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�à¥¤«®¦¥  ¬®¤¨ä¨æ¨à®¢  ï áå¥¬  â¨¯  ¤¨áªà¥âëå ¢¨åà¥© á ã¢¥«¨ç¥®© áâ¥-

¯¥ìî â®ç®áâ¨, ª®â®à ï ¯à¨¬¥ï¥âáï ª ç¨á«¥®¬ã à¥è¥¨î á¨£ã«ïàëå ¨â¥£à «ì-

ëå ãà ¢¥¨© á ¯à®¨§¢®«ìë¬¨ § ¬ªãâë¬¨ ª®âãà ¬¨ ¨â¥£à¨à®¢ ¨ï. �æ¥¨¢ ¥âáï

â®ç®áâì ¯®£à¥è®áâ¨ ¢ëç¨á«¥¨ï.

� áá¬®âà¨¬ á¨£ã«ïàë© ¨â¥£à «
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£¤¥ L | § ¬ªãâë© «ï¯ã®¢áª¨© ª®âãà   ¯«®áª®áâ¨ ¨ '(t) § ¤  ï   L
(¤®áâ â®ç® £« ¤ª ï) äãªæ¨ï. �®¤ t = t(s) (= x(s) + fy(s)); 0 � s � l
¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ãà ¢¥¨¥ L ®â®á¨â¥«ì® ¤ã£®¢®©  ¡áæ¨ááë s. �¢¥¤¥¬

  L á¨áâ¥¬ã à ¢®®âáâ®ïé¨å (¯® ¤«¨¥ L) ã§«®¢ f�jg
2n
j=1 (�j = t(sj)). � 

®á®¢¥ à §¡¨¥¨ï ¤ ®© á¨áâ¥¬ë   ¤¢¥ f�2p�1g
n
p=1 ¨ f�2pg

n
p=1 (¯®¤®¡® áå¥¬¥

¤¨áªà¥âëå ¢¨åà¥© [1], [2]) ¢ [3] ¡ë«  ¯à¥¤«®¦¥  ¯à¨¡«¨¦¥ ï áå¥¬  ¤«ï

¨â¥£à «®¢ ¢¨¤  (1):
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n
p=1;

£¤¥ pj =
1
2�i

(�j+2 � �j).
�  íâ®© ®á®¢¥ ¤«ï ®¤®£® ª« áá  á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨©

¡ë«  ¯®áâà®¥  ¨ ®¡®á®¢   ¢ëç¨á«¨â¥«ì ï áå¥¬  â¨¯  ¤¨áªà¥âëå ¢¨åà¥©,

¨¬¥îé ï ®¯à¥¤¥«¥® ¯®¢ëè¥ãî â®ç®áâì, ®¡ãá«®¢«¥ãî á®®â¢¥âáâ¢ãî-

é¥© â®ç®áâìî ¯à¨¢¥¤¥®© ¤¢ãåâ®ç¥ç®© ¨â¥à¯®«ïæ¨®®© ª¢ ¤à âãà®©
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ä®à¬ã«ë ¤«ï ¨â¥£à «®¢ (1) ¯® ª®âãàã L. �¥¬ ¥ ¬¥¥¥, ¨áá«¥¤®¢ ¨¥ ¢®¯à®-

á  ® ¢®§¬®¦®áâ¨ ¤ «ì¥©è¥£® ¯®¢ëè¥¨ï â®ç®áâ¨ â ª¨å áå¥¬, ¥áâ¥áâ¢¥®,

¯à¥¤áâ ¢«ï¥â ¨â¥à¥á.

�ç¥¢¨¤®, ¯ãâ¥¬ ¯à¨¬¥¥¨ï ¡®«¥¥ â®çëå ª¢ ¤à âãàëå ä®à¬ã« ¬®¦¥â

¡ëâì ã¢¥«¨ç¥  â®ç®áâì ¯à¨¡«¨¦¥¨ï á ¬®£® ¨â¥£à «  (1). �¤ ª®, çâ®

ª á ¥âáï ç¨á«¥®£® à¥è¥¨ï á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨©, â® ®¡®á-

®¢ ¨¥ ¯®áâà®¥ëå   â ª¨å ª¢ ¤à âãàëå ä®à¬ã« å áå¥¬ ¥ ãª« ¤ë¢ ¥âáï

¢ ®¡é¨¥ ¯à¨æ¨¯ë áå¥¬ ¬¥â®¤  ¤¨áªà¥âëå ¢¨åà¥© ¨ ®ª §ë¢ ¥âáï ¢ § ç¨â¥«ì-

®© áâ¥¯¥¨ § âàã¤¨â¥«ìë¬.

