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� à ¡®â¥ ¯®«ãç¥­ë à §«¨ç­ë¥ å à ªâ¥à¨§ æ¨¨ à §¬ § ­­ëå ®¯¥à â®à®¢. � ©¤¥­  â ª-

¦¥ ­®¢ ï ä®à¬ã«  ¯à®¥ªâ¨à®¢ ­¨ï ­  ¯®«®áã, ¤®¯®«­¨â¥«ì­ãî ª ¯®«®á¥ à §¬ § ­­ëå

®¯¥à â®à®¢.

� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î ¢®¯à®á®¢, á¢ï§ ­­ëå á ®¤­¨¬ ¨§

ª« áá®¢ «¨­¥©­ëå ®¯¥à â®à®¢ ¢ ¢¥ªâ®à­ëå à¥è¥âª å | à §¬ § ­­ëå ®¯¥à â®-

à®¢. �ãáâì E ¨ F | ¢¥ªâ®à­ë¥ à¥è¥âª¨,   L�(E;F ) | ¯à®áâà ­áâ¢® ¢á¥å ¯®-

àï¤ª®¢® ®£à ­¨ç¥­­ëå «¨­¥©­ëå ®¯¥à â®à®¢ ¨§ E ¢ F . � ¯®¬­¨¬, çâ® ®¯¥à -

â®à T 2 L�(E;F ) ­ §ë¢ îâ à §¬ § ­­ë¬, ¥á«¨ ®­ ¤¨§êî­ªâ¥­ ¢á¥¬ à¥è¥â®ç-

­ë¬ £®¬®¬®àä¨§¬ ¬ ¨§ E ¢ F . �á«¨ L�a (E;F ) | ¯®«®á  ¢ L�(E;F ), ¯®à®¦¤¥­-

­ ï ¬­®¦¥áâ¢®¬ à¥è¥â®ç­ëå £®¬®¬®àä¨§¬®¢ Hom(E;F ),   L�d (E;F ) | ¬­®-

¦¥áâ¢® ¢á¥å à §¬ § ­­ëå ®¯¥à â®à®¢, â® L�d (E;F ) = Hom(E;F )? ¨ L�a (E;F ) =

Hom(E;F )??.

�á¯®«ì§ã¥âáï â¥®à¨ï ¢¥ªâ®à­ëå à¥è¥â®ª, ¨§«®¦¥­¨¥ ª®â®à®© ¬®¦­® ­ ©â¨

¢ [1{4]. � ®á­®¢ã ¤ ­­®© à ¡®âë «¥£«¨ à¥§ã«ìâ âë ¯®«ãç¥­­ë¥ � ã¨á¬ ­á®¬

¨ ¤¥ � åâ¥ ¢ [5] ¨ â¥®à¥¬  (2.2 (1){(3)), áä®à¬ã«¨à®¢ ­­ ï �.�.�ãáà ¥¢ë¬,

á¬. [6].

� ¡®â  á®áâ®¨â ¨§ ¢¢¥¤¥­¨ï ¨ ¤¢ãå ¯ à £à ä®¢. �¥à¢ë© ¯ à £à ä ¯®á¢ï-

é¥­ ¨áá«¥¤®¢ ­¨î á¢®©áâ¢ ¤¢ãå M -¯®«ã­®à¬. � 1.1 ä®à¬ã«¨àã¥âáï â¥®à¥¬ 

� ­  | � ­ å  ¤«ï à¥è¥â®ç­ëå £®¬®¬®àä¨§¬®¢, ¤®ª § ­­ ï � áª¥á®¬ ¨ ¢ ­

�ã¦¥¬ ¢ [7]. � 1.2 ¢¢®¤¨âáï ­®¢ë© áã¡«¨­¥©­ë© ®¯¥à â®à qT ,  ­ «®£¨ç­ë© ®¯¥-

à â®àã pT , ¢¢¥¤¥­­®¬ã ¢ [5], ¨ ¤®ª §ë¢ ¥âáï, çâ® qT ï¢«ï¥âáï M -¯®«ã­®à¬®©.

� 1.3 ¤®ª §ë¢ ¥âáï, çâ® pT á®¢¯ ¤ ¥â á qT . � 1.4 ¯à¨¢¥¤¥­  ­®¢ ï ä®à¬ã« 

¯à®¥ªâ¨à®¢ ­¨ï ®£à ­¨ç¥­­®£® ®¯¥à â®à  ­  ¯®«®áã à¥è¥â®ç­ëå £®¬®¬®àä¨§-

¬®¢.

�® ¢â®à®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï ªà¨â¥à¨¨ à §¬ § ­­®áâ¨ ®¯¥à â®-

à . � 2.1 ãáâ ­®¢«¥­ ­®¢ë© ªà¨â¥à¨© à §¬ § ­­®áâ¨ ®¯¥à â®à  (2.1 (1),(3)).

