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�áâ ®¢«¥ë áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¤®© ¥«®ª «ì®© £à ¨ç®© § ¤ ç¨ ¤«ï  £àã-

¦¥®£® ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï âà¥âì¥© áâ¥¯¥¨.

� ª®¥ç®© ®¤®á¢ï§®© ®¡« áâ¨ D =
�
(x; y) : 0 < x < l; 0 < y < T

	
¥¢ª«¨¤®¢®©

¯«®áª®áâ¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå x ¨ y à áá¬®âà¨¬  £àã¦¥®¥ [1] ãà ¢¥¨¥ ¢

ç áâëå ¯à®¨§¢®¤ëå âà¥âì¥£® ¯®àï¤ª 

H(u) � L(u) + (x; y)u(x0; y) = �f(x; y); (1)

£¤¥ L = @3

@x2@y
+ a(x; y) @2

@x2
+ b(x; y) @

@x
+ c(x; y) @

@y
+ d(x; y) | ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨© [2]

®¯¥à â®à, x0 | ¯à®¨§¢®«ì® ä¨ªá¨à®¢  ï â®çª  ¨â¥à¢ «  0 < x < l.

� ¤ «ì¥©è¥¬ ç¥à¥§ J ¡ã¤¥¬ ®¡®§ ç âì ¨â¥à¢ « (0; T ) ¯àï¬®© x = x0, £¤¥ x
0 2

(0; l) ¨ x0 6= x0;D0 = DnJ . �â ¢¨âáï

� ¤ ç  1. � ©â¨ à¥£ã«ïà®¥ ¢ D0 à¥è¥¨¥ u(x; y)  £àã¦¥®£® ãà ¢¥¨ï (1)

¨§ ª« áá  u(x; y); ux(x; y); uxy(x; y) 2 C(D), ã¤®¢«¥â¢®àïîé¥¥

 ç «ì®¬ã

u(x; 0) = h(x) 8x 2 [0; l]; (2)

¥«®ª «ì®¬ã £à ¨ç®¬ã

u(0; y) = �u(l; y) 8y 2 [0; T ]; (3)

¨ ¢ãâà¥¥¬ã

u(x0; y) = '(y) 8y 2 [0; T ] (4)

ãá«®¢¨ï¬, £¤¥ h(y); '(y) | § ¤ ë¥ äãªæ¨¨, � = const.

�¤¥áì ¨ ¨¦¥ ¯®¤ à¥£ã«ïàë¬ ¢ ®¡« áâ¨ 
 à¥è¥¨¥¬ ãà ¢¥¨ï ¯®¤à §ã¬¥¢ ¥â-

áï ¤¥©áâ¢¨â¥«ì ï äãªæ¨ï u(x; y), ®¡« ¤ îé ï ¢ 
 ¢á¥¬¨ ¥¯à¥àë¢ë¬¨ ç áâë¬¨

¯à®¨§¢®¤ë¬, ¢å®¤ïé¨¬¨ ¢ ãà ¢¥¨¥, ¨ ®¡à é îé ï ¥£® ¢ â®¦¤¥áâ¢® [3].

�ãáâì ¢ë¯®«¥ë ãá«®¢¨ï:

axx(x; y); bx(x; y); cy(x; y); d(x; y); (x; y); f(x; y) 2 C(D); (5)

h(x) 2 C1[0; l] \ C2(0; l); '(y) 2 C1[0; T ]; (6)

c(x; y) < 0 8(x; y) 2 D: (7)

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï

c 2002 � ¯á® �. �, � çãª®¥¢ �. �.
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�¥®à¥¬  1. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (5){(7) ¨ � < 0, â® § ¤ ç  1 ¢á¥£¤  à §à¥-

è¨¬  ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¬ ®¡à §®¬.