�â®¡ë ¯®ïá¨âì áãâì ¤¥« , ®â¬¥â¨¬, çâ® ¢ ®¡®á®¢ ¨¨ ã¯®¬ïãâ®© ¢ëè¥

áå¥¬ë ®¤® ¨§ £« ¢ëå ãâ¢¥à¦¤¥¨© ¯à¥¤áâ ¢«ïîâ ¨á¯®«ì§ã¥¬ë¥ ¢ [3]  á¨¬¯-

â®â¨ç¥áª¨¥ à ¢¥áâ¢ 

p��2��1 + p��2�+1
���2�+1 � ��

= �
2

(2� � 1)�i
[1 + O(n��j�n)];

p�+2��3 + p�+2��1
��+2��1 � ��

=
2

(2� � 1)�i
[1 +O(n��j�n)] (1 � � � 2n; � � jn) (2)

(� | ¯®ª § â¥«ì ¢ ãá«®¢¨¨ �ï¯ã®¢  ¤«ï ª®âãà  L) ¤«ï ¥ª®â®à®© ¯®¤¯®á«¥-
¤®¢ â¥«ì®áâ¨ fjng (jn " 1)  âãà «ìëå ®¬¥à®¢ á ãá«®¢¨¥¬ (¢ ¤ «ì¥©è¥¬

¨áá«¥¤®¢ ¨¨ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fjng ¯®¤ç¨¥  ®¯à¥-

¤¥«¥ë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬) (jn=n)
�ln jn ! 0; n ! 1, ¢á«¥¤áâ¢¨¥

ç¥£®
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�
p��2;��1 + p��2;�+1

���2;�+1 � ��
+
p�+2;��3 + p�+2;��1

��+2;��1 � ��

�

= O(n��j�n)lnjn ! 0 ¯à¨ n!1:

(3)

�®§¬®¦®áâì ¢ë¯®«¥¨ï â ª®£® á®®â®è¥¨ï  àï¤ã á à ¢®ã¤ «¥®áâìî

¤àã£ ®â ¤àã£  ã§«®¢ fsjg
2n
j=1 ®¡ãá«®¢«¥  â ª¦¥ ¨ áâàãªâãà®© ª®íää¨æ¨¥â®¢

pj . � ¨¬¥®, § ¬¥ç ï

pj =
h

�i
[x0(�j) + iy0(�j)]; �j; �j 2 (sj; sj+2)

�
sj+2 = sj + 2h; h =

l

2n

�
; (4)

¬®¦® ãâ¢¥à¦¤ âì, çâ® ¢ ¢ë¯®«¥¨¨ (3) áãé¥áâ¢¥®¥ § ç¥¨¥ ¨¬¥¥â à -

¢¥áâ¢® ¬¥¦¤ã á®¡®© ª®íää¨æ¨¥â®¢ ®¡ëç®© (¯® ®âà¥§ªã ¤¥©áâ¢¨â¥«ì®© ®á¨)

ä®à¬ã«ë âà ¯¥æ¨©. �¤ ª®, ª ª ¨§¢¥áâ® ¨§ â¥®à¨¨ ª¢ ¤à âãà, ä®à¬ã«ë á

¡®«ìè¨¬ ç¨á«®¬ à ¢®®âáâ®ïé¨å ã§«®¢ íâ¨¬ á¢®©áâ¢®¬ ¥ ®¡« ¤ îâ (§¤¥áì ¦¥

§ ¬¥â¨¬, çâ® (4) ¬®¦® à áá¬ âà¨¢ âì ª ª ¢§ ¨¬®§ ¢¨á¨¬®áâì ¬¥¦¤ã ª®íä-

ä¨æ¨¥â ¬¨ ®¡ëç®© ä®à¬ã«ë âà ¯¥æ¨© ¨ ¥¥ ª®¬¯«¥ªá®£®   «®£  ¯® ¤ã£¥

ª®âãà  L).
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�¥¬ ¥ ¬¥¥¥, ª ª ®ª §ë¢ ¥âáï, ¥á«¨ ¢¬¥áâ® ª« áá  § ¬ªãâëå ª¢ ¤à âãà-

ëå ä®à¬ã« à áá¬ âà¨¢ âì ä®à¬ã«ë, á®¤¥à¦ é¨¥ ã§«ë ¢¥ ¬®¦¥áâ¢  ¨-

â¥£à¨à®¢ ¨ï, ¬®¦® ãª § âì ª®ªà¥âãî ª¢ ¤à âãàãî ä®à¬ã«ã ¤®¢®«ì®

¢ëá®ª®© áâ¥¯¥¨ â®ç®áâ¨, ¤«ï ª®â®à®© ¯®«ãç¥¨¥ ãª § ëå (¨ àï¤  ¤àã£¨å)

¯à¥¤áâ ¢«¥¨© ®ª §ë¢ ¥âáï ¢®§¬®¦ë¬. � ç áâ®áâ¨, ¤«ï ¯à®¬¥¦ãâª®¢ ¢¨-

¤  [sj ; sj+2] (á § ¤ ®©   ¨å ¥ª®â®à®© äãªæ¨¥©  (s)) ¯®¤à §ã¬¥¢ ¥¬ ï

ª¢ ¤à âãà ï ä®à¬ã«  ¨¬¥¥â ¢¨¤ (á¬. [4], áâà. 332) 1:

sj+2Z
sj

 (s)ds �
sj+2 � sj

24
f� (sj�2) + 13[ (sj) +  (sj+2)]�  (sj+4)g: (5)

�®®â¢¥âáâ¢ãîé¨© ª®¬¯«¥ªáë©   «®£ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (¯®¤¨â¥£-

