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HECTAHJAPTHAA TEOPUA KJTACCOB

B. II. Auapees, E. 1. T'opaon

1. BBenenue

B pabote mpeaaraercs HOBasl CHCTEMAa aKCHOM HECTAHIAPTHONW TEOPUU MHOMXKECTB — HECTaH-
napraas treopus kiaaccoB (NCT), koTopas CTpOUTCsI COBEPITEHHO aHAIOTUIHO W3BECTHON Te-
opun BHyTpenuunx muoxkects (IST) 9. Henbcona [8]. Orauune cocrour B Tom, uro NCT mpes-
craBaser coboii pacimpenne Teopun knaccos (NBG) don Heitmana — Bepnaiica — T'énens,
B 1O BpeMms, Kak IST — pacmmpenne teopun lepmeno — @penkena (ZFC). Kpome Toro, mbr
nonb3yemcst ve IST, a npunazexameii B. Kanoseto u M. Peiikeny [7] Teopueit orpanndentbix
muo)kecTB (BST), koropast ormmaaercst or IST mobaBieHneM axcuomv 02panuennocmu

VePBty z ey

u HeoOxoamMOit Momudukanuel npuHnuna uaeannsanuu (npuainun ugeamusaun 1ST oge-
BUJIHO TIPOTUBOPEYUT AKCHOME OrpaHmdeHHoctu). fcwo, uro teopmu BST nocrarouno mis
NPUIOXKEHWH, B TO YK€ BPEMsi MHOTHE JIOTHIECKHE PACCMOTPEHNS B HEHl CYIIECTBEHHO IIPOIIIE.

Hasnuune kiacco mozBossier ¢dpopmanim3zoBats B pamkax NCT paznudnbie KOHCTPYKINH,
HCTOJIB3YIOIIME BHEITHIE MHOYXKECTBa, 9T0 HeBo3MoxkHO B IST. B wacrtHOCTH, 0/1HOM U3 aKCHOM
NCT saBnsiercs akCroMa HACBHIIIIEHHOCTH, UTPAIOTIAs UCKIIOYUNTE/THHO BaXKHYIO POJIb B MIPUJIO-
JKEHUsIX HeCTaHAapTHOro aHaansa. OT APYrux M3BECTHBIX TEOPUil BHEIHUX MHOXKeCTB [2, 5,
6] NCT ormuaercst €CTeCTBEHHOCTBIO U TIPOCTOTON. B 9acTHOCTH, OHA CONEPIKUT JIUIIb KO-
HEYHOE YUCJI0 aKCUOM — TIPWHINIIBI TIEPEHOCA, Uean3allnid U CTangapTu3anun . Hejabcona
GOpMyMUPYIOTCS 37€Ch B BUIE OTIAETBHBIX aKCHOM, a HE aKCHOMHBIX CXEM.

Azbik Teopun NCT nmonyuaercs: mobaeierunem K si3biky NBG ogHOMECTHOTO MpeInKaTHO-
ro cumBosia St (StX) — umraerca «X — craHZapTHBIN Kaaccy ). [lepeMenHble, TPUHIMAIO-
[re 3HAYEHUsT TPOU3BOIBHBIX KJIACCOB, 0003HAYAIOTCH 3aIJIaBHBIMU JIATUHCKUMHU OYKBaMU, a
MepeMeHHbIe, TPUHUMAOIINE 3HAYEHNsT MHOXKECTB (T. €. KJIacCOB, KOTOPbIe BXOJAT KaK 3Je-
MEHTBI B KaKMe-HUOY b JIPYyIUe KJIaCChl) — CTPOYHBIMU. BHYTDEHHUME KJIACCHI ONPEIeIsIIOTCs
KAaK CeUeHUs CTAHJAPTHBIX KJIACCOB MHOXKeCTBaMu. [Ipu TakoM onpeiesieHuu caMu MHOXKECTBA,
SIBJITIOTCSI BHYTPEHHUMU KJIACCAMU, TTOCKOJIBKY TPEICTABISIOT CO0O0#l cedeHust CTaHIapTHOTO
knacca €. Ecim BayTpennnii kiace (B 9aCTHOCTH, BHyTPEHHEE MHOXKECTBO) X TIPE/ICTABJIsSIeT
coboil ceueHne CTAHIAPTHOTO KJIACCA MHOYKECTBOM p, TO TOBOPAT, UTO0 X CTAHIAPTEH OTHOCH-
TEJIbHO P, WU P-CTaHJAPTEH. DTO MOHSATHE OTHOCUTEIHHOM CTAHJIAPTHOCTH B PAMKAX TEOPUU
IST 6bL10 BrIEpBBIE BBEJIEHO B CTAThE [3], 1€, B 9aCTHOCTH, OBLIO TOKA3AHO, YTO MTPUHITHIT TEPe-
HOCA U UMILTUKAIUs «CJI€BA-HAMNPABO» B IMPUHINIE UICAJTU3ANNNA OCTAIOTCS CIIPABEIINBBIMU,

© 1999 Augpees B. I1., Topaon E. 1.



4-4 B. II. Auapees, E. U. Topaon

€cJIi 3aMEHUTh BCE BXOXKJEHUS TMPEJINKATA CTAHIAPTHOCTU B HUX, HA MPEIUKAT CTAHIAPTHO-
CTH OTHOCUTEIBHO MPOU3BOIBLHOTO, HO (DUKCHPOBAHHOTO JJIsi KAYKI0M KOHKPETHO# (hopMy.JIbI
MHOXKECTBa p. D10 ocraercs crupaseaiusbiM u it Teopun NCT (cm. mHuzke Teopemy 3).

Kak y:ke ormedasioch, Bce MHOXKECTBA B pacCMaTPUBAEMOil TeOPUHU — BHyTpeHHUEe. BHerr-
HHE 0ObEKTHI ABJISIOTCA COOCTBEHHBIMM KjaccamMu. IIpu 3T1oM, Kak U B AJIbT€pHATUBHON Teo-
pun muoxkectB (AST) I1. Bomenkwu 9], 31€Ch BOBMOXKHBI TOJK/IACCH MHOXKECTB, KOTOPbIE He
ABJIAIOTCA MHOXKECTBaMN (aKCI/IOMa BbIACJIEHNUA UCTUHHA TOJIBKO /I BHYTPEHHUX MHO}KGCTB).
Cnenys 11. Bomenke, Mbl HazbiBaeM ux mnojgymuoxkectBamu. Teopus NCT nmeer u HEKOTOpBIE
npyrue cpoiictBa AST. B wacrrocTn, B Heit cnpaBemymBa TeopeMa O TOM, YTO MHOYKECTBO
CTaHIaPTHO-KOHEYIHO (T. €. €0 MOIIHOCTH €CTh CTaHJaPTHOE€ HATYPaJIbHOE qI/ICJIO) B TOM 1
TOJTBKO TOM CJIydae, KOT/Ia OHO HE COJIEPXKUT IO/IIOTYMHOYKECTB.