� 2.2 ¯®«ãç¥­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë (2.2 (1){(3)), áä®à¬ã«¨à®¢ ­­®© ¢ [6],  

â ª¦¥ ¤®¡ ¢«¥­ë ¤¢  ­®¢ëå ªà¨â¥à¨ï à §¬ § ­­®áâ¨ ¯®«®¦¨â¥«ì­®£® ®¯¥à â®-

à  (2.2 (4){(5)). � ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¨á¯®«ì§®¢ ­ ¯à¨¥¬ ¯à¨¬¥­ï¢è¨©áï

¢ [8].

c
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�¢â®à ¯à¨§­ â¥«¥­ á¢®¥¬ã ­ ãç­®¬ã àãª®¢®¤¨â¥«î ¯à®ä¥áá®àã �. �. �ãá-

à ¥¢ã §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¢­¨¬ ­¨¥ ª à ¡®â¥.

1. �®à¬ã«  ¯à®¥ªâ¨à®¢ ­¨ï

­  ¯®«®áã à¥è¥â®ç­ëå £®¬®¬®àä¨§¬®¢

� â¥ªãé¥¬ ¯ à £à ä¥ ¢¢®¤¨âáï ­®¢ ïM -¯®«ã­®à¬ , á¢ï§ ­­ ï á à §«®¦¥-

­¨¥¬ ¯®«®¦¨â¥«ì­®£® ®¯¥à â®à  ¨ ãáâ ­ ¢«¨¢ ¥âáï ®¤­  ­®¢ ï ä®à¬ã«  ¯à®¥ª-

â¨à®¢ ­¨ï ­  ¯®«®áã ¯®à®¦¤¥­­ãî ¬­®¦¥áâ¢®¬ à¥è¥â®ç­ëå £®¬®¬®àä¨§¬®¢.

1.1 �áî¤ã ­¨¦¥ E ¨ F | ¢¥ªâ®à­ë¥ à¥è¥âª¨, ¯à¨ç¥¬ F ¯®àï¤ª®¢® ¯®«­ .

�ãáâì X | ¤¥©áâ¢¨â¥«ì­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®. �¯¥à â®à p : X ! F

­ §ë¢ îâ áã¡«¨­¥©­ë¬, ¥á«¨ p(x + y) � p(x) + p(y) ¨ p(�x) = �p(x) ¤«ï ¢á¥å

x; y 2 X ¨ 0 � � 2 R. �­®¦¥áâ¢® ¢á¥å «¨­¥©­ëå ®¯¥à â®à®¢ ¨§ X ¢ E,

¬ ¦®à¨àã¥¬ëå ®¯¥à â®à®¬ p, ­ §ë¢ îâ ®¯®à­ë¬ ¬­®¦¥áâ¢®¬ p ¨ ®¡®§­ ç îâ

@p:

@p := fT 2 L(X;E) : (8x 2 X)Tx � p(x)g;

£¤¥ L(X;E) | ¯à®áâà ­áâ¢® ¢á¥å «¨­¥©­ëå ®¯¥à â®à®¢ ¨§ X ¢ E.

�ã¡«¨­¥©­ë© ®¯¥à â®à p : E ! F ­ §ë¢ îâ áã¡¬®àä¨§¬®¬, ¥á«¨ p(x_y) =

p(x) _ p(y) ¤«ï ¢á¥å x; y 2 E. �á«¨ p(x) = p(jxj) ¤«ï ¢á¥å x 2 E ¨ ®â®¡à ¦¥­¨¥

x 7! p(x+) | áã¡¬®àä¨§¬, â® p ¨¬¥­ãîâ M -¯®«ã­®à¬®©. �­ë¬¨ á«®¢ ¬¨ p |

M -¯®«ã­®à¬  ­  E ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï:

(1) p(x+ y) � p(x)+p(y), p(�x) = �p(x) ¤«ï ¢á¥å x; y 2 E ¨ 0 � � 2 R;

(2) p(x) � p(y), ¥á«¨ jxj � jyj ¢ E;

(3) p(x _ y) = p(x) _ p(y) ¤«ï ¢á¥å x; y 2 E+.

�¥®à¥¬  � áª¥á  | ¢ ­ �ã¦ . �ãáâì p| ¯®«®¦¨â¥«ì­ë© áã¡¬®àä¨§¬

¨§ E ¢ F ¨ ¯ãáâì T0 | à¥è¥â®ç­ë© £®¬®¬®àä¨§¬ ¨§ ¯®¤à¥è¥âª¨ E0 � E ¢ F

â ª®©, çâ® T0x � p(x) (x 2 E0). �®£¤  T0 ¬®¦­® ¯à®¤®«¦¨âì ¤® à¥è¥â®ç­®£®

£®¬®¬®àä¨§¬  T : E ! F â ª, çâ® Tx � p(x) (x 2 E).

C �â®â ä ªâ ãáâ ­®¢«¥­ ¢ [7]. �àã£®¥ ¤®ª § â¥«ìáâ¢® ¬®¦­® ­ ©â¨ ¢ [3]. B

1.2. �¥®à¥¬ . �ãáâì T | à¥è¥â®ç­ë© £®¬®¬®àä¨§¬. �¯¥à â®àë S1 ¨

S2 ¨§ ¯®«®áë T?? ¤¨§êî­ªâ­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤¨§êî­ªâ­ë ¨å

®¡à §ë.

