
�« ¤¨ª ¢ª §áª¨© ¬ â¥¬ â¨ç¥áª¨© ¦ãà «

�¯à¥«ì{�îì, 2001, �®¬ 3, �ë¯ãáª 2

��� 511.3

� ��������� ������������ ������������

� ��������������� ������  (x) � ex

�. �. � á®¥¢

�¢â®à®¬ ¯à¥¤«®¦¥ ¬¥â®¤ [4], ®á®¢ ë©   â®¬, çâ® ¥¯à¥àë¢ë¥ ¤à®¡¨ ¤ îâ  ¨-

«ãçè¨¥ à æ¨® «ìë¥ ¯à¨¡«¨¦¥¨ï ª ç¨á«ã, ¨   ¢®§¬®¦®áâ¨ ª®âà®«¨à®¢ âì ¯®àï-

¤®ª ¯à¨¡«¨¦¥¨ï ¨áá«¥¤ã¥¬®£® ç¨á«  ¯®¤å®¤ïé¨¬¨ ¤à®¡ï¬¨ ª ª á¢¥àåã, â ª ¨ á¨§ã.

� ¦ãî à®«ì ¯à¨ íâ®¬ ¨£à ¥â à¥£ã«ïà®áâì ¯®¢¥¤¥¨ï ¥¯®«ëå ç áâëå. �à¨ ¨á¯®«ì-

§®¢ ¨¨ ¤ ®£® ¬¥â®¤  ®â¯ ¤ ¥â ã¦¤  ¢ ï¢ëå ¯à¥¤áâ ¢«¥¨ïå ç¨á«¨â¥«¥© ¨ § ¬¥-

 â¥«¥© ¯®¤å®¤ïé¨å ¤à®¡¥© ¨, ª ª á«¥¤áâ¢¨¥, à áè¨àï¥âáï ª« áá ç¨á¥«, ¤«ï ª®â®àëå

ã¤ ¥âáï ¯®«ãç¨âì â®çë¥ ®æ¥ª¨.

�ãáâì �| ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®. � â¥®à¨¨ ç¨á¥« ¨ ¥¥ ¯à¨«®¦¥¨ïå ¡®«ì-

è®¥ § ç¥¨¥ ¨¬¥¥â ¨§ãç¥¨¥ ¯®¢¥¤¥¨ï à §®áâ¨

������ p

q

���� ; (1)

£¤¥ p | æ¥«®¥ ç¨á«®, (p 2 Z), q |  âãà «ì®¥ ç¨á«®, (q 2 N). �®áª®«ìªã

¬®¦¥áâ¢® à æ¨® «ìëå ç¨á¥« ¢áî¤ã ¯«®â® ¢® ¬®¦¥áâ¢¥ ¤¥©áâ¢¨â¥«ìëå

ç¨á¥«, â® ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ç¨á¥« p ¨ q íâ  ¢¥«¨ç¨  ¬®¦¥â ¡ëâì

á¤¥«   ¬¥ìè¥ «î¡®£®  ¯¥à¥¤ § ¤ ®£® ç¨á« . �®íâ®¬ã ¯à¥¤áâ ¢«ï¥â ¨â¥-

à¥á ¨§ãç¨âì ®â®á¨â¥«ìãî ¬ «®áâì ¢¥«¨ç¨ë (1), â. ¥. ¢ëïá¨âì áª®«ì ¬ «®©

®  ¬®¦¥â ¡ëâì, ¥á«¨ q ¥ ¯à¥¢®áå®¤¨â ¥ª®â®à®£®  âãà «ì®£® ç¨á«  q0, ¨«¨,

¨ ç¥, áª®«ì å®à®è® ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® � ¬®¦¥â ¡ëâì ¯à¨¡«¨¦¥® ( ¯à®ª-

á¨¬¨à®¢ ®) à æ¨® «ìë¬¨ ¤à®¡ï¬¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¢¥«¨ç¨ë § ¬¥ â¥«ï

q.

�®¢¥¤¥¨¥ ¢¥«¨ç¨ë (1) ®æ¥¨¢ îâ á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì '(q) |

¥ª®â®à ï ¯®«®¦¨â¥«ì ï äãªæ¨ï, ã¡ë¢ îé ï á à®áâ®¬ q. �®¢®àïâ, çâ® ¨à-

à æ¨® «ì®¥ ç¨á«® � ¤®¯ãáª ¥â ¯à¨¡«¨¦¥¨¥ ç¨á« ¬¨ p 2 Z; q 2 N ¯®àï¤ª 

'(q), ¥á«¨ áãé¥áâ¢ã¥â ¯®áâ®ï ï c1 > 0, § ¢¨áïé ï ®â � ¨ äãªæ¨¨ '(q),

â ª ï, çâ® ¥à ¢¥áâ¢® ������ p

q

���� < c1'(q)

¨¬¥¥â ¡¥áª®¥ç®¥ ç¨á«® à¥è¥¨© ¢ ç¨á« å p 2 Z; q 2 N .

c 2001� á®¥¢ �. �.
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�®àï¤®ª ¯à¨¡«¨¦¥¨ï '(q)  §ë¢ ¥âáï  ¨«ãçè¨¬ ¯®àï¤ª®¬ ¯à¨¡«¨¦¥-

¨ï ç¨á«  �, ¥á«¨ áãé¥áâ¢ã¥â ¯®áâ®ï ï c2 > 0, § ¢¨áïé ï ®â � ¨ '(q), â ª ï,

çâ® ¯à¨ «î¡ëå p 2 Z; q 2 N

������ p

q

���� > c2'(q):

�  è¥¬ ¨§«®¦¥¨¨ ¬ë ¡ã¤¥¬ ¨§ãç âì  ¨«ãçè¨¥ à æ¨® «ìë¥ ¯à¨¡«¨-

¦¥¨ï ª âà áæ¥¤¥âë¬ äãªæ¨ï¬ ç¨á«   (x)ex. �à¨ íâ®¬ ¬ë ¡ã¤¥¬ à á-

á¬ âà¨¢ âì  à¨ä¬¥â¨ç¥áª¨¥ æ¥¯ë¥ ¤à®¡¨ íâ¨å äãªæ¨©. � ç áâ®áâ¨, ç¨á« 

¢¨¤ 

e
2
a + 1

e
2
a � 1

; a 2 N

¡ë«¨ ¯®«ãç¥ë �©«¥à®¬ [8]; ç¨á«  e2; e
2
a ; e

2
k ; 2yk ¯®«ãç¥ë �ãà¢¨æ¥¬ [11]  ¨-

«ãçè¨¥ ¯à¨¡«¨¦¥¨ï ����th 1

a
� p

q

���� > c � ln ln q
q2 ln q

;

ãáâ ®¢«¥® �¨®ª ¢ë [12],   à¥§ã«ìâ âë

����th 1

a
� p

q

���� > ln ln q

6q2 ln q
;

����e� p

q

���� > ln ln q

3q2 ln q

¯®«ãç¥ë � ª¥è¨ [13, 14]. �¤ ª®, ª ª ãáâ ®¢«¥® �¥¢¨á®¬ [9, 10]

1) ¤«ï «î¡®£® " > 0 ¥à ¢¥áâ¢®

����e� p

q

���� <
�
1

2
+ "

�
ln ln q

q2 ln q
(2)

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ¯®«®¦¨â¥«ìëå ç¨á« å p ¨ q;

2) áãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ® ¤«ï «î¡®£® p

q
2 Q

����e� p

q

���� >
�
1

2
� "

�
ln ln q

q2 ln q
(3)

 ç¨ ï á ¥ª®â®à®£® q � q0;
3) ¤«ï «î¡®£® " > 0 ¥à ¢¥áâ¢®

����e 2b � p

q

���� < (c+ ")
ln ln q

q2 ln q
; (4)
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¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ¯®«®¦¨â¥«ìëå p ¨ q.

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ® ¤«ï «î¡®£® p
q
2 Q

����e 2b � p

q

���� > (c� ")
ln ln q

q2 ln q
; (5)

 ç¨ ï á ¥ª®â®à®£® q � q0, £¤¥

c =

�
b�1; 2jb
(4b)�1; 2yb:

(6)

� ¬¨ ãáâ ®¢«¥ [4] ¯®¤å®¤, ®á®¢ ë©   â®¬, çâ® ¥¯à¥àë¢ë¥ ¤à®¡¨

¤ îâ  ¨«ãçè¨¥ à æ¨® «ìë¥ ¯à¨¡«¨¦¥¨ï ª ç¨á«ã,   â ª¦¥   ¢®§¬®¦®áâ¨

ª®âà®«¨à®¢ âì ¯®àï¤®ª ¯à¨¡«¨¦¥¨ï ¨áá«¥¤ã¥¬®£® ç¨á«  ¯®¤å®¤ïé¨¬¨ ¤à®-

¡ï¬¨ ª ª á¢¥àåã, â ª ¨ á¨§ã. � ¦ãî à®«ì ¯à¨ íâ®¬ ¨£à ¥â à¥£ã«ïà®áâì ¯®¢¥-

¤¥¨ï ¥¯®«ëå ç áâëå. � ç áâ®áâ¨, ¯à¥¤«®¦¥ë© ¬¥â®¤ ¯à¨¢¥« ª áãé¥áâ-

¢¥®¬ã ã¯à®é¥¨î ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �í¢¨á  ¨ ¯®¤®¡ëå à¥§ã«ìâ â®¢.

