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NUBMEPUMBIE PACCJIOEHUSA C*-AJITEBP
N. I. T'anunesn, B. 1. Ynaunu
Ycranasnusaercs, 4TO MHBOJIOTUBHaAs ajirebpa Banaxa — KanTopouua Ha/l KOJBIIOM BCEX H3Me-

puUMBIX (DYHKIHHA, HOpMa KOTOPO# yAOBJIETBOPSIET YCJIOBUSIM, QHAJIOTUYHBIM akcuomam C*-ajareGpsl,
JOIyCKAET €IMHCTBEHHOE C TOYHOCTHIO JI0 *-U30METPHH MPEICTABJIEHUE MOCPEICTBOM U3MEPUMOTO Pac-

cioenns C*-anrebp, 06J1a1a10MEr0 BEKTOPHOSHAYHBIM JTUGDTUHTOM.

Hacrosimas pabora mocBsimeHa n3yYeHunio mpocTrpancTs Banaxa — Kanrtoposuua, siB-
JITIOIIAXCA OJHOBPEMEHHO *-ajredbpaMu, HOpMa KOTOPHIX 00aamaer C*-CBOWCTBOM.

Takme 00HLEKTHI ABJISIOTCA MOLYJIAMU HAJL KOIbIOM Lo (§2) namepumbix dbyuknuii, u mo-
9TOMY WX ecTecTBeHHO HasbBaTh C*-anrebpamu nan Lo(2). C*-anrebpwr nag Lo(2) maror
HOBBIE COJEp’KATeIbHBIE MPUMEPHI MPOCTpaHcTB Bamaxa — KamTopoBmua, Teopus KOTO-
PBIX y2Ke JIOCTATOYHO XOpoino paspaborana (cm., Hanpumep [1]). Uccaenosanue cpoiicTs
C*-anrebp uan Lg(§2) ¢ ucmonbp3oBaHmeM METOJIOB OYJIEBOZHAYHOTO AHAJM3A MPEJJIOKEHO
A. T. Kycpaessim [2].

B macrogmeit pabore, cienys obImedl MIeOMOTUN MPEICTABIEHUs] TPOCTPAHCTB Bana-
xa — KanTopoBnua B BujIe n3MepuMbix 6aHaXOBBIX pacciaoenuii (cM. [3]), maercs onucanue
C*-anrebp Hag Lo(€)) B BuJe U3MEpUMbIX paccyioeHmii Kiaaccudeckux C*-anrebp, 9To mo-
3BOJIIET M3ydaTh WX MeTojgamu 00Ieil Teopun OAHAXOBBIX U3MEPHUMBIX PACCIOCHUIA.

Ucnonw3yiorest TepmunoIorust U o6o3nadenus u3 [1-4].

IMycrs (2,3, \) — w3MepuMoe TPOCTPAHCTBO € TOJHOW KOHEUHOU Mmepoit, Lg() —
k-asirebpa KJIACCOB 3KBUBAJCHTHOCTH KOMILIEKCHBIX M3MEPUMBIX (DyHKIWHA, 33IaHHBIX Ha,
(Q,2,N).

Mycre U — mpoussonbhas *-asrebpa nag mosem C komruiekcabix umncent. ITpeamnoso-
x)uM, ato U gBagerca momyneM HaT Lo(Q2), mpudem (fu)* = fu*, (fu)v = f(uv) = u(fv)

gust Beex f € Lo(Q), u,v € U. Paccmorpum ma U Lo (2)-3naunyo vopmy || - ||, magemnsio-
myio U crpykrypoii mpoctpancrsa banaxa — Kanrtoposuua, B wactHocTH, || ful = |f] ||ul]
st Beex f € Lo(R2), u € U. Byuem rosoputs, uro (U, || - ||) asaserca C*-anazebpoti nad

Ly(2), ecyin gy miobbIx u, v € U UMEI0T MeCTO COOTHOMIEHNUSI:

(1) Jlu - | < full vl

@) llu*ll = ul;

(3) llwull = [lull?.

IMpumepamu C*-anre6p wag Lo(2) cayxar anrebpor Becex orpanmueHabix Lg(€2)-au-
HEHHBIX OMepaToOpoB, 3aJaHHbIX Ha Lg({)-rusib6epToBbIX MPOCTPAHCTBAX, & TAKKE UX
*-noasIreOphl, 3aMKHyThIE 10 Lo (2)-3H29HO0# HOpME.

ITycte X oroOpazkeHme, CTaBAIIee B COOTBETCTBHE KaXKJIOH TOUKe w € () HEKOTOPYIO
C*-anrebpy X (w).