C �â  â¥®à¥¬  ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¨§ â¥®à¥¬ë �ãâ â¥« ¤§¥ (á¬. [3],

3.3.3). B

1.3. �«ï ¯®«®¦¨â¥«ì­®£® ®¯¥à â®à  T 2 L�(E;F )+ ®¯à¥¤¥«¨¬ ®â®¡à ¦¥-

­¨¥ pT : E ! F (á¬. [5]):

pT (x) := inf fTx1 _ � � � _ Txn : jxj � x1 _ � � � _ xn; x1; : : : ; xn 2 E+; n 2 Ng :
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�¢¥¤¥¬ â ª¦¥ ®â®¡à ¦¥­¨¥ qT : E ! F á«¥¤ãîé¥© ä®à¬ã«®©:

qT (x) := inf

(
T1jxj _ � � � _ Tnjxj : T =

nX
i=1

Ti; Ti 2 L�(E;F )+; Ti ? Tj (i 6= j)

)
:

�â¬¥â¨¬, çâ® ®â®¡à ¦¥­¨ï pT (x) ¨ qT (x) ®¯à¥¤¥«¥­ë ª®àà¥ªâ­®, â ª ª ª F |

¯®«­ ï ¢¥ªâ®à­ ï à¥è¥âª , ¯à¨ç¥¬ pT (x) � Tx, qT (x) � Tx ¤«ï ¢á¥å x 2 E+.

�®«¥¥ â®£®, ¥á«¨ T 2 Hom(E;F ), â® pT (x) = qT (x) = T (x) (­¥¯®áà¥¤áâ¢¥­­®

á«¥¤ã¥â ¨§ â¥®à¥¬ë 2.1) ¤«ï ¢á¥å x 2 E+.

(1) �â®¡à ¦¥­¨¥ pT ï¢«ï¥âáï M -¯®«ã­®à¬®© ­  E.

C �®ª § â¥«ìáâ¢® ¯à¨¢¥¤¥­® ¢ [5]. B

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­®£® ãâ¢¥à¦¤¥­¨ï ¤«ï qT ®¯¨à ¥âáï ­  á«¥¤ãî-

é¥¥ ¢á¯®¬®£ â¥«ì­®¥ ãâ¢¥à¦¤¥­¨¥.

(2) �«ï «î¡ëå 0 � x; y 2 E ¨ «î¡®£® T 2 L�(E;F )+ áãé¥áâ¢ã¥â

à §¡¨¥­¨¥ T = T1 + T2 â ª®¥, çâ® T1 ? T2 ¨

T1(x _ y) _ T2(x _ y) � Tx _ Ty:

C �ãáâì e := (x�y)+; c = (y�x)+; T1 := �eT; T2 := �?e T . (�¯à¥¤¥«¥­¨¥

¯à®¥ªâ®à  �e ¨ ¥£® á¢®©áâ¢  á¬. ¢ [3].) �®£¤  ¤«ï «î¡ëå x; y 2 E ¨¬¥¥¬ n(x�

y)+ ^ x � x, n(x� y)+ ^ y � x, §­ ç¨â

(ne ^ (x _ y)) = (n(x� y)+ ^ x) _ (n(x� y)+ ^ y) � x:

�âáî¤  ¢¨¤­®, çâ® T (ne ^ (x _ y)) � Tx, ¯®íâ®¬ã T1(x _ y) � Tx. �­ «®£¨ç­®

¬®¦­® ¤®ª § âì, çâ® �cT (x _ y) � T (y) ¨, ãç¨âë¢ ï ­¥à ¢¥­áâ¢®

�?e T (x _ y) � �cT (x _ y);

¢ë¢®¤¨¬ T1(x _ y) + T2(x _ y) � Tx _ Ty: B

(3) �â®¡à ¦¥­¨¥ qT ï¢«ï¥âáï M -¯®«ã­®à¬®© ­  E.

C �®«®¦¨â¥«ì­ ï ®¤­®à®¤­®áâì ¨ 1.1 (2) âà¨¢¨ «ì­ë. �®ª ¦¥¬ áã¡ ¤¤¨-

â¨¢­®áâì qT . �®§ì¬¥¬ x; y 2 E+ ¨ à áá¬®âà¨¬ à §¡¨¥­¨ï

T = T1 + � � �+ Tn; T = S1 + � � �+ Sm

¤«ï ­¥ª®â®àëå T1; : : : Tn 2 L�(E;F )+, S1; : : : Sm 2 L�(E;F )+. �®£¤ 

n_
i=1

Tix+

m_
j=1

Sjy �

m;n_
i;j=1

Ti;jx+

m;n_
i;j=1

Ti;jy =

m;n_
i;j=1

Ti;j(x+ y);
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£¤¥ Ti;j = Ti ^ Sj ¨, â ª¨¬ ®¡à §®¬,

qT (x+ y) �

n_
i=1

Txi +

m_
j=1

Syj :

