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OBIIVE ®OPMVJIBI PEI'YJIAPN30BAHHBIX CJIEJIOB J1JI
NHTEI'PO-ANOOEPEHIIMAJIBHBIX OITEPATOPOB

1. . Ilonanos

B pabore mosmydensr obmiue poOpMyIIBl PETryIsSpPU30BAHHBIX CJIEJIOB JJI SJEPHBIX BO3MYIIEHUI JUCKDET-
HBIX CaMOCOIIPSI?)KEHHBIX OTEPATOPOB B TMILOEPTOBOM MPOCTPAHCTBE, a TAKXKE JJIs BO3MYIIEHUN TaKUX
OIEPATOPOB ONEPATOPHBIMU MTOJIMHOMAMH C SIAEPHBIMU KOI(DDUITHEHTAMUA.

KirroueBrble ciioBa: JIMHEIHEBIN OIIepaTop, PEryIspU30BaHHbIE CIIebl, COOCTBEHHBIE 3HAUEHUS, OITEPATOP-
HBII ITy90K.

1. BBeagenue

Paccmorpum B ruibbepToBoM mpoctpancTse §) guddepeHnnaabHO-0IepaTOpHOe ypaBHe-
Hue
L(D) =u"(t) + Alu”_l(t) + ...+ Ayu(t) =0, (1)

rne Ag, k = 1,...,n — JaHHbIe, BOODOIE IOBOPs, HEOTPAHUYEHHLIE OLEPATOPHLI B §), u(t) —
Heu3BecTHast (DyHKIUS cO 3HadeHusMu B §, D = Dy = %. [To anajoruu ¢ OOBIKHOBEHHBIMU
JmHeHHbIMEI TudDEPEHITNATLHBIMYA YPABHEHUSIMU C YPaBHEHUEM (1) CBA3BIBAIOT XapaKTepu-
CTUYECKUI OIIePATOPHO3HAYHBIA MHOI'OYJICH

Ly=A"E+ XA + ...+ A, (2)

KOTOPBIII IIPUHATO HA3BIBATH ONEPAMOpHbIM nyukom. OyHIaAMEHTATBHYIO CBA3b MEXKLY yPaB-
HenneM (1) u myukom (2) gemoncTpupyer cieayormas (8, 12, 20|

JIlemma 1.1. Qynknus u(t) Buga

tk tk_l

u(t) = €Ct (—Uo + W

o u1—|—~--+uk), (3)

uj € 9, ug # 0, saBiIsIeTCs pertenneM ypasHerus (1) Toraa n TOJIBKO TOIA, KOI/A BBIIOJIHEHbI
CJIEJTYIOITHE COOTHOIICHUSI:

1 1
Leup + 3 Leup-1 + - + HLy’)uo =0, p=0,...,k (4)

Huciio ¢ € C HazbiBaeTCst coOCMBEHHbIM 3HANEHUEM NYwKa (2), eCl CYIIeCTByeT HeHyJle-
BOI BeKTOD Yy € $) Takoit, uro L.y = 0.

Takum 06pazoM, BEKTOD g U3 COOTHOIIEHUI (4) siBiisieTcst COOCTBEHHBIM BEKTOPOM. Bek-
Topsl uj (j =1,...,k), ynosrersopsiomniue (4), HA3LIBAIOTCS IPUCOEIUHEHHBIMI U 0OPa3yioT
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ZKOPAAHOBY IIEIOYKY BEeKTOpOB. HeTpymHO BUIETH, ITO 9TO OIpejeeHrne COOCTBEHHOIO 3Ha-
JeHus, COOCTBEHHOI'O BEKTOPa U IPUCOCAMHEHHBIX K HEMY BEKTOPOB eCThb 0000IeHne orpe-
JIeJICHUST 9TUX K€ TOHATUN JJisi OOBITHBIX JIMHEHHBIX OIEepPaTOpPOB. 1€0pHio, aHAJIOTHIHYIO
reopun 2Kopjiana i KOHEYHOMEPHBIX JUHENHHBIX OIEPATOPOB, JJIsi OINEPATOPHBLIX IIyYIKOB
pazpaboran M. B. Kenapin B padore [8]. M3s10xkeHuto qaibHelInero passuTus pe3yibTaToB
M. B. Kespima nocesiniensl Monorpacdun [12, 20].

[TpuBeneHHyIO JIEMMY MOXKHO PACCMATPUBATEH KaK OHO U3 MHOTOUNC/TIEHHBIX CBUIETEILCTB
Ba’KHOCTH W3YUEHMsI CIIEKTPAJIbHBIX XapaKTEPUCTUK OIEPATOPHBIX My4koB. /lanunas pabora
MTOCBSIIIEHA, TOCTPOEHNIO (POPMYJT PETYIIPU30BaHHBIX C/Ie0B /i Hux. Hadumem ¢ paccMoTpe-
HUs (DOPMYJI PEryJisipu30BaHHBIX CJIEJIOB JIjIs OIIEpaTOPOB BHUIA

A=T+B, (5)

rie 1 — HeorpaHWIEHHBIN CAMOCOIPSIXKEHHBIH OIepaTop B cenapadebHOM MI/IE0EPTOBOM IIPO-
cTpaHCTBe §) ¢ KOMIAKTHOI pe30ibBeHTOi!, a B — omeparop moqduHeHHbi T [7].
DopmyIi0it peryisipu30BaHHbIX CJIeI0B Jyist orlepaTopa (5) 6yaeM Ha3pBaTh GOPMYILY BHIA

D (W = As = em(s)) = F(s), (6)

m

[JI€ [y U Ay — CODCTBEHHDIE 3HAYEHUS OorepaTopoB A u T COOTBETCTBEHHO, § — HATYPaIbHBIIH
[apaMerp, Ha3bIBAEMBIi IIOPSIKOM PEryJsipu30BaHHOTO CJIJIA, Cpn(S) u F($) — BbIYmCIIsIEMble
BesinauHbL. B j1eBoii yacTu (6) 3HAK CyMMBI O3HAYAET CyMMUPOBAaHUE, BO3MOXKHO, ¢ HEKOTOPOIi
PacCTaHOBKOI CKOOOK 110 BCEM COOCTBEHHBIM 3HAUEHUsIM orrepaTopoB A m T, mpudeM crocod
PACCTaHOBKM CKOOOK 3aBUCUT OT IIOBEJIEHUsI CIIEKTPa orepaTropa 1.

Buepsoie dopmysia peryasipusoBaHHOTO CJie/la IIEPBOTO IMOPsiAKa ObLIa IMOJIydeHa B pa-
6ore [3] st obbiKHOBeHHOTO U depennmanbHoro oneparopa rypma—/luysmiis. 3arem
JJIsl TAKKX 7K€ OIepaTopoB B pabote [5] 6buiu mosrydeHbl (hopMyIIbl peryJisipu30BaHHbIX CIIEJI0B
[IPOU3BOJIBHBIX TTOPSIJIKOB.