�à¨ ¥£® ¨á¯®«ì§®¢ ¨¨ ®â¯ ¤ ¥â ã¦¤  ¢ ï¢ëå ¯à¥¤áâ ¢«¥¨ïå ç¨á«¨â¥«¥© ¨

§ ¬¥ â¥«¥© ¯®¤å®¤ïé¨å ¤à®¡¥© ¨, ª ª á«¥¤áâ¢¨¥, à áè¨àï¥âáï ª« áá ç¨á¥«,

¤«ï ª®â®àëå ã¤ ¥âáï ¯®«ãç¨âì â®çë¥ ®æ¥ª¨. �â¬¥â¨¬, çâ® ¨¦¨¥ ®æ¥ª¨ á

åã¤è¨¬¨ ª®áâ â ¬¨ ¤«ï ¥ª®â®àëå ¨§ à áá¬®âà¥ëå ç¨á¥« ¡ë«¨ ¨§¢¥áâë

¨ à ¥¥ (á¬. [12, 13, 14]).

�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã ¤®ª § ãî ¢ [4].

�¥®à¥¬ . �ãáâì n;mi; si; (i = 1; 2; :::; n),  âãà «ìë¥ ç¨á« ;

fa11; a12; :::; a1m1
g; fa21; a22; :::; a2m2

g; :::; fan1; an2; :::; anmn
g;

ª®¥çë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥«;

fb11; b12; :::; b1s1g; fb21; b22; :::; b2s2g; :::; fbn1; bn2; :::; bnsng;
fd11; d12; :::; d1m1

g; fd21; d22; :::; d2m2
g; :::; fdn1; dn2; :::; dnmn

g;

ª®¥çë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ æ¥«ëå ¯®«®¦¨â¥«ìëå ç¨á¥«, a0 2 Z;

� =[a0; b11; :::; b1s1; a11 + �d11; :::; a1m1
+ �d1m1

; :::;

bn1; :::; bnsm; an1 + �dn1; :::; anmn
+ �dnmn

]1�=1;
(7)

� = [a0;w1; w2; w3; :::; wk; :::]; 
 = m1 +m2 + :::+mn; (8)

c = min

�



d11
;



d12
; :::;




d1m1

; :::;



dnmn

�
: (9)
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�®£¤  ¤«ï «î¡®£® " > 0 ¥à ¢¥áâ¢®������ p

q

���� < (c+ ")
ln ln q

q2 ln q
; (10)

¨¬¥¥â ¡¥áç¨á«¥®¥ ¬®¦¥áâ¢® à¥è¥¨© ¢ ç¨á« å p 2 Z; q 2 N .

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ®

������ p

q

���� > (c� ")
ln ln q

q2 ln q
; (11)

¤«ï ¢á¥å æ¥«ëå p; q £¤¥ q � q0.
� «¥¥, ¯®«ì§ãïáì ¬¥â®¤®¬ �ãà¢¨æ  [11] ¬®¦® ¤®ª § âì, çâ® ¥á«¨

� = [a0; a1; a2; a3; :::]

à §«®¦¥¨¥ � ¢ à¥£ã«ïàãî ( à¨ä¬¥â¨ç¥áªãî) ¥¯à¥àë¢ãî ¤à®¡ì, â® ç¨á«®

¢¨¤ 

� =
a�+ b

c�+ d
; a; b; c; d 2 Z;

£¤¥ ad� bc = n > 0 à §« £ ¥âáï ¢ à¥£ã«ïàãî ¥¯à¥àë¢ãî ¤à®¡ì.

�¤ ª®, ®â¬¥â¨¬, çâ® ¯®«ãç¥¨¥ ¥¯à¥àë¢®© ¤à®¡¨ ¯® ¬¥â®¤ã �ãà¢¨æ 

¡ëáâà® à áâ¥â á à®áâ®¬ n ¨ ¯à ªâ¨ç¥áª¨ âàã¤® à¥è âì § ¤ ç¨ â ª®£® â¨¯ .

�¨¦¥ ¬ë ¯à¥¤« £ ¥¬ ¤àã£®© ¯®¤å®¤ ª à¥è¥¨î § ¤ ç ¯®¤®¡®£® â¨¯ . � à ¡®â¥

 ¬¨ ãáâ ®¢«¥®  ¨«ãçè¥¥ à æ¨® «ì®¥ ¯à¨¡«¨¦¥¨¥ ª ç¨á« ¬ ¢ æ¥¯ëå

¤à®¡ïå.

1. � à §«®¦¥¨¨ ¢ æ¥¯ë¥ ¤à®¡¨ ç¨á¥« ¢¨¤ 

x �
e
x+1

ex�1
, ex (x 2 R)

�¥®à¥¬  1.1. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

x � e
x + 1

ex � 1
= 2 +

x2

6 +
x2

10 +
x2

14 + : : :

; x 2 R; x > 0: (1:1)

C � áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

2xy00 + y0 = 2y; (1:2)



�  ¨«ãçè¨å à æ¨® «ìëå ¯à¨¡«¨¦¥¨ïå ª âà áæ¥¤¥âë¬ ç¨á« ¬ 2{27

à¥è¥¨¥¬ ª®â®à®£® ï¢«ï¥âáï ãà ¢¥¨¥

y = e2
p
x + e�2

p
x:

� ¤àã£®© áâ®à®ë, ¨§ (1.2) á«¥¤ã¥â, çâ®

2xy000 + 3y00 = 2y0;

2xy0000 + 5y000 = 2y00;

: : : : : : : : : : : : ;

2xy(n+2) + (2n+ 1)y(n+1) = 2y(n);

: : : : : : : : : : : : :

�¥è¨¬ ãà ¢¥¨¥ ¤«ï y

y0
. �¥©áâ¢¨â¥«ì®,

2 � y(n)

y(n+1)
= 2n+ 1 + 2x � 1

y(n+1)

y(n+2)

¨, á«¥¤®¢ â¥«ì®,
y

y0
=
1

2
+

x
y0

y00

=
1

2
+

x

3

2
+

x

5

2
+ : : :

;

â. ¥.
y

y0
=
p
x � e

4
p
x + 1

e4
p
x � 1

=
1

2
+

x

3

2
+

x

5

2
+ : : :

:

� ¬¥¨¢
p
x   x

4
, ¯®«ãç¨¬ ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  (1.1). B

�¥®à¥¬  1.2. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

e
2
a + 1

e
2
a � 1

= a+
1

3a+
1

5a+ : : :

; a 2 N ; (1:3)

e
1
a + 1

e
1
a � 1

= 2a+
1

6a+
1

10a+ : : :

; a 2 N ; (1:4)
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r
2

a
� e

2p
a + 1

e
2p
a � 1

= 2 +
1

3a+
1

10 +
1

7a+ : : :

; a 2 N; (1:5)

r
a

b
� e
p

a

b + 1

e
p

a

b � 1
= 2 +

a

6b+
a

10 +
a

14b+ : : :

; a; b 2 N ; (1:6)

p
a � e

p
a + 1

e
p
a � 1

= 2 +
a

6 +
a

10 +
a

14 + : : :

; a 2 N; (1:7)

a

b
� e

a

b + 1

e
a

b � 1
= 2 +

a2

6b2 +
a2

10 +
a2

14b2 + : : :

;
a

b
2 Q ; (1:8)

1p
b
� e

1p
b + 1

e
1p
b � 1

= 2 +
1

6b+
1

10 +
1

14b+ : : :

; b 2 N : (1:9)

C �®«®¦¨¬ ¢ à ¢¥áâ¢¥ (1.1) x = 2
a
¨ à §¤¥«¨¬ ®¡¥ ¥£® ç áâ¨   2

a
. �à¨¤¥¬

ª à ¢¥áâ¢ã (1.3).