�§ íâ®£® ¬®¦­® § ª«îç¨âì, çâ® qT (x+ y) � qT (x) + qT (y). �áâ ¥âáï ¤®ª § âì

á¢®©áâ¢® 1.1 (3). �§ 1.1 (2) ¨¬¥¥¬, çâ® qT (x) _ qT (y) � qT (x _ y) ¤«ï ¢á¥å x; y 2

E+. �®§ì¬¥¬ T1; : : : ; Tn; S1; : : : ; Sm 2 L�(E;F )+ â ª¨¥, çâ® T = T1 + � � �+ Tn =

S1 + � � �+ Sm. �®ª ¦¥¬, çâ®

qT (x _ y) �

 
n_
i=1

Tix

!
_

0
@ m_

j=1

Sjy

1
A :

�«ï íâ®£® à áá¬®âà¨¬ â¥ ¦¥ Ti;j , çâ® ¨ ¢ëè¥, ¨ ®æ¥­¨¬

 
n_
i=1

Tix

!
_

0
@ m_

j=1

Sjy

1
A �

0
@ n;m_

i;j=1

Ti;jx

1
A _

0
@ n;m_

i;j=1

Ti;jy

1
A =

n;m_
i;j=1

(Ti;jx _ Ti;jy):

�áå®¤ï ¨§ 1.3 (2) áãé¥áâ¢ãîâ ­¥ª®â®àë¥ T 1i;j ; T
2
i;j â ª¨¥, çâ® T 1i;j + T 2i;j = Ti;j ¨

T 1i;j(x+ y) _ T 2i;j(x+ y) � Ti;jx _ Ti;jy. � ª¨¬ ®¡à §®¬ ¢ë¯®«­ï¥âáï á«¥¤ãîé¥¥

á®®â­®è¥­¨¥:

n;m_
i;j=1

(Ti;jx _ Ti;jy) �

n;m_
i;j=1

(T 1i;j(x+ y) _ T 2i;j(x+ y)):

�«¥¤®¢ â¥«ì­®, qT (x_y) � qT (x)_qT (y), çâ® ¨ ¤®ª §ë¢ ¥â à ¢¥­áâ¢® 1.1 (3). B

(4) �«ï «î¡®£® ¯à®¥ªâ®à  b 2 B ¢ë¯®«­ï¥âáï bqT (x) = qbT (x) (x 2 E).

C �à®¢¥àï¥âáï ¯àï¬ë¬ ¯®¤áç¥â®¬. B

1.4. �«ï R 2 Hom (E;F ) íª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

(1) 0 � R � T ;

(2) R 2 @pT ;

(3) R 2 @qT .

C �¬¯«¨ª æ¨¨ (2)) (1) ¨ (3)) (1) | ®ç¥¢¨¤­ë. �¬¯«¨ª æ¨ï (1)) (2)

á«¥¤ã¥â ¨§ â®£®, çâ® ¤«ï R 2 Hom(E;F ) ¡ã¤¥â

R(x) � R(x1) _ � � � _R(xn) � T (x1) _ � � � _ T (xn):
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�®ª ¦¥¬ (1)) (3). � áá¬®âà¨¬ à §¡¨¥­¨¥ T = T1+� � �+Tn; Ti ? Tj (i 6= j).

� ª ª ª R � T , â® áãé¥áâ¢ã¥â à §¡¨¥­¨¥ R = R1 + � � � + Rn, £¤¥ Ri � Ti.

�ç¨âë¢ ï â¥®à¥¬ã 1.2 ¨¬¥¥¬

Rx = R1x+ � � �+Rnx =

n_
i=1

Rix �

n_
i=1

Tix;

çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. B

(4) �á«¨ T 2 L�(E;F )+,   p | ¯®«®¦¨â¥«ì­ë© áã¡¬®àä¨§¬, â®

p(x) = maxfRx : R 2 Hom (E;F ) \ @pg

¤«ï ¢á¥å x 2 E+. � ç áâ­®áâ¨, p 6= 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  p ¬ ¦®à¨àã¥â

­¥âà¨¢¨ «ì­ë© à¥è¥â®ç­ë© £®¬®¬®àä¨§¬.

C � ä¨ªá¨àã¥¬ x 2 E+ ¨ ®¡®§­ ç¨¬ ç¥à¥§ E0 = f�x : � 2 Rg ¢¥ªâ®à­ãî

¯®¤à¥è¥âªã ¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ x. �¡®§­ ç¨¬ ç¥à¥§ R0 2 Hom(E;F )

®¯¥à â®à ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î R0(�x) = �px ¤«ï ¢á¥å � 2 R. �®£¤ 

R0x � p(x) ¤«ï ¢á¥å x 2 E0. �¥¯¥àì ¯® â¥®à¥¬¥ � áª¥á  | ¢ ­ �ã¦  1.1

áãé¥áâ¢ã¥â ®¯¥à â®à R 2 Hom(E;F ) â ª®©, çâ® Rx = R0x ¤«ï ¢á¥å x 2 E0 ¨

Rx � p(x) ¤«ï ¢á¥å x 2 E. B

(5) �§ ¤®ª § ­­ëå ¢ëè¥ ãâ¢¥à¦¤¥­¨© á«¥¤ã¥â, çâ®

pT (x) = qT (x) = maxfRx : R 2 Hom(E;F ); 0 � R � Tg:

1.5. �¡®§­ ç¨¬ ç¥à¥§ PEF ¯à®¥ªâ®à L�(E;F ) ­  ¯®«®áã L�a (E;F ).