à «ìãî äãªæ¨î ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® t ¬ë â ª¦¥ ®¡®§ ç ¥¬ ç¥à¥§  )

Z
�j�j+2

 (t)dt � qj;j�2 (�j�2) + qj;j (�j) + qj;j+2 (�j+2) + qj;j+4 (�j+4);

£¤¥ �j�j+2 | ªà âç ©è ï ¤ã£  á ª®æ ¬¨ �j ; �j+2, à á¯®«®¦¥ë¬¨ ¢ ¯®«®¦¨-

â¥«ì®¬  ¯à ¢«¥¨¨   L,

qj;j+2� =
1
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k=�1;k 6=�

t� �j+2k

�j+2� � �j+2k
dt (� = �1; 0; 1; 2):

�¥âàã¤® ¯®«ãç¨âì

qj;j+2� =
1

�i

sj+2Z
sj

2Y
k=�1;k 6=�

s� sj+2k

sj+2� � sj+2k
[1 + O(n�)]t0(s)ds;

  ®á®¢ ¨¨ ç¥£® (á ãç¥â®¬ â®¦¤¥áâ¢  t0(s) = t0(sj) + [t0(s) � t0(sj)]) ¬®¦®
 ¯¨á âì2

qj;j+2� = 2hAj+2�

t0(sj)

�i
+O(n1+�) ¯à¨ n!1 (� = �1; 0; 1; 2); (6)

1 Rn(f) =
11
720

(h)5f (5)(�); 2h = sj+2 � sj
2 �®£« á® (4), ®ç¥¢¨¤®, çâ® ª®íää¨æ¨¥â ¬ pj â ª¦¥ ¬®¦® ¯à¨¤ âì   -
«®£¨çë© ¢¨¤.
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£¤¥ ¢å®¤ïé¨¥ ¢ £« ¢ãî ç áâì ç¨á« 

Aj�2 = Aj+4 = �
1

24
; Aj = Aj+2 =

13

24

¯à¥¤áâ ¢«ïîâ ª®íää¨æ¨¥âë ä®à¬ã«ë (5).

�¥¯¥àì, § ä¨ªá¨àã¥¬ t0 = �� ¢ ®¤®© ¨§ á¨áâ¥¬ ã§«®¢ f�2p�1g
n
p=1, f�2pg

n
p=1,

ª ¨â¥£à «ã ®â äãªæ¨¨
'(t)�'(t0)

t�t0
  ª ¦¤®© ¨§ ¤ã£ �j�j+2, á ¯à¨ ¤«¥¦ -

é¥© ª ¤àã£®© á¨áâ¥¬¥ ª®æ ¬¨, ¯à¨¬¥¨¬ ¢ëè¥ ¯à¨¢¥¤¥ãî ª¢ ¤à âãàãî

ä®à¬ã«ã (¯à¨ ¨§¬¥¥¨¨ ç¥â®áâ¨ � ãª § ë¥ ¤¢¥ á¨áâ¥¬ë ã§«®¢ ¢§ ¨¬®§ -

¬¥ïîâáï):

1

�i

Z
L

'(t)

t� ��
dt � '(��) +

n�1X
�=0

c�(�)
'(��+2�+1)� '(��)

��+2�+1 � ��
;

c�(�) = l�+2��3 + l�+2��1 + l�+2�+1 + l�+2�+3;

£¤¥ lj ®¡®§ ç ¥â â® ¦¥ á ¬®¥, çâ® ¨ q
(j)

j+2;� ¯à¨ � = 0. �à¨ íâ®¬ ¤«ï lj ¨¬¥îâ
¬¥áâ® ¯à¥¤áâ ¢«¥¨ï ¢¨¤  (6), á®®â¢¥âáâ¢¥®, ª®íää¨æ¨¥â ¬¨:

A�+2��3 = A�+2�+3 = �
1

24
; A�+2��1 = A�+2�+1 =

13

24
:

� à¥§ã«ìâ â¥ ¬®¦® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«ë

c�(�) =
2h

�i
t0(s���) + O(h2+�);

£¤¥ s��� | ¯à®¨§¢®«ìë¬ ®¡à §®¬ ä¨ªá¨à®¢  ï â®çª  ¨§ [s�+2��3; ��+2�+3].
�  ®á®¢ ¨¨ ¯®á«¥¤¥£® áâ ®¢¨âáï ïáë¬, çâ® ¤«ï ¤ ®© ª¢ ¤à âãà®© áã¬-

¬ë ¨¬¥îâ ¬¥áâ®   «®£¨çë¥ (2)  á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï. �¥¬ á ¬ë¬

®¡®á®¢ ¨¥ ¯®áâà®¥®© á ¯®¬®éìî ãª § ®© §¤¥áì ä®à¬ã«ë áå¥¬ë ¤«ï ç¨á-

«¥®£® à¥è¥¨ï á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© ¬®¦¥â ¡ëâì ®áãé¥áâ-

¢«¥®   «®£¨ç® ¨§«®¦¥®¬ã ¢ § ¬¥âª¥ [3].

�¨â¥à âãà 
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