DopMyJIbl PeryJIsipU30BaHHBIX CJIJI0B Ul abCTPAKTHBIX oneparopos Buja (5), rue B —
sinepblii (B € &1, cm. [4]) camocompsizkenHblii oepaTop, a T — caMOCOIPsI?KeHHBIH Heorpa-
HUYEHHBIH OIIePATOp B IMIBOEPTOBOM IIPOCTPAHCTBE §), BIEPBbIe ObLIM 110y YeHbl B pabore 9],
KaK JacTHBII cirydait obmmeit reopun. B Henasro Boimesieit pabore [13] 6buin getaabHO n3y-
JeHbl (POPMYJIBI PErYJISIPU30BAHHBIX CJIEOB JJIsi CAMOCOIIPSI?)KEHHBIX HEsIJIEPHBIX BO3MYIIEHUI
CaMOCOIIPSI?)KEHHBIX JIMCKPETHBIX OMEPATOPOB. Pe3ysibrarsl, MoyYeHHbIe B HEll HOCAT yKe 3a-
BEPIICHHBIA XapakKTep.

HecamocomnpsizkeHHBIE sijiepHbIe BO3MYIIEHUsI OBbLITH PACCMOTPEHBI B pabore [11], B KoTopoii
6b1a nostyuena dbopmysa suja (6) npu s = 1:

Z(ﬂm — Am) =Tr(B).

B ormune or pabor |9, 13|, rje HUKaKUX OrpaHUYeHUi HA Pa3PeXKEHHOCTH CIIEKTpa ollepa-
Topa I’ He HAKJIaJIBIBAJIOChH, B CIydae HECAMOCOIPSKEHHBIX BO3MYIIEHUN 9TH YCJIOBUS CTAHO-

BATCs y2Ke HeoOxouMbiMu. B wacTHOoCTH, B pabote [11] Ha DyHKIMIO pacipe/iejeHus CIEKTPa

N(r) def > 1 6o Hasoxeno yeiaosue N(r) = O(AP), 0 < p < 3. Janbneiimee passu-

[Ag|<r
THE TEOPHUU PEryJIsiPU30BAHHBIX CJIEJIOB JJIs abCTPAKTHBIX OepaTopoB Buja (5) B OCHOBHOM

!Takue oneparopsl HAZBIBAIOT JUCKPETHBIMH OIIEPATOPAME
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IO 1O IyTH CHATHs OIpaHHYEeHUil Ha MOBEeJeHHe CIHEeKTpa omeparopa 1 M BO3MYINAIOMIMIL
oneparop B. Tak, B pabore 6] 6p11a nostyuena dpopmyiia ciena

Z(Mm — Am = (BYm, om)) =0

B cay4vae, korga N(r) = O(AP), 0 < p < % u B — orpannmdenusiii oneparop. Eciu xe B —
oneparop u3 Kiaacca ['mipbepra—IIImuara, To, Kak mokasano B [6], mocraTouno morpeboBaTh,
arobnl 0 < p < 1.

Haubosee momable pesynbrarsl o dhopMmytam Buga (6) 1Jist HECAMOCOIPSIZKEHHBIX BO3MY-
mieHnit npu s = 1 nosydensr B pabore [14]. CoBpeMeHHOE COCTOSIHUE TEOPUU PEryJisipU30BaH-
HBIX CJI€JIOB JMCKPETHBIX OIEPATOPOB MOAPOOHO OCBeleHo B 063ope [15].

B omyimuame oT auckpeTHBIX oneparopoB 6ubsuorpadus paboT Mo cjegaM Jjisi OlepaTop-
HBIX [IyYKOB BHJa (2) coBceM HeBesmka. B paborax [10, 16| ms myukos Buja

Ly=FE—-XA; — )2 Ay — ... — \"A,,

rie A; € 6,5 (p > 1), moxazano, uto Y |u;|™P < oo, rae {u;} — cobcTeennble 3HAUEHHS

My IKa Ly [16], 1 moayvenst dopmysbl Buga Zuj_r = Tr(S,), tae r > n, a omepaTopsl Sy

n—1
OIIPEICJISIOTCH 110 PeKypPPeHTHBIM bopmynam S, = > S,_jA; + 1A, S1 = Ay [10]. Dru pa-
j=1
6oTel siBUIIICH 0606IIeHIeM [19], Tie yKaszaHHbIe (DOPMYJIBI IOy IE€HBI JJIsl HOJINHOMUABHBIX
MyYKOB, TEHCTBYIOMNX B KOHETHOMEPHOM MTPOCTPAHCTBE.

B nacrosinieit pabore crpositest o61re hopMyIibl PEryJisipu3oBaHHbIX cjieoB (6) npu mpo-
M3BOJIbHBIX HATYPAJIBHBIX S JIJIsT BOSMYIIEHUN HECAMOCOIPSIXKEHHBIMHI SITIEPHBIMEU OIIEPATOPA-
M. CHagajaa pacCMaTPUBAIOTCS PEryJspu30BaHHbIe cebl st oneparopa 1T + B, e T —
CaMOCOIIPSIYKEHHBIN TUCKPETHBIH OIepaTop B cenapade/lbHOM I'MIbOePTOBOM IIPOCTPAHCTBE $),
B € 61, 3areM 1o TOii XKe cXeMe TPOU3BOIUTCS BBIBOJ, 00X (POPMYJT PEryIsTpU30BAHHBIX
CJIEJIOB JIisl ONIEPATOPHBIX IYYKOB (2), re A, — CaMOCOLDSIKEHHBIH JUCKPETHBII ollepaTop
B 5, a {Aj}?;ll comepxkurcst B &1. Crenyer OTMETUTH, 9TO, HE CMOTPsI Ha XOPOIIYIO MU3Y-
YEHHOCTH $IJIEPHBIX BO3MYyIleHuii, obmme dopmysnbl (6) gaxke st oneparopos sujga 1 + B
IPUBOJSTCS BrepBble. [[iis oneparopHbix mydkoB B [18] Gbuin mocTpoeHbl MeToibl (aaropuT-
MblI) HaXOXKJeHusi (DOPMYJI CJIEJIOB, HO OOIMUX (DOPMYJI TaKKe yKa3aHO He ObLIO.

2. O6mue popMyJIbl CJIEO0B AJd AAePHBIX BO3MYIIEHUH

B masnbreiinem 6yieM mpeimosararh, YTo (DYHKIUS pacipeie/ieHns clieKTpa oneparopa 1’
VJIOBJIETBOPSIET YCJIOBUIO

lim N(r)

r—oo T

=e<oo 1mpu O<a<l (7)

Kak 6buio mokazano B pabore [2]|, cymecTByeT cucreMa KOHIEHTPUYIECKUX OKPYKHOCTEl
o}, I, ={A € C: |[Al =}, 7w — oo npu v — 00, Takast, ITO PACCTOSHUE Iy,
or okpyzuoctu ', 1o cuekrpa o(T') oneparopa T yJI0oBJIE€TBODSIET YCIOBHIO 0, = £¢, IJI€
g0 > 0 — nocrosinnas. B pasibHeiiniem Oy/1eT HCIOIB30BaTHCS cucreMa okpyxkHocreit {I',}92 ;.
CobcrBennble 3nadenns: oneparopos A =T + B u T 6ynem 0603HaYaTH COOTBETCTBEHHO 1e-
pe3 {pr}ply m {AL}32,, IpuUeM, HyMepaIus OCYIIECTBIIACTCS 110 HeyOBIBAHUIO MOJIYJIS U C
yaeToM ajredpamvdeckoit kparaocTu. IIycTs, kpome Toro, M, u N, — KOJIUYIECTBa 3JIEMEHTOB
nocsieioBarebHoCTeil { [} 5o 1 { AL }52, COOTBETCTBEHHO, HONABIINX BHYTPb KOHTYDa 'y
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Jlemma 2.1. Ilycre T — AHCKPETHBI CaMOCOUPSI?KEHHBIH OIepaTop B ceriapabeibHOM
ruabbeproBoM npocrpancTse $). IlycTb pyHKIUS pacnpenesneHus ciieKTpa omeparopa 1 yio-
prersopsier ycaosmio (7) m B € &1, Torma, ecmn Ry(T) = (T — AE)™! — pesonnsenta onepa-
Topa T, To

|R\N(T)B|1 —0 mpu AN€l', m v— oo,
rze || - |[1 — HOpMa omeparopa u3z miaeasa Sy, npuueM 1peges pABHOMEPEH 10 arg \.