(1) �ãáâì E ¨ F | ¢¥ªâ®à­ë¥ à¥è¥âª¨, ¯à¨ç¥¬ F | ¯®àï¤ª®¢® ¯®«­ .

�®£¤  ¤«ï «î¡®£® T 2 L�(E;F )+ ¨ ¤«ï ª ¦¤®£® x 2 E+ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

ä®à¬ã« :

PEF (T )x = sup

(
nX
i=1

pT (xi) : x =

nX
i=1

xi; x1; : : : ; xn 2 E+; n 2 N

)
:

C �â® ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­® ¢ [5] � ã¨á¬ ­á®¬ ¨ ¤¥ � åâ¥. B

(2) �«ï â¥å ¦¥ E;F; T ¨ x ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï ä®à¬ã«  ¯à®¥ªâ¨-

à®¢ ­¨ï ­  ¯®«®áã L�a (E;F ):

PEF (T )x = sup

(
nX
i=1

qT (xi) : x =

nX
i=1

xi; x1; : : : ; xn 2 E+; n 2 N

)
:

C �«¥¤ã¥â ¨§ (1) ¨ à ¢¥­áâ¢  pT = qT , á¬. 1.4 (5). B

2. � à ªâ¥à¨§ æ¨ï à §¬ § ­­ëå ®¯¥à â®à®¢

2.1. �¥®à¥¬ . �ãáâì E ¨ F | ¢¥ªâ®à­ë¥ à¥è¥âª¨, ¯à¨ç¥¬ F | ¯®àï¤-

ª®¢® ¯®«­ . �á«¨ T 2 L�(E;F ), â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:
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(1) T 2 L�d (E;F );

(2) inff
Wn

i=1 jT jxi : jxj �
Wn

i=1 xi; x1; :::; xn 2 E+; n 2 Ng = 0; (x 2

E);

(3) inff
Wn

i=1 Tijxj : jT j = T1 + � � �+ Tn; Ti ? Tj (i 6= j)n 2 Ng = 0; (x 2

E):

C �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ® T � 0. �á­®,

çâ® T 2 L�d (E;F ) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¥¤¨­áâ¢¥­­ë© à¥è¥â®ç-

­ë© £®¬®¬®àä¨§¬, ¬ ¦®à¨àã¥¬ë© T , âà¨¢¨ «¥­. �ç¨âë¢ ï ¤®ª § ­­®¥ ¢ëè¥

ãâ¢¥à¦¤¥­¨¥ íâ® íª¢¨¢ «¥­â­® â®¬ã, çâ® pT = qT = 0. B

�â¢¥à¦¤¥­¨¥ 2.1 (1) , 2.1 (2) áä®à¬ã«¨à®¢ ­® ¨ ¤®ª § ­® ¢ [5].

2.2. �«¥¬¥­âë x1; : : : ; xn ­ §®¢¥¬ ¯®ªàëâ¨¥¬ í«¥¬¥­â  x ¥á«¨ ¢ë¯®«­ï¥â-

áï á«¥¤ãîé¥¥ á®®â­®è¥­¨¥:

x �

n_
i=1

xi:

�ãª¢®© B ¡ã¤¥¬ ®¡®§­ ç âì ¯®«­ãî ¡ã«¥¢ã  «£¥¡àã ¯®àï¤ª®¢ëå ¯à®¥ªâ®à®¢ ¢

F . �ä®à¬ã«¨àã¥¬ â¥¯¥àì ®á­®¢­®© à¥§ã«ìâ â áâ âì¨.

�¥®à¥¬ . �«ï ¯®«®¦¨â¥«ì­®£® ®¯¥à â®à  T : E ! F à ¢­®á¨«ì­ë á«¥¤ã-

îé¨¥ ãâ¢¥à¦¤¥­¨ï:

(1) T | íâ® à §¬ § ­­ë© ®¯¥à â®à;

(2) ¤«ï «î¡ëå 0 � x 2 E, 0 � � 2 F ¨ b 2 B ¯à¨ b� 6= 0 áãé¥áâ¢ãîâ

­¥­ã«¥¢®© ¯à®¥ªâ®à � � b ¨ ­¥ª®â®àë¥ ¯®¯ à­® ¤¨§êî­ªâ­ë¥ ¯®«®¦¨â¥«ì­ë¥

®¯¥à â®àë T1; :::; Tn â ª¨¥, çâ®

T = T1 + :::+ Tn; j�Tkxj � �; (k := 1; :::; n);

