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�. �. � á®¥¢

� ¡®â  á«ã¦¨â ¯à®¤®«¦¥¨¥¬ ¯à¥¤ë¤ãé¥© áâ âì¨  ¢â®à  ¨ ¯®á¢ïé¥  ¤ «ì¥©è¥¬ã

à §¢¨â¨î ¯à¥¤«®¦¥®£® ¨¬ ¬¥â®¤ . �à¨ ¨á¯®«ì§®¢ ¨¨ ¤ ®£® ¬¥â®¤  ®â¯ ¤ ¥â

ã¦¤  ¢ ï¢®¬ ¯à¥¤áâ ¢«¥¨¨ ç¨á«¨â¥«¥© ¨ § ¬¥ â¥«¥© ¯®¤å®¤ïé¨å ¤à®¡¥© ¨, ª ª

á«¥¤áâ¢¨¥, à áè¨àï¥âáï ª« áá ç¨á¥«, ¤«ï ª®â®àëå ã¤ ¥âáï ¯®«ãç¨âì â®çë¥ ®æ¥ª¨.

� áâ®ïé ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ áâ âì¨ [5] ¨ ¯®á¢ïé¥  ¤ «ì¥©-

è¨¬ ¯à¨«®¦¥¨ï¬ à §¢¨â®£® â ¬ ¬¥â®¤  [4]. �¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨§ â¥®à¨¨

ç¨á¥« ¨ æ¥¯ëå ¤à®¡¥© ¨¬¥îâáï ¢ [1{3], [6{8]. �â¬¥â¨¬, çâ® ¤  ï à ¡®â 

¢¬¥áâ¥ á [5] ãâ®çïîâ ¨ à §¢¨¢ îâ ¥ª®â®àë¥ à¥§ã«ìâ âë ¨§ [9{15]; ¯®¤à®¡¥¥

®¡ íâ®¬ ã¦¥ áª § ® ¢ [5].

1. � à §«®¦¥¨¨ ç¨á¥« ¢¨¤ 

ae
1
a ; a�1e

1
a ; be

1
a ; bc�1e

1
a ; e

1
a + bc�1

�¥®à¥¬  1.1. �ãáâì a 2 N ; a > 1. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

ae
1

a = [a+ 1; 2a� 1; 2n+ 2; 1]1
n=0; (1:1)

a
�1
e
1

a = [0; a� 1; 2a; 1; 2n+ 2; 2a� 1]1
n=0: (1:2)

C � ª ¨§¢¥áâ® [7],

e
x = 1 +

x

1� x

2 +
x

3� x

2 +
x

5� : : :

:

�®«®¦¨¬ x = a�1 ¨ ã¬®¦¨¬ ®¡¥ ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢    a

ae
1

a = a+
1

1� 1

2a+
1

3� 1

2a+
1

5� : : :

:

c 2001 � á®¥¢ �. �.
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�®«ãç¨¬

0 = a+
1

1� 1

2a+
1

1

= a+
2a1 + 1

(2a� 1)1 + 1
= [a+ 1; 2a� 1; 1];

1 = 3� 1

2a+
1

2

=
(6a� 1)2 + 3

2a2 + 1
= [2; 1; 2a� 1; 2]:

�à¥¤¯®«®¦¨¬, çâ® ¤«ï n�1 ¢ë¯®«ï¥âáï à ¢¥áâ¢®

n�1 = [2n� 2; 1; 2a� 1; n]:

�®£¤ 

n = 2n+ 1� 1

2a+
1

n+1

=
((2n+ 1) � 2a� 1) n+1 + (2n+ 1)

2an + 1

= [2n; 1; 2a� 1; n+1];

¨, á«¥¤®¢ â¥«ì®, ¯® ¨¤ãªæ¨¨ à ¢¥áâ¢® (1.1) ¢¥à®.

� «®£¨ç® ¤®ª §ë¢ ¥âáï à ¢¥áâ¢® (1.2). B

�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â à §«®¦¥¨ï ¢  à¨ä¬¥â¨ç¥áª¨¥ æ¥¯ë¥ ¤à®¡¨ ç¨-

á¥« ¢¨¤  be
1

a ; b�1e
1

a ;
b

c
e
1

a (a; b; c 2 Z).

�¥®à¥¬  1.2. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

4e
1

10 = [4; 2 + 10n; 2; 1; 1; 1; 6+ 10n; 1; 7]1
n=0; (1:3)

1

5
e

1

10 = [0; 4; 1; 1+ 4n; 9; 1]1
n=0; (1:4)

2

5
e

1

10 = [0; 2; 3; 1; 4; 2; 2; 1; 1; 4; 2; 4+ 4n; 1; 1; 4; 6+ 4n; 1; 1; 4; 2;]1
n=0: (1:5)

C �®á¯®«ì§®¢ ¢è¨áì à §«®¦¥¨¥¬ (1.11) ¨§ [5], ¯®«ãç¨¬

4e
1

10 =
h
4;
9

4
; 4;

1

4
; 116;

1

4
; 4;