JlokazaTeabcTBO OoJiee OOIEro yTBepKaeHus Oyaer mpoBeieno umke. N3 jemmer 2.1 ciie-
JIyeT CYIIEeCTBOBAHUE TAKOro HOMEpa Vg, 9TO HpI/I v >vyu A€ ', BLIIOJHEHO COOTHOIIEHUE

|RA(T)B||1 < 1. Cienosaresibho, ipu A € 'y, v > 1, uMeeM U3BECTHOE COOTHOIIEHUE
oo
R\(A) - =Y (=D)F{RA(T)B}* RA(T), (8)
k=1
B KOTOPOM CXOJIMOCTbH DsiJIa [IOHUMAeTCsi B cMbicjie HOpMBI || - ||1. duist sroboro omeparopa

L € &, somonneno vepasenctso |Tr(L)| < || L1 (em. [4]), 1. e. dyukuus ciena HenpepblBHA
1o HopMe &1, 9T0 3HAYUT, YTO OT 00eNX 4YacTeil paBeHCTBa (8) MOXKHO B3SITh CJIEJ, & 3aTeM
IPOMHTErpHpOBaTh 110 KOHTYPY I'y. B pesyibrare mosyuanm
oo
1

i g NTr (Ry(A) — R\(T)) d\ = Z(_l)
’ k=1

kifi NTr (RA(T) (BA(T)B)F) dA. (9)

21w

O6osznaunM cirest IIaBHOl dactu MepoMopduoil oneparop-pyuknun F'(A) gepes Tr([F(N)]),
TOrJTa B CUJIYy KOHEYHOMEPHOCTHU I'JIaBHBIX JacTei Pa3JI02KEeHN A PE30JIbBEHT JUCKPETHBIX OIle-
pPaToOpOB B OKPECTHOCTU moJjioca (T. . COBCTBEHHOrO 3HadeHust) |7, 8| mosydum myist JieBoii
yactu paBeHcrsa (9)
7{ NTr (Ra(A) — RA(T)) dA = —— & \Tr ([Ra(A)] d>\——7{ NTr ([Ra(T)]) d.
omi 2mi Jr,
(10)
s Berancienust narerpana ot Tr ([Ry(A)]) B npasoii yacru (10) Bocmosnb3yemcest dbop-
mysoit M. B. Kespima. B pabore [8] nm mokaszana

JIemma 2.2 (M. B. Kemupum). Ilycts E — Ly — amammrmdeckass B obmacrn © C C
orepaTop-(pyHKIIHAS co 3HaAUeHHsIMH B Hjeasie © o, KOMIIAKTHBIX OIEPATOPOB, TOLAA CJIEH IJIAB-
HOH YacTH OIepaTopa 8“ L/\ JUIST IIOJIIOCa N\ = ¢ paBeH %, rme N — ajrebpamdeckas
KpPaTHOCTD CO6CTB€HHOFO 3HaquI/IH A =c nyuka L.

Iycrs omeparop T o6parum, T. e. cymectByer T 1 € Gy, Torma k nyuky Ly = E +
BT~! — A\T~! 6yner npumenuma nemma 2.2, HO 11 pe3obeenTh Ry (A) mveem

_ OLy  _
R\(A)=(T+ B - E)"' =177t = - =221
oA

B cayuae, xorma A = 0 € o(7T'), paccMoTpuM oriepaTop T=T + Ey, rie Eg — opToroHasb-
HBIIl IPOEKTOP Ha HYJIb-IIPOCTPAHCTBO oreparopa 1'. OueBmjiHO, 9To omeparop 1 obparum.
PesompBenTy omepatopa A MBI MOYXKeM TIPEICTABUTH B BHJIE

~ ~ 1 OLy  _
Ry(A)=(T-Eg+B-AE) ' =T = —8—;L
rie renepsb Ly = E+ (B — EO)T\ ~1 _\T-!. Ho crekTph! omeparopa A n myuka L) B 06onux
clIydasix, OYeBHIHO, COBIAJAIOT, CJedoBaTebHO, coryiacHo jgemme M. B. Kemmbimra, B ma-
JIOIl OKpeCcTHOCTH JIF060r0 COOCTBEHHOTO 3HaUYeHuss A = ¢ omeparopa A mMeeM COOTHOIIEeHHe
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Tr ([RA(A)]) = —Tr <[%L;1]> = —+~ (N — anrebpanteckas xparnocts). Takum o6pa-
30M, 110 HHTErpabHoil popmysie Komm
1 o
— ¢ NTr([R\(A)])d\= = 11
i 2 T A D= 3 (1)

Ananornyno nocrynum ¢ unrerpaioMm or Tr ([Ry(T)]). O6wemunsist coornomennst (9)—(11),
HOJLY IUM

M, N, [e%e) 1
o= o = S0 AT [ R (AAD)B)] (12)
m=1 m=1 k=1 T Jr,

B nanereiiniem Oyaem camtarh, 910 {e)}pS; 0003HAYAET MOJHYIO OPTOHOPMHUPOBAHHYIO
CUCTEMY BEKTODPOB B §), COCTABJEHHYIO U3 COOCTBEHHBIX 3JIEMEHTOB CAMOCOIIPSI)KEHHOI'O OIIe-
paropa 1. Bynem Tak:ke MCIOJb30BaTh obo3HadeHus: Fj i CHEKTPAJbHBIX ITPOEKTOPOB:
E = (-, er)ex (k € N). Cienyrommast ieMMa JIa€T BO3MOXKHOCTB HEITOCPECTBEHHOIO BBIUHCIIE-
Hust GOPMYJT CICIOB.

Jlemma 2.3. Ilycte B € G, Torga BBITOJIHEHBI CJAELYIONIHE COOTHOIIICHHST:

Lo ¢ A Tr [RA(T) (R,\(T)B)k} dA\=0mpus >0,k >1us—k < —1. (Eciu mosy-
Iy

YeHHOe COOTHoIeHue, npuMeHnTs 1upu s = 0 k psyay (12), To moayunm, aro M, = N, jis
J060r0 v = 19.);

2 lim ok § AT [RA(T) (RA(T)B)’“} d\ = (1) ' Te(B*) mpr s — k=0 k > 2;
ry

k Ny
3. lim {% § A Tr [R,\(T) (RA(T)B> }d)\ — S (=1)*'¢y(BEm, - BEm,_,
V—00 T, m1:...:mk:1

Bemk,emk)}:0HpHsfk:p>0Hk‘>1, riae

cp = > A, A -

1< <L <ip <kt
mp=mg+1

< Hyers PE = (RA(T)B)* R\(T), Torna Tr(PY) = S (RA(T)B--- BRA\(T)ey, ¢;). o
=1

o
crapiiss CHeKTpasbHoe pasioxenue pesoabsentel Ry (T) = Y. Ep(A\r — A) ™!, nomyunm

k=1
oS k+1 1
ky _
(P = > 11 5 (BEm, +++ BEp,_, Bem,; em,). (13)
L M5
mi,...,mr=1 7j=1 J
Mp=mMg+1
B sToMm paBeHcTBe KarK/Iblit U3 UHIAEKCOB M1, . . . , M} HE3ABUCUMO OT APYTrUX IIpoberaeT HATY-
k+1 1
pPaJIBbHBIN psiji. YauTbiBast, 9To ipu A € 'y u )\mj € o(A) nMeeM HEPABEHCTBO Hl X=X <,
j:

