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TEOPEMA BAHAXA Ob OBPATHOM OITEPATOPE
B ITPOCTPAHCTBAX BAHAXA — KAHTOPOBUYA

K cemudecamunamusemuro
IOpusa I'pueopvesuya Pewemmnsara

N. I'. Tanues, K. K. Kynaiibepreuon

B crarpe nokaspiBaercs aHasor TeopeMbl Banaxa 06 o6paTHOM onepaTope Jj1sl OIIepaTOPOB, NEeHCTBYIONUX
B npocTpaHcTBax banaxa — KanTopoBuya.

BBenenue

UsgectHo [1], uro Besikoe npocrpancTBo Banaxa — Kanroposuua (ITBK) Hay xosbiiom
U3MEPUMBIX (DYHKITNI MOXKHO IIPEJICTABUTH B BUJIE U3MEPUMOIO PACCIOEHUs DAHAXOBBIX MPO-
crpancTB. B paborax [2, 3] 66110 JOKA3aHO, UTO BCSKUIT JIMHEHHBIH IUKIMIECKH KOMITAKTHBIMH
oneparop (orpanndenHsiii oneparop) B [IBK M0xXKHO npejcTaBuTh Kak M3MEpUMOE pacCio-
eHue JINHEHHBIX KOMIIAKTHBIX OIEPATOPOB (OMpaHUYEHHBIX OlepaTopoB). BepHo u obparHoe:
U3MEPUMOe PACCIOCHUE JIMHEIHBIX OrPAHUIEHHBIX OIIEPATOPOB ITOPOXKIAET OrPAHUIEHHDIN JI1-
HeIHBII ortepaTop B npocrpancrBe banaxa — KanTopoBuya, mpu 5ToM TpebOBaIOCH, YTOOBI
[IOCJIONHBIE HOPMBI OIIEPaTOPOB 00PA30BBIBAIN U3MEPUMOE OTOOPAXKEHME.

B manHoit pabore MBI MOJyIUM ITOT PE3yJbTaT 63 YCIOBUS U3MEPUMOCTU TOTO 0TOOpa-
JKEeHUsI, a TaK»Ke JOKaXKeM aHaJIor TeopeMbl baHaxa 06 oOpaTHOM oIrepaTope JIsI OIIepaTOpPOB,
JeficTBYIONUX B IMpocTpaHcTBax banaxa — KanToposuya.

1. IlpenBapuTesbHbIE CBEJIECHUS

[Tycrs (2,%, m) — npocTpaHcTBo ¢ mosHOi KoHeuHoit Mepoii, Lo = Lo(§2) anrebpa Bcex
u3MepuMblx yukumit Ha (€2, 3, m) (paBHbIE TOYTH BCIOLY (DYHKIIUH OTOXKIECTBIISIIOTCS ).

Pacemorpum BekTOpHOE npocTpancTBo E Hagt mosieM R J1eficTBUTEIbHBIX YUCET.

Orobpazkenne || - | : B — Lo(Q2) masesaerca Lo(2)-3naunot nopmot na E,| ecim s
J06bIX X,y € F, A € R uMeoT MecTo COOTHOIICHUSI:

1) Jlall > 0 flal] = 0 = 2 = 0

2) Azl = [All=[];

3) lz+yll < =l + [lyll-

[Mapa (E,|| - ||) massiBaercs pewemouno nopmuposantvim tpocrpancrsom (PHIT) nan
Lo(€2).
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losopsar, aro PHII F d-pasioxkumo, eciu a1 jiroboro x € E u st 1100010 pa3/ioXKeHusT
lz|| = f 4+ g B cymMy IM3BIOHKTHBIX 9JI€MEHTOB HaiijyTcs Takue ¥,z € E, 410 t =y + z 1
lyll =7, Il = g

Cerb {24} 21emenToB u3 E Hasbaercs (bo)-crodawetica k x € E, eciu cerb {||xq — x|}
(0)-cxomurest K Hys0 B Lo(€2).

IIpocmpancmsom Banaxa — Kanwmoposuua (IIBK) nan Lo(§2) nasbaercst (bo)-mosHoe
d-paznoxxknmoe PHIT nazx Lo(Q2) [4, 5].