49

4
; 4;

1

4
; 276;

1

4
; 4;

89

4
; 4;

1

4
; 436;

1

4
; : : :

i
:

�ëç¨á«¨¬

0 =
h
4;
9

4
; 4;

1

4
; 116;

1

4
; 1

i
= [4; 2; 2; 1; 1; 1; 6; 1; 1+ 3];
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1 + 3 = [7; 12; 2; 1; 1; 1; 16; 1; 2+ 3]; 2 + 3 = [7; 22; 2; 1; 1; 1; 26; 1; 3+ 3]:

�à¥¤¯®«®¦¨¬, çâ®

n�1 + 3 = [7; 2 + 10(n� 1); 2; 1; 1; 1; 6+ 10(n� 1); 1; n + 3];

n + 3 =
h
4;
40n+ 9

4
; 4;

1

4
; 160n+ 116;

1

4
; n+1

i
+ 3

= [7; 2 + 10n; 2; 1; 1; 1; 6+ 10n; 1; n+1];

¨, á«¥¤®¢ â¥«ì®, ¢¥à® à ¢¥áâ¢® (1.3).

�«ï ¤®ª § â¥«ìáâ¢  à §«®¦¥¨ï (1.4) ¢®á¯®«ì§ã¥¬áï à §«®¦¥¨¥¬ (1.1).

�®«ãç¨¬

1

5
e

1

10 =
h
0;
9

2
; 40;

1

2
; 4;

19

2
; 2; 2; 38;

1

2
; 12;

19

2
; 2; 4; 38;

1

2
; 20;

29

2
; 2; : : :

i
:

� «¥¥  å®¤¨¬, çâ®

0 =
h
0;
9

2
; 40;

1

2
; 4; 1

i
=
1241 + 21

5611 + 95
= [0; 4; 1; 1; 9; 1; 5; 1];

1 =
h19
2
; 2; 2; 38;

1

2
; 12; 2

i
=
139012 + 1000

14042 + 101
= [9; 1; 9; 9; 1; 13; 2]:

�à¥¤¯®«®¦¨¬, çâ® ¢¥à® à ¢¥áâ¢® n. �®£¤ 

n+1 =
h19
2
; 2; 2 + n; 38;

1

2
; 12 + 4n; n+2

i
= [9; 1; 9 + 4n; 9; 1; 13+ 4n; n+2]:

�«¥¤®¢ â¥«ì®, ¯® ¨¤ãªæ¨¨ ¢¥à® (1.4).

�ãâ¥¬ à §«®¦¥¨ï  å®¤¨¬, çâ®

2

5
e

1

10 =
h
0; 2; 2;

1

2
; 18;

1

2
; 10;

9

2
; 2;

9

2
; 18;

1

2
; 26;

9

2
; 2; : : :

i
;

0 =
h
0; 2; 2;

1

2
; 18;

1

2
; 10;

9

2
; 2; 1

i
= [0; 2; 3; 1; 4; 2; 2; 1; 1; 4; 2; 1];

1 =
h9
2
; 18;

1

2
; 26;

9

2
; 2; 2

i
= [4; 1; 1; 4; 2; 6; 1; 1; 4; 2; 2]:

�® ¨¤ãªæ¨¨ ¯à¨å®¤¨¬ ª § ª«îç¥¨î

n =
h1 + 8n

2
; 18; 10 + 16n;

9

2
; 2; n+1

i
= [4n; 1; 1; 4; 4n+ 2; 1; 1; 4; 2; n+1]:

� ª¨¬ ®¡à §®¬,  å®¤¨¬, çâ®

2

5
e

1

10 =[0; 2; 3; 1; 4; 2; 2; 1; 1; 4; 2; 1]

=[0; 2; 3; 1; 4; 2; 2; 1; 1; 4; 2; 4; 1; 1; 4; 6; 1; 1; 4; 2; 8; 1; 1; 4; 10;

1; 1; 4; 2; 12; 1; 1; 4; 1; 4; 1; 1; 4; 2; : : : ]

=[0; 2; 3; 1; 4; 2; 2; 1; 1; 4; 2; 4+ 4n; 1; 1; 4; 6+ 4n; 1; 1; 4; 2;]1
n=0:

�¥®à¥¬  ¤®ª §  . B

� ¤ ç  ® à §«®¦¥¨¨ e
1

a + b

c
à¥è ¥âáï   «®£¨çë¬ ®¡à §®¬.
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�¥®à¥¬  1.3. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

e
1

2 +
1

2
= [2; 6; 1; 2; 1; 1; 1; 1+ 2n; 7; 3 + 2n]1

n=0: (1:6)

C � á¨«ã à §«®¦¥¨ï (1.11) ¨§ [5]

e
1

2 +
1

2
= [1; 1; 1; 1; 5; 1; 1; 9; 1; 1; 13; 1; 1; 17; 1; 1; : : : ] +

1

2
:

�ëç¨á«¨¬

0 = [1; 1; 1; 1; 5; 1; 1; 1] +
1

2
=
611 + 33

371 + 20
+
1

2
=
1591 + 86

741 + 40

=
h
2; 6; 1; 2; 1; 1; 1;