H, KpoMe TOro, 910 (BEy, - -+ BEny,  Bem,,em,) = (Bemy,em,) [ (Bem;,em;_,), MoxHO
j=2
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JIOKa3aTh abCOJIOTHYIO cxoauMocTh psia (13). Huxke aro Gyuer caenano B 6osee obieii cury-
arn. CJte0BaTe/IbHO, €10 YaCTHIHBIE CYMMBbI MOXKHO (POPMUPOBATH ITPOU3BOJIBHBIM 00PA30M.
Bynem crpouTh 4acTHYHBIE CYMMBI 110 IPABUILY:

S, = Z H m(BEWM'” BEmk—lBemk’emk)'
J

B cuny pasrOMepHOi#i cxomumoctn psja (13) mo A € I') MBI MOXKeM ero mOwIeHHO HHTErPUPO-
BaTh 110 Jitobomy KoHTYpy I',. Takum obpazom, mmeem:

k+1
27”}1{ A Tr(PF) d\ = : 27”7{U 1;[ - AXN(BEy,, -+ BEm,  Bem,,em,)-

mip=--- J

Tax xak B puBesiennoi dopmyne [Ny, | < [A[, To pasnaras Kaxpiii COMHOKUTENb B PsIJT 110

s
CTellIeHAM TJ u mepeMHO2Kad 3TU PAJbI, ITIOJTYIUM

k+1

1 c c
\° - —=(-1 kﬂ)ﬁ*’f*l(l LT T )
[[1 - (-1) st ),
mkj:mk+1
co=1,¢1 =Any + oo F2mpsnsCp = > Ama, Ay,

1< <o Kip <41
ME=mMg+1

Orcroma BIIHO, 9TO ﬁ [N Tr(P)’f)d)\ = 0 gua mobeix v npu s — k < —1. Tem cambim

JIOKa3aH MYHKT 1) yTBEPKIEHUS JIEMMBIL.
Hasee, oueBuHO, 9To TIipu s — k = 0

N,
1 L ”
+1
S P NT Tr(PF)dx = (1) > (BEy, -+ BEp, Bem,,em,)-
r, mip=--=mp=1
Ilepeitass B aTOM paBeHCTBE K IpeJey MPH YV — 0O U IPOBEIs B IPaBOf dacTW IOBTOPHOE
CYMMHPOBaHHUE, IIOJIYyIUM:

lim if X Te(PY)dA = (=1 Y~ (BEp, - Bem, em,) = (1) Te(B?),
ry,

mi,...,ms=1

9TO JIOKA3bIBAET IIYHKT 2) JIEMMBI.
Haxonen, mpu s — k € N nmeem

N,
1 k+1 -
o PN Tr(PF)dA — (1) > ¢ (BEm, -+ BEm,_ B, em,) =0.
% mi=:-=mp=1
[Tepexonst K mpejiesty Ipu v — 00, TOJIyYUM JOKA3aTeJIbCTBO IIyHKTA 3) JTEMMBI. [>
Ciencreuem IIPEeALIAYIIIX PACCMOTPEHUN ABJIACTCS
Teopema 2.1. [lycre T — AuCKpeTHBIH CaMOCONPSI>KEHHBIH OmepaTop B cerapabeibHOM

ruapbeproBoM npocrpanctse $). IlycTb pyHKIUS pacipeneseHus clieKTpa omneparopa 1 yio-
sirerBopsier yceaosnio (7) u B € &. CyniecTByeT HoAmocie10BaTeIbHOCTh HATYPAJIbHOIO Psijia
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{M, }22 | rakas, aro st ymoboro s € N BbrmosHsiercst
M,
: -1
ulggo E {,ufn — Ay, — sA(Bem, em)}

m=1
s—1 M, k
+ Z Z Cs—k (Bém,,em,) H(Bemj,emj_l)} = —ks Tr(B?),
j=2

k=2 mi=---=mp=1
rae
1, mpus > 2,
Ks = Co_t = g )\mil c Ay L
0, mpms=1, . ; 5
1S Sl p <h+1
Mp=mMg+1
IIpumepsnt

IIycts $ = Lo (RQ). B kauecTBe MoziesbHOrO IpuMepa paccMoTpuM oreparop [Ipesurrepa
T=—-A+22% rne2? = :z% +x§. UssecrHo [1, 17], 9T0 9TO IUCKPETHBIH OIIEPATOD U €r0 CIEKTD
COCTOUT U3 COOCTBEHHBIX 3HAUECHUN A, = 2m + 2, m > 0, npudeM pa3MepHOCTb COOTBETCTBY-
IOIIEro COOCTBEHHOT'O TIO/IIIPOCTPAHCTBA paBHa M+ 1 U B KadecTBe 0a3nuca B HEM MOXKHO B35ITh

—1/2 _ 2
dymxmm o™ (2) = fi(x1)fumi(z2) (1 = 0,1,...,m), rme fi(t) = (Uya) e T H(1)
(H;(t) — mMHOrOwWIeH DpMuTa) — HOPMUPOBAHHAsI COOCTBEHHAsI (DYHKIIUST OJJHOMEPHOTO Tap-

MOHUYECKOTO OCIUJISITOPA, COOTBETCTBYIOIIast cobcrBenHoMy unciy 2+ 1 (I = 0). Ilycrs B —
unTerpaabublii oneparop: By = [[ K (z,&)y(€) d& déa, aapo xoroporo K (z,£) € La(R? x R?)
2

TaKoBO, uTo oneparop B — syepubiit [4]. Hanpumep, K(z,§) — dunurHas u riajaxas 1o

¢ € R? dynkmus. Taxum obpasom, Ay = —Ay + 2%y + [[ K(x,&)y(€) déy dé2 — umrerpo-
R2
nuddepenuaIbHbLil oepaTop, K KOTOPOMY IIpUMeHnMa TeopeMa 2.4. B KauecTBe OKpy»KHO-

i 1 _
creit I', MO¥KHO 6paTh OKDPYXKHOCTH C HEHTPOM B Hyse n paamyca 5(A, + Ayy1) = 2v + 3.
JaJiee Boimucaubl (GOPMYJIBL CIEIOB, IOy YaIONIIecs HeIIOCPEICTBEHHO U3 00mell (DOpMyIIbL:

lim Z =Tr(B) upums=1,
m=1

M,
lim { 3 [ A2 2, (Bem,em)} — —Tv(B?) upns=2,

m=1

M, M,
lim — 23 3a2 (Bem,em)} + Y O+ 22m,) (Bemy, emy) (Bemy, emy)
v m:l mi1=mo=1

1pu s = 3,

M, M,
Tlim_ { [M; — 22— 4X3 (Bep, em)} D (AL, 2 A, +300,)

m=1 mi=mo=1

M,
X (Bemy s €msy ) (Bemys €m,) + Z (Amy + Amy + 2Am5) (Bem,y s €mg)

mi=mo=msz=1

X (BemQ,eml)(Bem3,em2)} = —Tr(B?*) upnms=4.
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C yderoMm KpaTHOCTEl COOCTBEHHBIX 3HaUYeHMIT ortepaTopa T’ UX MOXKHO 3allUCATh B TEPMUHAX
paccmaTpuBaeMoro narerpo-auddepeninaabHoro oneparopa. Hampumep, npu s = 1, 2 umeem
COOTBETCTBEHHO (DOPMYJIBI

MVO My

Zum 1/0+1)(1/0—|3—2 2uy + 3) i Z
M,

1
v=vp m=M,+1

2(r+1)+2)] / K(z,x)dxy dzs,

My, vo v
>, Lt BT S0 S s [ [ K 0@ (@) s
m=1 v=0m=0

R2 R2

V+1

—1—2 Z p2, — (2v+4)? — (4v +8) //Kxf @D (€)W (1) de da

v=vo m=M,+1 R2 R2

_ //K(m VK (€, 7) de da.