[Tycrs X — orobparkeHue, cTaBsiliee B COOTBETCTBHE KaxKI0i Touke w € () HekoTopoe 6a-
HaxoBO MpocTpaHcTBo (X (W), || - [ x(w)). Cevenuem X maspiBaercs GYHKIEA U, ONpe/IeTeHHAs
nouTy BCioy B () n npuHIMaloniast 3uadenne u(w) € X (w) misg Bcex w € dom(u), rae dom(u)
€CTh 00JIACTb OIPEICTICHUS U.

[Iycts L — HEKOTOpPOE MHOXKECTBO CEUEHUIA.

OnPEAENEHME 1 ([1], em. Takzke [5]). ITapa (X, L) Ha3bIBaeTCA USMEPUMBIM OAHATOBDIM
paccaoenuem (UBP) nax €, ecom

a) Adjc1 + Aoce € L st Becex A, Ag € Ru¢q,c0 € L, tiie Aeg + Aaco : w € dom(eq) N
dom(cz) — Aici(w) + Aaca(w);

6) dbymxmusa [|c|| : w € dom(c) — [le(w)]| x () MB3MepuMa TIpH Beex ¢ € L;

B) JUIsT KayKJ10ii ToUKN w € ) MHOXKecTBO {c(w) : ¢ € L,w € dom(c)} mrorno B X (w).

Bwmecro (X, L) 6ygem nmcars mpocto X.

n
Ceuenne s naspiBaercst cmynenuamoim, ecan s(w) = Y xa,(w)ci(w), toe ¢; € L, A; € X,
i=1

i=1,...,n. CeueHne u HA3BIBACTCS UBMEPUMDBLM, €CIIN HAMIETCS TaKasi [OCIIEI0BATEIbHOCTD
Sp, CTYTNIEHYATBIX CeIeHnit, 9To [|sn(w) — u(w)| x () — 0 1. B.

ITycrs M (€2, X') — MHOXKeCTBO Bcex n3MepnMbIx cedennii. CumBosom Lo (€2, X') obo3Har M
dakropuszario M (€2, X) 10 OTHOIIEHHIO PABEHCTBA [OYTH BCIO/LY. Uepe3 W 0603HAUNM KJIace
u3 Lo(§2, X), conepwarmuii cevenne u. Ormernm, uro dbynkmna w — |[lu(w)| x () #3Mepu-
Ma i moboro u € M (2, X). Kinace sksusanentnoctn, copepxamuit dynxmuio [|u(w) || x (w)
obosHauuM 1epes ||u|.

B pabore [1; crp. 144] nokazano, aro (Lo(Q2, X), || - ||) asasiercs [IBK mam Lo(2).

[Tycts L£*(®) anrebpa orpaHmYeHHBIX u3MepuMblx dyukmmin #a (2,3, m), L(Q)-
dakropuzarust L>°(®) 1o ornorennto pasercrsa 1. B. [Tomoxnm L£2(Q, X)={u € M(Q, X) :
luw)lxe € £2(@))

DuemenTs! 13 L°°(€), X') HA3BIBAIOTCS 02PAHUMEHHDIMU USMEPUMBLMU ceveruamu. Muoxke-
CTBO KJIACCOB 9KBHUBAJIEHTHOCTH CYIIECTBEHHO OIPAHMYEHHBIX CEUCHUH 0OO3HAYAETCST CHMBO-
aom L°(Q, X). Pacemorpum npousBoibHbi smdrunr p : LP(Q) — L2(®) [6].

ONPEAEJNEHUE 2 (cM. [1]). Otobpaxkenne px : L>(Q, X) — L>(Q, X ) HaseiBaeTcs 6ek-
MOPHOZHAMHBIM AUPMUNZOM, ACCOUUUPOBAHHBIM C AUPMUHZOM P, €CIIH:

a) Jyuist Beex U € L*°(Q, X) Bbimonneno px (u) € w,dom(px(u)) = Q;

6) llpx (@) = p(IT)() s neex 7 € L(R, X)

B) ecimn u, 0 € L>®(Q, X), 10 px(u+0) = px(u) + px(0);

r)ecmu € L®(Q,X) uee L>®(Q), to px(eu) = p(e)px (u);

1) mHO)KeCTBO {px (U)(w) : w e L>®(2, X)} mrorno B X (w) mast Beex w € .