� «®£¨ç® ãáâ  ¢«¨¢ îâáï à ¢¥áâ¢  (1.4){(1.8). B

�¥®à¥¬  1.3. �ãáâì t 2 R+ . �®£¤ 

e
1
t = [1; t� 1; 1; 1; 3t� 1; 1; 1; 5t� 1; 1; 1; :::] (1:10)

C �§ à §«®¦¥¨ï (1.1)  å®¤¨¬, çâ®

ex + 1

ex � 1
=
2

x
+

1

6

x
+

1

10

x
+ : : :

:

�¡®§ ç¨¬ 1
x
= t. �®«ãç¨¬, çâ®

e
1
t � 1 =

2

2t� 1
+

1

6t+
1

10t+ : : :

:
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�ãáâì 0 =
2

2t�1+ 1
1

= 21
(2t�1)1+1 � (t� 1) + 1+1

21
� 1 + 1�1

1+1
� 1 + 2

1�1 . B

�à¨¬¥ç ¨¥. �¬¥áâ® § ¯¨á¨

0 =
20

(2t� 1)1 + 1
=

1

t� 1 +
1

1 +
1

1 +
2

1 � 1

ª®à®âª® ¯¨è¥¬ â ª¨¬ ®¡à §®¬, çâ® ãª §ë¢ «¨ ¢ëè¥.

� å®¤¨¬, çâ®

1 = 6t+
1

2
=
6t2 + 1

2
:

�®íâ®¬ã

2

1 � 1
=

22

(6t� 1)2 + 1
� (3t� 1) +

2 + 1

22
� 1 +

2 � 1

2 + 1
� 1 +

2

2 � 1
:

�à¥¤¯®«®¦¨¬, çâ® ¤«ï n�1 ¢ë¯®«ïîâáï ãá«®¢¨ï. �®£¤  ¤«ï

n = (4n+ 2)t+
1

n+1
=
(4n+ 2)tn+1 + 1

n+1

¯®«ãç ¥¬

2

n � 1
=

2n+1

((4n+ 2)t� 1)n+1 + 1
�

(2n+ 1)t� 1 +
n+1 + 1

2n+1
� 1 +

n+1 � 1

n+1 + 1
� 1 +

2

n+1 � 1
;

¨, á«¥¤®¢ â¥«ì®, ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï «î¡®£® n.

� ç áâ®áâ¨, ¯à¨ t = a 2 N ; a > 1

e
1
2 = [1; a� 1; 1; 1; 3a� 1; 1; 1; 5a� 1; 1; 1; : : : ] (�ãà¢¨æ, [11]); (1:11)

¯à¨ a = 1
t
; a 2 N

ea =
h
1;
1

a
� 1; 1; 1;

3

a
� 1; 1; 1;

5

a
� 1; 1; 1; : : :

i
; (1:12)

¯à¨ t = m
a
;m; a 2 N

e
a

m =
h
1;
m

a
� 1; 1; 1;

3m

a
� 1; 1; 1;

5m

a
� 1; 1; 1; : : :

i
: (1:13)
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�¨¦¥, á ¯®¬®éìî  è¥£® ¬¥â®¤ , ¬ë ¯®ª ¦¥¬, çâ®

e = [2; 1; 2; 1; 1; 4; 1; 1; 6; 1; 1; : : : ] (�©«¥à, [8]); (1:14)

e2 = [7; 3n+ 2; 1; 1; 3n+ 3; 12n+ 18]1n=0 (�ãà¢¨æ, [11]); (1:15)

e
2
a =

h
1;
a� 1

2
+ 3�a; 6a+ 12�a;

5a� 1

2
+ 3�a; 1

i1
�=0

(�ãà¢¨æ, [11]): (1:16)

�àã£¨å à §«®¦¥¨©, ¢ á¬ëá«¥  à¨ä¬¥â¨ç¥áª¨å æ¥¯ëå ¤à®¡¥©, ç¨á«  e
m

a

¤® á¨å ¯®à ¥ ©¤¥®. � á¢ï§¨ á íâ¨¬ �. �¥£ ¯¨è¥â, çâ® ý�¡é¥© ¯à®¡«¥¬®© ï¢-

«ï¥âáï ¨áá«¥¤®¢ ¨¥ ¢ ¨â¥à¥áãîé¥¬  á  á¯¥ªâ¥ § ç¥¨© ¤®«¦ë¬ ®¡à §®¬

®à¬¨à®¢ ëå ª« áá¨ç¥áª¨å äãªæ¨©. �ãªæ¨ï et ï¢«ï¥âáï, ª®¥ç®,  ¨-

¡®«¥¥ ¯à®áâ®©. �¥à¢®© ¢®§¨ª îé¥© ¯à®¡«¥¬®©, ¨, ¢®§¬®¦®, á ¬®© ¯à®áâ®©,

ï¢«ï¥âáï ®¯à¥¤¥«¥¨¥ ¥¯à¥àë¢®© ¤à®¡¨ ¤«ï ea, £¤¥ a| à æ¨® «ì®¥ ç¨á«®

(¨«¨ ¤ ¦¥ ¯à®¨§¢®«ì®¥ æ¥«®¥). �®â¥«®áì ¡ë § âì, ª ª ®á®¡ë¥   «¨â¨ç¥á-

ª¨¥ á¢®©áâ¢  ®¤®© ¨§ ª« áá¨ç¥áª¨å äãªæ¨© ®âà ¦ îâáï    à¨ä¬¥â¨ç¥áª¨å

á¢®©áâ¢ å ¥¥ § ç¥¨©þ. ([3], áâà. 97).

�®ª ¦¥¬ â¥¯¥àì, çâ® ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥ (1.14). � á ¬®¬ ¤¥«¥, ¢ á¨«ã

(1.12), ¯à¨ a = 1  å®¤¨¬, çâ®

e = [1; 0; 1; 1; 2; 1; 1; 4; 1; 1; 6; 1; 1; : : : ]:

�®«®¦¨¬

0 = [1; 0; 1; 1; 1] =
31 + 2

1 + 1
; 1 = [2; 1; 1; 2] =

52 + 3

22 + 1
:

�«¥¤®¢ â¥«ì®,

0 =
31 + 2

1 + 1
=
192 + 11

72 + 4
= [2; 1; 2; 1; 1; 2]:

�à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï n�1. �®£¤  ãâ¢¥à¦¤¥¨¥ ¢¥à®
¨ ¤«ï n = [2n; 1; 1; n+1]. �«¥¤®¢ â¥«ì®, ãâ¢¥à¦¤¥¨¥ (1.14) ¢¥à®.

� á¨«ã (1.3) ¯®«®¦¨¬ a = 1

e2 + 1

e2 � 1
= 1 +

1

3 +
1

5 + : : :

;

®âªã¤   å®¤¨¬, çâ®

e2 � 7 =
2

5 +
1

7 +
1

9 + : : :

:



�  ¨«ãçè¨å à æ¨® «ìëå ¯à¨¡«¨¦¥¨ïå ª âà áæ¥¤¥âë¬ ç¨á« ¬ 2{31

�®«®¦¨¬

0 =
2

5 +
1

1

=
21

51 + 1
=
h
0; 2; 1; 1;

1 � 1

2

i
; 1 = 7 +

1

2
=
72 + 1

2
;

1 � 1

2
=
62 + 1

22
= [3; 22]; 2 = 9 +

1

3
=
93 + 1

3
;

22 =
183 + 2

3
=
h
18;

3

2

i
:

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® 3n+2 ¢ë¯®«ï¥âáï. �®£¤ 

3n+3 = 6n+ 11 +
1

3n+4
=
(6n+ 11)3n+4 + 1

3n+4
:

�âªã¤   å®¤¨¬

3n+3

2
=
(6n+ 11)3n+4 + 1

23n+4
=
h
3n+ 5; 1; 1;

3n+4 � 1

2

i
:

� «®£¨ç® ¯®«ãç ¥¬

3n+4 = 6n+ 13 +
1

3n+5
=
(6n+ 13)3n+5 + 1

3n+5
;

¨, á«¥¤®¢ â¥«ì®,

3n+4 � 1

2
=
(6n+ 12)3n+5 + 1

23n+5
=
h
3n+ 6;

3n+5

2

i
:

� ª¨¬ ®¡à §®¬,

3n+5 = 6n+ 15 +
1

3n+6
=
(6n+ 15)3n+6 + 1

3n+6
;

3n+5

2
=
(12n+ 30)3n+6 + 2

3n+6
=
h
12n+ 30;

3n+6

2

i
:

� ááã¦¤ ï ¤ «ìè¥ ¯® n  å®¤¨¬, çâ® ¢¥à® (1.15).