(3) ¤«ï «î¡ëå 0 � x 2 E, 0 � � 2 F ¨ b 2 B ¯à¨ b� 6= 0 áãé¥áâ¢ã¥â

áç¥â­®¥ à §¡¨¥­¨¥ (bn) ¯à®¥ªâ®à  b� [�] â ª®¥, çâ® ¯à¨ ª ¦¤®¬ n 2 N ¢ë¯®«­¥­®

ãá«®¢¨¥: T ¬®¦­® à §«®¦¨âì ¢ áã¬¬ã n ¯®¯ à­® ¤¨§êî­ªâ­ëå ¯®«®¦¨â¥«ì­ëå

®¯¥à â®à®¢ T1;n; :::; Tkn;n, ¯à¨ç¥¬ â ª, çâ®¡ë bnjTk;nxj � � (k := 1; :::; kn);

(4) ¤«ï «î¡ëå 0 � x 2 E, 0 � � 2 F ¨ b 2 B ¯à¨ b� 6= 0 áãé¥áâ¢ãîâ

­¥­ã«¥¢®© ¯à®¥ªâ®à � � b ¨ ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ í«¥¬¥­âë x1; :::; xn 2 E

â ª¨¥, çâ®

x �

n_
i=1

xi; j�Txkj � �; (k := 1; :::; n);
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(5) ¤«ï «î¡ëå 0 � x 2 E, 0 � � 2 F ¨ b 2 B ¯à¨ b� 6= 0 áãé¥áâ¢ã¥â

à §¡¨¥­¨¥ (��) ¯à®¥ªâ®à  b�[�] â ª®¥, çâ® ¯à¨ ª ¦¤®¬ � 2 � ¢ë¯®«­¥­® ãá«®¢¨¥:

áãé¥áâ¢ã¥â ¯®ªàëâ¨¥ x � x1;�_� � �_xk�;� â ª®¥, çâ® ��jTxk;�j < � (k := 1; :::; kn).

C �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì [�] = b. �®ª ¦¥¬ (1) ) (2)

®â ¯à®â¨¢­®£®. �ãáâì áãé¥áâ¢ãîâ 0 � x0 2 E; 0 � �0 2 F ¨ b0 2 B â ª¨¥,

çâ® b0�0 6= 0 ¨ ¤«ï «î¡®£® ­¥­ã«¥¢®£® ¯à®¥ªâ®à  � � b0 ¨ «î¡ëå ¯®¯ à­® ¤¨§ê-

î­ªâ­ëå ¯®«®¦¨â¥«ì­ëå ®¯¥à â®à®¢ T1; : : : ; Tn â ª¨å, çâ® T = T1 + � � � + Tn,

áãé¥áâ¢ã¥â å®âï ¡ë ®¤¨­ í«¥¬¥­â Tk0 , ¤«ï ª®â®à®£® �Tk0x0 � b0�0. �ãáâì

Tk1 ; : : : ; Tks | í«¥¬¥­âë à §¡¨¥­¨ï ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î �Tkix0 � b0�0.

�®ª ¦¥¬, çâ® áà¥¤¨ íâ¨å Tki ­ ©¤¥âáï í«¥¬¥­â T �k â ª®©, çâ® �T �kx0 � b0�0.

�®§ì¬¥¬ Tk1 , ¨ ¤®¯ãáâ¨¬, çâ® �Tk1x0 � b0�0. �®£¤  ­ ©¤¥âáï ¯à®¥ªâ®à �1, ¤«ï

ª®â®à®£® �1Tk1x0 � b0�0. �á«¨ �1Tkix0 � b0�0 ¤«ï ¢á¥å i = 1; : : : ; s, â® ¬ë

áà §ã ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. � ¯à®â¨¢­®¬ á«ãç ¥, ¯à®¢®¤ï  ­ «®£¨ç­ë¥ à á-

áã¦¤¥­¨ï ­¥®¡å®¤¨¬®¥ ª®­¥ç­®¥ ç¨á«® à §, ¯®«ãç¨¬ â ª®© ¯à®¥ªâ®à ��, çâ®

��T �k x0 � b0�0 ¨ ��T �i x0 � b0�0 ¤«ï ®áâ «ì­ëå Ti. �¥¬ á ¬ë¬ ¢­®¢ì ¯à¨å®¤¨¬

ª ¯à®â¨¢®à¥ç¨î, â.¥. ��T �k x0 � b0�0. � ª ª ª íâ® ¢¥à­® ¤«ï «î¡®£® à §«®¦¥-

­¨ï T = T1 + � � � + Tn, â® ¨¬¥¥¬ qT (x0) > 0, çâ® á®£« á­® 1.3 ¯à®â¨¢®à¥ç¨â

à §¬ § ­­®áâ¨ T .

�®ª ¦¥¬ (2) ) (3). �®£« á­® (2) áãé¥áâ¢ãîâ 0 6= � � b ¨ ¯®¯ à­® ¤¨§ê-

îªâ­ë¥ ®¯¥à â®àë T1; : : : ; Tn ¤«ï ª®â®àëå T = T1 + � � �+ Tn ¨ �Tkx � �. � á-

á¬®âà¨¬ ¯à®¥ªâ®à b � �. �«ï ­¥£® â®¦¥ áãé¥áâ¢ã¥â ¯à®¥ªâ®à 0 6= �1 � b � �

¨ ¯®¯ à­® ¤¨§ìîªâ­ë¥ ®¯¥à â®àë S1; : : : ; Sm â ª¨¥, çâ® T = S1 + � � � + Sn ¨

�1Skx � �. �à®¢®¤ï íâã ¯à®æ¥¤ãàã, ¬ë ¯®«ãç¨¬ ã¯®àï¤®ç¥­­®¥ ¯® ¢ª«îç¥­¨î

¬­®¦¥áâ¢® à §¡¨¥­¨©, ª®â®à®¥ ¯® «¥¬¬¥ �®à­  ¨¬¥¥â ¬ ªá¨¬ «ì­ë© í«¥¬¥­â.