Ceuernuem X HasbBaeTCa (PYHKIMA U, ONPEJETCHHAS TIOUYTH BCIOAY B ) M IPHHAMAIO-
nias 3aavenus u(w) € X (w), w € domu, tae domu — 06JaCTH ONPEIETEHUS U.

Ilycts L — HEKOTOpOE MHOXKECTBO CEUYEHUH.
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OnpPEAENEHUE 1. Ilapy (X, L) nazosem uamepumvim paccaoenuem C*-anzebp, ecinm
(1) mapa (X, L) — m3mepumoe pacciioenne 6aHAXOBBIX IPOCTPAHCTB (cM. [3]);
(2) ectm v € L, To u* € L, tie v* : domu — u(w)*;

(3) ecmm u,v € Lyrou-v € Lytne u-v: w € domuNdomv — u(w) - v(w).
n
Ceuenne s HA3BIBAETCS CTYMEHIATHIM, €CIH OHO MMeeT BU S(w) = Y ¢;(w)x 4, (w), e

i=1
G ELunA, eX, i=1,....n

Ceuenne u Ha3bIBAETCS N3MEPUMBIM, €CJIU CYIIECTBYET TaKasl M0CJIEI0BATEIbHOCTD {8, }
CTYIEHYATHIX CEeUeHHUIA, 9TO S, (w) — u(w) m. B.

ITycts M (2, X) — MHOXKECTBO BCeX U3MEpPUMBIX ceuennit, Lo (€2, X ) — dakropusarnus
M(Q, X) mo oOTHONIEHWIO PABEHCTBA TIOUTH BCIOAY. lepe3 U 0003HAYMM KJIacC, COIepIKaIuii
ceqenne u € M(Q, X), n ||| — xmacc u3 Lo(Q2), comepxkammuii ||u(w)]|.

i =

Ionoxum 4 - 0 = u(w) - v(w) n 4* = u(w)*.
Teopema 1. Ecin X uzmepumoe paccioenne C*-amrebp uaz 2, To Lo(Q2, X) apasercs
C*-anrebpoii maz Liy(€2).

< Coruacuo Teopeme 4.1.14 [3] Ly(2, X) ects mpocrpancto Banaxa — Kanroposuua
uag Lo(Q). Tlockombky X (w) *-anrebpa mias Becex w € €, To Lo(Q, X) — *-anrebpa. Tak

kak X (w) — 6amaxoa anrebpa, 1o ||4-9|| = [|u(w) - v(w) || x @) < [[u(w)|x(w) - [[v(W)]xw) =
lu(W)l x(w) - Ilv(W)||x@w) = lla] - ||9]]. Amanormamo ycramapmusaercd, uto ||4*|| = ||a| n
|la* - 4| = ||a||?. Cremosarennno, Lo(£2, X) ects C*-amrebpa nas Lo(€2). >

IMycrs L£°(2) — anrebpa orpannveHHbix m3mepumbix (ynkmmii wa (2,%,)), a

L%°(£2) — asrebpa KJIacCOB CYIIECTBEHHO OTPAHUIEHHBIX M3MEPUMBIX (DYHKITHIA.
Cumponom L°(€2, X)) obozmaumm muoxkecTso {u € M (2, X) : |lu(w)| xw) € L*(2)}.
Qakropusamus L°°(€2, X) 10 OTHOIIEHWIO PABEHCTBA MOYTH BCIOAY OOO3HAYALTCS He-

pe3 L>(Q, X). fcuo, aro L>(Q2, X) — C*-anrebpa mag L (£)) oTHOCHTEIHHO Omepanui,

uHyupoBanubix u3 Lo(Q, X).

OnPEAENEHME 2. (cp. [3]) IIycrs p : L®(2) — L£°(Q) mudrunr [3]. Orobpaxkenne
£: L*(Q,X) = L£2°(2,X) 6yaeMm HA3BIBATH 6EKMOPHOIHAUHOM AUPMUHZOM, ACCOULUUPO-
sanHvLM ¢ P, ecm agist obwix 4,0 € L®°(Q, X) n e € L°°()) nmeoT MeCTO COOTHONIEHUST

(1) 4(0) € 4 m dom £(1) =
2) [16(@)] x ) = p(llal));

(2)

(3) £(a + 0) = £(a) + £(0);
(4) £(a - 0) = £(a) - £(0);
(5) £(a*) = £(a)";

(6) £(ea) = p(e)b(a);

(7) muoxecTBO {£(1) (W) : 4 € L>®(, X)} mnorno B X (w) myis Beex w € (.