� ª®¥æ, ¤®ª ¦¥¬ (1.16). � á ¬®¬ ¤¥«¥, ¨§ à §«®¦¥¨ï (1.1), ¯®«®¦¨¢

x = 2
a
; 2ya, ¯®«ãç¨¬, çâ®

e
2
a + 1

e
2
a � 1

= a+
1

3a+
1

5a+ : : :

;
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®âªã¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â, çâ®

e
2
a � 1 =

2

a� 1 +
1

3a+
1

5a+ : : :

:

�®«®¦¨¬

0 =
2

a� 1 +
1

1

=
21

(a� 1)1 + 1
� a� 1

2
+

1

21
;

1 = 3a+
1

2
=
3a2 + 1

2
:

�«¥¤®¢ â¥«ì®,

21 =
6a2 + 2

2
� 6a +

2

2
; 2 = 5a+

1

3
=
5a3 + 1

3
;

2

2
=
(5a� 1)3 + (3 + 1)

23
� 5a� 1

2
+
3 + 1

23
� 1 +

3 � 1

3 + 1
� 1 +

2

3 � 1
;

3 = 7a+
1

4
=
7a4 + 1

4
;

3 � 1

2
=
(7a� 1)4 + 1

24
� 7a� 1

2
+

1

24

¨ ¢¥àã«¨áì ª 1. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï 3n. �®£¤ 

3n+1 = (3 + 6n)a+
1

3n+2
=
(3 + 6n)a3n+2 + 1

3n+2
;

®âªã¤ 

23n+2 =
(6 + 12n)a3n+2 + 2

3n+2
� (a+ 12an) +

2

3n+2
;

3n+2 = (5 + 6n)a+
1

3n+3
=
(5a+ 6an)3n+3 + 1

3n+3
®âáî¤  á«¥¤ã¥â, çâ®

3n+2

2
=
(5a+ 6an)3n+3

23n+3
=
h5a� 1

2
+ 3an; 1; 1;

3n+3 � 1

2

i
:

� ª®¥æ,  å®¤¨¬

3n+3 = 7a+ 6an+
1

3n+4
=
(7a+ 6an)3n+4 + 1

3n+4
;

3n+3 � 1

2
=
(7a� 1 + 6an)3n+4 + 1

23n+4
=
h7a� 1

2
+ 3an; 23n+4

i
;

¨, á«¥¤®¢ â¥«ì®, ãâ¢¥à¦¤¥¨¥ (1.16) ¢¥à®.
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�¥®à¥¬  1.4. �ãáâì � | æ¥¯ ï ¤à®¡ì ¨§ à ¢¥áâ¢ (1.3){(1.5), (1.11),

(1.14){(1.16). �®£¤  ¤«ï «î¡®£® " > 0 ¥à ¢¥áâ¢®

������ p

q

���� < (c+ ")
ln ln q

q2 ln q
;

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ ç¨á« å p 2 N ; q 2 N .

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ®

������ p

q

���� > (c� ")
ln ln q

q2 ln q
;

¤«ï ¢á¥å æ¥«ëå p; q; q � q0(").
�à¨ íâ®¬

1) ¯à¨ � = e
2
a+1

e
2
a�1

c = 1
2
, 2) ¯à¨ � = e

1
a+1

e
1
a�1

c = 1
4
;

3) ¯à¨ � =
q

2
a
� e
p

2
a+1

e

p
2
a�1

c = 1
2a
, 4) ¯à¨ � = e

1
a c = 1

2
,

5) ¯à¨ � = e c = 1
2
, 6) ¯à¨ � = e2 c = 1

4
;

7) ¯à¨ � = e
2
a ; 2ya c = 1

4a
:

2. � à §«®¦¥¨¨ ç¨á¥« ¢¨¤  ae, a�1e, a

b
e, ae+b

ce+d
,e+ a

b
.

�¨á«  ¢¨¤  ae, 1
e
(a 2 N) à §« £ îâáï ¢ æ¥¯ãî ¤à®¡ì. �«ï ¯à¨¬¥à 

¤®ª ¦¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  2.1. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

2e = [5; 2; 3; 2n+ 2; 3; 1; 2n+ 2; 1]1n=0; (2:1)

3e = [8; 6; 2; 5; 2n+ 2; 5; 1; 2n+ 2; 5; 1; 2n+ 2; 1]1n=0; (2:2)

4e = [10; 1; 6; 1; 7; 2; 7; n+ 2; 7; 1; n+ 1; 1]1n=0; (2:3)

e

2
= [1; 2; 2n+ 1; 3; 1; 2n+ 1; 1; 3]1n=0; (2:4)

e

3
= [0; 1; 9; 1; 1; 2n+ 1; 5; 1; 2n+ 1; 1; 1; 26+ 18n]1n=0; (2:5)

e

4
= [0; 1; 2; 8; 3; 1; 1; 1; n+ 1; 7; 1; n+ 1; 2]1n=0: (2:6)
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C �«ï ¯à¨¬¥à  ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® à ¢¥áâ¢  (2.2). � á¨«ã (1.14),

¨¬¥¥¬

3e =
h
6;
1

3
; 6;

1

3
; 3;

4

3
; 3;

1

3
; 18;

1

3
; 3;

8

3
; 3;

1

3
; 30;

1

3
; 3; : : :

i
;

®âªã¤   å®¤¨¬

0 =
h
6;
1

3
; 1

i
=
91 + 18

1 + 3
=
h
18;

1 + 3

1 � 6

i
;

1 =
h
6;
1

3
; 3; 2

i
=
452 + 9

62 + 1
:

�«¥¤®¢ â¥«ì®,

1 + 3

1 � 6
=
632 + 12

92 + 3
=
h
6;
32 + 1

32 � 1

i
; 2 =

h4
3
; 3;

1

3
; 3

i
=
33 + 5

33 + 3
;

32 + 1

32 � 2
=
153 + 18

53 + 9
=
h
2; 5;

3

9

i
; 3 =

h
18;

1

3
; 3; 4

i
=
1174 + 21

64 + 1
;

3

9
=
394 + 7

184 + 7
=
h
2; 5; 1;

34 � 2

3

i
; 4 =

h8
3
; 3;

1

3
; 5

i
=
175 + 27

65 + 9
;

34 � 2

3
=
135 + 21

65 + 9
=
h
2; 5; 1;

5 � 6

9

i
; 5 =

h
30;

1

3
; 3; 6

i
=
1896 + 33

66 + 1
;

5 � 6

9
=
176 + 3

66 + 1
= [2; 1; 5; 6]; 6 =

h
4; 3;

1

3
; 7

i
=
h
4; 5; 1;

7 � 6

9

i
;

7 =
h
42;

1

3
; 3; 8

i
=
2618 + 45

68 + 1
;

7 � 6

9
=
758 + 13

188 + 3
=
h
4; 5; 1;

38 � 2

3

i
; 8 =

h16
3
; 3;

1

3
; 9

i
=
119 + 17

29 + 3
;

3

8 � 2
=

69 + 9

299 + 45
� 4 +

59 + 9

69 + 9
� 1 +

9

59 + 1
� 5 +

1

9
:

�à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï 6n+2. �®£¤  ¤«ï 6n+3  å®¤¨¬

6n+3 =
h
18 + 36n;

1

3
; 3; 6n+4

i
=
(117 + 216)6n+4 + (21 + 36n)

66n+4 + 1

=
h
4n+ 2; 5; 1;

36n+4 � 2

3

i
;

6n+4 =
h8 + 12n

3
; 3;

1

3
; 6n+5

i
=
(17 + 24n)6n+5 + (27 + 36n)

66n+5 + 9
;
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®âªã¤  á«¥¤ã¥â, çâ®

36n+4 � 2

3
=
(13 + 24n)6n+5 + (21 + 36n)

66n+5 + 9
=
h
2 + 4n; 5; 1;

6n+5 � 6

9

i
:

� «®£¨ç®, ¨¬¥¥¬

6n+5 =
h
30 + 36n;

1

3
; 3; 6n+6

i
=
(189 + 216n)6n+6 + (33 + 36n)

66n+6 + 1
;

6n+5 � 6

9
=
(153 + 216n)6n+6 + (27 + 36n)

546n+6 + 9
= [2 + 4n; 1; 5; 6n+6];

6n+6 =
h
4 + 4n; 3;

1

3
; 6n+7

i
=
h
4 + 4n; 5; 1;

6n+7 � 6

9

i
;

6n+7 =
h
42 + 36n;

1

3
; 3; 6n+8

i
=
(261 + 216n)6n+8 + (45 + 31n)

66n+8 + 1
;

6n+7 � 6

9
=
(225 + 216n)6n+8 + (39 + 36n)

546n+8 + 9
=
h
4 + 4n; 5; 1;

6n+8 � 2

3

i
;

6n+8 =
h16 + 12n

3
; 3;

1

3
; 6n+9

i
=
(11 + 8n)6n+9 + (17 + 12n)

26n+9 + 3
;

®âªã¤ ,  ª®¥æ,  å®¤¨¬

36n+8 � 2

3
=
(25 + 24n)6n+9 + (45 + 36n)

66n+9 + 9
=
h
4 + 4n; 1; 5;

6n+9

9

i
:

� ª¨¬ ®¡à §®¬, ¯®«ãç¨¬ à §«®¦¥¨¥

3e = [8; 6; 2; 5; 4n+ 2; 5; 1; 4n+ 2; 5; 1; 4n+ 2; 1; 5; 4n+ 4; 5; 1; 4n+ 4;

