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�áâ ­®¢«¥­  à ¢­®¬¥à­ ï áå®¤¨¬®áâì à¥è¥­¨© ª¢ §¨«¨­¥©­ëå ¯à¨¡«¨¦¥­¨© ª à¥è¥­¨î

­¥«¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë-

¬¨ ãá«®¢¨ï¬¨. �à¥¤«®¦¥­ à §­®áâ­ë© ¬¥â®¤ à¥è¥­¨ï ª¢ §¨«¨­ à¨§®¢ ­­®© ­¥«®ª «ì-

­®© § ¤ ç¨.

1. �å®¤¨¬®áâì ¬¥â®¤  ª¢ §¨«¨­¥ à¨§ æ¨¨ à¥è¥­¨ï £à ­¨ç­®© § -

¤ ç¨. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

L[U ] �
d

dx

�
k(x)

dU

dx

�
� g(x)U(x) = f(U); 0 < x < b; (1)

á ­¥«®ª «ì­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬

U(0) = 0; U(b) =

mX
k=1

�kU(�k); (2)

£¤¥ k > C > 0, g(x) > 0, 0 < �1 < �2 < � � � < �m < b, �k | ­¥ª®â®àë¥ ¨§¢¥áâ­ë¥

¯®áâ®ï­­ë¥.

�ãáâì fUng ¯®á«¥¤®¢ â¥«ì­®áâì, ª®â®à ï ®¯à¥¤¥«ï¥âáï à¥ªãà¥­â­ë¬ á®®â-

­®è¥­¨¥¬

L[Un] = f(Un�1) + (Un � Un�1)f
0(Un�1); 0 < x < b; (3)

£¤¥

Un(0) = 0; Un(b) =

mX
k=1

�kU(�k); (4)

U0(x) | ­¥ª®â®à®¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ à¥è¥­¨ï ­¥«®ª «ì­®© ª¢ §¨«¨­¥©-

­®© § ¤ ç¨.

�«ï ¤®ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fUng ¯à¨¡«¨¦¥­¨©

à¥è¥­¨ï § ¤ ç¨ (3){(4) ª à¥è¥­¨î ¨áå®¤­®© § ¤ ç¨, ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬

ª¢ §¨«¨­¥ à¨§ æ¨¨ [1]. �«ï íâ®£® § ¬¥â¨¬, çâ® ¥á«¨ à¥è¥­¨¥ £à ­¨ç­®© § ¤ ç¨

c
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(1){(2) áãé¥áâ¢ã¥â, â® ®­® íª¢¨¢ «¥­â­® à¥è¥­¨î ­ £àã¦¥­­®£® ­¥«¨­¥©­®£®

¨­â¥£à «ì­®£® ãà ¢­¥­¨ï [2, 3]

U(x) =

bZ
0

G(x; �)f(U)d�+ '(x)

mX
k=1

�kU(�k); (5)

£¤¥ G(x; �) | äã­ªæ¨ï �à¨­  ¯¥à¢®© ªà ¥¢®© § ¤ ç¨, '(x) | à¥è¥­¨¥ ªà ¥¢®©

§ ¤ ç¨: L['] = 0, '(0) = 1, '(b) = 0.

�ëç¨â ï ¨§ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï (n + 1)-®© § ¤ ç¨  ­ «®£¨ç­®¥

¯à¥¤áâ ¢«¥­¨¥ ¤«ï n-®© § ¤ ç¨ ¨ ¯®«ì§ãïáì ¨§¢¥áâ­®© â¥®à¥¬®© ® áà¥¤­¥¬, ¯®-

«ãç¨¬

Un+1(x)� Un(x) =
1

2

bZ
0

G(x; �)(Un � Un�1)
2f 00(U�)d�

+

bZ
0

G(x; �)(Un+1 � Un)f
0(Un)d�

+ '(x)

mX
k=1

�k[Un+1(�k)� Un(�k)]; Un�1 6 U� 6 Un:

(6)

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï

A = 1�

mX
k=1

�k'(�k) 6= 0; (7)

¨§ (6) ¨¬¥¥¬

Un+1(x)� Un(x)

=

bZ
0

G(x; �)
�
(Un � Un�1)

2f 00(U�) + (Un+1 � Un)f
0(Un)

�
d�

+ '1(x)
1

A

mX
k=1

bZ
0

G(�k; �)

�
1

2
(Un � Un�1)