C �®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à¨¢¥¤¥¬ ¤«ï á«ãç ï 0 < x0 < x0 < l. �ãáâì D1 =�
(x; y) : 0 < x < x0; 0 < y < T

	
,   w(x; y;�; �) | äãªæ¨ï �¨¬   å à ªâ¥à¨áâ¨ç¥áª®©

(¯® â¥à¬¨®«®£¨¨ [2]) § ¤ ç¨ �ãàá 

u(x0; y) = '(y) 8y 2 [0; T ]; (8)

ux(x0; y) =  (y) 8y 2 [0; T ]; (9)

u(x; 0) = h(x) 8x 2 [0; x0] (10)

¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ®¯¥à â®à®¬ L, £¤¥  (y) | ¥¨§¢¥áâ ï ¯®ª 

äãªæ¨ï ¨§ ª« áá  C1[0; T ].

�«ï ®¡é¥£® ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï äãªæ¨ï �¨¬   w(x; y;�; �) å -

à ªâ¥à¨áâ¨ç¥áª®© § ¤ ç¨ �ãàá  (8){(10) ¡ë«  ¢¯¥à¢ë¥ ¢¢¥¤¥  �. �. �å ãª®¢ë¬ ¢

[4].

�¥âàã¤® ¯à®¢¥à¨âì, çâ® ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

wH(u)� uH(w) =
@P

@x
+
@Q

@y
+ (x; y)u(x0; y)w; (11)

£¤¥ P (x; y) =
�
wxy � (aw)x

�
u +

�
uxy + aux + bu

�
w, Q(x; y) = �wxux + cuw. �à®¨â¥£-

à¨àã¥¬ â®¦¤¥áâ¢® (11) ¯® ®¡« áâ¨ 
1 =
�
(x; y) : 0 < � < x < x0; 0 < y < �

	
á ãç¥â®¬

ä®à¬ã«ë �à¨ , £¤¥ (�; �) | ¯à®¨§¢®«ì ï â®çª  D1. �®«ì§ãïáì ¯à¨ íâ®¬ á¢®©áâ¢ ¬¨

äãªæ¨¨ �¨¬   w(x; y;�; �) ¨ ãá«®¢¨ï¬¨ (8){(10) ¯®«ãç¨¬:

u(�; �) = wx(x0; �;�; �)'(�) +

x0Z
�

�
c(x; 0)w(x; 0;�; �) � wx(x; 0;�; �)h

0(x)
�
dx

�

�Z

0

�
w(x0; y;�; �) 

0(y) + a(x0; y)w(x0; y;�; �) (y) +
�
wxy(x0; y;�; �)

� ax(x0; y)w(x0; y;�; �)a(x0; y)wx(x0; y;�; �) + b(x0; y)w(x0; y;�; �)
�
'(y)

	
dy

+

x0Z
�

�Z

0

(x; y)u(x0; y)w(x; y;�; �) dxdy +

x0Z
�

�Z

0

f(x; y)w(x; y;�; �) dxdy:

(12)

�à¨¬¥ïï ª (12) ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨ ¯¥à¥å®¤ï § â¥¬ ª ¯à¥¤¥«ã

¯à¨ �! x0, ¨¬¥¥¬:

 0(�) + (x0; y;x
0; �) (�) =

�Z

0

k0(�; y) 0(y) dy +

�Z

0

k1(�; y) (y) dy + f0(�); (13)

£¤¥

k0(�; y) =

x0Z

x0

(x; y)w(x0; y;x
0; �) dx;
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k1(�; y) = wy(x0; y;x
0; �) + a(x0; y)w(x0; y;x

0; �);

f0(�) = w(x0; 0;x
0; �)h0(x0) + wx(x0; �;x

0; �)'(�)

+

x0Z

x0

�
c(x; 0)w(x; 0;x0 ; �) �wx(x; 0;x

0; �)h0(x)
�
dx

�

�Z

0

�
wxy(x0; y;x

0; �)� a(x0; y)wx(x0; y;x
0; �)

+
�
b(x0; y)� ax(x0; y)

�
w(x0; y;x

0; �)'(y)
�
dy

+

x0Z

x0

�Z

0

f(x; y)w(x; y;�; �) dxdy;

u(x0; �) =  0(�) | ¥¨§¢¥áâ ï ¯®ª  äãªæ¨ï ¨§ ª« áá  C�1[0; T ].