5; 1; 4n+ 4; 1; 5]1n=0 = [8; 6; 2; 5; 2n+ 2; 5; 1; 2n+ 2; 5; 1; 2n+ 2; 1]1n=0:

� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ îâáï à ¢¥áâ¢  (2.1), (2.3){(2.5). B

�¥®à¥¬  2.2. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

3e

2
=[4; 12; 1; 10; 1; 11; 2; 1; 2; 2; 1; 2; 2; 1; 1; 1; 1; 1; 2; 2; 2; 11; 1; 1; 1;

11; 2n+ 3; 11; 1; 2n+ 2; 1; 1; 2; 2; 2n+ 3; 2; 2; 1; 1; 2n+ 3;

1; 1; 2; 2; 2n+ 4; 11; 1; 2n+ 3; 1]1n=0:

(2:7)
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C � á¨«ã (2.2), ¯à¨¬¥¨¬ áî¤  à §«®¦¥¨ï

3e

2
=
h
4; 12; 1; 10; 1; 10;

1

2
; 4;

5

2
; 2; 1; 2;

5

2
; 8;

5

2
; 2; 2; 10;

1

2
; 8;

1

2
; 10; 3; 10;

1

2
; 12;

5

2
; 2; 3; 2;

5

2
; 16;

5

2
; 2; 4; 10;

1

2
; 16;

1

2
; 10; 5; 10;

1

2
; 20;

5

2
; 2; 5;

2;
5

2
; 24;

5

2
; 2; 6; 10;

1

2
; 24;

1

2
; : : :

i
:

(2:8)

� áá¬®âà¨¬ â¥¯¥àì à §«®¦¥¨ï

0 = [10; 1; 1];

1 =
h
10;

1

2
; 4;

5

2
; 2

i
=
3642 + 136

322 + 12
= [11; 2; 1; 2; 2];

2 = [2; 1; 2; 3]

3 =
h5
2
; 8;

5

2
; 2; 4

i
=
5244 + 220

2004 + 84
= [2; 1; 1; 1; 1; 1; 2; 2; 4];

4 = [2; 5];

5 =
h
10;

1

2
; 8;

1

2
; 6

i
=
1406 + 232

126 + 20
= [11; 1; 1; 1; 6+ 1];

6 + 1 = [10; 3; 7] + 1 = [11; 3; 7];

®

7 =
h
10;

1

2
; 12;

5

2
; 8

i
=
8448 + 328

728 + 28
= [11; 1; 2; 1; 1; 2; 8];

9 =
h5
2
; 16;

5

2
; 2; 10

i
=
100410 + 420

39210 + 164
= [2; 1; 1; 3; 1; 1; 2; 2; 10];

10 = [4; 11];

11 =
h
10;

1

2
; 16;

1

2
; 12

i
=
23612 + 421

2012 + 36
= [11; 1; 3; 1; 12+ 1];

12 + 1 = [10; 5; 13] + 1 = [11; 5; 1; 13]:

�«¥¤®¢ â¥«ì®,

13 =
h
10;

1

2
; 20;

5

2
; 14

i
=
132414 + 520

11214 + 44
= [11; 1; 4; 1; 1; 2; 14];

14 =[2; 5; 2; 15];

15 =
h5
2
; 24;

5

2
; 2; 16

i
=
148416 + 620

58416 + 244
:
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� «®£¨çë¥ à ááã¦¤¥¨ï ¤ îâ, çâ®

15 = [2; 1; 1; 5; 1; 1; 2; 2; 16];

16 = [6; 17];

17 =
h
10;

1

2
; 24; 2; 18

i
=
33218 + 616

2818 + 52
= [11; 1; 5; 1; 18+ 1];

12 + 1 = [11; 5; 11; 1; 4; 1; 1; 2; 2; 5; 2; 2; 1; 1; 5; 1; 1; 2; 2; 6; 11; 1; 5; 1; 18+ 1]: (2:9)

�à¨¬¥¨¢ â¥¯¥àì ª ®¡é¥¬ã à §«®¦¥¨î 3e
2
, à §«®¦¥¨¥   «®£¨ç®¥ (2.8) ¨

(2.9), ¯à¨¤¥¬ ª æ¥¯ë¬ ¤à®¡ï¬ (2.7).

� ¬¥ç ¨¥. � «®£¨çë¥ ¤®ª § â¥«ìáâ¢  ¯à®å®¤ïâ ¤«ï ç¨á¥« ¢¨¤ 
a
b
; a; b 2 N .

�¥®à¥¬  2.3. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

39e+ 10

15e+ 4
=
h
2; 1; 1; 2; 2;

3e

2

i
= [2; 1; 1; 2; 2; 4; 12; 1; 10; 1; 11; 2; 1; 2; 2;

1; 2; 2; 1; 1; 1; 1; 1; 2; 2; 2; 11; 1; 1; 1; 11; 2n+ 3; 11; 1; 2n+ 2; 1; 1; 2;

2; 2n+ 3; 2; 2; 1; 1; 2n+ 3; 1; 1; 2; 2; 2n+ 4; 11; 1; 2n+ 3; 1]1n=0

(2:10)

� «®£¨ç®¥ à §«®¦¥¨¥ ¨¬¥îâ ¨ ç¨á«  ¢¨¤  ae+b
ce+d

.

C � áá¬®âà¨¬ à §«®¦¥¨¥

39e+ 10

15e+ 4
= 2 +

1

1 +
1

1 +
1

2 +
1

3

2
e

®âªã¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ à §«®¦¥¨¥ (  ®á®¢¥ (2.7)). B

�¨¦¥ ¬ë ¯®ª ¦¥¬, çâ® ¨¬¥îâ ¬¥áâ® à §«®¦¥¨ï e+ a
b
, a 2 Z, b 2 N .

�¥®à¥¬  2.4. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

e+
3

4
=[3; 2; 7; 2; 1; 1; 1; 1; 1; 1; 1; 2; 1; 2; 1; 1; 1; 1; 31; 3; 1; 1; 2; 5; 1; 1; 4; 3;

1; 1; 2; 3; 7; 1; 2; 3; 1; 1; 2; 2; 2; 1; 1; 3; 2; 3; 1; 1; 2; 2; 31; �+ 1; 1; 3; 1; 1;

2; 1; �+ 1; 4; 1; 1; 3; �+ 1; 1; 3; 1; 1; 2; 1; �+ 1; 2; 7; 1; 1; �+ 1; 1; 3;

1; 1; 2; 1; �+ 1; 1; 2; 1; 1; 3; 1; �+ 1; 1; 3; 1; 1; 2; 1; �+ 1; 1]1�=0:

(2:11)
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C � ª ¨§¢¥áâ®,

e+
3

4
= 2+

1

1 +
1

2 +
1

1 +
1

1 +
1

4 + : : :

+
3

4
= 2+

1

1 +
1

0

+
3

4
=
150 + 11

40 + 4
= 3+

30 � 1

40 + 4
:

�¯à¥¤¥«¨¬ 0 = [2; 1; 1; 1] =
51+3
21+1

¨ ¯®¤áâ ¢¨¬ ¥£® § ç¥¨¥ ¢ ¢ëà ¦¥¨¥

A0 =
30 � 1

40 + 4
=

3
51 + 3

21 + 1
� 1

4
51 + 3

21 + 1
+ 4

=
131 + 8

281 + 16
� 2 +

21

131 + 8

�¯à¥¤¥«¨¬ ¢ ®¡é¥¬ ¢¨¤¥

n = 2n+ 2 +
1

1 +
1

1 +
1

n+1

=
(4n+ 5)n+1 + (2n+ 3)

2n+1 + 1
: (2:12)

�®«ãç¨¬, çâ®

A1 =
21

131 + 8
=

2 � 92+5
22+1

13 � 92+5
22+1

+ 8
=

182 + 10

1332 + 23
� 7 +

72 + 3

182 + 10

� 2 +
42 + 4

72 + 3
� 1 +

32 � 1

42 + 4
;

A2 =
32 � 1

42 + 4
=
373 + 20

603 + 32
� 1 +

323 + 12

373 + 20
� 1 +

143 + 8

233 + 12

� 1 +
93 + 4

143 + 8
� 1 +

53 + 4

93 + 4
� 1 +

43

53 + 4
;

A3 =
43

53 + 4
=
684 + 36

934 + 49
� 1 +

254 + 13

684 + 36
� 2 +

184 + 10

254 + 13

� 1 +
74 + 3

184 + 10
� 2 +

44 + 4

74 + 3
� 1 +

34 � 1

44 + 4
;
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A4 =
34 � 1

44 + 4
=
61 + 5 + 32

925 + 48
� 1 +

315 + 16

615 + 32
� 1 +

305 + 16

315 + 16
� 1 +

5

305 + 16
;