Pazymeercs, Tor daxT, 910 COOCTBEHHBIE KJIACCHI HE SABJISIIOTCA JIEMEHTAME IPYTUX KJIAC-
COB, HECKOJIbKO OTPAHUYUBAET BhIpazuTeabHble BodMoxkHOoCTH Teopuu NCT. B wactHocTu, B
Hell He yJaeTcss B MOJHOM oObeme (hopMaM30BATh KOHCTPYKITUIO HECTAHIAPTHON 0000YKN
BHYTPEHHET0 HOPMWPOBAHHOTO TpocTpancTtBa K. B camom mene, amementamu 9To# HecTaH-
JIAPTHO 000JI0YUKHU ABJSIOTCS KJIACChl SKBUBAJEHTHOCTH BHEITHErO TOIKIACCA OTPAHUIEHHBIX
s7emMeHToB F 110 BHeNHeMy oTHOIIEHUIO OeckoneuHoii 6in3octr B F. Ho nockoabKy 91n Kiac-
ChI — BHEIITHUE, TO HE CYIECTBYET KJIACCa, COAEPIKAIIETr0 UX B KauecTBe 31eMeHTOB. s Toro
JKe, 9TOOBI PACCMATPUBATEH HECTAHIAPTHYIO 0060/109KYy | KaK KJIACC, COCTOSIITII U3 MPEICTABN-
TeJiell yKa3aHHBIX KJIACCOB SKBUBAJIEHTHOCTH, HYKHO 100aBuTh K NCT Gosee cumbuyo popmy
aKCHOMY BBIOOpA, YTBEPIKIAIONIYT0, HATPUMED, BO3MOYKHOCTH TAKOTO BIIOJHE YTOPSTOTEHUSI
TTOJTYMHOXKECTBA, TIPU KOTOPOM KaXKJbIil NOJKAGCC ITOTO TIOTyMHOYXKECTBA UMeeT HAUMEHbIIHit
snement. Oxnako (cM. maparpad 3 Huke), Takas akCuoma He MOKeT ObITh jJobasnena k NCT
6e3 mporuBopeuus. B pazmene 3 gokazaHo, YTO TAKUM 0O6pa30M MOTYT OBITH BIIOJHE yHODS-
JIOYEHBI JIUIb KJIACCHI, JIji KOTOPBIX CYIIECTBYeT OMEKITHs Ha TOJYMHOXKECTBO CTAHIAPTHBIX
97IEMEHTOB HEKOTOPOTO CTAHIAPTHOTO MHOXKECTBA, & TOJYMHOKECTBO OTPAHMIEHHBIX JI€MEH-
TOB BHYTPEHHET0 HOPMUPOBAHHOTO TPOCTPAHCTBA TAKOBBIM He siBjisieTcs. C aApyToit CTOpOHBI
B NCT moxker ObITH (OpMaJM30BAHO U JOKA3AHO YTBEPXKIEHUE, PABHOCUIBLHOE TEOpeMe O
TIOJTHOTE HEeCTaHIaPTHON 000m0uKku. Peus nger 06 yTBEp:K/I€HUN O TOM, UTO BCSIKAs BHEITHSIS,
T. €. 3aHYMEPOBaHHAA CTAaHAAPTHBIMU HATYPAJBHBIMU YUCTIaMU TTOCJIEJ0BATE/IBHOCTL €y IJ1€-
ventos B S-dymmaventameaa (1. e. Ve > 0 I ng Vm,n > nglle, — en| < €), To oma
numeer S-npegen 8 E (1. e. Je € EV®' & > 03 ngV®'n > nglle, — e|| < €). Ananornuno B
pamkax NCT moryr 6bITh (hopMaTH30BaHbl cojiepzkaniuecs B [4] paccMorpenns, cBsi3aHHbBIE C
MTOCTPOEHUEM TOIMOJIOTUIECKUX TPYII, KaK (DAKTOP-TPYIINT TUIMTEPKOHETHBIX TPYII 110 BHEIITHE-
My HOPMAaJTbHOMY JIETUTETO.

2. Akcuomaruka u ocHoBHEIe cBoiictBa NCT

Azpik NCT — 370 g3bIK UCUYUC/IEHUs] TPEIUKATOB C PABEHCTBOM, COJIEPXKAIIUN OAWH OUHAD-
HBIIl TIPEIUKATHBI CUMBOJI € W OJWH yHAPHBINA TpeguKaTHbI cuMBoa St. PopMyibl si3bIKa
NCT 6ynem oboznauarsh rpedeckumu OykBamu. [lepeMenHbie 0603HAYAIOTCS 3aTJIABHBIMUA Ja-
TUHCKUMHU GYKBaMU W MHTEPIPETUPYIOTCS KakK KJacchl. Kak o6brano, samuchk ¢(Xq, ..., X,)
03HaYaeT, YT0 CBOOOMHBIE TIepeMeHHble (hOPMYJIbI ¢ comeprkarcs cpean Xi, ..., Xp.

Bamucs S(X1,...,X,) = #(Xy,...,X,) o3nauaer, uro Beipaxkenue S(Xi,...,X,) ciy-
xkur cokpammennem st ¢(Xq, ..., Xp).

Knace X, ynosnersopsomuii hopmyse Set(X) = FY (X € Y), naspiBaeTcss MHOKECTBOM.
MHuozkecTBa 1 TOMHKO OHU 0D03HAYUAIOTCSA CTPOUYHBIMU JATHHCKUME OYKBAMMU.
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Axcuoma obsemmocmu:
VXVY (X =Y «—Vu(ue X «+—ueY)).
Ecm ¢(x, X1,...,X,) — dopmyna NCT u ans mexkoroporo knacca X mmeer Mecto
Vi (m €X +—— ¢(m,X1,...,Xn)),

to 6ynem mucarb X = {z : ¢(z, X1,...,Xn)}
Axcuoma napwi:
VuVo3dz (z ={w: w=uVw=uv}).

Kak 00bI19HO, MHOXKECTBO Z, (DUTypUpYIOIIee B aKCHOMe Tapbl obo3nadaercst gepes {u, v}. [Ipu
3TOM

{u} = {u,u},
(u,v) = {{u},{u,v}},
(Ugy ..oy tpn) = ((Uty vy Un—1),Up),
FncR = Ve VyVz ((z,y) € R&(z,2) € R = y = 2).

Axcuoma obsedunernus:
VzIyVu (u € x +— u C y).

Axcuoma cmenenu:
VzIyVu (u € y +— u C ).

Axcuoma beckoneurnocmu:
Jz (Jy € z Vu (u ¢ y) &Vu € z (uU {u} € 1)).
Axcuoma evibopa:
Vo (z # @& Vu € z(u # @) — 3f(Fne f&Vu € zFv((u,v) € f&v € u))).

Axcuoma pezyaaprocmu:
Vedu €z (unz = Q).

Axcuoma cobupanus:
VYV Vz IyVu € = (3v ((u,v) € V) — Jv € y((u,v) € V)).
Huzke MCHONB3YIOTCS CJIETYTOIIIe COKPAIICHST:
Iz = Iz (St(z) & ¢),
V¥ 2¢ = Vo (St(z) — ¢).

Axcuoma ozpanurnennocmu:
VB2 (z € 2).

Axcuoma nepexoca:

T: V"X (3z(zr € X) — F'z(z € X)).
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Axcuoma cmandapmusanyuu:
S: VXF'YViz(z €Y «— z € X).

OrnpaBigsach OT MYyCTOI0 MHOXKECTBA, 1O AKCHOME CTAHJAPTHU3AIUU MOXKHO TOIYUUTH
CcTaHIAPTHBIM Kjaacc L, He comepsKalluii CTaHIAPTHBIX 3eMeHTOB. 110 akcmome mepeHoca
L = @, 1. e. mycTOE MHOXKECTBO CTAHAPTHO.

Dopmysia Ha3BIBALTCS NPeIuKaMUEHOTl, €CIA B Hell CBSI3aHbI TOMBKO TTePEMEHHbIE, OTPaH-
YeHHbIE MHOXKECTBAMU U MPEJUKAT CTAHIAPTHOCTU MPUCYTCTBYET TOJHKO B COCTABE BHEITHUX
KBaHTOPOB, T. €. BCe BXOXK/IeHId KBAHTOPOB U IpeINKaTa CTaHJapPTHOCTH UMeroT Bui Jx, 3% x,
Vz, V¥t 2. Bamernm, wto moadopmyay St(x) moxno samennts Ha Ity (y = ).