�ãáâì íâ® (��)�2�. �®ª ¦¥¬, çâ® íâ® à §¡¨¥­¨¥ b. �ãáâì íâ® ­¥ â ª. �®£¤  ¨§

­ã«¥¢®£® í«¥¬¥­â  b�
P

�2� �� â ª¦¥ ¬®¦­® ¢ë¤¥«¨âì ¯à®¥ªâ®à �
�, ã¤®¢«¥â¢®-

àïîé¨© âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬, ¨ ¤®¡ ¢¨âì ¥£® ª à §¡¨¥­¨î, çâ® ¯à®â¨¢®à¥ç¨â

¬ ªá¨¬ «ì­®áâ¨ à §¡¨¥­¨ï.

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ à §¡¨¥­¨¥ (��)�2� ¯à®¥ªâ®à  b ¨ à §«®¦¥­¨ï T =

T1;� + ::: + Tk�;� â ª¨¥, çâ® ��Tk;�x � �. �ãáâì k(�) | ®â®¡à ¦¥­¨¥ k : � ! N ,

¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã � 7! k�. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: �n :=

k�1(n), bn :=
P

�2�n
��, Ti;n =

P
�2�n

��Ti;� (i = 1; : : : ; n). �áª«îç¨¢ â¥ bn,

¤«ï ª®â®àëå k�1(n) = ?, ¨ ¯¥à¥­ã¬¥à®¢ ¢ ®áâ «ì­ë¥ ¯®«ãç¨¬ âà¥¡ã¥¬®¥ à §-

¡¨¥­¨¥.

�®ª § â¥«ìáâ¢® (3) ) (1) ¯à®¢¥¤¥¬ ®â ¯à®â¨¢­®£®. �ãáâì ¢ë¯®«­¥­® (3)

¨ ¯à¨ íâ®¬ qT (x) 6= 0. �ãáâì e := qT (x), � :=
1

m
e, b := [qT (x)]. �®£¤  ¨§

á®®â­®è¥­¨ï b� 6= 0 ¢ á¨«ã (3), ®¯à¥¤¥«¥­¨ï qT ¨ 1.2 (4) á«¥¤ã¥â, çâ® bnqT (x) =

qbnT (x) � � = 1

m
e. �âáî¤  bqT (x) �

1

m
e ¨ ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î qT (x) =

e � 1

m
e. � ª¨¬ ®¡à §®¬, � = 0, çâ® ¨ ¤®ª §ë¢ ¥â à §¬ § ­­®áâì T .

�®ª ¦¥¬ (1) ) (4) ®â ¯à®â¨¢­®£®. �ãáâì áãé¥áâ¢ãîâ 0 � x0 2 E; 0 �
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�0 2 F ¨ b0 2 B â ª¨¥, çâ® b0�0 6= 0 ¨ ¤«ï «î¡®£® ­¥­ã«¥¢®£® ¯à®¥ªâ®à  � � b0 ¨

«î¡®£® ¯®ªàëâ¨ï x0 � x1 _ � � � _ xn áãé¥áâ¢ã¥â å®âï ¡ë ®¤¨­ í«¥¬¥­â xk0 , ¤«ï

ª®â®à®£® �Txk0 � b0�0. �ãáâì xk1 ; : : : ; xks | í«¥¬¥­âë ¯®ªàëâ¨ï ã¤®¢«¥â¢®àï-

îé¨¥ ãá«®¢¨î �Tkix0 � b0�0. �®ª ¦¥¬, çâ® áà¥¤¨ íâ¨å xki ­ ©¤¥âáï í«¥¬¥­â

x�k â ª®©, çâ® �Tx�k � b0�0. �®§ì¬¥¬ xk1 ¨ ¤®¯ãáâ¨¬, çâ® �Txk1 � b0�0. �®£¤ 

­ ©¤¥âáï ¯à®¥ªâ®à �1, ¤«ï ª®â®à®£® �1Txk1 � b0�0. �á«¨ �1Txki � b0�0 ¤«ï ¢á¥å

i = 1; : : : ; s, â® ¬ë áà §ã ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. � ¯à®â¨¢­®¬ á«ãç ¥, ¯à®¢®-

¤ï  ­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ­¥®¡å®¤¨¬®¥ ª®­¥ç­®¥ ç¨á«® à §, ¯®«ãç¨¬ â ª®©

¯à®¥ªâ®à �� çâ® ��Tx�k � b0�0 ¨ ��Txi � b0�0 ¤«ï ®áâ «ì­ëå xi. �¥¬ á ¬ë¬,

¢­®¢ì ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î, â. ¥. ��Tx�k � b0�0. � ª ª ª íâ® ¢¥à­® ¤«ï

«î¡®£® ¯®ªàëâ¨ï x = x1 _ � � �_xn, â® ¨¬¥¥¬, çâ® pT (x0) > 0, çâ® ¯à®â¨¢®à¥ç¨â

à §¬ § ­­®áâ¨ T .