2f 0(U�) + (Un+1 � Un)f
0(Un)

�
d�:

(8)

�«ï ¯®«ãç¥­¨ï ãá«®¢¨ï áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ª¢ §¨«¨­¥©­ëå

¯à¨¡«¨¦¥­¨© fUng ¯à¨¬¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

max
06x;�6b

jG(x; �)j = B; max max
jUj61

(jf(U)j; jf 0(U)j) = m; (9)
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max
jUj61

jf 00(U)j = K; s = 1 + b

mX
k=1

j�k=Aj: (10)

�®£¤ , ¥á«¨ ¢ë¯®«­¥­® âà¥¡®¢ ­¨¥

M = 1�mBsb > 0; (11)

â® ¨§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï äã­ªæ¨¨ '(x) ¨ c ãç¥â®¬ ¯à¨­ïâëå ®¡®§­ ç¥­¨©

(9){(10), ¯®«ãç¨¬ ¨§ (8) ®æ¥­ªã

jUn+1(x)� Un(x)j 6 q1jUn(x)� Un�1(x)j
2; (12)

£¤¥ q1 = q2=M , q2 = kBsb=2.

�§ (12) ®ª®­ç â¥«ì­® á«¥¤ã¥â ®æ¥­ª 

max
a6x6b

jUn+1(x)� Un+1(x)j 6 q1

�
max
a6x6b

jUn(x)� Un�1(x)j

�2
; (13)

â. ¥. ¥á«¨ áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fUng ª¢ §¨«¨­¥©­ëå ¯à¨¡«¨¦¥­¨©

¨¬¥¥â ¬¥áâ®, â® ®­  ª¢ ¤à â¨ç­ ï.

� ¤àã£®© áâ®à®­ë, ®¡ëç­ ï ¨­¤ãªæ¨ï ¯®ª §ë¢ ¥â, çâ® áå®¤¨¬®áâì ¡ã¤¥â

§ ¢¨á¥âì ®â ¢¥«¨ç¨­ë q1 max
06x6b

jU1(x)� U0(x)j, ª®â®à ï ¡ã¤¥â ¬¥­ìè¥ ¥¤¨­¨æë,

­ ¯à¨¬¥à, ¯à¨ ¤®áâ â®ç­® ¬ «®¬ b. �à¨ íâ®¬ ¤«ï áå®¤¨¬®áâ¨ fUng ¤®áâ -

â®ç­® ¬ «®áâ¨ max
06x6b

jUn+1(x) � Un(x)j å®âï ¡ë ¯à¨ ®¤­®¬ n. �«¥¤®¢ â¥«ì­®,

¤ ¦¥ ¥á«¨ § ¤ ­­ë© ®âà¥§®ª [0; b] ®ª ¦¥âáï ¡®«ìè¨¬, ¬®¦­® ­ ¤¥ïâìáï, çâ® § 

áç¥â ã¤ ç­®£® ¢ë¡®à  ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï U0(x) ¬®¦­® ¤®¡¨âìáï ¬ «®áâ¨

jU1(x)� U0(x)j ¨ ¤®¡¨âìáï áå®¤¨¬®áâ¨ ª¢ §¨«¨­¥©­ëå ¯à¨¡«¨¦¥­¨©.

�ëç¨â ï ¨§ (5) ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ n-®© § ¤ ç¨ (3), (4), ­¥ âàã¤­®

 ­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç¨âì ®æ¥­ªã

max
06x6b

jU(x)� Un(x)j 6 q2

�
max
06x6b

jU(x)� Un(x)j

�2

; (14)

â. ¥. ¥á«¨ ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì ª¢ §¨«¨­¥©­ëå ¯à¨¡«¨¦¥­¨© fUn(x)g ª à¥-

è¥­¨î U(x) ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (5), â® ®­  â®¦¥ ª¢ ¤à â¨ç­ ï.

� ª¨¬ ®¡à §®¬, ¥á«¨ qi < 1 (i = 1; 2), â® ¯®á«¥¤®¢ â¥«ì­®áâì ª¢ §¨«¨-

­¥©­ëå ¯à¨¡«¨¦¥­¨© fUng à ¢­®¬¥à­® áå®¤¨âìáï ª äã­ªæ¨¨ U(x), ï¢«ïîé¥©-

áï à¥è¥­¨¥¬ ­¥«¨­¥©­®£® ­ £àã¦¥­­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (5), ª®â®à®¥

íª¢¨¢ «¥­â­® ¨áá«¥¤ã¥¬®© § ¤ ç¥ (1), (2). �à®¬¥ â®£®, ¨§ ®æ¥­ª¨ (14), ª ª

®¡ëç­®, á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì.