1 � 2

4

i
;

1 =[9; 1; 1; 13; 1; 1; 2] =
5332 + 276

562 + 29
;

1 � 2

4
=
4212 + 218

2242 + 116
=

h
1; 1; 7; 3; 2; 1; 1; 1;

2 � 2

4

i
:

�à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï n. � áá¬®âà¨¬ ¥£® ¤«ï n+1

n+1 = [8n+ 9; 1; 1; 8n+ 13; 1; 1; n+2] (n = 0; 1; 2; : : : ):

�ëç¨á«¨¬

n+1 � 2

4
=
1

4
� (256n

2 + 752n+ 533)n+2 + (128n2 + 384n+ 276)

(37n+ 56)n+2 + (16n+ 29)
� 1

2

=
(256n2 + 688n+ 421)n+2 + (128n2 + 352n+ 218)

(128n+ 224)n+2 + (64n+ 116)

=
h
2n+ 1; 1; 7; 2n+ 3; 2; 1; 1; 1;

n+2 � 2

4

i
:

�«¥¤®¢ â¥«ì®, á®£« á® ¯à¨æ¨¯ã ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨, ¯®«ãç¨¬

p
e+

1

2
= [2; 6; 1; 2; 1; 1; 1; 1; 1; 7; 3; 2; 1; 1; 1; 3; 1; 7; 5; 2; 1; 1; 1; 5; 1; 7; 7; 2; 1; 1; 1; : : : ]

= [2; 6; 1; 2; 1; 1; 1; 2n+ 1; 1; 7; 2n+ 3]1
n=0:

�¯à¥¤¥«¨¬ â¥¯¥àì  ¨«ãçè¨¥ à æ¨® «ìë¥ ¯à¨¡«¨¦¥¨ï ª ç¨á« ¬ (1.1){

(1.6).
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�¥®à¥¬  1.4. �ãáâì � | æ¥¯ ï ¤à®¡ì ¨§ à ¢¥áâ¢ (1.1){(1.6). �®£¤  ¤«ï

«î¡®£® " > 0 ¥à ¢¥áâ¢®

������
p

q

���� < (c+ ")
ln ln q

q2 ln q

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ç¨á« å p; q.

�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ®

������
p

q

���� > (c� ")
ln ln q

q2 ln q

¤«ï ¢á¥å æ¥«ëå p; q, £¤¥ q � q0(").

�à¨ íâ®¬

1) ¯à¨ � = ae
1

a c = 1

2
, 2) ¯à¨ � = 1

a
e
1

2 c = 1

2
, 3) ¯à¨ � = 4e

1

10 c = 1

5
,

4) ¯à¨ � = 1

5
e

1

10 c = 1

4
, 5) ¯à¨ � = 2

5
e

1

10 c = 1

2
, 6) ¯à¨ � = e

1

2+ 1

2
c = 1.

2. � à §«®¦¥¨¨ ç¨á¥« ¢¨¤ 

ae
2

2a+1 ; a�1e
2

2a+1 ; b
c
e

2
2a+1 ; be

2
2a+1+c

me

2
2a+1+n

; e
2

2a+1 + b

c

�¥®à¥¬  2.1. �ãáâì a 2 N ; 2ya; a � 3. �®£¤  ¨¬¥îâ ¬¥áâ® à §«®¦¥¨ï

ae
2

a =
h
a+ 2;

a� 1

2
; 5 + 12n; 1;

a� 3

2
; 1; 1; 1+ 3n; 1; 2a� 1; 3 + 3n; 2

i1
n=0

: (2:1)

�à¨ a = 3

3e
2

3 = [5; 1; 5 + 12n; 2; 1; 1+ 3n; 1; 5; 3+ 3n; 2]1
n=0: (2:2)

C � áá¬®âà¨¬ à §«®¦¥¨¥

e
x = 1 +

x

1� x

2 +
x

3� x

2 +
x

5� : : :

:

�®«®¦¨¬ x = 2

a
; 2ya;

e
2

a = 1 +
2

a� 1

1 +
1

3a� 1

1 +
1

5a� : : :

:
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�¬®¦¨¬ ®¡¥ ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢    a

ae
2

a = a+
2

1� 1

a+
1

3� 1

a+
1

5� : : :

:

�âáî¤   å®¤¨¬, çâ®

0 = a+
2

1� 1

a+
1

1

= a+
2a1 + 2

(a� 1)1 + 1
=

h
a+ 2;

a� 1

2
; 21

i
;

1 = 3� 1

a+
1

2

=
(3a� 1)2 + 3

a2 + 1
;

21 =
(6a� 2)2 + 6

a2 + 1
=

h
5; 1;

a� 3

2
; 1; 1;

2 � 1

2

i
;

2 = 5� 1

a+
1

3

=
(5a� 1)3 + 5

a3 + 1
;

2 � 1

2
=
(4a� 1)3 + 4

2a3 + 2
=

h
1; 1; 2a� 1;