IIycts p — npomssosbroe MHOKecTBO. Kinace X nasbiBaeTcs p-crangapTHbM (st,X ), ecan
OH ABJSETCS P-cedeHnmeM HeKOTOPOTO cTaHjapTHoro kiacca Y, T. e. Y (X = Y'p), rue
Y ={v: (p,v) € V).

Knace X nasemaerca enympennum (int) X, ecm on p-crangapTen s HEKOTOPOTO P.

Axcuoma cywecmeosanui KAacCo8:

IMycts dopmyna ¢(z1,. .., Ty, Y1,...,Y,,) npeaukarusaa. Tormga

1. 111 TPOU3BOIBHBIX KJIACCOB Y7, ..., Y,, CyIIECTByeT KJaccC

T={{z1,...,2n) : (@1, ., 2Zn,Y1,..., Y };

2. Ecmun dopmysa ¢ — BHYTpeHHSS W KJIACCH Y7, ..., Yy, CTAHJAPTHBI, TO 7 €CTh CTaH-
JApTHBIA KJ1acC.

3AMEYAHUE. Touno Takxke, kKak u jisg treopuun NBG, BMecTo npuBeeHHON 3/71€Ch CXeMbI
AKCHUOM CYIIECTBOBAHUA KJIACCOB AJOCTATOYHO TPUHATH B Ka4€CTBE aKCUOM JIMIIIb KOHEYHOE
YUCI0 ee YACTHBIX CYYaeB, TOC/e Yero JaHHas CXeMa aKCHOM B TIOJTHOM 00beMe MOYKeT OBbITh
nokazara. Takum obpazom Teopust NCT siByistercss KOHEYHO aKCHOMATH3UPYEMOTA.

W3 akcmombl CyIIeCTBOBAHUs KJACCOB JIETKO BBITEKAET CJIEIYIOIIEe

Ilpenso>kernne 1. Eciu B ycaoBHSX aKCHOMBI CYIIIECTBOBaHUS KJAcCOB hopMmysa ¢
u kjgaccel Yi,...,Y, — BHyTpeHrwme, 10 | ecrb BHyTpeHHuii kjiacc. Ilpum sTom, ecim Bce
Y; p-crammapTHBI A1 HEKOTOPOrO (pUKCHPOBAHHOTO MHOXKECTBA P, TO KJjacc | Takxke p-
CTaHIapTEH.

Beemem Temneps cienyioiue 0603HAMEHUS:

U={z:z=z}={z: 2 ¢ o},
E={z: Juiv(z = (u,v)& u €v)},
S ={z: St(z)},

"X ={z:z¢ X},
XNY={z:zeX&zeY}
domX = {u: Jv ({u,v)) € X},

X xY={(u,v)): ue X&veY}

CornacHo akcmoMaMm CyIecTBoBaHmsi KjaaccoB copokymaoctrn U n E cyTh crammaprabie
KJIACCHI, S eCTh KJ1acc u s Jobbix KaaccoB X u Y coBokymuoctu ~ X, X NY, domX, X x U
CyTh KJIACChI, CTAHIAPTHBIE, eC/Iu CTAaHIapTHBI X u Y.

JIt060e MHOXKECTBO & SIBJIAETCS Z-CTAHJAPTHBIM U, CJIEI0BATEIBHO, BHYTPEHHUM, TTOCKO/Ib-
Ky = E~ g JTwoboit cranmaprasii kiace X — HyTpennnii, Tak kak X = ({@} x X)"@.

Crenyromue gBe aKCUOMBI BBIPAXKAIOT CBONCTBA BHYTPEHHUX KJIACCOB.
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Axcuoma evidenenua:
VM X VX JyVu (u €y +— u €z & u € X).
Axcuoma udearusayuu:
VIt X vt g (v fin C a9 3zVa € ¢((z,a) € X) +— FzV'a € ag((z,a) € X)).

Hwukeciienytomasi TeopemMa HENOCPE/ICTBEHHO BHITEKAET M3 aKCHOMBI CYIIIECTBOBAHMS KJ1ac-
COB W TpejjioxKenus 1.

Teopema 1. CrpaBeaiuBbl CJI€AYIONIHE YTBEPXK TCHUS:
1. Ilycte ¢ — BHyTpeHHss npegukaruBHas popmysa. Torga

vViri X, LYt Ve 3y Va (uey+—yez&(z,X,...,Xp)).

B uacrHocTH, BhIIOAHSAETCH cxema akcuoM Bbigenenus BST.
2. B NCT BbIIOIHSIOTCS aKCHOMBI CTaHgapTH3anud u maeaan3ammn BST.
3. Ilpuanun nepenoca. Ecin ¢ — BHyTpeHHsIs npeaukaTuBaas GpopMysia, TO

VX LY X, (Vi g, X, X)) — Vo g, X, ., X))

B uacrHOCTH, BBIOJIHEHA cxeMa akcuoM mepenoca BST.

Caeacrsue 1. Besikoe mokazyemoe B BST npemioxenune gokasyemo u B NCT.

Hamomuanm, 9T0 akcmombl MmepeHoca, Wjeau3aliuu, CTaHAapTu3anuu u Bbigenenns BST
SIBJITFOTCST YACTHBIMU CTydasiMu cooTBeTcTBYIoNmX akcuoM NCT| B KOTOPBIX KJIACCHI OMpee-
JISTFOTCST TPEIMKATHBHBIMU (hOPMY/IaMU ¢ MHOXKECTBEHHBIMU CBOOOIHBIMU MEPEMEHHBIME (/11T
AKCHOM BBIJIEJIEHNsI, IEPEHOCA W W/IeaIN3anuu 3T (GPOPMYJIbl — BHYTDEHHHUE. )

IIpenno>kenne 2. Ecin © u p — npou3BOJIbHBIE MHOXKECTBA, TO
stpz +— Iz (x = 2"p) +— F' f (Fnc f &z = f(p)).

< TycTs MHOXKECTBO  p-cTaHgapTHO. Torja MO0 aKCHOMe OTPAHUYEHHOCTH W MPUHIIUITY
neperoca z = 2"p ans wekoroporo crangaprhoro z, dyukmusa f = {{(g,2"q) : ¢ € domz}
crangaprHa u f(p) = x.

Hao6opor, eciu dbyukims f cramgaprHa, To MHOXKeCTBO f(p) 6yaer p-cedeHneM CTaHaapT-
HOTO 110 IPUHIIUITY nepeHoca MHOxkecTBa {{q,u) : u € f(q)}. >

Teopema 2. Ilycte ¢ — BHYTpEHH:SS NpeJIHKATHBHAs (POPMyJia U P — HPOH3BOJIHHOE
MHOKecTBO. Torma

VP XL VX, (Ve (e, X, X)) — YV d(z, X, .., X))

< CornacHo mpeIoKeHNI0 1 JOCTATOYHO [I0KA3aTh, UTO KaXKIbI HEmycTol p-
CTAHIAPTHBIN KjacC X COMEPKUT P-CTAHIAPTHBIN JIEMEHT.

[Iyctb X =Y"p, stY up € r, str. [To akcmomam cobupanus u BLIOOPa B TEOPEME TIEPEHOCA
HaliIeTcst Takas CTaHgapTHas QYHKIUA f, 9T0

Vger(3y({g,y) €Y) — Fy((g,y) €Y N f)).

