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7. Recovering higher global and local fields
from Galois groups — an algebraic approach

Ido Efrat

7.0. Introduction

We consider the following general problem: let F' be a known field with absolute
Galoisgroup Gr. Let K beafield with G ~ Gr. What can be deduced about the
arithmetic structure of K?

As a prototype of this kind of questions we recall the celebrated Artin—-Schreier
theorem: G ~ Gg if and only if K isrea closed. Likewise, the fields K with
Gk ~ G for some finite extension E of Q, arethe p-adically closed fields (see
[Ne], [P1], [E1], [K]). Here we discuss the following two cases:

1. K isahigher global field
2. K isahigher local field

7.1. Higher global fields

We call a field finitely generated (or a higher global field) if it is finitely generated
over its prime subfield. The (proven) O-dimensional case of Grothendieck’s anabelian
conjecture ([G1], [G2]) can be stated as follows:

Let K, F' befinitely generated infinite fields. Any isomorphism Gk ~ Gz isinduced
in a functorial way by an (essentially unique) isomor phism of the algebraic closures of
K and F.

This statement was proven:

e by Neukirch [Ne] for finite normal extensionsof Q;

e by Iwasawa (unpublished) and Uchida [U1-3] (following Ikeda [I]) for al global
fields;

e by Pop[P2] and Spiess[S] for function fields in one variable over Q;
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e by Pop ([P3-5]) in general.

For recent results on the 1-dimensional anabelian conjecture — see the works of
Mochizuki [M], Nakamura[N] and Tamagawa[T].

7.2. Earlier approaches

Roughly speaking, the above proofsin the 0-dimensional case are divided into alocal
part and a global part. To explain the local part, define the Kronecker dimension
dim(K) of afield K as trdeg(//F,) if char (K) =p > 0, and as trdeg(X/Q) + 1
if char(K) = 0. Now let v be aKrull valuation on K (not necessarily discrete or
of rank 1) with residue field K,. Itiscaled 1-defectlessif dim K = dim K, + 1.
The main result of the local theory is the following local correspondence: given an
isomorphism ¢: G — G, aclosed subgroup Z of G isthe decomposition group
of some 1-defectless valuation v on K if and only if ¢(Z) is the decomposition
group of some 1-defectlessvaluation v' on F'. The ‘global theory’ then combinesthe
isomorphisms between the corresponding decomposition fields to construct the desired
isomorphism of the algebraic closures (see [P5] for more details).

The essence of the local correspondence is clearly the detection of valuations on
afield K just from the knowledge of the group-theoretic structure of G . In the
earlier approaches this was done by means of various Hasse principles; i.e., using the
injectivity of the map

H(K) — H H(K™M
vES

for some cohomological functor H and some set S of non-trivial valuations on K,
where K isthe henselization of K with respect to v. Indeed, if this map isinjective
and H(K) # 0 then H(K!) # O for at least one v € S. In this way one finds
“arithmetically interesting" valuationson K.

In the above-mentioned works the local correspondence was proved using known
Hasse principlesfor:
(1) Brauer groups over global fields (Brauer, Hasse, Noether);
(2) Brauer groups over function fields in one variable over local fields (Witt, Tate,

Lichtenbaum, Roquette, Sh. Saito, Pop);

(3) H3(Gx,Q/Z(2)) over function fieldsin one variable over Q (Kato, Jannsen).

Furthermore, in his proof of the 0-dimensional anabelian conjecturein its general case,
Pop uses a model-theoretic technique to transfer the Hasse principlesin (2) to a more
general context of conservative function fields in one variable over certain henselian
valued fields. More specifically, by a deep result of Kiesler—Shelah, a property is
elementary in a certain language (in the sense of the first-order predicate calculus)
if and only if it is preserved by isomorphisms of models in the language, and both
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the property and its negation are preserved by nonprincipal ultrapowers. It turns out
that in an appropriate setting, the Hasse principle for the Brauer groups satisfies these
conditions, hence has an elementary nature. One can now apply model-completeness
results on tame valued fields by F.-V. Kuhlmann [Ku].

Thisled oneto the problem of finding an algebraic proof of thelocal correspondence,
i.e., aproof which does not use non-standard arguments (see [S, p. 115]; other model-
theoretic techniques which were earlier used in the global theory of [ P2] were replaced
by Spiessin [S] by algebraic ones).

We next explain how this can indeed be done (see[E3] for details and proofs).

7.3. Construction of valuationsfrom K -theory

Our algebraic approach to the local correspondence is based on a K -theoretic (yet
elementary) construction of valuations, which emergedin the early 1980’sin the context
of quadratic form theory (in works of Jacob [J], Ware [W], Arason—Elman-Jacob
[AEJ], Hwang-Jacob [HJ]; seethe survey [E2]). We also mention here the alternative
approaches to such constructions by Bogomolov [B] and Koenigsmann [K]. The main
result of (the first series of) these constructionsis:

Theorem 1. Let p bea primenumber and let £ be a field. Assume that char (E) #Z p

and that (—1, E*P) < T < E* isan intermediate group such that:

(@ forall x € E*\T and y € T\ E*? onehas {z,y} #0 in K,(F)

(b) for all z,y € E* which are IF,,-linearly independent mod 7" one has {z,y} 70
in Kx(E).

Then there exists a valuation v on E with value group I, such that:

(i) chaer(E,)Zp;
(i) dimg (T,/p) > dimg (B*/T) - 1;
(iii) either dimg (7,/p) = dimg, (E*/T) or E, 7 EP.

In particular we have:

Corollary. Let p beaprime number and let £ be a field. Suppose that char (E) 7 p,
—1 € E*P, and that the natural symbolic map induces an isomor phism

NAE* |E*P) = Ko(E)/p.