3

2

i
;

3 = 7� 1

a+
1

4

=
(7a� 1)4 + 7

a4 + 1
;

3

2
=
(7a� 1)4 + 7

2a4 + 2
=

h
3; 2;

a� 1

2
; 24

i
;

4 = 9� 1

a+
1

5

=
(9a� 1)5 + 9

a5 + 1
;

24 =
(18a� 2)5 + 18

a5 + 1
=

h
17; 1;

a� 3

2
; 1; 1;

5 � 1

2

i
:

�à¥¤¯®«®¦¨¬, çâ® ¢¥àë ãá«®¢¨ï ¤«ï 3n�2; 3n�1; 3n. �®£¤ 

3n+1 = 6n+ 3� 1

a+
1

3n+2

=
(6an+ 3a� 1)3n+2 + (6n+ 3)

a3n+2 + 1
;
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23n+1 =
(12an+ 6a� 2)3n+2 + (12n+ 6)

a3n+2 + 1
=

h
12n+ 5; 1;

a� 3

2
; 1; 1;

3n+2 � 1

2

i
;

3n+2 = 6n+ 5� 1

a+
1

3n+3

=
(6an+ 5a� 1)3n+3 + (6n+ 5)

a3n+3 + 1
;

3n+2 � 1

2
=
(6an+ 4a� 1)3n+3 + (6n+ 4)

2a3n+3 + 2
=

h
3n+ 1; 1; 2a� 1;

3n+3

2

i
;

3n+3 = 6n+ 7� 1

a+
1

3n+4

=
(6an+ 7a� 1)3n+4 + (6n+ 7)

a3n+4 + 1
;

3n+3

2
=
(6an+ 7a� 1)3n+3 + (6n+ 7)

2a3n+4 + 2
=

h
3n+ 3; 2;

a� 1

2
; 23n+4

i
:

�âáî¤ , ¯® ¨¤ãªæ¨¨, á«¥¤ã¥â, çâ®

ae
2

a =
h
a+ 2;

a� 1

2
; 5 + 12n; 1;

a� 3

2
; 1; 1; 1+ 3n; 1; 2a� 1; 3 + 3n; 2;

a� 1

2

i
1

n=0

;

¨ à ¢¥áâ¢® (2.1) ¤®ª § ®.

� «®£¨ç® ¤®ª ¦¥¬ (2.2). � á ¬®¬ ¤¥«¥,

3e
2

3 = 3 +
2

1� 1

3 +
1

3� 1

3 +
1

5� 1

3 + : : :

:

� å®¤¨¬

0 = 3 +
2

1� 1

3 +
1

1

=
121 + 5

21 + 1
= [5; 1; 21];

1 = 3� 1

3 +
1

2

=
82 + 3

32 + 1
; 21 =

162 + 6

32 + 1
=

h
5; 2; 1;

2 � 1

2

i
;

2 = 5� 1

3 +
1

3

=
143 + 5

33 + 1
;

2 � 1

2
=
113 + 4

63 + 2
=

h
1; 1; 5;

3

2

i
;
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3 = 7� 1

3 +
1

4

=
204 + 7

34 + 1
;

3

2
=
204 + 7

64 + 2
= [3; 2; 1; 24]:

�à¥¤¯®«®¦¨¬, çâ® ¢¥àë ãá«®¢¨ï ¤«ï 3n�2; 3n�1; 3n. �®£¤ 

3n+1 = 6n+ 3� 1

3 +
1

3n+2

=
(18n+ 8)3n+2 + (6n+ 3)

33n+2 + 1
;

23n+1 =
(36n+ 16)3n+2 + (12n+ 6)

33n+2 + 1
=

h
12n+ 5; 2; 1;

3n+2 � 1

2

i
;

3n+2 = 6n+ 5� 1

3 +
1

3n+3

=
(18n+ 14)3n+3 + (6n+ 5)

33n+3 + 1
;

3n+2 � 1

2
=
(18n+ 11)3n+3 + (6n+ 4)

63n+3 + 2
=

h
3n+ 1; 1; 5;

3n+3

2

i
;

3n+3 = 6n+ 7� 1

3 +
1

3n+4

=
(18n+ 20)3n+4 + (6n+ 7)

33n+4 + 1
;

3n+3

2
=
(18n+ 20)3n+3 + (6n+ 7)

63n+4 + 2
= [3n+ 3; 2; 1; 2; 3n+4];

®âªã¤ , ¯® ¨¤ãªæ¨¨, á«¥¤ã¥â, çâ®

3e
2

3 = [5; 1; 5 + 12n; 2; 1; 1+ 3n; 1; 5; 3+ 3n; 2; 1]1
n=0;

â. ¥. ¢¥à® à ¢¥áâ¢® (2.2).