A5 =
5

305 + 16
=

256 + 13

7826 + 406
� 31 +

76 + 3

256 + 13
� 3 +

46 + 4

76 + 3
� 1 +

36 � 1

46 + 4
;

A6 =
36 � 1

46 + 4
=

857 + 44

1247 + 64
� 1 +

397 + 20

857 + 44
� 2 +

77 + 4

397 + 20

� 5 +
47

77 + 4
� 1 +

37 + 4

47
;

A7 =
37 + 4

47
=
1078 + 55

1328 + 68
� 1 +

258 + 13

1078 + 55
� 4 +

78 + 3

258 + 13

� 3 +
48 + 4

78 + 3
� 1 +

38 � 1

48 + 4
;

A8 =
38 � 1

48 + 4
=
1099 + 56

1569 + 80
� 1 +

479 + 24

1099 + 56
� 2 +

159 + 8

479 + 24
� 3 +

29

159 + 8
;

A9 =
29

159 + 8
=

8210 + 42

63110 + 323
� 7 +

5710 + 29

8210 + 42
� 1 +

2510 + 13

5710 + 29

� 2 +
710 + 3

2510 + 13
� 3 +

410 + 4

710 + 3
� 1 +

310 � 1

410 + 4
;

A10 =
310 � 1

410 + 4
=
13311 + 68

18811 + 96
� 1 +

5511 + 28

13311 + 68
� 2 +

2311 + 12

5511 + 28

� 2 +
911 + 4

2311 + 12
� 2 +

511 + 4

911 + 4
� 1 +

411

511 + 4
� 1 +

11 + 4

411
;

A11 =
11 + 4

411
=

5712 + 29

19612 + 100
� 3 +

2512 + 13

5712 + 29

� 2 +
712 + 3

2512 + 13
� 3 +

412 + 4

712 + 3
� 1 +

312 � 1

412 + 4
;

A12 =
312 � 1

412 + 4
=

15713 + 80

22013 + 112
� 1 +

6313 + 32

15713 + 80
� 2 +

3113 + 16

6313 + 32

� 2 +
13

3113 + 16
:
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�¯à¥¤¥«¨¬ â¥¯¥àì ¢ëà ¦¥¨ï ¢¨¤  A13+8t; : : : ; A20+8t (t = 0; 1; 2; : : : ). �

íâ®© æ¥«ìî ®¯à¥¤¥«¨¬ á ç « , ¢ á¨«ã (2.12),

13+8t =
(57 + 32t)14+8t + (29 + 16t)

214+8t + 1
; 14+8t =

(61 + 32t)15+8t + (31 + 16t)

215+8t + 1
;

15+8t =
(65 + 32t)16+8t + (33 + 16t)

216+8t + 1
; 16+8t =

(69 + 32t)17+8t + (35 + 16t)

217+8t + 1
;

17+8t =
(73 + 32t)18+8t + (37 + 16t)

218+8t + 1
; 18+8t =

(77 + 32t)19+8t + (39 + 16t)

219+8t + 1
;

19+8t =
(81 + 32t)20+8t + (41 + 16t)

220+8t + 1
; 20+8t =

(85 + 32t)21+8t + (43 + 16t)

221+8t + 1
:

�¥¯¥àì  å®¤¨¬

A13+8t =
13+8t

3113+8t + 1
=

(57 + 32t)14+8t + (29 + 16t)

(1799 + 992t)14+8t + (915 + 496t)

� 31 +
32814+8t + 16

(57 + 32t)14+8t + (29 + 16t)
� (t+ 1) +

2514+8t + 13

3214+8t + 16

� 1 +
714+8t + 3

2514+8t + 13
� 3 +

414+8t + 4

714+8t + 3
� 1 +

314+8t � 1

414+8t + 4
;

A14+8t =
314+8t � 1

414+8t + 4
=

(181 + 96t)15+8t + (92 + 48t)

(252 + 128t)15+8t + (128 + 64t)

� 1 +
(71 + 32t)15+8t + (36 + 16t)

(181 + 96t)15+8t + (92 + 48t)
� 2 +

(39 + 32t) + (20 + 16t)

(71 + 32t) + (36 + 16t)

� 1 +
32 + 16

(39 + 32t) + (20 + 16t)
� (t+ 1) +

7 + 4

32 + 16
� 4 +

4

7 + 4

� 1 +
315+8t + 4

415+8t
;

A15+8t =
315+8t + 4

413+8t
=

(203 + 96t)16+8t + (103 + 48t)

(260 + 128t)16+8t + (132 + 64t)

� 1 +
(57 + 32t) + (29 + 16t)

(203 + 96t) + (103 + 48t)
� 3 +

32 + 16

(57 + 32t) + (29 + 16t)

� (t+ 1) +
25 + 13

32 + 16
� 1 +

7 + 3

25 + 13
� 3 +

4 + 4

7 + 3
� 1 +

316+8t � 1

416+8t + 4
;
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A16+8t =
316+8t � 1

416+8t + 4
=

(205 + 96t)17+8t + (104 + 48t)

(284 + 128t)17+8t + (144 + 64t)

� 1 +
(74 + 32t) + (40 + 16t)

(205 + 96t) + (104 + 48t)
� 2 +

(47 + 32t) + (24 + 16t)

(79 + 32t) + (40 + 16t)

� 1 +
32 + 16

(47 + 32t) + (24 + 16t)
� (t+ 1) +

15 + 8

32 + 16
� 2 +

217+8t

1517+8t + 8
;

A17+8t =
217+8t

1517+8t + 8
=

(146 + 64t)18+8t + (74 + 32t)

(1111 + 480t)18+8t + (563 + 240t)

� 7 +
(89 + 32t) + (45 + 16t)

(146 + 64t) + (74 + 32t)
� 1 +

(57 + 32t) + (29 + 16t)

(89 + 32t) + (45 + 16t)

� 1 +
32 + 16

(57 + 32t) + (29 + 16t)
� (t+ 1) +

25 + 13

32 + 16
� 1 +

7 + 3

25 + 13

� 3 +
4 + 4

7 + 3
� 1 +

318+8t � 1

418+8t + 4
;

A18+8t =
318+8t � 1

418+8t + 4
=

(229 + 96t)19+8t + (116 + 48t)

(316 + 128t)19+8t + (160 + 64t)

� 1 +
(87 + 32t) + (44 + 16t)

(229 + 96t) + (116 + 48t)
� 2 +

(55 + 32t) + (28 + 16t)

(87 + 32t) + (44 + 16t)

� 1 +
32 + 16

(55 + 32t) + (28 + 16t)
� (t+ 1) +

23 + 12

32 + 16
� 1 +

9 + 4

23 + 12

� 2 +
5 + 4

9 + 4
� 1 +

419+8t

519+8t + 4
;

A19+8t =
419+8t

519+8t + 4
=
(324 + 128t)20+8t + (164 + 64t)

(413 + 160t)20+8t + (209 + 80t)

=
h
0; 1; 3; 1; t+ 1; 1; 3; 1;

420+8t + 4

320+8t � 1

i
;

A20+8t =
320+8t � 1

420+8t + 4
=

(253 + 96t)21+8t + (128 + 48t)

(348 + 128t)21+8t + (176 + 64t)

=
h
0; 1; 2; 1; t+ 1; 1;

3121+8t + 16

21+8t

i
:

�âáî¤ , ¯® ¨¤ãªæ¨¨, á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë (2.4). B

�à¨¬¥ç ¨¥. �ç¥¢¨¤®, çâ® ç¨á«  ¢¨«  a
b
e+ c

d
, a; c 2 Z, b; d 2 N , ¬®¦®

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¥¯à¥àë¢®©  à¨ä¬¥â¨ç¥áª®© ¤à®¡¨.
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�¥®à¥¬  2.5.�ãáâì �|æ¥¯ ï ¤à®¡ì ¨§ à ¢¥áâ¢ (2.1){(2.7) (2.10), (2.11).

�®£¤  ¤«ï «î¡®£® " > 0 ¥à ¢¥áâ¢®

������ p

q

���� < (c+ ")
ln ln q

q2 ln q
;

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ ç¨á« å p 2 Z, q 2 N .

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ® p 2 Z, q 2 N

������ p

q

���� > (c� ")
ln ln q

q2 ln q

¤«ï ¢á¥å æ¥«ëå p ¨ q ¢¥à® q � q0(").
�à¨ íâ®¬

1) ¯à¨ � = 2e c = 1, 2) ¯à¨ � = 3e c = 3
2
, 3) ¯à¨ � = 4e c = 2,

4) ¯à¨ � = e
2
4 c = 1, 5) ¯à¨ � = e

3
c = 1

6
, 6) ¯à¨ � = e

4
c = 2;

7) ¯à¨ � = 3e
2

c = 3, 8) ¯à¨ � = 39e+10
15e+4

c = 3, 9) ¯à¨ � = e+ 3
4

c = 8.