�®ª ¦¥¬ (4) ) (5). �®£« á­® (4) áãé¥áâ¢ãîâ � � b ¨ ¯®ªàëâ¨ï x =

x1 _ � � � _ xn, ¤«ï ª®â®àëå �Txk � �. � «¥¥ à áá¬®âà¨¬ ¯à®¥ªâ®à b � �. �á«¨

b 6= �, â® ¤«ï ­¥£® â ª¦¥ áãé¥áâ¢ãîâ ¯à®¥ªâ®à �1 � b � � ¨ ­¥ª®â®àë¥ í«¥-

¬¥­âë x = y1 _ � � � _ ym â ª¨¥, çâ® �1Tyk � �. �à®¢®¤ï íâã ¯à®æ¥¤ãàã ¬ë

¯®«ãç¨¬ ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® à §¡¨¥­¨©, ª®â®à®¥ ¯® «¥¬¬¥ �®à­  ¨¬¥¥â

¬ ªá¨¬ «ì­ë© í«¥¬¥­â. �ãáâì íâ® (��) (� 2 �). �®ª ¦¥¬, çâ® íâ® à §¡¨¥­¨¥

b. �ãáâì íâ® ­¥ â ª, â®£¤  ¨¬¥¥¬ í«¥¬¥­â b �
P

�2� �� ¨ ¨§ ­¥£® â®¦¥ ¬®¦­®

¢ë¤¥«¨âì ¯à®¥ªâ®à �� ã¤®¢«¥â¢®àïîé¨© âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬ ¨ ¤®¡ ¢¨âì ¥£®

ª à §¡¨¥­¨î, çâ® ¯à®â¨¢®à¥ç¨â ¬ ªá¨¬ «ì­®áâ¨ à §¡¨¥­¨ï.

�®ª § â¥«ìáâ¢® (5) ) (1) ¯à®¢¥¤¥¬ ®â ¯à®â¨¢­®£®. �ãáâì ¢ë¯®«­¥­® (5)

¨ ¯à¨ íâ®¬ pT (x) 6= 0. �ãáâì e := pT (x), � :=
1

n
e, b := [pT (x)]. �®£¤  ¨§

á®®â­®è¥­¨ï b� 6= 0 á«¥¤ã¥â, çâ® bpT (x0) � � = 1

m
e ¨ ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î

pT (x0) = e � 1

m
e. � ª¨¬ ®¡à §®¬, � = 0, çâ® ¨ ¤®ª §ë¢ ¥â à §¬ § ­­®áâì T . B

2.3. (1) �á«¨ ¢ â¥®à¥¬¥ 2.2 E | à¥è¥âª  á £« ¢­ë¬¨ ¯à®¥ªæ¨ï¬¨, â®

¢ 2.2 (4) ¨ 2.2 (5) ¯®ªàëâ¨ï x �
Wn

i=1 xi ¬®¦­® § ¬¥­¨âì ­  à §¡¨¥­¨ï x =Pn

i=1 xi, £¤¥ xi | ¯®¯ à­® ¤¨§êî­ªâ­ë.

(2) �á«¨ E | ¯®àï¤ª®¢® ¯®«­ ï ¢¥ªâ®à­ ï à¥è¥âª , â® ¢ 2.2 (5) ¬®¦­®

¯®«ãç¨âì áç¥â­®¥ à §¡¨¥­¨¥ (��).

C �§ 2:2 (4) ) 2:2 (5) ¨¬¥¥¬, çâ® áãé¥áâ¢ã¥â à §¡¨¥­¨¥ (��) = b, � 2 � ¨

¤«ï ª ¦¤®£® �� áãé¥áâ¢ã¥â ¯®ªàëâ¨¥ x � x1;�_� � �_xk�� â ª¨¥, çâ® ��Txk;� � �.

�ãáâì ®â®¡à ¦¥­¨¥ k : � ! N ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© � 7! k� (� 2 �). �¢¥-

¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: �n := k�1(n), bn :=
P

�2�n
��, xi;n :=

V
�2�n

xi;�.

�®ª ¦¥¬, çâ®

x �

n_
i=1

xi;n:
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�ç¨âë¢ ï â®, çâ® E | ¯®àï¤ª®¢® ¯®«­ ï ¢¥ªâ®à­ ï à¥è¥âª , ¬ë ¨¬¥¥¬

n_
i=1

xi;n =

0
@ ^

�2�n

x1;�

1
A _

0
@ ^

�2�n

x2;�

1
A _ � � � _

0
@ ^

�2�n

xn;�

1
A =

^
�2�n

 
n_
i=1

xi;�

!
� x;

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. B

�¨â¥à âãà 
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