Tak xkak X menycr, p € domf u f(p) Gyzner p-crangapTHbIM 31eMeHTOM X . [>
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Jng mponssosbHOTro Kiaacca C obozuaunm °C' = C'NS. AkcnmoMa CTaHIapTH3AINT TTOCTYTH-
pPyeT CyIecTBOBaHUE Jjisi JTI000r0 KJyracca X CTaHIAPTHOTO Kjacca Y co cBoiictBoMm °Y = °X.
[To mpuHIIUTy EpeHoca Takoil cTaHmIapTHBIN Kiiacce equnacTBeHeH. O 0603HavYaeTcs depes *X.

Teopema 3. Kiacc crangapTeH TOrJa U TOJIBKO TOT/a, KOTJIa €ro MepecedeHne ¢ Kax IbIM
CTaH/[JaPTHHIM MHO>KECTBOM €CTh CTaHJIAPTHOE MHOKECTBO.

<1 HeobxoauMOCTh CieyeT u3 aKCHOM CyIIEeCTBOBAHUS KJIACCOB U BhIjeseHus. Jlokaykem
JIOCTATOYHOCTb.

[Iyctes X — Takoii xmacc, uto V' 2z B¢ (t = X N z). Honoxum Y =*{z : z € X} u no-
kaxkeM, uro Y = X. Biaromapsa akcmome orpaHUYeHHOCTH /I 9TOTO JOCTATOYHO TTPOBEPUTH,
910 A7 JI000TO CTAHIAPTHOTO MHOXKECTBAa z mMeeT MecTo paBenctBo z N X = zNY. Ilo
BBIOODY Y

XNz)="XN%Z=YN%Z=9Y Nz). (1)

ITockombky X Nz u Y Nz GBISIOTCA CTAHIAPTHBIMA MHOYKECTBAMMY, TO 110 IPUHITUITY TTEPEHOCA
u3 (1) cmemyer Tpebyemoe paBeHCTBO. [>

IIpennoxxeane 3. MHOXKECTBO SIBISETCSI CTAHAAPTHBIM H KOHEUHBIM TOIJA H TOJIBKO
TOTIa, KOT/JJa BCE €r0 3JE€MEHTHI CTAHJADTHBI.
< Ilo mpuHIMTY UIeaTU3alINT TMEEM:

stfinz «— 3Ny CarVaczIecyla=b) +—VaczF'becz (a=b). >

MHuoxkKecTBO HaA3BIBACTCS CMAHIAPMHO-KOHEUHBLM, €CTA €70 MOIITHOCTH €CTh CTaHIAPTHOE
HaTypaJ/ibHOE YHUCIIO0.

Teopema 4. MHOXKeCTBO SBJISETC CTAHJAPTHO-KOHEYHBIM, €CIH H TOJBKO €CJIH BCE €ro
MMOJAKJIACChI CYyTh MHO>KECTBA.

< Ilycrh & — HEKOTOpOe MHOXKECTBO, || = a u f : « — = — B3aMMHOOJHO3HAYHAS
byHKIHIS.

Eciu z we sB/IseTcs CTaHAapTHO-KOHEYHBIM, TO M0 TPUHIHAMY Teperoca V3¢ n € w (o > n).
Hnst kmacca I = {f(n): n € “w} Mbl MOXKeM 3amucarh:

vtins Cwak e wVn e s (f(k) € T&n <k).

Ecimm 661 I 6bLT MHOXKECTBOM, TO HANILIOCH Ob1 Takoe k € w, uro f(k) € I u V*'n € w (n < k),
9TO HEBO3MOXKHO, TakK Kak f(k) € I TosbKO Juist CTaHJapTHBIX k B CHJLy B3aMMHOOZHO3HAUHO-
cru f.

[Tycrs Teneps x crangaprHo-koHedro n X C z. Paccmorpum kiace T'={n € a: f(n) €
X}. Tlo npuHIMOaM CTaHJAPTU3AINKA W TEpeHoca cymectByer mMuoxkectso t =° T, t C a.
Tax xak, o npemtoxkernio 3, a@ C S, umeer mecto pasencreo t = % = °T' = T. Torma
X ={f(n): n € t} ectp MHOKECTBO. >

HazoBem P-monadoti pi,(x) MHOXKeCTBa & IIepecedeHne BCEX p-CTAHIAPTHBIX KJIACCOB, CO-
nmepxammx . [IoCKOBKY JOTIOTHEeHne K CTAHJAPTHOMY KJAcCy €CTh CTAHIApTHBIN KJace,
P-MOHAJIBI IBYX IMTPOM3BOJBHBIX MHOYKECTB JINOO HE TlepeceKaoTcs, inbo copmnaaaoT. [1o mpe-
JIOXKEHUTO 2 UMEEM:

pp(z) ={y: V%2 (y € 2 +— z € 2)}.

Ectn MHOXKeCTBO p CTAHZAPTHO, TO KJIACC fip(z) Oygem Ha3bIBaTh MOHAJOT MHOKECTBA T
u oboznadars p(z). OueBngno, p(r) =N{a € S: = € a}.

IIycte * — mpowmsposbHOEe MHOXkKeCTBO. [lo akcmome orpanmuennoctu T € g, st xg. Uc-
MOJIb3Ysl TIEPEHOC, HETPYIHO MOKa3aTh, 9t0 u =° {a C xy : = € a} eCTh CTAHJIAPTHBINA YJIb-
tpadunbrp, npuuem N = p(x). HaoGopor, ecmm 4 — NMPOW3BOMLHBIN CTAHJIAPTHBIN yIbTpPa-
dbunbTp, TO MO MpUHIKIAM HepeHoca u uaeanuszanun N°u # & u Vo € Nu (u(z) = N°u).
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Knace N waspiBaercst THE30M yabTpaduibTpa u u obosnadaercs v(u). s obo3nade-
HUS KJacCa BCeX yJabTpadmabTpoB Oymem mcmonbp3oBarh cokparimerue Ult, maa muoXKecTBa
BCex yapTpaduabTpoB Ha MHOKecTBe - — Ult (7).

Ilpenmo>xkenne 4. /Iy mTpon3BOIbHBIX MHOXKECTB T H P

!

pp(z) = p((p, z))"p.

< Ucnionpays mpeiokeHne 2, Moy IuM:

y € nu((p,z))"p +— (p,y) € p((p,x)) +— V' 2((p,z) € 2 < (p,y) € 2) «— y € pp(z). >
Knacc X HazoBeMm p-HACHIIMIEHHBIM, €CIW BMECTE C KaXKIBIM MHOXKECTBOM OH COIEPKUT
BCIO p—MOHa,Hy 9TOTO0 MHOXKECTBa.

IMpenmoxkenune 5. MHOXKECTBO T SIBJASIETCS P-CTaHIaPTHBIM TOIJA U TOJIBKO TOIJa, KOT/a
OHO pP-HACBIIIEHO.

< Iycts x p-maceimeno. Bo3bMem TPOM3BOIBHBIN JIEMEHT U4 € T U TOKAXKEM, 9TO U TIPH-
HaJJIEXKUT P-CEIEHNI0 HEKOTOPOTO CTAHAAPTHOTO MHOXKECTBa, BKIIOUeHHOMY B z. [leiicTBu-
TEeJIbHO, €CJIN JIONYCTATHh MPOTUBHOE, TO

V' z(u € 2"p — Jv € 2"p(v ¢ 1)). (2)

O6sactb u3MeHenust z B popMysie 2 MOXKHO OrPAHUYNUThL CTAHAAPTHBIM MHO)KecTBOM {t @ ¢ C
Uzp}, rme zp O x crangaprao. [lo uaeannsanum nosrydnm:

Jv ¢ V' 2 (u € 2'p — v € 2'p),

9TO HPOTHBOPEUNT BKJIIOYEHHIO fip(u) C .