U3 [1; Teopemsr 4.4.1 u 4.4.8| caenyer, uro ns Besikoro [IBK E wag Lo(£2) cymecrsyer
UBP (X, L) takoe, uro E uzomerpudecku uzomopduo Lo(€2, X) u na L>°(Q, X) cymecrsyer
smudrunr, Juist koroporo {px (u)(w) : w e L*®(Q,X)} = X(w), w € Q.

[Tycts V 6yneBa anrebpa Beex miaemnorentoB B Lo(Q2). Ecmn {us} C Lo(Q, X) u {7}

pasbuenue eauHUNBI B V, TO psiJl Y Tala (bo)-cxomures B Lo(2, X) u cymma sroro psijia
«
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Ha3BIBAETCS nepemewusaruem {uq} omuocumenvro {my}. D10 cymma obo3HAUAETCS Yepes3
mix(maua). dusg K C Lo(Q, X) gepe3 mix K 0603HaYaeTCsi MHOXKECTBO BCEX II€peMeIlnBaHuii
[POM3BOJIBHBIX CeMeHCTB jieMeHTOB 13 K. MHoKecTBO K HA3BIBACTCH UYUKAUYECKUM, €CIIH
mix K = K. Ijns wanpasiennoro muoxkecrsa A uepes V(A) o603HaUaeTCsI MHOXKECTBO BCEX
pasbuennit exuaunbl B V, 3anHiekcoBaHHbx anementamu A. Ilycrs {uq, @ o € A} cers B
Lo(Q, X). s kaxmgoro v € V(A) nonmoxknm u, = mix(v(a)uy) U MOIYIUM HOBYIO CETh
{u, : veV(A)}.

ITponsBonbras nojaceTs cetn {u, : v € V(A)} HaspiBaeTcs yukauveckol nodcemvio cemu
{ug : a € A}.

OnPEAENEHUE 3 (cMm. [5]). [TonmuoxkectBo K C Lo(€2, X) Ha3bIBACTCH YUKAUMECKU KOM-
NAKMHIM, CCIIE OHO IUKJINIHO U BCAKask CeTh B X MMeeT IUKINIECKYIO HOCETh CXOMISIILYOCs
K HEKOTOpoii Touke u3 K.

MHOKECTBO HABBIBACTCST OMHOCUMEALHO YUKAUYECKY KOMNAKIMHBIM, €CITH OHO COJICPIKHUTCSE
B HEKOTOPOM I[MKJIMYECKN KOMIIAKTHOM MHOYKECTBE.

ITycrs Lo(2, X) u Lo(Q,Y) IIBK nan Lo(€2). Oneparop T : Lo(Q2, X) — Lo(Q,Y) Hasbl-
Baercst Lo(Q)-aunetinom, ecmn T'(ax + fy) = ol (x) + BT (y) anst Beex o, § € Lo(),x,y €
Ly(2, X).

Lo(Q)-nuneiinpiit oneparop T HasbiBaercst Lo(€2)-ozpanuvenmvim (yukiuvecku Komnarxm-
HOLM ), €CITH JIJTs1 BCSIKOT'O OrpaHmdenHoro Muoxkecrsa B B Lo(2, X ) muoxkecrso T'(B) orpann-
geHo B Lo(2,Y) (orHOCHTENIbHO IUKIMYecKn KOMIAKTHO B L(£2,Y)).

Hust Lo(Q2)-orpanndennoro oneparopa T nomoxkum |T'| = sup{||T(z)] : ||z|| < 1}. Us-
BECTHO |2, 3|, 94T0 jyist BCAKOIO OrPpaHNYIEHHOrO (IUKIMIeCKN KOMIIAKTHOrO) Lo (2)-smHeitnoro
oneparopa 1T : Lo(Q,X) — Lo(,Y) cymecTByer cemeificTBO OrpaHUYEHHBIX (KOMITAKT-
ubix) oneparopos {T(w) : X(w) — Y(w)} rmakoe, uro jys Besikoro © € Lo(€2, X) BepHO
(T(2))(w) = T(w)(z(w)) mst . B. w € L.

Ecmm |T| € L>® (), 10 py (T(x))(w) = T'(w)(px (x)(w)) mnst Becex x € L>®(Q, X), re px u
py BekTopHo3HauHble JudTuarn Ha L°(Q, X) u L>(Q,Y) coorBeTcTBeHHO, acCONUMPOBAH-
uble ¢ udruarom p : L2() — L2(®).