�¥®à¥¬  2.2. �ãáâì a 2 N ; 2ya; a > 3. �®£¤  ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥

1

a
e
2

a =
h
0; a� 2;

a� 2

2
; 1; 5 + 12n;

a� 1

2
; 2;

2 + 3n; 2a� 1; 1; 2 + 3n; 1; 1;
a� 3

2

i
1

n=0

:

(2:3)

�à¨ a = 3 ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥

1

3
a
2

3 = [0; 1; 1; 1; 5+ 12n; 1; 2; 2+ 3n; 5; 1; 2+ 3n; 1; 2]1
n=0: (2:4)
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C �á¯®«ì§ãï à §«®¦¥¨¥ (1.3) ¨§ [5]

e
2

a = 1 +
2

a� 1

1 +
1

3a� 1

1 +
1

5a� : : :

;

¯®«ãç ¥¬
1

a
e
2

a =
1

a
+

2

a2 � a

1 +
1

3a� 1

1 +
1

5a� : : :

;

®âªã¤   å®¤¨¬, çâ®

0 =
1

a
+

2

a2 � a

1 +
1

1

=
(a+ 1)1 + (a+ 2)

(a2 � a)1 + a2
=

h
0; a� 2;

a� 1

2
; 1;

21 � (a� 4)

a

i
;

1 = 3a� 1

1 +
1

2

=
(3a� 1)2 + 3a

2 + 1
;

22 � (a� 4)

a
=
(5a+ 2)2 + (5a+ 4)

a2 + a
=

h
5;
a� 1

2
; 2;

2 � (a� 2)

2

i
;

2 = 5a� 1

1 +
1

3

=
(5a� 1)3 + 5a

3 + 1
;

2 � (a� 2)

2
=
(4a+ 1)3 + (4a+ 2)

2a3 + 2a
=

h
2; 2a� 1; 1;

3 � (2a� 2)

2a

i
;

3 = 7a� 1

1 +
1

4

=
(7a� 1)4 + 7a

4 + 1
;

3 � (2a� 2)

2a
=
(5a+ 1)4 + (5a+ 2)

2a4 + 2a
=

h
2; 1; 1;

a� 3

2
; 1;

24 � (a� 4)

a

i
:

�à¥¤¯®«®¦¨¬, çâ® ¢¥àë ãá«®¢¨ï ¤«ï 3n�2; 3n�1; 3n. �®£¤ 

3n+1 = (3 + 6n)a� 1

1 +
1

3n+2

=
(6an+ 3a� 1)3n+2 + (6an+ 3a)

3n+2 + 1
;
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23n+1 � (a� 4)

a
=
(12an+ 5a+ 2)3n+2 + (12an+ 5a+ 4)

a3n+2 + a

=
h
12n+ 5;

a� 1

2
; 2;

3n+2 � (a� 2)

2a

i
;

3n+2 = 5a+ 6an� 1

1 +
1

3n+3

=
(6an+ 5a� 1)3n+3 + (6an+ 5a)

3n+3 + 1
;

3n+2 � (a� 2)

2a
=
(6an+ 4a+ 1)3n+3 + (6an+ 4a+ 2)

2a3n+3 + 2a

=
h
3n+ 2; 2a� 1; 1;

3n+3 � (2a� 2)

2a

i
;

3n+3 = 7a+ 6an� 1

1 +
1

3n+4

=
(6an+ 7a� 1)3n+4 + (6an+ 7a)

3n+4 + 1
;

3n+3 � (2a� 2)

2a
=
(6an+ 5a+ 1)3n+4 + (6an+ 5a+ 2)

2a3n+4 + 2a

=
h
3n+ 2; 1; 1;

a� 3

2
; 1;

23n+4 � (a� 4)

2

i
:

®âªã¤  ¯® ¨¤ãªæ¨¨ á«¥¤ã¥â (2.3).

�®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì (2.4). �®á¯®«ì§®¢ ¢è¨áì à ¢¥áâ¢®¬

1

3
e
2

3 =
1

3
+

2

9� 3

1 +
1

9� 1

1 +
1

15� 1

1 + : : :

;

 å®¤¨¬

0 =
1

3
+

2

9� 3

1 +
1

1

=
41 + 15

61 + 9
=

h
0; 1; 1; 1;

21 + 1

3

i
;

1 = 9� 1

1 +
1

2

=
82 + 9

2 + 1
;
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21 + 1

3
=
172 + 19

32 + 3
=

h
5; 1; 2;

2 � 1

6

i
;

2 = 15� 1

1 +
1

3

=
143 + 15

3 + 1
;

2 + 1

6
=
133 + 14

63 + 6
=

h
2; 5; 1;

3 � 4

6

i
;

3 = 21� 4

4 + 1
=
204 + 21

4 + 1
;

3 � 4

6
=
164 + 17

64 + 6
=

h
2; 1; 2;

24 + 1

3

i
;

çâ®, ¯® ¨¤ãªæ¨¨, ¢«¥ç¥â á¯à ¢¥¤«¨¢®áâì (2.4). B

�®ª ¦¥¬ â¥¯¥àì, çâ® ¨¬¥îâ ¬¥áâ® à §«®¦¥¨ï ¤«ï ç¨á¥« ¢¨¤  e
2

a + m

n
.