Takum obpazom, Mbl uMeeM: Yu € Ptz (u € 2”p C z). CHOBa TPUMEHUB MPUHIIUI
WJIeaTM3aII, TOTyYNM TAKOe CTAHJIapTHOE KOHEUHOe MHOYKECTBO Zzy, U4To Yu € 3z € 2o (u €
2"p C z). HerpyiHO MPOBEPHUTH, UTO T Oy/JeT p-CeUeHneM CTaHJIapTHOrO MHOXKecTBa Uzg. >

CraencrBue 2. /ljisa jio6bIX MHOXKECTB X U P
pp(x) = {z} «— textst,x.

< Nmmmukanus cnpasa HameBo odeBugHa. Ecmm ke py(r) = {z}, To muoxkecrso {z}
P-HACBIIIEHO U, 3HAYWUT, P-CTAHIAPTHO. TOrma Mo mepeHocy & Takke 0yIeT p-CTaHIapTHBIM. [>
Axcuoma nacouyernocmu:

VX IpVe € X (uy(z) C X),

T. €. BCAKUI KJIaCcC dBJIdeTCd P-HACBIIIIEHHBIM 114 HEKOTOPOTO MHOXKECTBa P.
g npoussonbhbix Kiaacca D C Ult u mHOXKecTBa p 0003HATUM

"
Pcls (D,p) = U v(u)'p.
u€°D
Ioaymmooicecmeamu HA3BIBAIOTCS TOJKIACCH MHOXKECTB:

Sms X = F'2 (X C 2).

Teopema 5. Ilycto X — mpom3sBosbHBIH Kaacc. Torga HaBgyTcs TaKoH CTaHIaPTHDIH
gaacc D C Ult u maO)KecTBO P, 9TO

X =Pcls (D, p). (3)
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Ecmun X — monymuoxkecTBo, TO D MOXKHO BHIOPATH MHOXKECTBOM.

< IMyers X — p-maceimennsiii knace. Homoxnum D =* {u € Ult : v(u)”"p C X}. Torga mo
npeozkennio 4 BormosHsieTcs (3).

Ecmn X € z, st z, To pasenctso (3) coxpanntcsi, ecim BMecto D B3gTh CTAaHIAPTHOE TI0
npuHIUny nepeHoca MuOKecTBO d = D N Ult (r X 2), rge r — Npom3BOJIBHOE CTAHIAPTHOE
MHO>KECTBO, coJepzKaliee p. >

Takum obpazom, Besaroe moaymHOKecTBO B NCT 0KasbiBaeTcst OmpeemMbiM HEKOTOPOIi
IpeIuKaTUBHOU Z;t -popmyoii.

Caencrsue 3. Eciu B ¢popmysie Bce KBAHTOPHI OTPAHHYEHBI TTOJTYMHOXKECTBAMH, TO OHA
OHa 9KBHBAJIEHTHA HEKOTOPOH NMPEIUKATUBHOH (POpMyJIE.

< Bamenum Bce moadopmybl Buga st X ma VS s3It (t = X N s), a noadopmynsl Buga
3X (Sms X — ¢(X,...)) ma I d3Ip ¢(Pcls (d,p),...). >

Cremytotmast TeopemMa SIBJISE€TCA TPUHIUIIOM HACHIIIEHHOCTH B €r0 TPaIUIMOHHON (hopMy-
suposke. Ormerum, aro B omane 0T NCT, au 8 IST, #u 8 BST s1a Teopema He MoxkeT ObITH
HEe TOMBKO JI0KA3aHa, HO Jayke n chOPMyINpPOBAHA.

Teopema 6. Ilycrs xnacc X u cramgapTHOe MHOXKECTBO 2y TakOBbI, 410 YS'x €
20 Jy ((z,y) € X). Toraa maiigercsa takas ¢pynknua-maOKecTBO f, 9r0 V2 € 20 ((, f (7)) €
X).

< Io akcrmomam coGMpaHus ¥ OTPAHMYEHHOCTH HAfiIeTCs CTaHIAPTHOE MHOXKECTBO ¢ TAKOe,
aro Vz € 20 (3y ((z,y) € X) — Jy € t({z,y) € X)). Iycrs kmacc X p-nacoimen. Ecm
(z,y) € X u z crangapruo, to Vy' € u(y) ((z.y') € X), nockonsky p,({z,y)) = {z} X pp(y).
Monoxnm d =° {{z,u) € z x Ult (¢) : {z} x (v(u)"p) C X}. Akcnoma BHIGOpPa M TPUHIIATI
NEePeHoca MO3BOISIOT BRIOpATh Takylo crangaprtayio dyakmmio h : zg — Ult (t), uro Vx €
2o ((z, h(z)) € d). meem:

vSUin e 20 3f Vo € 2V a € h(z) (Fne (f) & f(x) € a).

o npunnumy naeammsanun noayanu taxyio dymkmmio f, uro V¥z € z (f(z) € v(h(z))).
Herpymmo Bumers, uro f — uckomasa pyHKIHI. >

3. Henporusopeunsoctb NCT

Hacrogammuit pa3ies mocBsIeH TOKA3aTeIbCTBY CAEIYIONIEN TEOPEMHI.

Teopema 7. Bcsakoe npeankarusroe mpejsoxenue, gokazyemoe B NC'T, nokazyemo u B
BST.

Mps1 nokaxkeM, 9To Bestkast Mojeb BST n3oMopdHO BKIAIBIBAIOTCS B HEKOTOPYIO MOJIEb
NCT B KauecTBe yHHBEPCYMa BCEX MHOXKECTB, OTKYJa II0 TeOpeMe O IOJHOTE CIeayeT J0Ka-
3BIBAEMOE YTBEPZKICHUE.

PaccmoTpuyM mpomssombayio Mogens I = (M, €M, stM) reopum BST. Ilycts L ects 060-
ramenne sizbika BST aementamu uz M, paccMaTpuBaeMbIMU KakK HOBbIE KOHCTAHTHBIE CUMBO-
Jbl. MbI Oymem cantaTrh 9 MOIENbio a3bIKa L, IPUHNMAA 33 HHTEPIPETAIINI0 CUMBOIa a € M
camo MHOXKeCTBO a. MuoxectBa u3 M, Bxomsme B hopmysty sizbika L, Oyaem HAa3bIBAThH ee
mapaMeTpaMm.

st Besikoii dopmyaibl ¢ sizbika L ¢ ogroit cBoGoaHO# nepemenHoii o6o3nadnm [¢] : = {z :
M = ¢(x)}. [Momoxmm

N ={[¢] : ¢ — bopmyna a3bika L ¢ oxHOI CBOOOAHOI EpeMEHHOI };
Std = {[¢] € N : ¢ — BuyTpennsig (popmysa O CTAaHJIAPTHBIMU TAPAMETDAM };
Set(a) = [z € a] pns smoboro a € M.
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s 00bIX p,q € N ompeaennm

pel¥ ¢ << Jae M(p=Set(a)&a € q)
stVp <= p e Std.

IIpennoxxkenne 6. /Lis sobbix a,b € M, p,qg € N

1.neN g= Ja € M (p = Set(a));

2. Set(a) = Set(b) <= a =1b;

3. Ecmm p = Set(a), ¢ = Set(b), o p €N ¢ <= a M b;

4. Ecim p = Set(a), ro stV p <= stM a.

<1 1. BepHO TIO OTIPEIESIEHNUIO OTHOIIIEHUS eN.