�à¨ íâ®¬, ¨§ ¯®áâà®¥¨ï äãªæ¨¨ �¨¬   w(x; y;�; �) å à ªâ¥à¨áâ¨ç¥áª®© § ¤ -

ç¨ (8){(10) ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ®¯¥à â®à®¬ L, ¥¯®áà¥¤áâ¢¥®

á«¥¤ã¥â,   «®£¨ç® [4], á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢:

wx(x; �; 0; �) > 0 8x 2 (0; x0]; wx(x0; �; 0; �) > 1; (14)

¥á«¨ â®«ìª® c(x; y) < 0 ¤«ï ¢á¥å (x; y) 2 D1.

� ¤àã£®© áâ®à®ë, ¨§ ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï (12) å à ªâ¥à¨áâ¨ç¥áª®© § ¤ ç¨

�ãàá  (8){(10) ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ®¯¥à â®à®¬ L ¯à¨ � ! 0, ¯®-

«ãç¨¬:

u(0; �) =

�Z

0

k0(�; y) 0(y) dy � w(x0; �; 0; �) (�) +

�Z

0

k1(�; y) (y) dy � f0(�); (15)

£¤¥

k0(�; y) =

x0Z

0

(x; y)w(x0; y; 0; �) dx

k1(�; y) = wy(x0; y; 0; �) + a(x0; y)w(x0; y; 0; �);

f
0
(�) = w(x0; 0; 0; �)h

0(x0) + wx(x0; �; 0; �)'(�)

+

x0Z

0

�
c(x; 0)w(x; 0; 0; �) � wx(x; 0; 0; �)h

0(x)
�
dx

�

�Z

0

�
wxy(x0; y; 0; �) � a(x0; y)wx(x0; y; 0; �) +

�
b(x0; y)

� ax(x0; y)
�
w(x0; y; 0; �)'(y)

�
dy +

x0Z

0

�Z

0

f(x; y)w(x; y;�; �) dxdy:
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�ãáâì D2 =
�
(x; y) : x0 < x < l; 0 < y < T

	
,   #(x; y; �; �) | äãªæ¨ï �¨¬  

å à ªâ¥à¨áâ¨ç¥áª®© § ¤ ç¨ �ãàá 

u(x0; y)'(y) 8y 2 [0; Y ]; (16)

ux(x0; y) =  (y) 8y 2 [0; T ]; (17)

u(x; 0) = h(x) 8x 2 [x0; l] (18)

¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ®¯¥à â®à®¬ L.

� ¬¥¨¢ ¢ (11) !(x; y;�; �)   äãªæ¨î #(x; y; �; �) ¨ ¨â¥£à¨àãï ¯®«ãç¥®¥ â®¦-

¤¥áâ¢®   «®£¨çë¬ ®¡à §®¬ ¯® ®¡« áâ¨ 
2 =
�
(x; y) : x0 < x < �; 0 < y < �

	
á ãç¥â®¬

ä®à¬ã«ë �à¨ , á¢®©áâ¢ äãªæ¨¨ �¨¬   #(x; y; �; �) ¨ ãá«®¢¨© (16){(18), ¨¬¥¥¬:

u(�; �) = #x(x0; �; �; �)'(�) � #(x0; �; �; �) (�)

�

�Z

0

V0(x0; y; �; �)'(y) dy +

�Z

0

V1(x0; y; �; �) (y) dy

+

�Z
x0

�Z

0

(x; y)#(x; y; �; �) 0(�) dxdy + g(�; �);

(19)

£¤¥ (�; �) | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  D2,

V0(x0; y; �; �) = #xy(x0; y; �; �) � a(x0; y)#x(x0; y; �; �)

+
�
b(x0; y)� ax(x0; y)

�
#(x0; y; �; �);

V1(x0; y; �; �) = #y(x0; y; �; �) � a(x0; y)#(x0; y; �; �);

g(�; �) = #(x0; 0; �; �)h
0(x0)�

�Z
x0

�
c(x; 0)#(x; 0; �; �)h(x) � #x(x; 0; �; �)h

0(x)
�
dx

+

�Z
x0

�Z

0

f(x; y)#(x; y; �; �) dxdy:

�¥à¥å®¤ï ¢ (19) ª ¯à¥¤¥«ã ¯à¨ � ! l, ¯®«ãç¨¬

u(l; �) � #x(x0; �; l; �) (�) =

�Z

0

V1(0; y; l; �) (y) dy

+

�Z

0

k(�; y) 0(y) dy + g0(�);