IIyctes X u Y usmepumbie paccimoenusi C*-aynrebp HAJL OJHUM U TEM K€ TPOCTPAHCT-
BoM ¢ Mmepoit (Q,%, ). Orobpaxenne H : w € Q — H(w), tne H(w) : X(w) — Y(w)
UHBEKTUBHBII *-roMoMopduam C*-anrebp, wazosem C*-eaoorcernuem X 6 Y, eciim {Hu :
u€ M(Q,X)} C M(Q,Y).

B cuyuae pasencrsa {Hu : u € M(Q,X)} = M(Q,Y) Bnoxenne H HasbiBaeTcs
C*-uzomopdusmom 3 X Ha Y (B 910ii curyanun paccinoenus X u Y GynyT HA3BIBATH-
csa C*-uzomopdHbIMY).
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Teopema 2. /lns moboii C*-anrebper U wax Lo(§2) cymecTByer eauHCTBEHHOE ¢ TOY-
"ocreio o C*-uzomopusma namepumoe pacciaoeane C*-ajnrebp ¢ BEKTOPHOZHAYHBIM JIU]-
tuarom rakoe, aro U — C*-uzomopduo Lo (L2, X).

< Homoxum I' = {u € U : |Ju|| € L>®(N)}. fcno, uro I' asagerca L (§2)-momystem,
(bo)-tmoramiM B U. Kpome Toro, I' — *-amrebpa n |[u*ul = ||ul|? mra mo6oro u € T.
Omnpenenum nosyHopMmy «,, Ha I' paBerctBoM a,(u) = p(||u||)(w) mua Beex w € Q, tae p —
sudrunar B L ().

Mycrs I8 = {u € T : a,(u) = 0}, T, = T/IY, || - ||, nopma ua T, mopoxiennas
HOJIYHOPMO# vy, .

Mycrs 7, : ' — T, npoekums u3 T' 8 T',. Torpa 7w, (u - v) = m,(u) - 7, (v) m m, (u*) =

Ty(u)*. Tak Kak |7, (u)||e = aw(u) mua v € T, 1o |7, (u)7, (V)] = ||Tw(u - v)|l, =
ay(u-v) = p(|lu-vl)(w) < p(lull - v])(w) = p(lul)(w) - p(lv])(w) = aw(u) - au(v) =
|7 (w)]|w « 17w (v)||w Mg Beex w € Q u u,v € T'. Ananoruuso |7, (u)*|le = ||7w(u)]e =
ay(u) = p(|lu*|)(w) = p(ul)(w) = aw(v) = |I7u(u)ll.. Kpome sroro, umeem ||m, (u) -
%((u))’;Hw H: H(Wuil("g )l = aw(u - ut) = p(lu - ut|)(w) = p(ful?)(w) = p(lul)? (@) =

Takum obpazom, (I, | - ||w) yaoBiaerBopser Becem akcmomam C*-anreGpbl, KpoMe MOJI-

HOTBI. [lomommenne X (w) muaBomoTuBHO# anrebpst I, ects C*-anrebpa [4].

IMycrs iy, : Ty, = X (w) kanonnveckoe Baoxenne. VzsectHO, 910 iy, (-Yy) = iy, () iy (y)
u i, (z*) = i, (z)* mua mobeix z,y € T',. [ostomy v, = 7, o i, *xromomopdusm u3 I' B
X(w).

Samaaum oTobpazkenne X, CTABAIEE B COOTBETCTBHE KaXKJIOMY w € () MOCTPOEHHYIO
Boie C*-anrebpy X (w). Yepes L 0603HaIMM MHOXKECTBO BCEX TAKUX CEYEHWI U, JJIsi KO-
TOpBIX U(w) = 7y, (u), tme v € I'. fcno, aro (X, L) aBisercss W3MEPUMBIM PACCIOEHAEM
fanaxoBbix npocrpancTs. CrnpasemmBocts yeioeuit (2) u (3) u3 onpejesneHusi n3Mepumo-
ro paccioenus C*-anre6p BbITekaeT u3 onpenesienus L. Drto o3mauaer, uro (X, L) ectsb
n3mepumoe paccioenue C*-ajredp.

Pacemorpum Lo (2, X) — C*-anrebpy man Lo(£2) ¢ Lo($2)-3maumoit HopMoit || - || £, (o, x)-
IMokaxkem, aro U — C*-uzomopduo Lo(£2, X).