2. � §­®áâ­ë© ¬¥â®¤ à¥è¥­¨ï ª¢ §¨«¨­¥©­®© § ¤ ç¨. � áá¬®âà¨¬

à §­®áâ­ë© ¬¥â®¤ à¥è¥­¨ï ª¢ §¨«¨­¥ à¨§®¢ ­­®© ­¥«®ª «ì­®© n-®© § ¤ ç¨

H[Un] �
d

dx

�
k(x)

dUn

dx

�
� g(x)Un(x) = �f(Un�1); 0 < x < b; (15)
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Un(0) = 0; Un(b) =

mX
k=1

�kUk(�k); (16)

£¤¥ g(x) = g(x) + f 0(Un�1(x)) > 0; f(Un�1) = f(Un�1)� f 0(Un�1)Un�1.

�®«ì§ãïáì ®¡é¥© â¥®à¨¥© à §­®áâ­ëå áå¥¬ [4] ¨ á«¥¤ãï [5], ¯®áâ ¢¨¬ ¢ á®-

®â¢¥âáâ¢¨¥ ¤¨ää¥à¥­æ¨ «ì­®© ­¥«®ª «ì­®© § ¤ ç¥ (15), (16) á«¥¤ãîéãî à §-

­®áâ­ãî § ¤ çã ¯®àï¤ª  O(h2):

(ayx)x;i � diyi + 'i = 0; i = 1; 2 : : : ; N � 1; (17)

y(0) = 0; y(b) =

mX
k=1

�k

�
yik

xik+1 � �k

h
� yik+1

�k � xik

h

�
; (18)

£¤¥ y(n) = Un(xi), xi = ih, h > 0 | è £ á¥âª¨, xik < �k < xik+1.

�¥è¥­¨¥ à §­®áâ­®© § ¤ ç¨ (17), (18) ¨é¥âáï ¢ ¢¨¤¥

yi = pi + yNqi; (19)

£¤¥ pi ¨ qi ­ å®¤ïâáï ¨§ à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¨å ª« áá¨ç¥áª¨å à §­®áâ­ëå

§ ¤ ç

(aPx)x � dP = �'; P (0) = 0; PN = 0; (20)

(aqx)x � dq = 0; q(0) = 0; qN = 1 (21)

å®à®è® ¨§¢¥áâ­ë¬ ¬¥â®¤®¬ ¯à®£®­ª¨,   ¢ëà ¦¥­¨¥ ¤«ï yN ¨¬¥¥â ¢¨¤

yN =

Pm

k=1 �k

�
Pik

xik��k
h

+ Pik+1
�k�xik

h

�
h
1�

Pm

k=1 �k

�
Pik

xik��k
h

+ Pik+1
�k�xik

h

�i : (22)

�à¨ íâ®¬, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï k(x), g(x) 2 C2[0; b], k(x) > C > 0,

g(x) > 0 ¢áî¤ã ­  [0; b], â® à¥è¥­¨¥ y(x) à §­®áâ­®© ª¢ §¨«¨­¥©­®© n-®© § ¤ ç¨

áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ¤«ï «î¡®£® h > 0 ¨ ¯à¨ h! 0 áâà¥¬¨âáï ª à¥è¥­¨î

á®®â¢¥âáâ¢ãîé¥© ª¢ §¨«¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨ Un(x) á® ¢â®àë¬

¯®àï¤ª®¬ â®ç­®áâ¨ ¯® è £ã h ¢ à ¢­®¬¥à­®© ¬¥âà¨ª¥.

�â¥à æ¨®­­ë© ¯à®æ¥áá, ®á­®¢ ­­ë© ­  à¥è¥­¨¨ n-®© ª¢ §¨«¨­¥©­®© ­¥«®-

ª «ì­®© § ¤ ç¨, ¯à®¤®«¦ ¥âáï ¤® â¥å ¯®à, ¯®ª  ­¥ ¡ã¤¥â ¤®áâ¨£­ãâ  âà¥¡ã¥¬ ï

â®ç­®áâì, â. ¥ ­¥ ¢ë¯®«­¨âáï ãá«®¢¨¥

max
06i6N

���y(n+1)i � y
(n)
i

��� < ":
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