3. � à §«®¦¥¨¨ ç¨á¥« ¢¨¤ 

ae
2, a�1e2, ab�1e2, (ae2 + b)(ce2 + d)�1, e2 + a

b

�¬¥îâ ¬¥áâ® à §«®¦¥¨ï ae2; a�1e2; ab�1e2; a; b 2 N . � ª ¨ ¢ ¯ à £à ä¥ 2

¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï á«ãç ï 2e2; 1
3
e2; 2

3
e2.

�¥®à¥¬  3.1. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

2e2 = [14; 1; 3; 1; 1+ 3n; 36 + 48n; 2 + 3n; 1; 3; 3+ 3n; 60 + 48n; 4 + 3n]1n=0 (3:1)

1

3
e2 =[2; 2; 6; 3; 1; 5+ 8n; 2; 1; 1+ 2n; 5; 1; 1+ 2n; 2; 1; 9+ 8n;

2; 1; 2n+ 2; 5; 1; 2 + 2n; 2; 1]1n=0

(3:2)

2

3
e2 =[4; 1; 12; 1; 1; 11; 1; 3; 1; 2; 3; 2; 38; 2; 11; 2; 2; 27+ 16n; 1; 2; 1+ n;

1; 1; 2; 2; 1+ n; 1; 2; 35+ 16n; 1; 2; 2+ n; 11; 1; 1+ n; 1; 2]1n=0

(3:3)

C �§ à §«®¦¥¨ï (1.15)  å®¤¨¬, çâ®

2e2 = [14; 1; 2;
1

2
;|{z}

1

6; 9;|{z}
2

10;
1

2
;| {z }

3

2; 3;|{z}
4

60; 4;| {z }
5

2;
1

2
;|{z}

1+5

18; 21;| {z }
2+5

22;
1

2
;| {z }

3+5

2; 6;|{z}
4+5

108; 7;| {z }
5+5

:::]:
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�¯à¥¤¥«¨¬

5n+1; 5n+2; 5n+3; 5n+4; 5n+5; (n = 0; 1; 2; : : : ):

5n+1 =
h
2;
1

2
; 5n+2

i
=
h
3; 1 +

4

5n+2 � 2

i
;

5n+2 = [6 + 12n; 9 + 18n; 5n+3] =
(55 + 180n+ 144n2)5n+3 + (6 + 12n)

(9 + 18n)5n+3 + 1
;

5n+2 � 2

4
=
(37 + 256n+ 144n2)5n+3 + (4 + 12n)

(36 + 48n)5n+3 + 4
=
h
3n+ 1; 36 + 48n;

5n+3

4

i
;

5n+3 =
h
10 + 12n;

1

2
; 5n+4

i
=
(12 + 12n)5n+4 + (20 + 24n)

5n+4 + 2
;

5n+3

4
=
(12 + 12n)5n+4 + (20 + 24n)

45n+4 + 8
= [3n+ 2; 1; 5n+4 + 1];

5n+4 = [2; 3 + 3n; 5n+5]; 5n+4 + 1 = [3; 3 + 3n; 5n+5];

5n+5 = [60 + 48n; 4 + 3n; 5n+6]:

�âáî¤ , ¯® ¨¤ãªæ¨¨, á«¥¤ã¥â âà¥¡ã¥¬®¥ à §«®¦¥¨¥ (3.1).

�®ª ¦¥¬ â¥¯¥àì (3.2). �  ®á®¢¥ à §«®¦¥¨ï (1.15)  ¯¨è¥¬, çâ®

1

3
e2 =

h7
3
; 6;

1

3
; 3; 1; 54+ 72n;

5 + 6n

2
; 3;

1

3
; 18 + 18n; 10 + 8n;

24 + 18n;
1

3
; 3; 3 + 2n

i1
n=0

:

�®«®¦¨¬

0 =
7

3
+
1

 1

=
71 + 3

31
= 2 +

1 + 3

31
; 1 =

h
6;
1

3
; 3; 1; 2

i
=
542 + 4

72 + 6
;

�
1 + 3

31

��1
=

�
752 + 63

1622 + 135

��1
=
h
2; 6; 3; 1;

2 � 6

9

i
;

2 =
h
54;

5

3
; 3

i
=
2733 + 162

53 + 3
;

2 � 6

9
= [5; 2; 1; 1; 3];

3 =
h
3;
1

3
; 18; 10; 4

i
=
11764 + 117

2114 + 21
=
h
5; 1; 1; 2; 1; 9; 2; 1;

2 � 6

9

i
:
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�à¨¬¥¨¬ ¬¥â®¤ ¨¤ãªæ¨¨. �®«®¦¨¬, çâ®

3n+2 =
h
54 + 72n;

5 + 6n

3
; 3n+3

i
; 3n+3 =

h
3;
1

3
; 18 + 18n; 10 + 8n; 3n+4

i
;

3n+4 =
h
24 + 18n;

1

3
; 3; 3 + 2n; 3n+5

i
; n = 0; 1; 2; : : :

� «¥¥,  å®¤¨¬

0 = 2 +
1 + 3

31
= 2 +

752 + 63

1622 + 135
=
h
2; 2; 6; 3; 1+

9

2 � 6

i
;

2 � 6

9
= [5; 2; 1; 1; 3]; 3 =

h
5; 1; 1; 2; 9; 2; 1;

4 � 6

9

i
:

�ëç¨á«¨¬
3n+2�6

9
. � íâ®© æ¥«ìî  ©¤¥¬

3n+2 =
(273 + 684n+ 432n2)3n+3 + (162 + 216n)

(5 + 6n)3n+3 + 3
;

3n+2 � 6

9
=
(243 + 648n+ 432n2)3n+3 + (144 + 216n)

(45 + 54n)3n+3 + 27

= [8n+ 5; 2; 1; 1+ 2n; 3n+3];

3n+3 =
(1176 + 2016 + 864n2)3n+4 + (117 + 108n)

(211 + 348n+ 144n2)3n+4 + (21 + 18n)

=
h
5; 1; 2 + 2n; 2; 1; 9+ 8n; 2; 1;

3n+4 � 6

9

i
;

3n+4 =
(486 + 648n+ 216n2)3n+5 + (153 + 108n)

(19 + 12n)3n+5 + 6
;

3n+4 � 6

9
=
(372 + 576n+ 216n2)3n+5 + (117 + 108n)

(171 + 108n)3n+5 + 54

=
h
2 + 2n; 5; 1; 2+ 2n; 2; 1;

3n+5 � 6

9

i
:

�âáî¤  á«¥¤ã¥â à ¢¥áâ¢® (3.2).
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� ª®¥æ, ¤®ª ¦¥¬ à ¢¥áâ¢® (3.3). � íâ®© æ¥«ìî ª à §«®¦¥¨î (3.2) ¯à¨-

¬¥¨¬ à §«®¦¥¨¥

2

3
e2 =

h
4; 1; 12;

3

2
; 2;

5

2
; 4;

1

2
; 2;

5

2
; 2;

1

2
; 4;

1

2
; 18; 1; 2; 1; 10;

1

2
; 4; 1; 2;

13 + 8n

2
; 4;

1

2
; 6 + 4n;

5

2
; 2;

3 + 2n

2
; 4;

1

2
; 34 + 16n; 1; 2; 2+ n; 10;

1

2
; 8 + 4n; 1; 2

i1
n=0

:

�®«®¦¨¬

0 =
h3
2
; 2; 1

i
=
81 + 3

41 + 2
= [1; 1; 41 + 1]; 1 =

h5
2
; 4;

1

2
; 2; 2

i
=
272 + 8

102 + 3
;

41 + 1 =
1182 + 35

102 + 3
=
h
11; 1; 3; 1;

22 � 1

2

i
; 2 =

h5
2
; 2;

1

2
; 3

i
=
113 + 12

43 + 4
;

22 � 1

2
=
93 + 10

43 + 4
=
h
2; 3;

3 + 2

3 � 2

i
; 3 =

h
4;
1

2
; 18; 1; 2; 1; 4

i
=
4664 + 230

784 + 39
;

3 + 2

3 � 2
=
6244 + 308

3084 + 152
= [2; 38; 2; 4];

4 =
h
10;

1

2
; 4; 1; 2; 5

i
=
2285 + 80

205 + 7
= [11; 2; 2; 45+ 1];

5 =
h13
2
; 4;

1

2
; 6; 6

i
=
1476 + 20

226 + 3
;

45 + 1 =
6106 + 83

226 + 3
=
h
27; 1; 2; 1; 1; 1;

26 � 1

2

i
;

6 =
h5
2
; 2;

3

2
; 7

i
=
237 + 12

87 + 4
;