Jlns u € T nonoxum Dg(u) = 4. Ouesnano, aro $g — usomerpus. Kpome toro, ®
YJIOBJIETBOPSIET CJIEIYIONINM DABEHCTBAM:

—_ —_—— m—

(I)O(U : U) =u-v= ’Yw(u : U) = 'Yw(u) : 'YUJ(U) = ’Yw(u) : ’Yw(v) =00 = (I)O(u) : (I)O(U)

N8

- o —— o — %

Do(u”) = u* =y (u*) =y (u) = (0)" = Po(u)”.
Ananormuno, Kaxk w B JoKazarenbcTBe Teopembl 3.4.2 [3], ®¢ mpomosmkaercs g0 Lo-
MOYJIbHOTO m3oMeTpuaeckoro mzomopdmsma @ uz U na Lo(Q, X). Kpowme Toro, scuo,
aro ¢ Oy/erT COXpaHdITh YMHOXKEHUE W WHBOJONUIO, T. €. ® gaBaserca C*-uzomopduzmom
u3 U na Lo(Q, X).

Teneps nokazkem, uto (X, L) u3aMepumMoe paccjoeHne ¢ BEKTOPHOZHATHBIM JIH(DTHHTOM.
Cravana ycranosum, uro I' = L (€, X). Tak kak U C*-uzomopdno Ly(€2, X), To U moxuO
orox1ecTBUTH ¢ Lo (2, X). Ilo onpemenennio I' = {a € Lo(2, X) : ||a]| € L>(2)}. Tax xax
L>(Q,X) ={a € Ly(Q,X) : ||a]| € L>(R)}, nonyuaem, uro I' = L (Q, X) (6osee TouHo,
I' oroxpecreigerca ¢ L>(Q, X) ¢ momompio C*-m3omopdmama @). Tak kax ||y, (4)] x () =
o (@)lxy = p(lal) @) < Ip(aDllz o = Il @l (@) a1a m06oro @ € T u gra neex
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w € Q, 10 7, (1) € L®(Q,X). Onpenenum orobpaxkenue £ : L>®(Q, X) — L>(Q,X)
pasencTBoM £(4)(w) = v, ().

IMockompky I' oroxpectusierca ¢ L>(2, X) ¢ momompio @, To snement 4 € I' oTox-
JIECTBJIIETCS € dyiemenToM P (4) = 77(17) 1o ozmauaer, uro £(4) € 4. Tax kak 7, ()
ompeesen it Bcex w € (2, To dom/ = (). Touno Tak ke, u3 omnpejesenus £ cieayer,
aro ||4(a)|| = p(||a|]). JIumeitnocrs ¢ ouesnmma. U3 pasencts £(4 - 0)(w) = Yo(0 - 0) =
1o(@) () = L)) - 6) (@) 1 L)) = 7(@°) = 71(8)° = L) (w) cremyior
croiicrBa (4), (5) u3 onpegenenus Bekropuosznaunoro qudrunra. Croiicrso (6) mposepser-
Cs AHAJIOTHYIHO.

ITo nocrpoennto {4(4)(w) : 4 € L>*(Q, X)} nanorao 8 X (w) st Becex w € €.

IMokaxkem Tenepn egamuacreeHHOCTh X (¢ TouHOCTBIO 10 C*-m3omopdmusma). Ilycrs X
u Y umsmepumble paccioenus C*-anre6p ¢ BEKTOpHOZHAYHBIMU JudTunramu £ u ¢ jnoa
koTopbix Lo(Q, X) u Ly(Q,Y) C*-uzomopdusr U.

[Tycrs i — C*-uzomopdusm u3z L (2, X) wa L*(Q,Y). Oupenennm auneiinyio u3o-
merpuio Ho(w) m3 Xo(w) = {£(d)(w) : 4 € L=(Q, X)} B Yy (w) = {€'(0)(w) : 9 € L=(,Y)}
PABEHCTBOM HO( Y(a)(w)) = (i (ﬂ))(w) U3z pasencts Ho(w)(4(t1)(w) - £(G2)(w)) =
Ho(w)(£(d - G2)(w )) (il - G2))(w) = £(i(t1) - i(d2)) (w) = £'(1(01)) (W) - £(i(G2)) (w) =
Ho(w)(L(a )( ) - Ho(w)(¢(a )( ) 1 Ho(w)(4(d)" (w)) = Ho(w)(£(0")(w)) = £'(i(a"))(w) =
2((0)* ) (w) = 2 (i(0)" (w) = Ho(w)(4(t)(w))* cnemyer, aro Hy(w) coxpanser yMHOKEHWE
u naBosmonuio. Beuay mroraoctu Xo(w) B X (w) u Yy(w) B Y (w), oneparop Hy(w) mpomo-
x)aercs J0 *-u3omopdusma C*-anrebpor X (w) ma C*-anrebpy Y (w). Takum obpazom, X u
Y — C*-usomopdubL. >
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