e) = x

where x(¢) = g Xnt%), n e U, 7 issuchthat ¢ = N~/F77

Propertiesof Y /p, Wi p.
(1) Wi/poYyr=id on Ga(LNF®/F)~, so W r isan epimorphism.
(2) Let F be acomplete discrete valuation field such that ¥ O F', e(F|F) = 1 and
kg =Upsok? . Put £ = LF. Let
Arypi (Ui O Ny 35U 5)/NLypUs L — Urs [N sUse

be induced by the embedding F* — JF. Then the diagram

w,
Ga(L/F)~ LN (Urr N N7 52U, 7)/NeypUs — Gal(L N F®/F)>

YL F l'PL F
Gaw/ /9~ —% Urg/NgsUe —7, Ga(L N TP /Ty

is commutative.
(3) Since W, /s isanisomorphism (see 16.1), we deducethat )\, issurjectiveand
ker(Wr,r) = ker(AL/r), SO

(Usr N Ng 50, )/NAL/F) = Ga(L N F®/F)

where N.(L/F)=Uy r N Ny wUp g O NeygUse.

Theorem ([F3, Th. 1.9]). Let L/F beacyclic totally ramified p-extension. Then
Yip:GaA(L/F)” — (ULr O N3 5U; 7)/NLypULL
is an isomor phism.
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Proof. Since L/F iscyclicweget I(L|F)={c"1:c ¢ U, 7,0 € Ga(L/F)}, so

I(LIF)N Uf%l = I(L|F)¥~!

for every ¢ € Gal(L/L).

- - - 1
Let q"L/F(5) =1 for e = N’E/ﬁ” € Uyp. Then ¥ 1 ¢ I(L|F) N Uff ’

o n € I(L|F)L, where L, is the fixed subfield of L with respect to . Hence
€ € Np,/rnr,UsL,. Byinductionon x wededucethat € € Ny ,pUsr and W, p
isinjective. O

Remark. Miki [M] proved this theorem in a different setting which doesn’t mention
classfield theory.

Corollary. Let Ly1/F, Ly/F be abelian totally ramified p-extensions. Assume that
L1L,/F istotally ramified. Then

NLz/FUl,Lz - NLl/FUl,Ll <~ L[> D L1.

Proof. Let M/F beacyclic subextensionin L1/F. Then
NatygUrn O NeyygUre, SO M C Lz and M C Lp. Thus Ly C Lo. O

Problem. Describe ker(Wy,, ) for an arbitrary L/F. Itisknown [F3, 1.11] that this

kernel istrivial in one of the following situations:

(1) L isthe compositum of cyclic extensions M; over ', 1 < i < m, such that
all ramification breaks of Gal(M;/F") with respect to the upper numbering are not
greater than every break of Gal(M;+1/F) foral 1 <i<m — 1.

(2) Ga(L/F) isthe product of cyclic groups of order p and acyclic group.

No example with non-trivial kernel is known.

16.3. Norm groups

Proposition ([F3, Prop. 2.1]). Let F' bea completediscrete valuation field with residue
field of characteristic p. Let Ly /F and L,/ F beabeliantotally ramified p-extensions.
Let Ny, pL; N Np, pL5 contain a prime element of F'. Then LiLy/F is totally
ramified.

Proof. If kg is perfect, then the claim follows from p-class field theory in 16.1.
If kp isimperfect then use the fact that there is a field F as above which satisfies
LiF N LyF = (L1 N Ly)F. O
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Theorem (uniqueness part of the existence theorem) ([F3, Th. 2.2]). Let kr # p(kr).

Let L1/F, Lp/F betotally ramified abelian p-extensions. Then
NLz/FngNLl/FL?](_ <~ Ll:LZ.

Proof. Use the previous proposition and corollary in 16.2. O

16.4. Norm groups more explicitly

Let F beof characteristic 0. Ingenera if k isimperfectit isvery difficult to describe
Np,rU1r. Onepartia case can be handled: let the absolute ramification index e(F)
be equal to 1 (the description below can be extended to the case of e(F) < p — 1).

Let 7 beaprime element of F.

Definition.
Enm: Walkp) = Urp/UL ,  Ennllao, .- an-))=  [[ E@ ny

0<i<n—1

where E(X) = exp(X +Xp/p+Xp2/p2+ ...) and a; € Op isaliftingof a; € kp
(thismap is basically the same asthe map ,, in Theorem 13.2).

The following property is easy to deduce:
Lemma. &, , isamonomorphism. If kr is perfectthen &,, . isanisomorphism.

Theorem ([F3, Th. 3.2]). Let kr # p(kr) andlet e(F) = 1. Let 7 beaprime element
of F.

Then cyclic totally ramified extensions L/F' of degree p™ suchthat m € Ny pL*
are in one-to-one correspondence with subgroups

E o (F(w) (W, (kp))) UY
of ULF/Uf’"F where w runsover elementsof W, (kr)*.

Hint. Use the theorem of 16.3. If kr is perfect, the assertion follows from p-class
field theory.

Remark. The correspondencein this theorem was discovered by M. Kurihara[K, Th.
0.1], see the sequence (1) of theorem 13.2. The proof here is more elementary since it
doesn’t use étale vanishing cycles.
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