O6parno, ecin {T'(w) : X(w) — Y(w)} Takoe cemeiicTBO OrpaHNYIEHHBIX (KOMIIAKTHBIX )
oneparopos, 4ro T(w)(z(w)) € M(Q,Y) musa moboro x € M(2, X) n | T(w)|| € Lo(£2), T0
suHeinsti oneparop T @ Lo(Q, X) — Lo(£2,Y), onpenernennsiit pasercrsom 14 = T'(w)(u(w))
siBsisiercsi Lo (€))-orpannyeHHbIM (UKIMYECKH KOMIIAKTHBIM ).

2. OcHOBHbBIE PE3yJIbTATHI

[Mycts {T(w) : X(w) — Y(w)} usmepmmoe pacciioeHHe OrpaHHYEHHBIX OINEPATOPOB
(MPOO), 1. e. T'(w)(xz(w)) € M(Q,Y) nns moboro x € M (€2, X). Pasencrso

Tt = T(w)(u(w)), (1)

o4eBuIHO, onpegesier Lo(Q)-muueitnbiii oneparop T': Lo(Q, X) — Lo(2,Y). B creayromeii
TeopeMe HoKa3biBaeTcst, 4To TpeboBanue ||T(w)|| € Lo({2) sABiIsteTCs JIUIIHUM [IPU yCTAHOBJIE-
HUY orpaHudeHHocTn orneparopa 7.

Teopema 1. Omneparop T, oupenesnennsiii paseacreoMm (1), siBisiercst Lo(§2)-orpannyien-
HBIM.

< Iyers S = {x € Lo(Q, X) : [|z|| = 1}. Ans kaxzaoro n € N nomoxum V, = {7m € V :
(Fx € S), n||T(x)|| = mn}.
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Ilycrs 7, = sup V,,. Torga cymecryer Takoe Iu3bIOHKTHOe ceMeiicto {q} : k € N} B
Vi, 910 \/7oy ¢ = . BosbMen takoe z} € S, 4ro

G 1T (@)l = gin- (2)
Ilycrs x, = > qpap. Torma ||z, || = 7y, u u3 (2) cregyer, aro

Tl T (@n) || = 7. 3)
13 onpeesieHusT NAEMIIOTEHTa Ty, CJIEJLYeT, YTO JUIsl BCIKOTO & U3 S BEPHO

T IT ()| < . (4)

O4eBHIHO, UTO TI>T2> ... = Ty .. .

Honoxum g = ;2| T, IPEIOTOKEM, 4TO Ty 7 0. PaceMorpuM nsMepuMoe MHOKECTBO
Qo = {w € Q: p(mo)(w) = 1}. Torma m(Qo) > 0. Us (3) crenyer, aro m,[|T (xn)(W)lly () =
mp(w)n ama moB. w € Q. Orcoma [|T(w)(7n)(W)|lyw) = n, 1 Tak xak ||z,|| = m, TO
|[Zn (W)l x () =1 s 1. B. w € Q. D10 03HATAET, uTO T'(W) HEOrPAHUYEHO TS 1. B. w € (.
U3 notyveHHOro poTHBOpednst Betekaet, uto mo = 0. [losromy \/00 | mr = (NS, mp) 1 = 1,
rae 1 — eaunauia B OyJieBoit ajarebpe V.

[Momoxum ¢ = ﬂf‘, Qn = 77# A qrffl, n > 2. Torna \/72 | gn = 1, ¢ngm = 0 upu n # m.
B cuny (4) mmeem, aro g,||T(z)|| < gpn s Beex x € S. Iomoxum C = i gnn. Torma

n=1

C € Ly(2) u s Bcex x € S BepHO

oo o oo
ol = o ( E o) | < C sl <« X =
n=1 n=1 n=1

Dro oznavaer, uro T — Lo({2)-orpanndenHslii oneparop. >

Host xkaxkmoro Lo (Q2)-smueitnoro oneparopa T : Lo(2, X) — Lo(€,Y) momoxum Kak
oberano, ker(T) ={z: Tx =0} u R(T) = {Tx: = € Lo(2, X)}.

Teopema 2. Ilycte T : Lo(Q, X) — Lo(2,Y) Lo(2)-orpanunvennnii Lg($2)-1uaeiabrii
oneparop, ker(T) = 0, R(T) = Lo(),Y). Torma T~ apasercs Lo(Q)-orpammaennbime Lo(§2)-
JIMHEHHBIM OIIepaTOpPOM.