2. BBITEKaCT M3 CIIPABEAJINBOCTU aKCUOMBI 3KCTECHCUOHAJIBHOCTU B 931

3. cepyer u3 1) 10 ONPEIEIEHNI0 OTHOIIEHN ST elN.

4. Mo ompemenenmo st mveem: p = {b: M =b € a} = {b: M = ¢(b)}, tme ¢ —
BHyTpeHHsisi hopMysia co crangapTHbiMu apamerpavu. Caeposaresnsho, M = Vz (z € a +—
¢(x)). U3 Toro, uro B 9N BBINONHEHA CXEMa aKCHOM TepeHoca, cieayer, aro MM = sta, T. e.
stMa.

Hao6opot, ecmm st Ma, 1o p = [z € a] € Std. >

Teneps odeBuUIHO CiteayrolIEe

IIpennoxxkenne 7. Orobpakenne Set mzomopgHo BrAaabiBaeT M Kak Moue/b s3bika L
B Mozeas M = (N, eV, stN), npuuer a1 peaxoro p € NN E3IX (p € X) = 3a € M(p =
Set(a)).

TIpeanoxkenne 7 MOKa3wBIBAET, 9TO KJIACC P ABAAECTCA MHOKECTBOM B )l B TOM M TOJIBKO TOM
caydae, Korjga p = Set(a) qyst HekoToporo a € M, 1. e. 9 meiicTBUTEILHO BKIaAbIBACTCA B N
KaK YHUBEPCYM BCE€X MHOZKECTB.

Ocrasiock poBepuTh BhIoTHUMOCTE akcuom NCT B 9.

W3 mpepnoxenus: 7 cienyer, uro akcuombl NCT, aBisionmecs: mpeInKaTuBHBIMI TPEI-
JIOKEHUSIMU, BBITOTHAIOTCT B I, ecan onn uctuHHbl B BST. DT0 BEpHO MO OTHOIIEHUIO K
aKCroOMaM Tapbl, 00beUHEHNsI, CTEeeHN, OECKOHETHOCTH, BHIOOPA, PEryAIPHOCTA U OT'DAHU-
YEHHOCTH.

AKCHOMa 9KCTEHCHOHAIBHOCTH BRITIOMHSIETCsT B I, 61ar01apst TTOCTPOEHMIO OTHOIeHnsT € |

Ecmn ¢ — dbopmyna a3sika L, T0 COBOKYIHOCTE {z : ¢(z,x1,...,2,)} Oymem 0603HAUATD
gepes Cy.

Mycrs  ®(Xy,...,X,) — npeamkarusnas dopmyna, a  G1(L, L1,y Tim)s-- -,
On(T, 21, ..., Ty) — dopMyssl s3bika L, CBOOOAHBIE MEpEMEHHBIE KOTOPBIX HE YYaCTBY-
ot B moctpoernn ®. O6ozmaunm wepes O(Cy,,...,Cp,) dbopmyiLy, KOTOpas MOIyIAETCS U3
®(Xq,...,X,) 3amenoii

1. Bcex BXOXKIeHMIT aroMapHbIX dopmy Buga y € X; #a ¢;(y, 1,...,Tm);

2. Bcex BXOKJIeHHi aToMapHbIX dopmy Bujga X; € X Ha
Jz(Vy(y €z <= ¢i(y,z1,...,2m)) &pj(z,21,...,2m));
3. Bcex BXOKJIeHHUi aToMapHbIX dopmys Bujga X; € X Ha
Vo (di(z,21,...,2m)) <= ¢j(z,21,...,Tm));
4. Bcex BXOXKIEHUI aTOMapHBIX (opMmya Buga X; € x Ha

‘v’y (y SIARSSS ¢’i(y7$17' .- 7$m))
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CsoGonubiMu nepemennbiMu (napamerpamu) dopmyiasl ®(Cy,,. .., Cy,) ABIAIOTCA CBO-
GomHbIe TIEpeMenHbIe (mapamMerpsl) GOPMYT @1, . . ., Pp.
IIpennoxxenne 8. Ecmn ® — npepurarusnas popmyna, n Cy, ..., Cy, — COBOKynmHOCTH

6e3 CBOOOJHDBIX MEPEMEHHBIX, TO

N |: (I)([¢11aa[¢n1) — M ): @(C¢1,...,C¢n).

<1 Jlokazare/ibCTBO MPOBOAUTCI WHAYKIHEH 110 mocTpoeruto P ¢ ncrnosmp3oBanuem mpemo-
Kenns 6. >

Bamerum, uro akcrnoMbl NCT, He saBasIonnecs npeauKaTuBHbIMUA TPEAI0KEHUAMEA, UMEIOT
BUJ

QIXQQYQZ‘II(Xa Ya Z)’ (*)

rae Q1,Q2 € {V,V*'}, Q € {3,3"}, u ¥ — npeaukarusnas dpopmya.

Bynewm rosoputs, uro npegnoxenne suga (*) uemunno 6 BST das kaaccos, ecnm st mpo-
U3BOJIBHBIX (DOPMYJT 1 (T, U1, ..., 1) U Po(T,v1, ..., V) 936ika BST, BHyTpEeHHUX, €CTH COOT-
BETCTBYIOIIME KBAHTOPHI BHEITHUE, MOKHO yKa3aTh Takyio (Gopmyny ¢(z,wr, ..., wy,) d3bKa
BST, BryTpenHon, ecam KBaHTOp () BHENTHMIA, 9TO MPeITOKEHIe

Qiut - - QruQavy - - - Qv Qi - - - Q’wn‘l’(cqslacqﬁza C¢)

ucruaro B BST. Tlpu stom mpeamosiaraercsi, 9To TEpeMeHHbIE U;, V;, W; HE yJIaCTBYIOT B
nocTpoenuu Gpopmyabr .

IIpensioxxenne 9. Ilycre npemnoxkenne ® umeer Buy (). Toraa, ecim ® ncruano B BST
a1 kaaccoB, To @ Bermosrasiercst B 1.

< Pacemorpum cayugait, korga B @ Bce KBAHTOPHI 10 KJjlaccaM — BHeIIHUe. BosbMeM mpo-
n3BosibHBIE Yl-cTaHgapTHble sneMenThl [¢1 |, [¢2] € N. U3 toro, uro ® ncrunno B BST s
KJIACCOB, CJIEJIyeT, UTO Haiijercsa Takas BHyTpeHHss (hopMya ¢ s3bika L ¢ 9-crangapTHbIMu
mapamMeTpaMu u O7HOi cBObOAHOI mepementoii, uto M = V(Cy,, Cy,,Cy). Taxum obpazom,
mer mveen: stV [¢] m N = U([¢1], [¢2], [¢]) Mo mpeatoxenmo 8, uTo  TpeGOBATOCE. [>

Herpyauo mokazars ucturaHOCTH B BST 1719 KJIaCCOB aKCHOM MEPEHOCA, CYIIECTBOBAHUS
KJIACCOB, PETYJISIPHOCTH, BBIJEJIEHUS] U Uea u3annn. AKCHOMBI CTaHIaPTUBAINY, COOUDaHUS
U HACBHIIIEHHOCTU TPEOYIOT OTAETHHOTO PACCMOTPEHUS.

Mg H6yaem moIb30BATHLCS ONPeIeIeHuIMY, 0003HAUEHNUSIMY U JIOKA3AHHBIMU HAMU (PaKTa-
MU O MOHAJIaX ¥ yJbTpaduIbTpax, KOTopble nMeoT Mecto Tak:ke u 8 BST. Kpome Toro, 6yer
UCIOIb30BaHa CIejyomas reopema [1].

