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2. Adédlic constructions for direct images
of differentials and symbols

Denis Osipov

2.0. Introduction

Let X beasmooth algebraic surface over aperfect field k.

Consider pairs = € C, z isaclosed pointof X, C iseither anirreducible curveon
X whichissmoothat x, or anirreducibleanalytic branch near x of anirreduciblecurve
on X. Asintheprevioussection 1 for every suchpair x € C' we get atwo-dimensional
local field K, .

If X isa projective surface, then from the adelic description of Serre duality on
X there is a local decomposition for the trace map H?(X,Q%) — k by using a
two-dimensional residue map resi., . /k(): Q% , /i) — k(@) (see[P1]).

From the adelic interpretation of the divisors intersection index on X thereis a
similar local decomposition for the global degree map from the group CH?(X) of
algebraic cycles of codimension 2 on X modulo the rational equivalence to Z by
means of explicit maps from K»(K, ¢) to Z (see[P3]).

Now we passto therelative situation. Further assumethat X isany smooth surface,
but there are a smooth curve S over k£ and a smooth projective morphism f: X — §
with connected fibres. Using two-dimensional local fieldsand explicit mapswe describe
in this section alocal decompoasition for the maps

FoHM(X, Q%) — HPY(S, Q1) fur H(X, K2(X)) — H" (S, K1(S))

where X is the Zariski sheaf associated to the presheaf U — K (U). The last two
groups have the following geometric interpretation:

H™(X,K2(X)) = CH?*(X,2—n), H"S,%1(5)) = CHXS,2 - n)

where CH?%(X,2 — n) and CHY(S,1 — n) are higher Chow groups on X and S
(see [B]). Note also that CH?(X,0) = CH?(X), CHY(S,0) = CHY(S) = Pic(S),
CHY(S,1) = HO(S, 0%).
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Let s = f(x) € S. Thereisacanonical embedding f*: K, — K, ¢ where K is
the quotient of the completion of thelocal ringof S a s.
Consider two cases:
(1) C # f~s). Then K, ¢ is non-canonically isomorphic to k(C).((tc)) where
k(C), isthe completion of £(C) at = and ¢t isalocal equation of C' near x.
(2) C=f~Y(s). Then K, ¢ isnon-canonically isomorphicto k(x)((u))((ts)) where
{u =0} isatransversal curveat x to f~1(s) and t, € K, isalocal parameter at
s, i.e. k(s)((ts)) = K.

2.1. Local constructionsfor differentials

Definition. For K = k((w))((t)) let U = u'k[[u, t]]dk[[u, ] +t7 k((w)[[t]]dk((w))[¢]]
be abasis of neighbourhoods of zeroin Qt((u»[[ /% (comparewith 1.4.1 of Part ). Let

Qk = QL /(K -nU) and Q} = A"Q). Similarly define Q7 .

Note that Q% _ is a one-dimensional space over K, c; and Q% _ does not

depend on the choice of asystem of local parametersof 69;, where 69; isthecompletion
of thelocal ringof X at z.

Definition. For K = k((w))((t)) and w = >, w;(u) A t'dt =Y, u'du A wi(t) € ﬁ%
put
res,(w) = w_1(u) € Qk ).
reSu(w) = WLl(t) S Q%((t))
Define arelative residue map

z,C. 2 Al
I -QKE,C - QKS

Trk(c), /K. 160 (W) if C 7 f~1(s)

F0w) = { !
Tr @)/ k. T&Suw) i C = f71(s).

The relative residue map doesn’t depend on the choice of local parameters.

Theorem (reciprocity lawsfor relativeresidues). Fix x € X. Let w € ﬁﬁ(z where K,
isthe minimal subring of K, « which contains £(X) and 69;- Then

S frOw) =o.

Coz
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FixseS. Letw e Q%F where K isthe completion of k(X) with respect to the
discrete valuation associated with the curve F = f~1(s). Then

> frfw=o.

zeF

See[O].

2.2. The Gysin map for differentials

Definition. In the notations of subsection 1.2.1 in the previous section put
Qi = {(fudt,) € [ k., wvs(fs) =0 fordmostal s € S}
ses

where t, isaloca parameter at s, v, isthe discrete valuation associated to ¢, and
K isthe quotient of the completion of the local ring of S at s. For adivisor I on S
define

Qu (1) = {(fs) € Qi :vs(fs) = —vs(I) foral se S}

Recall that the n-th cohomology group of the following complex
(fo. f 1) —  fot f1.

is canonically isomorphicto H™(S, QL) (see[S, Ch.ll]).

The sheaf Q% isinvertible on X. Therefore, Parshin’s theorem (see [P1]) shows
that similarly to the previous definition and definition in 1.2.2 of the previous section
for the complex Q2(Ax)

2 2 2
QAo ® QAl o2 QAz - Q1401 o2 QAoz o2 QAIZ - Q14012

(fo. f1, f2) — (fo+ f1. f2— fo,—f1— [2)
(91792793) — g1+ g2+g3

where
2 2
Q%, € Qy, C

A012 = QAX H Q o © H Ez%(m c

zeC zeC

thereis acanonical isomorphism
H"(Q(Ax)) = H"(X, Q%).