R2 R2

3. ®opMyJibl PETryJISIPU30BAHHBIX CJIEJIOB AJIsi OIIEPATOPHBIX Iy YKOB

Pacecmorpum russbeproBo mpocrpanctso ) = Lo(0,1). Ilycte n = 2 u seBasg wacTb

ypasuenust (1) omnpenessiercst unrerpo-auddepenimanibabiM oneparopom, riae A, = —A =
2

dd? — q(x) — camoconpsizkennbiit oneparop IItypma—J/Inysusst, a Ag, Ay — siiepHble UHTE-

rpasbHble orepaTopsl [4]. Torma mosaydum onepaTopHbIil My9I0K BUA

d2 1
Eaate) = (~ 4 @) ) vlo) = [ Kolo (@) de = [ Kt u(e)de (o). (19
[Tyuok (14) siByisiercst 4aCTHBIM CJIy9aeM abCTPAKTHOIO OIEPATOPHOTO IIyYKa BHJIA
Ly=A—Ag—NA; —- = A" 14, | — \"E, (15)

rie Ag, A1, ..., Ap_1 — siJIEpHBIE OIIEPATOPHI B THILOEPTOBOM IIpocTpaHcTre §), A — nuckper-
HBIM caMOCOIPsI?KEHHBIN onepaTop B §). Bee manbHeiinee n3moXKeHne MOCBSIIIIEHO €10 PACCMOT-
pEHUIO.

3.1. IlpesnBapuresibHbie CBeJIeHUS U pPe3yJabTaTbl. C MOMOIIBIO IPOCTHIX PACCYKIE-

Huit u3 dbyngamenraabHoii paborst M. B. Kespima [8] ciiemyer, aro ciekrp my4ka Ly cocrout
o _ o0 o
U3 JMCKPEeTHOro Habopa cobcTBenHbx 3Hadenuit o(Ly) = {ug}r, 1c €/INHCTBEHHON IpeIe/Th-
HOIt TOYKO# Ha OGeckoneunoctu. IIpu sTom oneparop-dbynknusa L)~ aBjisgerca MepoMopdHOil
dyHKIKEH BO BCEl KOMILIEKCHON IIJIOCKOCTH, ITOJIIOCAME KOTOPO# SBJISIOTCS COOCTBEHHBIEC 3HA-
o0

aennst {pk fp2 -

CyIecTBeHHYIO POJIb B HMOJIy4YeHUUn (OPMYJI PEryISPU30BAHHBIX CJIEJI0B OyJeT I/II‘paTb

L —

chopMyaupoBaHHasT HaMU paHee jeMmma 2.2. Eciam 1j1st rimaBHOM YacTu orepaTopa 9 oLy

BBeCTU 0OO3HAYEHUE [%L;l], TO U3 JIEMMBI 2.2 0YeBHJIHO OyIeT cjie0BaTh COOTHOIIEHUE

L Lo ([01a
r

c
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rie ['c — OKpYKHOCTB € IIEHTPOM B TOYKE A\ = ¢, JOCTATOYHO MAJIOTO PAJMNyCa, TPOXOIIMAst
IpOTUB 4acoBoil crpesiku, N — ajrebpandeckasi KpaTHOCTb (T. €. Pa3MEPHOCTb KOPHEBOI'O

HOJIITPOCTPAHCTBA) COOCTBEHHOTO 3HAUEHUS A = C.

ITycre 0(A) = {\,}52; — cnekrp oneparopa A. Paccmorpum Tak:ke mydok Ayn Ly

A" E, cobcTBeHHBIE 3HAUEHHST KOTOPOIO 0003HAYHM depe3 Ny, T. €. o(Axn) = {ni}32;.

Hywmepamuio Bcex coOCTBEHHBIX 3HAYEHUI OyIeM BECTH 10 HEYOBIBAHUIO MOIYJIsI U C ydUe-
TOM asIrebpamdecKoil KpaTHOCTH, T. €. KarK/[0e COOCTBEHHOE 3HAYEHHE IIOBTOPSIETCSI CTOJIBKO
pa3, KaKoBa Pa3MepHOCTb COOTBETCTBYIOIIEr0 My KOPHEBOIO OoAIpocTpancTBa. PopMysibl pe-
I'Y/ISIPH30BAHHBIX CJIJ0B Oy/IeM MOJIy9IaTh B IPEINOI0KEHAN, ITO (DYHKIMS PACIPeIeIeHAsT
criekTpa orneparopa A yJIOBIEeTBOPsieT YCIOBHUIO

N
lim (ar)

r—oo T

=e<oo mpu O0<a< (17)

S|

1
Beesiem obo3Hadenust: 7y, = |)\k/n|, di, = Tks1 — Tk
Jlemma 3.1.1. IIpu ycrosun (17) Ha ¢pyrkmuio N (r) cymecTByer HoAmoc/1e/J0BaTeIbHOCT
marypasbHoro psga {k,}02, takas, 4ro dy, = ri,+1 — Tk, = €0 AT Kaxgaoi v € N, rae
€0 > 0 — mocrostHHASI.

< Jlokaz3aTeabCTBO SIBJISIETCST HEKOTOPOH MoguduKalmeii MeToaa, IPUBEJIEHHOTO B Pabo-
te |2]. Tak kak 1o yciosuio na — 1 < 0, To nmeem

Tk+1

k
im dr?* " > Tim &' dr?* ™ > Tim k7' / tno=lqt,
1—00 k—o0 c k—oo
=1 7’1
Jlastee, caenaB oI HHTETPAJIOM 3aMeHy t = zl/mn, TTOJTY IUM
Th41 RYSSY [l
- _ _— _ - 1 na—1, 1-n - 1 _
lim d;r;"” L'> Tim k1 "=t = lim — x n tTwodr= lim — % dx
L [At] [Aa
— 1 1 — 1 1 — r¢ 1
= lim —(|A = AY]) = — lim —|A *“> — lim =—>0.
aooakn(’ k[ = A7) ank—mk‘ k1l “anr=co N(r)  nae

Taxum obpasom lim dr"® !
1—00

> 0, cJeJ1oBaTe/IbHO, CYIIIECTBYET IOJIIIOCIe0BATEIbHOCTh Ha-

TypasbHOro psiia {k, }5°, rakas, aro lim deTzo‘fl > 0. Ho, Tak kak 1o yciaoBuo na—1 < 0
V—00 v

U 7y, — 00 IPU V — 00, T. €. r?o‘_l < const qyist sio6oro v € N, To MBI MOXKEM CUUTATD, YTO
17

dy, = €o > 0 ns moboro v € N, rie €9 > 0 — HeKOTOpasd HOCTOSTHHAS. [>

Canencreue 3.1.1. CymecrByer 6eCKOHEYHAsI CHCTEMa, PACIIHPSIONIHXCS KOHI[EHTDHYe-
cknx okpyzxHocreii {I'y, }°2 | ¢ nenrpamu B Hadase KOOPAHHAT, CBOOOAHBIX OT TOYEK CIHEKTDA
myuka Thn U TakuX, 94T0 paccrosiaue d, or okpykHoctu Iy, 1o cekrpa o(Tn) yaoBiaerBopsier
yesoBuio 9, > €0/2 st kaxkgoro v € N.