(20)
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£¤¥

k(�; y) =

lZ
x0

(x; y)#(x; y; l; �) dx;

g0(�) = #x(x0; �; l; �)'(�) �

�Z

0

V0(x0; y; l; �)'(y) dy + g(l; �):

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ (15), (20) ¢®á¯®«ì§ã¥¬áï ¯à¨ � = � ¥«®ª «ìë¬ ãá«®-

¢¨¥¬ (4), ª®â®à®¥ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª ¥â ¯à¨ à¥è¥¨¨ ¬®£¨å ¯à¨ª« ¤ëå

§ ¤ ç á¨«ì® ¥áâ æ¨® à®£® â¥¯«®¬ áá®®¡¬¥  ¨ ï¢«ï¥âáï ¥«®ª «ìë¬ ãá«®¢¨¥¬

â¨¯  ãá«®¢¨ï �¨æ ¤§¥ | � ¬ àáª®£® [5].

� à¥§ã«ìâ â¥ ¨¬¥¥¬

�
w(x0; �; 0; �) � �#(x0; �; l; �)

�
 (�)

=

�Z

0

V 1(�; y) (y) dy +

�Z

0

V 2(�; y) 0(y) dy + g
0
(�);

(21)

£¤¥ V1(�; y) = k1(�; y)��V1(0; y; l; �), V2(�; y) = k0(�; y)��k(�; y), g0(�) = f
0
(�)� g0(�).

�ãªæ¨ï �¨¬   #(x; y; �; �) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬ [5]:

#(x; �; l; �) < 0 8x 2 [x0; l); #x(x0; �; l; �) > 1; (22)

¥á«¨ â®«ìª® c(x; y) < 0 ¤«ï ¢á¥å (x; y) 2 D2.

� ª¨¬ ®¡à §®¬, ¯à¨ 0 < x0 < x0 < l ¢®¯à®á ¥¤¨áâ¢¥®áâ¨ ¨ áãé¥áâ¢®¢ ¨ï

à¥è¥¨ï § ¤ ç¨ 1 íª¢¨¢ «¥â® à¥¤ãæ¨àã¥âáï ª à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (13), (21) ¨-

â¥£à «ìëå ãà ¢¥¨© â¨¯  �®«ìâ¥àà .

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ (5){(7), á¢®©áâ¢  (14) ¨ (22) äãªæ¨© �¨¬   #(x; y; �; �)

¨ w(x; y;�; �) § ª«îç ¥¬, çâ®

w(x0; �;x
0; �); #(x0; �; l; �); f0(�) g

0
(�) 2 C1[0; T ];

k0(�; y); k1(�; y); V 1(�; y); V 2(�; y) 2 C[0; T ]� [0; T ];

  ¥¤¨áâ¢¥®¥ à¥£ã«ïà®¥ à¥è¥¨¥ á¨áâ¥¬ë ¨â¥£à «ìëå ãà ¢¥¨© �®«ìâ¥àà  ¢â®-

à®£® à®¤  (13), (21) ¯à¥¤áâ ¢¨¬® [6] ¢ ª« áá¥ '0(�);  (�) 2 C
1[0; T ].

�®á«¥ ®¯à¥¤¥«¥¨ï ¥¨§¢¥áâëå äãªæ¨© '0(y) = u(x0; y);  (y) = ux(x0; y), ¨á-

á«¥¤ã¥¬ ï § ¤ ç  1 à á¯ ¤ ¥âáï   ¤¢¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ § ¤ ç¨ �ãàá  (8){(10) ¨

(16){(18) ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ®¯¥à â®à®¬ H, ¥¤¨áâ¢¥ë¥ à¥£ã-

«ïàë¥ à¥è¥¨ï ª®â®àëå ¢ D1 ¨ D2 ¤ îâáï, á®®â¢¥âáâ¢¥®, ä®à¬ã« ¬¨ (12) ¨ (19).

�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 1 ¯à¨ 0 < x0 < x0 < l ¤®ª §ë¢ ¥âáï   «®£¨çë¬ ®¡à -

§®¬. B

�¨â¥à âãà 
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