26 � 1

2
=
h
2; 2; 1; 1;

7 + 2

7 � 2

i
;

7 = [4;
1

2
; 34; 1; 2; 2; 8] =

2508 + 107

5078 + 217
= [2; 35; 1; 2; 2; 8];

8 =
h
10;

1

2
; 8; 1; 2; 9

i
=
3729 + 128

329 + 12
= [11; 1; 1; 1; 2; 49+ 1]:

� «®£¨ç®,  å®¤¨¬

5+4n =
h13 + 8n

2
; 4;

1

2
; 6 + 4n; 6+4n

i
=
(147 + 168n+ 48n2)6+4n + (20n+ 12)

(22 + 12)6+4n + 3
;

6+4n =
h5
2
; 2;

3 + 2n

2
; 7+4n

i
=
(46 + 24n)7+4n + 24

(16 + 8n)7+4n + 8
;
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7+4n =
h
4;
1

2
; 34 + 6n; 1; 2; 2+ n; 8+4n

i

=
(1514 + 1320n+ 288n2)8+4n + (648 + 288n)

(257 + 222n+ 48n2)8+4n + (110 + 48n)
;

8+4n =
h
10;

1

2
; 8 + 4n; 1; 2; 9+4n

i
=
(372 + 144n)9+4n + (128 + 48n)

(32 + 12n)9+4n + (11 + 4n)
:

�ãâ¥¬ à §«®¦¥¨ï ¢ æ¥¯ë¥ ¤à®¡¨  å®¤¨¬

45+4n + 1 =
(610 + 684n+ 192n2)6+4n + (83 + 48n)

(22 + 12n)6+4n + 3

=
h
16n+ 27; 1; 2; n+ 1; 1; 1;

26+4n � 1

2

i
;

26+4n � 1

2
=
(38 + 20n)7+4n + 20

(16 + 8n)7+4n + 8
=
h
2; 2; n+ 1; 1;

7+8n + 2

7+8n � 2

i
;

7+4n + 2

7+4n � 2
=
(2028 + 1764n+ 384n2)8+4n + (868 + 384n)

(1000 + 876n+ 192n2)8+4n + (428 + 192n)

= [2; 16n+ 35; 1; 2; 2+ n; 8+4n];

8+4n = [11; 1; n+ 1; 1; 2; 49+4n + 1]:

�âáî¤ , ¯® ¨¤ãªæ¨¨, á«¥¤ã¥â âà¥¡ã¥¬®¥ à §«®¦¥¨¥ (3.3). B

�¥®à¥¬  3.2. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

24e2 + 15

10e2 + 6
=[1; 1; 2; 2; 4; 1; 12; 1; 1; 11; 1; 3; 1; 2; 3; 2; 38; 2; 11; 2; 2;

16n+ 27; 1; 2; n+ 1; 1; 1; 2; 2; n+ 1; 1; 2; 16n+ 35;

1; 2; 2 + n; 11; 1; n+ 1; 1; 2]1n=0:

(3:4)

C � §«®¦¥¨¥

24e2 + 15

10e2 + 6
= 1 +

1

1 +
1

2 +
1

2 +
2

3
e2

¤ ¥â âà¥¡ã¥¬®¥ à §«®¦¥¨¥ (  ®á®¢¥ (3.3)). B
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�¥®à¥¬  3.3. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

e2 +
1

2
=[7; 1; 8; 73; 1+ 3n; 2; 1; 1; 1; 1+ 3n; 120 + 192n; 2 + 3n; 7;

1; 1 + 3n; 1; 1; 41+ 48n; 1; 1; 2+ 3n; 2; 1; 1; 1; 2+ 3n;

1; 1; 53 + 48n; 1; 1; 3+ 3n; 7; 1; 3+ 3n; 264 + 92n]1n=0:

(3:5)

C �§ à §«®¦¥¨ï

e2 = [7; 3n+ 2; 1; 1; 3n+ 3; 12n+ 18]1n=0

= [7; 2; 1; 1; 3; 18; 5; 1; 1; 6; 30; 8; 1; 1; 9; 42; 11; 1; 1; 12; 54; 14; 1; 1; 15; 16; : : : ]

¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

0 = [7; 2; 1; 1; 3; 18; 1] =
24311 + 133

3291 + 18
; 0+

1

2
=
51911 + 284

6581 + 36
=
h
7; 1; 8; 73;

1

4

i
;

1 = [5; 1; 1; 6; 30; 2] =
21712 + 72

3922 + 13
;

1

4
=
21712 + 72

15682 + 52
=
h
1; 2; 1; 1; 1; 1; 120;

2

4

i
;

2 = [8; 1; 1; 9; 42; 3] =
6823 + 162

8003 + 19
;

2

4
=
6823 + 162

32003 + 76
=
h
2; 7; 1; 1; 1; 1; 41; 1; 1;

3 � 2

4

i
;

3 = [11; 1; 1; 12; 54; 4] =
155754 + 288

13524 + 25
;

3 � 2

4
=
128714 + 238

54084 + 100
=
h
2; 2; 1; 1; 1; 2; 1; 1; 53; 1; 1;

4 � 2

4

i
;

4 = [14; 1; 1; 15; 66; 5] =
297295 + 450

20485 + 31
;

4 � 2

4
=
256235 + 388

81925 + 124
=
h
3; 7; 1; 3; 264;

5

4

i
:

�à¨¬¥¨¬ ¬¥â®¤ ¯®«®© ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨. �¢¥¤¥¬ ¯à¥¤¢ à¨-

â¥«ì® ®æ¥ª¨ ¯® n = 0; 1; 2; : : :

4n+1 = [5 + 12n; 1; 1; 6+ 12n; 30 + 48n; 4n+2];

4n+2 = [8 + 12n; 1; 1; 9+ 12n; 42 + 48n; 4n+3];

4n+3 = [11 + 12n; 1; 1; 12+ 12n; 54 + 48n; 4n+4];

4n+4 = [14 + 12n; 1; 1; 15+ 12n; 66 + 48n; 4n+5]:
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� «¥¥  å®¤¨¬

1

4
4n+1 =

(2171 + 12120n+ 22464n2 + 1382n3)4n+2 + (72 + 288n+ 281n2)

(1568 + 5376n+ 4608n2)4n+2 + (52 + 96n)

=
h
1 + 3n; 2; 1; 1; 1; 1+ 3n; 120 + 192n;

4n+2

2

i
;

1

4
4n+2 =

(682 + 25944n+ 32832n2 + 13824n3)4n+3 + (162 + 432n+ 288n2)

(3200 + 7680n+ 4608n2)4n+3 + (76 + 96n)

=
h
2 + 3n; 7; 1; 1+ 3n; 1; 1; 41+ 48n; 1; 1;

4n+3 � 2

4

i
;

4n+3 � 2

4
=
(12871 + 39960n+ 40896n2 + 13824n3)4n+4 + (238 + 528n+ 288n2)

(5408 + 9984n+ 4608n2)4n+4 + (100 + 96n)

=
h
2 + 3n; 2; 1; 1; 1; 2+ 3n; 1; 1; 53+ 48n; 1; 1;

4n+4 � 2

4

i
:

�âáî¤   å®¤¨¬

4n+4 � 2

4
=
(25633 + 63000n+ 51264n2 + 13824n3)4n+5 + (388 + 672n+ 288n2)

(8192 + 12288n+ 4608n2)4n+5 + (124 + 96n)

=
h
3 + 3n; 7; 1; 3+ 3n; 264 + 190n;

4n+5

4

i
:

4n+5 ¯®«ãç ¥¬ ¨§ 4n+1, § ¬¥¨¢ n   n+ 1.

� ª¨¬ ®¡à §®¬, ¨§ à §«®¦¥¨© 0; 1; 2; : : :  å®¤¨¬ à §«®¦¥¨ï ¢ æ¥¯ãî

¤à®¡ì (3.5). B

�¥®à¥¬  3.5. �ãáâì � | æ¥¯ ï ¤à®¡ì ¨§ à ¢¥áâ¢ (3.1){(3.5). �®£¤  ¤«ï

«î¡®£® " > 0 ¥à ¢¥áâ¢® ������ p

q

���� < (c+ ")
ln ln q

q2 ln q

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ç¨á« å p; q 2 N .

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ®������ p

q

���� > (c� ")
ln ln q

q2 ln q

¤«ï ¢á¥å æ¥«ëå p; q â ª¨å, çâ® q � q0(").
�à¨ íâ®¬

1) ¯à¨ � = 2e2 c = 1
8
, 2) ¯à¨ � = 1

3
e2 c = 3

4
,

3) ¯à¨ � = 2
3
e2 c = 3

8
, 4) ¯à¨ � = 24e2+15

10e2+6
c = 3

8
,

5) ¯à¨ � = e2 + 1
2

c = 1
16
.
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