< B kauectBe ') BO3bMEM OKPYKHOCTH C IIEHTPOM B Hadaje KOODJIUHAT U PayCOM
Y = Tg, + %dky. Torna T'), Gyaer csoGogna or Todyek cuekrpa o(Thn), Tak KakK TOYKU U3
o(Thn) pacnoaraloTcst Ha OKPY’KHOCTSIX C IIEHTPOM B Hadaje KOODJMHAT W PajuycaMu T
(k € N).

Kpome Toro, Tak kak Touku crekrpa o(T\n) pacnosaraTcs Ha Jydax arg\ = %’T (k =
0,1,...,2n — 1), To §, = di,/2. CnenoBarenbno, coryacuo jemme 3.1 umeem 0, > £¢0/2,
veN >
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3.2. ITocrpoenune GHopmMyJ1 peryiasipu30BaHHbIX CJIEI0B. Bo BCex MOC/IEyIOIX pac-
CYZKJIEHUSX MBI BCeria Oy1eM UCI0JIb30BaTh cucreMy okpyzxkuocreit {I',}5° | u3 caenersus 3.2.
Kpome Toro, Beszge GyaeM cuurarhb, 910 {ef}7° | 0603HAYAET HOJIHYIO0 OPTOHOPMHPOBAHHYIO
CHCTEMy BEKTODOB B §), COCTAB/IEHHYIO U3 COOCTBEHHBIX JIEMEHTOB CAMOCOIPSIZKEHHOI'O Olle-
paropa A. Bymem takzke ncnonb3oBarh ob03HaueHHst Ej IS CIEKTPAJIBHBIX MPOEKTOPOB
Ei = (-, er)er (k € N). Cuenyromast jieMMa sIBJISICTCST aHAJIOTOM JIeMMBI 2.1.

JlemMma 3.2.1. Ilycts P — siepHbIii onepaTop B rmibb0epTOBOM HpocTpaHcTBe ), Ry =
(A — X'E)~!, rne A — amckperHbIi caMocolpszKeHHbIT orreparop B §). IlycTb BbIIOIHEHO
yeaosue (17). Torza

INR\P||; =0 mpu N€T, wv—oo (j=0,1,....,n—1),

rze || - |[1 — saeprast Hopma oneparopos u3z wieasa S1, npuyeM npeies pABHOMEPEH 110 arg \.

< Hocrarouno paccmorpers ciaydait j = n — 1. Ilycte A € '), Torma B cuity camoco-
npsizKeHHOCTH orepaTopa A BbinosiHeHo coorHorienue ||Ry || = d;}, rae dyn — pacCTOSHUE OT
Toukn A" j10 crekTpa oneparopa A. CiienoBarebHO, IMeeM

1 | n—1| ,yn—l
ARy —maX7<max -
e AT S ™, S Gl T e )
. ) (18)
< max < —<e
B R SRRy B
Mycrs teneps Py = >_; (- ¢1)Y — KomeunomepHbiii oneparop, Taxoit uto |P — Pif; <

£(2¢)7!, tie € > 0 — npoussosbast nocrosunas. Umeem naree |[RyPrlln < 35—y [l | Rasll-
Ho

n—1 e n—1
(A1 Bl Z’* L en)l Z et )

)\n‘2 S _ )\n‘Q

Paccmorpum Bropyio cymmy B npasoit dactu (19). Cortacuo (18), nmeem

& )\n712 " 2 &
S L@l o S e

_ \n|2
m=N+1 [Am — A" m=N+1

Crenoarennbho, B cuity pasenctsa [lapcesasist, 3a cuer Beibopa HoMepa N Mbl MOXKEM CJIE/IaTh
BTOpOe ciaraemoe B 1pasoil yactu (19) ckosb yroguo masbiM. [lepBoe ciaraemoe B IIpaBoii
gacru (19) crpemurcs K Hyso nmpu A € I') u v — oo.

Taxum obpasom, [A["H||Ryy|| — 0 mpu A € T, v — oc. IlosTomy cymmecTByeT Takoit
HOMED N, 9T TIpH v = ng ||[A"LR\P1||1 < /2, A € T, ciesiosarenbHo, coracho Buibopy Py

A" RAP < [[ATTTRAP — P[4+ INTTTRAPLL <e/2+¢/2=6 >

N3 memmbr 3.3 ciieayeT, 9TO CYHMIECTBYET Vg TaKOe, UTO IPU JIIOOOM V > Vg BBIIIOJIHSIETCSI

n—1 n—1
S ANARN|| < 1, A € T, cieyosarensro, TaK Kak Ly = (E - > )\lAlRA> (A= \"E),
=0 =0

1

k

00 n—1

TO CYNIECTBYET L;l u L;\l = Ryx+ > Ry ( > )\ZAZR,\> . Jlnsa ymporenust 3anuceii 6yjeM B
k=1 1=0

TasIbHefieM cauTaTh, 9to n = 2, T. e. Ly = A— Ag— A\ A1 — A\2E. YMHO)kas cireBa 06e gacTu
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BBIDasKeHUST JJTsT L;l Ha COOTBETCTBYIOIINE YaCTU PABEHCTBA % =Y 4N *1Aj —nA"LE,
=1
ITOJTY UM !
2L A" Ry = —A1Ry — A1Ry Y (AgRy + A A1 R))
o\ —

oo
—2 R\ > (AgRxy+ AA1R))*  (n=2).
k=1
Bosbmem oT obenx wacteii ciieli, a 3aTeM npouHTerpupyem 1o Koutypy I'y,. B cuny stemmbr 3.3 u
HENTPEPBIBHOCTH (DYHKITIH Tr(') OTHOCHUTEJILHO AJICPHOM HOPMBI 3HAK CJIEJa U 3HAK UHTETPAJIa
MO2KHO 3aHECTH IIOJd 3HaK 66CKOH€‘IHOI7I CYMMBI. B pe3ysbTaTe 1IOJIyIuM

1 s 6 >\ s n—1
oy F,,A Tr[a)\ :|Cl>\+ j{)\Tr n)\ RA]d)\

1 s
= _ﬁ " A Tr [AlR)\] d\ — —Z% A Tr AlR,\ {AoR)\—I—AAlR)\} ] (20)

ij AS Tr QARA (AoRy + A A1 Ry) ] d.
2

Hamee Mbl OyIeM HCIOJIB30BaTh cUMBOJBI M, u N, nas o003HaUeHHUs KOJUIECTB COO-
CTBEHHBIX 3HadYeHUil mydkoB Ly u Ayn(c ydgeToM KpaTHOCTEil), MOMABIINX BHYTPb KOHTYPA
I'y, coorBeTcTBeHHO. SICHO TIPU 9TOM, UTO KOJUIECTBO COOCTBEHHBIX 3HAUeHU ydka A — \ F,
YZOBJIETBODSIIOIUX YCJI0BUIO |A;| < 7}}, 6yaer pasao N/, = N, /n. Cuenyomast jemMma jaer
BO3MOKHOCTb HEIIOCPEJICTBEHHOI'O BBIYUCIEHUsT (POPMYJI CJIEIOB.