Teopema 8 (BST). /Lna sro6oii popmysnpr ® ¢ aByMsi mepeMeHHBIMH HAeTcsi TaKasi
BHYTPEHHsIST (pOpMyJIa ¢, 9410
VpV*' z (®(z,p) +— VU € Ult (p € v(U) — ¢(z,U))
+—— PU eUlt (p e v(U)&p(z,U)))

Teopema 9. Axkcuoma crangaprusanuun NCT sepua B BST mis kiaccos.

< Ilycts @ — mpomssBosibHast popmysia. MOXKHO CINTATh, 9TO OHA MMeeT Ha 0Oojee JBYX
cBODO/IHBIX TIepeMeHHbBIX. Bribepem corsiacHo Teopeme 8 BHYTPeHHIOI0 (pOpMYyJ1y ¢, yIA0BIETBO-
patoryio (4). Torma, ecnmu MHOXKecTBO p U yabrpadunstp U takosel, uto p € v(U), To

V¥ (@(z,p) < ¢(z,0)).

TlockobKy BCsIKOE MHOXKECTBO MPUHAIEKAT THE3IY HEKOTOPOrO CTAHIAPTHOTO YJIbTPa-
GubTpa, 3TO JTOKA3BIBAET UCTUHHOCTh aKCHOMbBI cTanmaptu3anuu B BST mna kmaccos. >
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IIycts U — yabrpaduastp. ObozHaTUM

dom[U] = {domu : u € U};

ran[U] = {ranu: u € U}.
Vcnonp3ys TpUHIUNIB TEPeHoca W HACAJTU3AA HETPY/IHO TOKA3aTh, UTO I BCAKOTO YJIb-
tpadunbrpa U dom[U] u ran[U] takxke gBASIOTCS yabTpadUILTPAMA, MTPHYEM /I JIIOOBIX

MHOXKECTB @ U b

(a,b) € v(U) — a € v(dom[U]) & b € v(ran[U]);
a € v(dom[U]) — 3b € ran[U] ({(a,b) € v(U)).
Teopema 10. Axcmoma cobupannst ucruana B BST s knaccos.

< Ilycte @ ects dopmyna ¢ aBymst cBobogHbIMEU TepemenHbiMu. CorylacHo Teopeme 8
UMeeM JIisi HEKOTOPOil BHYTpeHHe# (hopMyJabl ¢:

®(a,b) +— U € Ult ({a,b) € v(U) & $(U)).
O6o3uaunm
P(V,W) =3U € Ult (dom[U] =V &ran[U] = W &(U)).

ITo Teopeme cobupanust u npuniuny mneperoca BST ajis 100010 craHgapTHOTO MHOYXKeCcTBa A
Haii1eTCs TakKoe CTaHIAPTHOE MHOXKECTBO R, uTo

YV € Ult (A) GW (V, W) — IW € Ryp(V, W)).

O6ozraunm Y = UU R. Torga mo mpuHIMITY MEpeHoca U CBOHCTBAM THE3J YJIbTPadUIbTPOR
JIIST BCAKOTO a € A Oy/1eM UMeTh:

FbP(a,b) — PV € Ult ()W € Ult (a € v(V) &Pp(V, W) —
— PV e Ut (A)FW e R(aecv(V)&yp(V,W) —
— 3 €YU ({a,b) € v(U) & H(U) — Fb €Y ®(a,b).
IMycrs Teneps ¥ (x,y, p) — npoussonbHas hopmya. s moka3arebeTBa TEOPEMBI 10CTa-
TOYHO ITOKA3aTh, YTO s 0000 p M BCAKOTO CTAHAAPTHOrO X HalIeTCa TaKOe MHOYKECTBO

Y, uro

Qukcupyem crangaprtabie MuOKecTBa X u P. Ionoxkum ®(a,b) = JzIp(a = (z,p) &
¥(z,b,p)).

Ilo mokazamHOMYy HalieTcsa TakKoe CTAHIAPTHOE MHOXKECTBO Y, 4TO s Jioboro p € P
BoinosHsercs (5). Ocranoch NPUMEHNTH aKCHOMY OIPAHMYEHHOCTH. [>

Teopema 11. Akcuoma Haceimenaoctd ucruaaa B BST jist Kiaaccos.
<1 B cuny Teopembr 8 mist Besroit hopMyabl @ ¢ 1ByMs cBOOOIHBIMU TIEPEMEHHBIMUA MOXKHO
MMOCTPOUTH TAKYI0 BHYTPEHHIOI (DOPMYJLY P, 4TO

®(z,p) «— F'U ((p,2) € v(U) & p(U)),
OTKY/Ia JIJIsT JIIOOOTO MHOXKECTBA P TI0 TPEJJIOKEHUIO 4 1oJIydaeM:

9TO U JIOKA3BIBAET yTBEPXKIECHUE TEOPEMBI. [>
Wrak, Bce akcuombl NTC ucturHbl B I, 9T0 U TOKA3BIBAET TEOpeMy 7.
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4. Kyiacchl cCTaHAPTHBIX Pa3MepOB

B sToM pasjesie oxapakTepu30BaHbl KJIACCHI, KOTOPBIE MOTYT OBITH CHJIBHO BIOJIHE yTOPSI-
JIOYeHBl, T. €. JIMHEHHO YIOPSAJ0YeHbl TaK, YTO KayKIblil HEeIIyCTo# IMOJAKIACC MMEET HAUMEHb-
mumit ssiement. OTCI0a, B 9aCTHOCTH, CJIEIYeT, YTO aKCHOMa, YTBEPXKIAIOIIasi, UTO KayKJ0e
MHOXKECTBO MOYKeT OBITh CHUJIBHO BIOJIHE YIIOPSIIOYEHHO, IPOTUBOPEYUT OCHOBHBIM aKCHOMAaM
NCT.

Byxswl F, f, G, g, H, h cO BCEBOBMOXKHBIMU WHIEKCAMU 3aPE3EPBUPYEM JIJIsT 0003HATEHST
dyuknunii. Onpeaeanm

Sat, X = X — p-machlIenHblil KIacc.

O6osnaunv X"D =y : 3z € D ({z,y) € X).
IIpennosxenne 10. Vp Vz Yy (domy, ((z,y)) = pp()).

Ilpeasnoxxenne 11. Sat, F — V' z € dom(F) (
textst, F(x)).

< Bozbmewm nponssonbhyio napy (z,v) € F. Ilo npeamozxkennio 10 p, ((z,v)) = X pp(v) C
F. Tak xax F' — dyuknus, p,(v) = v. 3Ha49uT, 10 CJIEJCTBHIO 2
textstyv. >

IIpeanosxernne 12 (Tpunuun npopomkenusi). VH 3™ G V' ¢ € domH (F(z) = G(x)).

IIpu sTom

a) ectn H — nomymuoxkectso, 10 G MOKHO BBIODATH MHOXKECTBOM;

b) ecim H — p-maceimenna, 7o G MOXKHO BBIOPAThH P-CTAHIAPTHOM.

< Iycrs Sat, H. O6oznaunm C =* {(z, f) : € dom(H)& f(p) = H(z)} n momoxnm
G = {{(z,f(p)) : (z,f) € C}. Ilo p-mepenocy dyukuus G Gymer p-cranmaprtHoii. [Ipuuem,
ecniu H — momymuo)kecTBO, T0 C' MOXKHO BBIOPATH MHOXKECTBOM. [>

Knacc X nmeer cmandapmmund pasmep, ecimu cyiecrByer ¢pyukiust F' u kimacc D Takwue,
gyto X = F"°D. Tlo npeanoxennto 12 u crangaprusanun byHKIuO F MOXKHO CYATATH BHY-
TpeHHel, a Kkaacc D — cTaHIapPTHBIM.