�¥®à¥¬  2.3. �¬¥¥â ¬¥áâ® à §«®¦¥¨¥

e
2

3 +
1

3
=
h
2; 3; 1; 1; 3; 1; 4; 1; 1; 3; 3; 1; 1; 5+ 8n; 2; 4; 1+ 2n; 1; 1; 1; 1; 2; 1;

1 + 2n; 2; 4; 9+ 8n; 1; 3; 1; 1; 2+ 2n; 3; 1; 1; 2; 2+ 2n; 1; 3
i
1

n=0

:

(2:5)

C � ¢®¢ì ¯à¨¬¥¨¬ à §«®¦¥¨¥ (1.13) ¨§ [5]

e
2

3 +
1

3
=
h
1;
1

2
; 1; 1;

7

2
; 1; 1;

13

2
; 1; 1;

19

2
; 1; 1;

25

2
; 1; 1;

31

2
; 1; 1;

37

2
; 1; 1;

43

2
; 1; 1;

49

2
; 1; 1;

55

2
; 1; 1; : : :

i
+
1

3
:

�®£¤   å®¤¨¬, çâ®

0 =
h
1;
1

2
; 1; 1;

7

3
; 1; 1;

13

2
; 1; 1;

19

2
; 1; 1; 1

i
+
1

3

=
235521 + 12335

120921 + 6333
+
1

3
=

h
2; 3; 1; 1; 3; 1; 4; 1; 1; 3; 3; 1; 1;

41 � 3

9

i
:

�ëç¨á«¨¬

1 =
h25
2
; 1; 1;

31

2
; 1; 1; 2

i
=
17182 + 885

1322 + 68
;

42 � 3

9
=
64762 + 3336

11882 + 612
=

h
5; 2; 4; 1; 1; 1; 1; 1; 2; 1;

2 � 6

9

i
;

2 =
h37
2
; 1; 1;

43

2
; 1; 1; 3

i
=
34223 + 1749

1803 + 92
;
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2 � 6

9
=
23423 + 1197

16203 + 828
=

h
1; 2; 4; 9; 1; 3; 1; 1;

23 � 9

18

i
;

3 =
h49
2
; 1; 1;

55

2
; 1; 1; 4

i
=
57024 + 2901

2284 + 116
;

23 � 9

18
=
93524 + 4758

41044 + 2088
=

h
2; 3; 1; 1; 2; 2; 1; 3; 1; 1;

44 � 3

9

i
:

�à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¢¥à® ¤«ï 3n. �®£¤ 

3n+3 =
h25 + 36n

2
; 1; 1;

31 + 36n

2
; 1; 1; 3n+2

i

=
(1718 + 4248n+ 2592n2)3n+2 + (885 + 2160n+ 1296n2)

(132 + 144n)3n+2 + (68 + 72n)
;

®âªã¤   å®¤¨¬, çâ®

43n+1 � 3

9
=
(6476 + 16560n+ 10368n2)3n+2 + (3336 + 8424n+ 5184n2)

(1188 + 1296n)3n+2 + (612 + 648n)

=
h
8n+ 5; 2; 4; 2n+ 1; 1; 1; 1; 1; 2; 1;

3n+2 � 6

9

i
:

�ëç¨á«¨¬

3n+2 =
h37 + 36n

2
; 1; 1;

43 + 36n

2
; 1; 1; 3n+3

i

=
(3422 + 5976n+ 2592n2)3n+3 + (1749 + 3024n+ 1296n2)

(180 + 144n)3n+3 + (92 + 72n)
;

3n+2 � 6

9
=
(2342 + 5112n+ 2592n2)3n+3 + (1197 + 2592n+ 1296n2)

(1020 + 1296n)3n+3 + (828 + 648n)

=
h
2n+ 1; 2; 4; 8n+ 9; 1; 3; 1; 1;

23n+3 + 9

18

i
:

� «¥¥,  å®¤¨¬, çâ®

3n+3 =
h49 + 36n

2
; 1; 1;

55 + 36n

2
; 1; 1; 3n+4

i

=
(5702 + 7704n+ 2592n2)3n+4 + (2901 + 3888n+ 1296n2)

(228 + 144n)3n+4 + (116 + 72n)
;

23n+3 � 9

18
=
(9352 + 14112n+ 5184n2)3n+4 + (4758 + 7128n+ 2592n2)

(4104 + 2592n)3n+4 + (2088 + 1296n)

=
h
2n+ 2; 3; 1; 1; 2; 2n+ 2; 1; 3; 1; 1;

43n+4 � 3

9

i
:
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�â ª, ¯® ¨¤ãªæ¨¨ ¯®«ãç¨¬

e
2

3 +
1

3
=[2; 3; 1; 1; 3; 1; 4; 1; 1; 3; 3; 1; 1; 5+ 8n; 2; 4; 1+ 2n; 1; 1; 1; 1; 2; 1;

1 + 2n; 2; 4; 9+ 8n; 1; 3; 1; 1; 2+ 2n; 3; 1; 1; 2; 2+ 2n; 1; 3; 1; 1;]1
n=0;

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. B

� «®£¨ç® ¬®¦® ¤®ª § âì, çâ® ¨¬¥îâ ¬¥áâ® à §«®¦¥¨ï ¤«ï ç¨á¥« ¢¨¤ 

me
2

a ;
1

m
e
2

a ;
m

n
e
2

a .