< Ha muoxkecrBax Lo(£2, X) u Lo(Q2,Y) paccmorpum MeTpuku

|71 — 22
d = — = d Lo(Q2, X
x(x1,22) /1+HZL‘1—ZL‘2|| m, x1,2x2 € Lo(Q, X)

ly1 — w2l
d = [ ————d Lo(Q,Y).
v (y1,92) /1+!y1—y2H m,  y1,y2 € Lo(€,Y)

Ouepuyno, uro dx, dy — WHBapHAHTHLIE MeTpUKHU. IlOKayKeM IIOJIHOTY HPOCTPAHCTBA
(Lo(Q, X),dx). Hycrs {z,} C Lo(,X) u dx(xn,zm) — 0 upu n,m — oo. Torma
|xn — zm| — 0 mo mepe npu n,m — oo. [losroMy CyIIECTBYET MOMANOCTEIOBATEHHOCTE
{xn,} makas, uro ||z, — zn,| — 0 m B. npu k,p — oo. Tax xak Lo(2, X) — (bo)-momo,
10 ||, — zol| — O 1. B. mas HekoToporo xg u3 Lo(2, X). Torma dx(zp,,z0) — 0, u mo-
sromy dx (Tn, o) — 0 pu n — oo. Do oznavaer noaHory (Lo(Q, X),dx). CinenosarensHo,
JuHeiHoe Tonosorndyeckoe mpoctpancTo (Lo(§2, X), dx) sBisiercss F-mmpocTpaHCTBOM.
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Bes orpanuuenust obmnocTH, MOXKHO cuntarth, 9to |T'| = 1. Ilycrs x,,x € Lo(Q, X) u
dx(xn,x) — 0.
Nmeem
[Ty — T / 20 — 2|
dy (Tz,,Tx) = dm < | ————dm =dx(z,,x) — 0.
o) = | T flog — o 7 o)
Q

Oro osznavaer, yro T HempepbiBHOe JmHeiiHoe orobpaxkenue u3 (Lo(2, X),dx) Ha
(Lo(2,Y),dy). Tak xak ker(T) =0 u R(T') = Lo(2,Y), To mo teopeme Bamnaxa 06 ob6parnom
oneparope it F-uipocrpancts T ectb uzomopdusm mexiy (Lo(Q, X),dx) u (Lo(,Y),dy).

[okazkenm, aro T~1 — Lo(f))-orpammaennsiit onepatop. Ilycers b = inf{||Tz| : = € S}.
[Momoxknm Qp = {w € Q: p(b)(w) =0} u 7= xq,-

Ipemnonoxum, aro m # 0. Torma 7b = 0 u inf{x||Tz|| : + € S} = 0. Tak kak {||Tz| :
r € S} — nuKIMYecKoe MHOXKECTBO, TO CYIIECTBYET Takas HOCJIEe0BATEIbHOCTE {Z,} C S,
ato 7||Tzy,|| — 0 m. B. Caemosarensuo, dy (7Tx,,0) — 0. Tax xax T~ (7 Tz,) = 72,, TO
dx(mzy,0) — 0.

C apyroit CTOPOHHL,

/‘Hxn” /1 1

ns — —_— = 5

dx (mzy, 0) / 1 S dm 5 dm = 5 m(Qp) >0
Q

0
9TO IPOTUBOPEUNT cxoiumoctu dx (mzy,0) — 0. IHosromy m = 0, 1. e. b(w) > 0 s 0. B.
w € .

IMycts y € Lo(Q,Y),|ly]] = 1. Bosemem x € Lo(f2, X) takoe, uro Tz = y. Tak kak
ker(T') = 0, To z(w) # 0 mig 1. B. w € Q u ||z|/(w) > 0 n. B. VI3 onpesenenus snementa b
nuveem, uro |7 ()|l > b. Orciona [|T(2)]| = bllzf| w bl|T ()]l < lyll, = e IT7 ) < 07"
1o ozmagaer, uro T~ — Lo()-orpanmyennsii oneparop. >

Apropsr bitarogapusl mpodeccopy B. U. Ywmuay 3a noesHoe 06CyKIeHHe Pe3yJIbTaTOB.
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