Using the reciprocity laws above one can deduce:
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Theorem. The map f. = Yo, pyes fo°C from Q2 to Q} is well defined. It
maps the complex Q2(A x) to the complex

0 — Q gy @ Qi (0) — Qf .
Itinducesthe map f.: H"(X,Q%) — H" (S, Q%) of 2.0.
See[O].

2.3. Local constructionsfor symbols

Assumethat & isof characteristic O.
Theorem. Thereis an explicitly defined symbolic map
[ )eci Ky o X Ky o0 — K
(see remark below ) which is uniquely determined by the following properties
Ni(z)/k(s) tro.c (@, B, f57) =tk (fu(a, B)z,c,v) fordl a,8€ K; o, v € K
where tx, .. isthe tame symbol of the two-dimensional local field K, ¢ and tx, is
the tame symbol of the one-dimensional local field K, (see 6.4.2 of Part I);
T @) /() (@ By Mk, o = (fela, Ba,o,7]k, foral a,e€ K o, v € K,
where (o, 8,7 k,.c =€k, o /k@)(yde/a A dB/B3) and
(o, Bl k. = resk, /u(s)(adB/B).
Themap f.(, ).c inducesthe map
fo(5 a0t KoKy 0) — Ka1(K).

Corollary (reciprocity laws). Fixapoint s € S. Let F = f~1(s).
Let o, 5 € Kj.. Then

[T feleB)er = 1.

x€eEF
Fixapoint z € F. Let o, € K. Then

H f*(avﬁ):r,c =1
Cozx
Remark. If C 7 f=1(s) then f.(, )s.c = Ni). /K. tk, o Where tx, . isthetame
symbol with respect to the discrete valuation of rank 1 on K, .
If C = f~1(s) then f.(,)ec = Ni@)e.)/x. (5 )r where (, )171 coincides with
Kato’'s residue homomorphism [K, §1]. An explicit formulafor (, ) isconstructedin
[O, Th.2].
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2.4. The Gysin map for Chow groups

Assumethat % is of arbitrary characteristic.

Definition. Let K5(Ax) bethesubset of al (f,,c) € Ko(Ky,¢), © € C suchthat

(@ fz,c € K2(04,¢) for amost all irreducible curves C' where O, ¢ isthe ring of
integers of K, o with respect to the discrete valuation of rank 1 onit;
(b) foralirreduciblecurves C' C X, dl integers » > 1 and aimost al points = € C

fo.0 € Ka(04,0,ME) + K2(0,[t1) € Ka(Ko )
where M¢ isthe maximal ideal of O, « and

Ko(A, J) = ker(K2(A) — Ka(A/J)).
This definition is similar to the definition of [P2].

Definition. Using the diagonal map of K»(K¢) to [[ K2(K.ec) and of Ko(K,)

zeC
to [] Kao(K.ec) put
Coz

Kj(Aq) = Kj(Ax)nimageof [ Ka(Ke),
ccX

Kj(Ag) = Ky(Ax) nimageof [[ Ka(Kw),
rxeX

K5(A12) = Kj(Ax) nimageof [ K2(0..c),
zeC
K5(Ao) = K2(k(X)),

Ky(A1) = Kj(Ax)nimageof J] K2(0c),
cCcX

K5(A7) = Ky(Ax) nimageof J] K2(0,)
reX

where O isthering of integersof K.

Define the complex K(Ax):
K5(Ao) & K5(A1) @ Ky(A2) —K5(Ao1) @ K5(Az) @ K5(A12) — K5(Ao12)
(fo, f1, f2) =(fo + f1, f2— fo, —f1— f2)
(91,92, 93) = g1+ g2+ 93

where K5(Ap12) = K5(Ax).
Using the Gersten resolution from K -theory (see[Q, §7]) one can deduce:
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Theorem. Thereisa canonical isomorphism
H"(K3(Ax)) ~ H"(X, K2(X)).

Similarly one defines K}(Ag). From H(S,%1(S)) = H(S,0%) = Pic(S) (or
from the approximation theorem) it is easy to see that the n-th cohomology group of
the following complex

Ki(k(S) @ Y ,cs K1(05) —  Kj(As)
(fo, f1) —  fo+ f1.

is canonically isomorphic to H™(S,X1(S)) (here 0, is the completion of the local
ringof C a s).

Assumethat & isof characteristic 0.

Using the reciprocity law above and the previous theorem one can deduce:

Theorem. Themap f. = > oo, f)=s f+( s )a,c from K5(Ax) to Kj(Ag) is well
defined. It maps the complex K»(Ax) to the complex

0— Ki(k(S) & Y K1(0,) — Ki(As).
sesS
Itinducesthe map f.: H"(X, K2(X)) — H" (S, %K1(S)) of 2.0.
If n = 2, then thelast map isthe direct image morphism (Gysin map) from C H2(X)
to CHY(S).
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