�¥®à¥¬  2.4. �¬¥îâ ¬¥áâ® à §«®¦¥¨ï

3e
2

5 =[4; 2; 9 + 40n; 1; 2; 3+ 10n; 1; 5; 5+ 10n; 1; 2;

29 + 40n; 1; 2; 8+ 10n; 1; 5; 10+ 10n; 1]1
n=0;

(2:6)

1

2
e
2

5 =[1; 2; 1; 14+ 60n; 1; 1; 5+ 15n; 1; 3; 8+ 15n;

1; 1; 44 + 60n; 1; 1; 13+ 15n; 3; 1; 15+ 15n; 1]1
n=0;

(2:7)

3

2
e
2

5 =[2; 4; 4 + 20n; 1; 5; 1+ 5n; 1; 11; 2+ 5n; 1; 5;

14 + 20n; 1; 5; 4+ 5n; 2; 2; 1; 1; 4+ 5n; 1; 5]1
n=0:

(2:8)

C �®á¯®«ì§®¢ ¢è¨áì à §«®¦¥¨¥¬ (1.13) ¨§ [5]

3e
2

5 =
h
3;
1

2
; 3;

1

3
;
39

2
;
1

3
; 3;

23

6
; 3;

1

3
;
99

2
;
1

3
; 3;

43

6
; 3;

1

3
;
159

2
;
1

3
; 3;

21

2
; 3;

1

3
;
219

2
;
1

3
; 3;

83

6
; 3;

1

3
; : : :

i
;

 å®¤¨¬, çâ®

0 =
h
3;
1

2
; 3;

1

3
; 1

i
=
361 + 63

81 + 15
=

h
4; 2;

41 + 3

9

i
;

1 =
h39
2
;
1

3
; 3; 2

i
=
2522 + 45

122 + 2
;

41 + 3

9
=
1742 + 31

182 + 3
=

h
9; 1; 2;

62 � 1

6

i
;

2 =
h23
6
; 3;

1

3
; 3

i
=
1443 + 225

363 + 54
;

62 � 1

6
=
233 + 36

63 + 9
=

h
3; 1; 5;

3

9

i
;

3 =
h99
2
;
1

3
; 3; 4

i
=
6124 + 105

124 + 2
;

3

9
=
6124 + 105

1084 + 18
=

h
5; 1; 2;

124 + 1

3

i
;

4 =
h43
6
; 3;

1

3
; 5

i
=
885 + 135

125 + 18
;

124 + 1

3
=
1784 + 273

64 + 9
=

h
29; 1; 2;

25 � 3

18

i
;

5 =
h159
2
;
1

3
; 3; 6

i
=
9726 + 165

126 + 2
;

25 � 3

18
=
536 + 9

66 + 1
= [8; 1; 5; 6];

6 =
h21
2
; 3;

1

3
; 7

i
=
1287 + 195

127 + 18
; 6 =

1287 + 195

127 + 18
=

h
10; 1; 2;

47 + 3

9

i
;
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�¤ãªæ¨¥© ¯® 6n, ¯®«ãç ¥¬

6n+1 =
h39 + 180n

2
;
1

3
; 3; 6n+2

i
=
(1080n+ 252)6n+2 + (180n+ 45)

126n+2 + 2
;

6n+2 =
h23 + 60n

6
; 3;

1

3
; 6n+3

i
=
(40n+ 16)6n+3 + (60n+ 25)

46n+3 + 9
;

6n+3 =
h99 + 180n

2
;
1

3
; 3; 6n+4

i
=
(1080n+ 612)6n+4 + (180n+ 105)

126n+4 + 2
;

6n+4 =
h43 + 60n

6
; 3;

1

3
; 6n+5

i
=
(120n+ 88)6n+5 + (180n+ 135)

126n+5 + 18
;

6n+5 =
h159 + 180n

2
;
1

3
; 3; 6n+6

i
=
(1080n+ 972)6n+6 + (180n+ 165)

126n+6 + 2
;

6n+6 =
h21 + 20n

2
; 3;

1

3
; 6n+7

i
=
(120n+ 128)6n+7 + (180n+ 195)

126n+7 + 18
;

®âªã¤   å®¤¨¬, çâ®

46n+1 + 3

9
=

h
9 + 40n; 1; 2;

66n+2 � 1

6

i
;

66n+2 � 1

6
=
(240n+ 92)6n+3 + (360n+ 144)

246n+3 + 36
=

h
3 + 10n; 1; 5;

6n+3

9

i
;

6n+3

9
=

h
5 + 10n; 1; 2;

126n+4 + 1

3

i
;

126n+4 + 1

3
=

h
29 + 40n; 1; 2;

26n+5 � 3

18

i
;

26n+5 � 3

18
= [8 + 10n; 1; 5; 6n+6];

6n+6 =
h
10 + 10n; 1; 2;

46n+7 + 3

9

i
;

¨, á«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (2.6) ¨¬¥¥â ¬¥áâ®. B

� §«®¦¥¨¥ (2.7) ¬®¦® ¯®«ãç¨âì ¨§ à §«®¦¥¨ï (1.13), ã¬®¦¨¢ ¥£®   3.