Then thereisa valuation v on E such that

(i) char(E,) #p;
(i) dimg, (T,/p) > dimg (B*/E*?) — 1;
(iii) either dimg (T, /p) = dimg, (E*/E*?) or E, 7 EP.
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We remark that the construction used in the proof of Theorem 1 is of a completely
explicit and elementary nature. Namely, one chooses a certain intermediate group
T < H < E* with (H : T)|p and denotes

O ={z€E\H :1-z€T}, O'={zeH:20 CcO}.
Itturnsoutthat O = O~ UO* isavaluationringon E, andthe corresponding valuation

v isasdesired.
The second main ingredient is the following henselianity criterion provenin [E1]:

Proposition 1. Let p beaprimenumber andlet (£, v) beavaluedfieldwith char (E,) #
p, such that the maximal pro-p Galoisgroup Gz (p) of E, isinfinite. Suppose that

with E’ ranging over all finite separable extensionsof E. Then v is henselian.

Here therank rk(G) of aprofinite group G isits minimal number of (topological)
generators.

After trand ating the Corollary to the Gal oi s-theoretic language using Kummer theory
and the Merkur’ ev—Suslin theorem and using Proposition 1 we obtain:

Proposition 2. Let p be a prime number and let £ be a field such that char (E) Z p.
Suppose that for every finite separable extension £’ of E onehas
(V) HNGw,Z/p) = @Z/p)";
(2) HXGg/,Z/p) ~ N°HYGg,Z/p) viathe cup product;
(3) dimg, (I./p) < n for every valuation v on E'.

Then there exists a henselian valuation v on E suchthat char (E,) # p and
dimg, (Fy/p) =n.

7.4. A Galoischaracterization of 1-defectlessvaluations

For a field L and a prime number p, we recal that the virtual p-cohomological
dimension vcd,(G1) istheusua p-cohomological dimension cd,(G ) if char (L) Z0
and is ved, (G /=) if char(L) = 0.

Definition. Let p be aprime number and let L beafield with n = dim L < co and
char (L) # p. Wesay that L is p-divisorial if thereexist subfields L ¢ E ¢ M c L
such that

(@ M/L isGdoais;

(b) every p-Sylow subgroup of G, isisomorphicto Z,;

(c) thevirtual p-cohomological dimension ved,(Gr) of G isn+1;
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(d) either n =1 or Gal(M /L) hasno non-trivial closed normal pro-solublesubgroups,
(e) for every finite separable extension E’'/E one has

HYG g, Z/p) ~ (Z/p)"*t, HGp,Z/p) ~ N HYG g, Z/p)

viathe cup product.
The main result is now:

Theorem 2 ([E3]). Let p be a prime number and let K be a finitely generated field
of characteristic different from p. Let L be an algebraic extension of K. Then the
following conditions are equivalent:

(i) thereexistsa 1-defectlessvaluation v on K suchthat L = K/;

(i) L isaminimal p-divisorial separable algebraic extension of K.

Idea of proof. Suppose first that v isa 1-defectlessvaluation on K. Take L = K/
and let M beamaximal unramified extension of L. Alsolet w beavaluation on K
such that I, ~ Zd9m() - char (K ,,) # p, and such that the corresponding valuation
rings satisfy 0., C O,. Let K" beahenselization of (K, w) containing L and take
E = K!'(u,) (E = K"(ug) if p=2). Oneshowsthat L is p-divisorial with respect
to this tower of of extensions.

Conversely, suppose that L is p-divisorial, andlet L ¢ F ¢ M C L bea
tower of extensions as in the definition above. Proposition 2 gives rise to a henselian
valuation w on E suchthat char (E,,) 7 p and dimg, (I, /p) = dim(K). Let wp be
the unique valuationon E of rank 1 suchthat 0,,20.,, andlet u beitsrestriction to
L. Theunique extension u,; of wg to M ishenselian. Since M /L isnormal, every
extension of u to M isconjugateto u,,, henceisalso henselian. By aclassical result
of F.-K. Schmidt, the non-separably closed field M can be henselian with respect to at
most one valuation of rank 1. Conclude that « is henselian as well. One then shows
that it is 1-defectless.

The equivalence of (i) and (ii) now follows from these two remarks, and a further
application of F.-K. Schmidt’s theorem.

The local correspondence now follows from the observation that condition (ii) of
the Theorem is actually a condition on the closed subgroup G, of the profinite group
Gk (notethat dim(L) = ved(Gk) — 1).

7.5. Higher local fields

Here we report on ajoint work with Fesenko [EF].
An analysis similar to the one sketched in the case of higher global fields yields:
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Theorem 3 ([EF]). Let F' bean n-dimensional local field. Suppose that the canonical
valuation on F' of rank n has residue characteristic p. Let K be a field such that
Gk ~ Gp. Thenthereisahenselian valuation v on K suchthat I, /I ~ (Z/I)" for
every prime number [ # p and such that char (X,) =p or O.

Theorem 4 ([EF]). Let ¢ = p” beaprime power and let K be afield with

Gk =~ GF,(@1)- Thenthereisa henselian valuation v on K such that

(1) Tr,/l~=7Z]l for every prime number [ # p;

(2) char(K,)=p;

(3) themaximal prime-to-p Galoisgroup G (p) of K, isisomorphicto [, Zi;
(4) if char(K)=0then T, =pl, and K, is perfect.

Moreover, for every positiveinteger d thereexist valuedfields (K, v) asin Theorem
4 with characteristic p gnd for which I, /p ~ (Z/p)?. Likewise there exist examples
with I, ~Z, G #Z and K, imperfect, aswell as exampleswith char (K) = 0.
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