Jlemma 3.2.2. Ilycrp Ay, ..., Ay — siiepHbIe oepaTopbl B I'HJIbOEPTOBOM IIPOCTPAHCTBE
9. Torga cupaBeaIuBbI yTBEPIK JCHUS:

1) mpu s — 2k MeHbIIIEM MHHYC €IUHHIBI HJIX PABHOM YETHOMY YHCJIy HMEEM DaBEHCTBO

1

— A Tr[RyAr -+ RyAg]dX\ = 0;
271 T,

2) npu s — 2k = —1 Bepro lim # § AN Tr[RyAy -+ RyAg]d\ = (—1)FTr(Ay - Ap);
V—00 T,
3) npu s — 2k = 2p — 1, p € N umeer mecto paBeHCTBO

1
lim {— j{ AN Tr[RyAr -+ RyAg] dA
211

v—00
r,

N,
k
- Z (_1) CP(AlEml T Ak—lEmkflAkemlw emk)} =0,
mi=--=mp=1
rreco =1, ¢p = Z1<11<...<ip<k Amil "‘)‘mip'

< Pacemorpum omeparop-dyuknmo PF = RyAp -+ RyAy. Vcnoab3ys pasiokenne st

o0
pesombBenTl Ry = . Ej(A\p — A?) 71, momyunm
k=1

o
1
Tr(PY) = > Hm(AlEml---Ak_lEmkflAkemk,emk). (21)
mi,..mp=1j=1"""
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B sTom PaBEHCTBE Ka)K,ZLI:IfI u3 MHIAEKCOB M7y, ..., ML HE3aBUCUMO OT APYIruUx Hpo6eraeT Ha-

TypaJsbHbIil psig. JlokarkeM, uTo psiz B npaBoil yactu (21) cxomurcst abCOMIOTHO U paBHOMED-
oo
k
o o A € |J I'y. [ys sToro 3amernm, 9ro nmeeT MecTo HepaseHCTBO | ] L

J=1 R, 32| S €

v=rp

mpu grooex A € U Tw, Ay, € o(A4). Kpome Toro, merpyaHo TOMydMThH, €TO
v=rg

(A1Ep, -+ Ap1 B, Akem,,, em,) = (A1em,, em,) H?ZQ(Ajemj, es;_ ). Takim obpaszom, pa
oo
B mpaBoit dactu (21) maxopupyercs pgaom ¢y |(Aiem,, em,)] H§:2 |(Ajem,,es;_ )|

mi,...,mp=1
,HHH J0Ka3aTeJbCTBa CXOJANMOCTH I3TOTrO pdda JOCTATOYHO YCTAaHOBUTDL, ITO CXOJUTCHA II0-

o0 o0
BTODHBIA psit > -+ > [(A1emy,em,)] H§:2 |(Ajem,, es;_, )| Samernwm, uaro, ecrm QQ € &1,

mg=1 mi1=1
o0 o0
to [4] 3 ||Qesl? = Y (Q*Qes,es5) < [|Q*Qll1. Orciona ¢ momompio HepasencTsa Komm —
s=1 s=1

Bynsakosckoro momyanm

00 00 k
DD 1 Aremy, em)| [(Asemy, em) | T 1(Ajem, es; )
mr=1 mi1=1 71=3
[e's) o0 k 00 1/2 00 1/2
Z Z H| (Ajem;, €s; 1) (Z [(em, y1K€mk)|2> (Z |(A2em2>em1)‘2>
mp=1 mo=1j=3 mi1=1 mi1=1

00 00 k
= > > [T Aem, es, Dl ATem, |l [ Azem, |

mp=1 mo=1j=3

o) [e%s) k [e%s) 1/2 [e'e) 1/2
© 3 S e HuAjemj,esj_m(z |<Agem3,em2>|2) (z nAgemzu?)
j—4

mp=1 m3=1 mo=1 mo=1

1
< || 45 Aq 1 Z Z ||Afemk||H| Ajem,.es; )| Z\ (Ademys emy)| || Asem, || < [|A5As|?

mg=1 ma=1 maz=1
] [e%e] (e%] 5 [ee] %
s uA;emkuH|<Ajemj,esjl>(z (insens)?) (3 1snalt) <
mp=1 my=1 7j=5 m3=1 m3=1

0o 00 k 00
1 1
<A AN A5 A0 Y - Y A el T I(Ajemses, D1 D [(Asemss ema)| | Asem,l

mr=1 ms=1 7=6 my=1
1 1 1 1
< [[A3 A7 [ A5AslF - - [[ AR Aw[T | AT AL -

Taxum 06pazoM, CXOUMOCTH TOBTOPHOT'O Psijia jiokazana. CiieloBaTeIbHO, YaCTHIHBIE CYyMMbI
KpaTHOro psja (21) MoxkHO HOPMUPOBATH 10 IPABUILY:

N’ k
- 1
SV - Z H A _ )\2 (AlEml e Ak*lEmk,IAkemk, emk)'
mp=--=mg=1j=1 mj
o
B cuny pasrHOMepHOiT cxomumocTn psna (21) mo A € |J 'y, MBI MOXKeMm ero mo<ieHHo
V=1

UHTErpupoBaTh 1o sobomy Koutypy 'y (v = 1vg). Takum obpasom, B cuiy metoma dopmupo-
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BaHUA 9aCTUIHBIX CyMM S,/, nmMeeM:

1
—— ¢ ANTr(P)dx
2w Jr,

N

2 % H (AlEm1 e Ak‘—lEmkflAk:emkv emk)~
T 5 i m] —

m1=-- —mk

Tax kak B npusegennoit dopmyie [Ay; | < [A[, o
I Ay Ay
e N S v et :
AZ

CJIeZI0BaTENILHO, A° H W = (—Dkxs=2 (1 + S +G+ o+ H ), e oo = 1,
g=1""9
cl = >\ml “I— e + )\mk’ ceey Cp == Elg%lgglpgk )\mil e )\mip'
Orcioma BUHO, 9TO Tpu § — 2k < —2 WM PABHOM YETHOMY YHUCJTY

27”7{ XN Tr(PF)dA =0 VY.

Tem caMbIM JIOKa3aH IIyHKT 1) yTBEPKJIEHUS JIEMMBIL.

Iajee, oueBuaHO, 9TO IIpH S — 2k = —1
1 L
2 A7 TI'(P)\) dX = ( )k Z (AlEml o Ak—lEmk_lAkemk ) emk)a
T r, mip=--=mg=1

repeiisid K 1npejesy Ipu v — 00, IOJIyYUuM:

1
s k
lim — @A\ Tr(PA)d)\ (—1) g (A1Ep, -+ Ag_1Enm,_ Akem,, em, )= Tr(Ay -+ Ag).
v—00 271

Fu m1,...,mk:1
ITocenuee paBeHCTBO HOJIY9AETCA IMOBTOPHBIM CYMMHPOBAHHUEM, 9TO 3aKOHHO B CHIIYy abco-
JIOTHOM CXOJMMOCTH KPATHOrO psijia. [IyHKT 2) JileMMbI JloKa3aH.