� §«®¦¥¨¥ (2.8) ¬®¦® ¯®«ãç¨âì ¨§ à §«®¦¥¨ï (2.5), à §¤¥«¨¢ ¥£®   2. B

�¥®à¥¬  2.5. �ãáâì � | æ¥¯ ï ¤à®¡ì ¨§ à ¢¥áâ¢ (2.1){(2.8). �®£¤  ¤«ï

«î¡®£® " > 0 ¥à ¢¥áâ¢®

������
p

q

���� < (c+ ")
ln ln q

q2 ln q
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¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ç¨á« å p; q 2 N :
�ãé¥áâ¢ã¥â ç¨á«® q0 = q(") â ª®¥, çâ®

������
p

q

���� > (c� ")
ln ln q

q2 ln q

¤«ï ¢á¥å æ¥«ëå p; q, £¤¥ q � q0(").

�à¨ íâ®¬

1) ¯à¨ � = ae
2

a c = 1

4
; 2) ¯à¨ � = 3e

2

3 c = 1

4
; 3) ¯à¨ � = 1

a
e
2

a c = 1

4
,

4) ¯à¨ � = 1

3
e
2

3 c = 1

4
, 5) ¯à¨ � = e

2

3+ 1

3
c = 3

4
, 6) ¯à¨ � = 3e

2

5 c = 3

20
.

7) ¯à¨ � = 1

2
e
2

5 c = 1

10
, 8) ¯à¨ � = 3

2
e
2

5 c = 3

10
.

�¨â¥à âãà 

1. �ãåèâ ¡ �. �. �¥®à¨ï ç¨á¥«.|�.: �à®á¢¥é¥¨¥, 1966.

2. � «®çª¨ �. �. ¨ ¤à. �¢¥¤¥¨¥ ¢ â¥®à¨î ç¨á¥«.|�.: ���, 1984.

3. �¥£ �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¤¨®ä â®¢ëå ¯à¨¡«¨¦¥¨©.|�.: �¨à, 1970.

4. � á®¥¢ �. �. � à æ¨® «ìëå ¯à¨¡«¨¦¥¨ïå ª ¥ª®â®àë¬ ¡¥áª®¥çë¬ æ¥¯ë¬

¤à®¡ï¬.|����, �®áª¢ , �äâ®à¥ä. ¤¨áá.   á®¨áª. ãç. áâ¥¯. ª ¤. ä¨§.-¬ â.  -

ãª, 1997.

5. � á®¥¢ �. �. �  ¨«ãçè¨å à æ¨® «ìëå ¯à¨¡«¨¦¥¨ïå ª âà áæ¥¤¥âë¬ ç¨á« ¬

 (x) � ex // �« ¤¨ª ¢ª §áª¨© ¬ â. ¦ãà.|2001.|�. 3, ü 2.|�. 23{49.

6. �¨ç¨ �. �. �¥¯ë¥ ¤à®¡¨.|�.: � ãª , 1978.

7. �®¢ áª¨© �. �. �à¨«®¦¥¨¥ æ¥¯ëå ¤à®¡¥© ¨ ¨å ®¡®¡é¥¨© ª ¢®¯à®á ¬ ¯à¨¡«¨¦¥-

®£®   «¨§ .|�.: �����, 1956.

8. �¨¤«®¢áª¨© �. �. �¨®ä â®¢ë ¯à¨¡«¨¦¥¨ï ¨ âà áæ¥¤¥âë¥ ç¨á« .|�.: ���,

1982.

9. �©«¥à �. �¢¥¤¥¨¥ ¢   «¨§.|�.: �¨§¬ â£¨§, 1961.

10. Davis C. S. Rational approximation to e // J. Austral Math. Soc. (Ser. A).|1978.|

V. 25.|P. 497{502.

11. Devis C. S. A note on rational approximation // Bull. Austral. Math. Soc.|1979.|

V. 20.|P. 407{410.

12. Perron O. Die Lehre von der Kettenbruchen, Band I.|Stuttgart: Teubner, 1954.

13. Schiokawa J. Number Theory and Combinatorics.|Japan.| Singapore: World Scienti�c

Pub. Co, 1985.|P. 353{367.

14. Takeshi O. A note on the rational approximationa to e // Tokyo J. Math.|1992.|V. 15,

No. 1.|P. 129{133.

15. Takeshi O. A note on the rational approximations to tank // Proc. Jap. Acad. A.|1993.|

No. 6.|P. 161{163.

£. �å¨¢ « �â âìï ¯®áâã¯¨«  20 ®ï¡àï 2000 £.