Ilpennoxxeane 13. Kinacc X mMmeer cTaHZapTHBIH pasMep, €CId W TOJBKO €CIH BCE €ro
9JIEMEHTBI P-CTAHAAPTHBI JJIsI HEKOTOPOI'O (DHKCHPOBAHHOTO MHOXKECTBA, P.
< HeobxommmocTs caemyer u3 npeayioxkenus 11 m akcunombl HAChIeHHOCTH. JloKaXkeMm 110-

cratounocthb. Ilycrs X cocrout u3 p-crangapTHbix MHOXKeCTB. OGoznaunm D =% {f : f(p) €
X}, F={{f,f(p)) : d € D}. Torga no npemnoxennio 2 X = F"X. >

IIpennoxkenne 14. Ecin X — moynpocTpaHCTBO CTaHAAPTHOIO Pa3Mepa, TO HAaHIeTCs
B3aHMHOOJHO3HAYHAS (DyHKIH f U cTaHmZapTHOe MHOXKecTBo d takme, uro X = f"°d

< Iycrte X C s, st s. Ilo npemyoxkenuto 13 Bce memenTts X p-CTaHIAPTHBI /I HEKOTO-
poro p € pg, st pg. O6oznaunm d' =* {g € sP9: g(p) € X}. [lycrb d ecTh MHOKECTBO KJIACCOB
SKBUBAJIEHTHOCTH Ha MHOXkKecTBe d' 1o orTHOmeHuio *{(g1,g2) € d' x d' : g1(p) = g2(p)}. Ho-
noxnm f = {{t, f(p)) : t € d&f € t}. Herpyano nposeputh, uro hyHKIUS f 1 MHOKECTBO
d — uckowmwre. >

IIpensoxxkenne 15. Eciu MHOXKeCTBO © He SABJISAETCS p-CTAHJADPTHBIM, TO MOHAJA fiy(T)
BKJIIOYAE€T HEKOTOPOE MHOXKECTBO OECKOHEYHO OOJIBIIION MOIHOCTH.

< ITo akcmome orpanuveHHOCTH T € Zg, St xo. CornacHo npemmoxenuto 13 kmace S = {s :
textst,s C g & x € s} ecTh TOTYMHOXKECTBO CTaHZAPTHOTO pasmepa. ITo mpemmokennio 14
naitnyres takue f u d, uro S = f"°d. Torma py(x) = (Vycoq f(1).

Mycrs st fine C d. TToxazxem, uTo MomHOCTH MHOXKeCTBA U = [\, f(t) Geckoneuno em-
ka. /leiicrBuresbro, 1o ipeokennio 3 « € v. Ecm |[v| = n, st n, To 0 npuHIMIY p-epeHoca
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Haiimercs p-cTanmaprHas GyHKIuUS h, oTobparkaiomas MHOXKeCTBO 1. C w Ha MHOMXKECTBO .
Torma = h(i) a1 Kakoro-TO @ < M, U I OKA3BIBAETCS P-CTAHJAPTHBIM MO P-TIEPEHOCY, UTO
MPOTHBOPEYNT yCaI0BHI0. TakuM 06pa3oM, MBI UMeeM:

vt ine C d3uVt € vtk (v C f(t) & |v] > k).
Ilo m-mpeanu3anum mMOTydaeM:
Fv (v C py(z) &V E (0] > k),

9TO0 M TPebOBAIOCH. [>

IIpenmosxkenune 16. IlonymMHOXKECTBO HM€EET CTAHAAPTHBIH pa3Mep TOIAa U TOJbBKO TOIJA,
KOIJIa OHO SIBJISIETCS MOJKJIACCOM HEKOTOPOTO MHOXKeCTBA JII0OOH HAalepes 3aJaHHoii 6ecKo-
HEYHO OOJIBIIION MOIIHOCTH.

< Heobxomumocts. Mycrs X = f”°d w n — Geckoneano GosbIoe HATYpaJIbHOE UHCIO.
Torpma, oueBuIHO,

vstine C d3zvt e e (f(t) € 2& |z < n)

(Mmoo B3ath z = f"¢). Tlo npuanuny naeanmmzanmu noxyanm: 3z (X C z2& |z| < n), 9T0o mn
TpeboBaJIOCh.
Hocrarounocts. Ilycts Sat,X. 113 ycioBug mo mpesioxkennio 15 X COCTOHT TOTBKO M3
P-CTaHJAPTHBIX JIEMEHTOB U, T10 MPEJJIoKeHu0 13, nMeer cranapTHBIN pa3mep. >
OTrotmrenme < HA3BBIBAGTCS CUALHO NOAHIM NOPAJKOM Ha Kiacce X, ecu 000 TTOIKIACC
Y C X nmeer <-HaUMEHBIIUN 3/I€MEHT.

Teopema 12. Ha nmomymboxkectBe X MOXKHO 33JaTh CHJIBHO MOJIHBIH TOPSIOK, €CIH U
TOJIBKO €CJIH OHO UMEET CTAHAAPTHBIH pasMep.

< Ilycts Xumeer crangapTtublii pazmep. [lo mpemmoxkennio 14 maiigeTcsa B3amMHOOTHO-
sHauHasd PyHKIKA f U craHgapTHoe MHOXkKecTBO d, Takue, yto X = f”°d. Tlo akcuome BhIGOpa
U TPUHIUIY MEePEHOCA CYIIEeCTBYeT MOJHBIN CTAHIAPTHBIM MOpsiok < Ha d. Jlokaykem, 9To
MOPSITIOK < x, WHAYIUPOBAHHBIN oTOOpakenuneM f, CuabHO BrosiHe ynopsmouuBaer X. Jleii-
creuTeIbHO, mycTh Y C X. O6o3HauuM 4epe3 ag < — MUHUMAJbHBINA 3JIEMEHT MHOXKECTBA,
{a € d: f(a) € Y}. Ilo npuntumny mepenoca st ag. Herpyano nposeputs, uto f(ag) ectsb
<X — MUHUMAJbHBINA 3JIEMEHT Kjacca Y .

[Tycts < ecTh CHIBHO TOTHBIN TOPSIIOK Ha, moyMHOXKecTBe X . Ob03HAUNM

T ={f: domf € °Ord & V"« € domf (f(a) = m<in(X —{f(B): stp<al)},

A="{a :VfeTVgeT(f(a)=g(a))},
G={{a,f(a)): a€°&feT}.

[To mpunnumy neperoca u moctpoenuio Kiaacca T, umeem: V¥'a € A (a C A). Ilostomy 1o
npuHIUIy mepenoca, ubo A € Ord, aubo A = Ord.

Herpyamo takxke mokazarh, uro dpyHkuua (G B3ammuoomnoszuadna u ranG C X. Kiacc
O = G"Ord. Ecrb noaymMHOXKeCTBO cTaHAapTHOrO pasmepa. Ilo npeayioxkenuto 14 waiigyrcs
f m d rakwue, aro O = f"%d. O6ozmaunm H = {(t,a) : t € d& f(t) = G(a)}. Tlo akcmome
cobupannst A = ranH 6Gymer moyMHOKECTBOM.

Cnenosarensno, A € Ord. Ho rorma, mo mocrpoenuto T, ranG = X, u X ummeer cras-
JapTHBIA pa3mep. >
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