IIpu s — 2k = 2p — 1 umeeMm
1 L
NTe(PY)dA— > (~DFep(A1Em, -+ A1 By, Agemy, €m,,) = 0.

omi =
° M= -—mp=

[Tepexo/ist K mpejiesty Ipu v — 00, TOJYUYUM JIOKA3aTeJbCTBO IIyHKTa 3) JeMMbI. >

B nasibneiiineM Mbr Oy/ieM HCIOJIB30BAThH (DYHKIUU [ETOYUCIEHHOTO apryMEeHTa, OIpese-
JITEMBIE CJIEJTYIONUM 00pa30M:

1, ecim z — HedeTHOE, 1, ecmu z > 0,
x(z) = { { (22)

Sgn(z) =
+

0, ecnau z — YETHOE; 0, ecmm z <0.

Cnencrsue 3.2.1. Ilycrs JL(s) Lt 1 57 f A Tr(RyA1)dA. Torza

A |
lim ¢ J)(s)+ x(s) Y A% (Aiej,e5) p = 0.

V—00



Ob6ume popMyJIbl pEryaspU30BAHHBIX CJICJ0B 4-45

B ugacrHOCTH,

JH0)=TJ2¢)=0 (Vs €N), lim J}(1) = —Tr(A;).

V—00
Cnencrsue 3.2.2. Ilycth
J2(s Z 7{A Tr[A; Ry (AoRy + X A1 Ry)F)d.
k=1

Torza

1

M-

ylglolo{ﬁ( ) — x(s+j)8§n(s+j—2(k+l)+2)

k=1 5=0
M,
k+1
X Z Z (—=D)" ep(A1Emy Aoy By -+ Acylmyirs €msr) ¢ =0,
al+...fap=j mi=-=mp=1

a;=0,

Fﬂep:w,q):l, A=A+ F Ay p= A > )‘mh ---/\mip.BqaCT—

nocrn, J2(0) = 0.

< Tak kak

=

(A()R)\ + )\AlR)\)k = Z )\j Z Aal RA e AakR/\’ (23)

j=0  aatas+..tarp=j
a;=0,1

TO IIOACTABJIfAA 3TO BbIpazKEHHNE, IIPUXOJUM K PDAaBEHCTBY

oo k
1
=>> > 5 NS Tr[A1Ry\Ao, Ry -+ Aa, Ry d).
k=17=0 a1+...4ar=j 7T1FD

a;=0,1

Torma n3 emMmbl 3.4 osrydaeM pPaBeHCTBO

s—1 k M,
: 2 _ . _1\k+1
VILH;O{JV(S) > Z S§n(3+j 2k +1)+2) > | > (-1
k=1 7=0 ar+..4ap=j mi=-=mp=1
S + j —HeyeTH. a;=0,1

XC(3+j*2(k+1)+1)/2(A1Em1 Ag Emy - Aakemk+17emk+l)} -
Haxoner, BEIMUCINM Tpenesa Iphu ¥V — 0O BBIPasKEHUS

J3(s 22 5 jfv“ Tr[Ra(AgRx + A A1 Ry d).

Ucnonbsyst hopmyy (23), mpeobpasyeM €ro K BUIY

o~ k
1 S
S5 =2> > > QM?fW TR AL Ry -+ Aay ] dA.

k=17j=0 a1 +...4ar=7 r
a;=0, v
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JIemma 3.2.3. Ilycrp Ay,..., Ay — siaepHble onepaTopbl B THILOEPTOBOM IIPOCTPAHCTBE
), Torga JJIST MeJIbIX IucesI k, S BBIIIOJTHEHBI COOTHOIICHHS:
1) opu s > 0, npuaem k > 1: s gerno mian s — 2(k + 1) < —2, umeem

1
5 PATT [R3(T)A1R\(T)As -+ R\Ay] dX\ = 0;
T
ry

2) npu s — 2(k + 1) = —1 Bepno

v—00 271
Iy

1
lim — f NTr [Ri(T)AlR)\(T)AQ ce R/\Ak] d\ = (—1)k+1TT(A1A2 s Ak)7
3) npu s —2(k+1) =2p—1, p € N, umeem

1
lim {—jb Tr [R3(T) A1 Ry(T) Az - - - RyAy] dA

v—oo | 211
r,
N,
k+1~ _
- E (_1) Cp(AlEﬂ"u T Ak—lEmk—lAkemk7 emk)} =0,
mi=--=mg=1
rae
=1, :>\m1—|—+2)\mk, Ep = E )‘mil"')‘mip‘
1<ir <o ip <A1
ME=mMkg4+1

Cnencrsue 3.2.3. Ilycrb

oo k
1 .
Tos)=2> "> > —jq{AﬁS“Tr[RiAmRA-.. Ag,Jd.
k=1 5=0

21
a1 +...fap=j T
a;=0, v
Torza
s k
lim {Jg(s) =2 ) x(s+j+1)Sen(s+j—2(k+1)+3)
e k=1 j=0 B
M,
X Z Z (_1)k+1 ET(AOélEml Aakemmemk)} =0,
a1 +...fap=j mi=--=mp=1
a;=0,1
e
s+j—2k+1)+2 _ ~
T = (2 ) ,C(]:l, CT: Z )\m”)\m“‘
1< <. Sir <k +1
Mp=mMk41

B uacruocrn, J3(0) = 0.
U3 pasencrs (16), (20) upu s = 0 u u3 caejcrsuii 3.5, 3.6, 3.8 mosyvaem COOTHOIIEHIE
M, = N, nns moboro v > vy. Takum obpasom nipu s € N, Bepra

Teopema 3.2.1. IlycTte A — AHCKPETHBIH cAMOCOIPS>KEHHBII OITEPATOp B cerlapabdesbHOM
rusib6epTOBOM IIpOCTpaHcTBe §), DYHKIIHS paclpee/ieHus CIIEKTPa KOTOPOI'O YJOBJIETBOPSET
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yeaosmio (17), uw Ag, A1 € 6. Torza cymiectByer IIOANOC/IA0BATEILHOCTh HATYPAILHOIO
psga { M, }5° | rakas, 4To

M, s—1 k

&
lim ¢ > [ufn — 1 = X($) A (Arem, em)} )0 x(s+4) Sgn(s +J = 2(k+1) +2)
m=1 k=1 j=0
M, /2
X Z Z (_1)k+lcp(A1Em1 Aa1Em2 e Aoékekarl ) emk+1)
a1+..fap=j mi=---=mp=1
a;=0,1
s k
+QZZX(s+j+1)Sgn(s+j—2(k+1)+3)
k=1 j=0 +
M, /2
X Z Z (_1)k+1 Cr(Aai By -+ Aayemys emy,) ¢ =0,
al+...fapg=j mi=-=mp=1
a;=0,1
e
s+7—-2(k+1)+1
=11 =Amto A A = D AmyAmy, p= (2 )+l
1<i1 <o ip<k

~ ~ ~ s+j—2(k+1)+2
co=1,c1 =\ +...+ 2\, & = Z )‘mil"'Amip’r: J (2 ) .

1< <L ip k41
ME=mg+1

QyHKIIH 1eJI0THCIeHHOr0 apryMenTa x(z) n Sgn, (z) oupegensorcs B (22).
B kauectBe npumepa npusejem dbopmysibl ipu s = 1,2, 3:

M, M,
B Y (= 0m) = = Te(Ar), lim Y (g, = np,) = Tr(AF) — 2 Tr(Ao),
m=1 m=1

M, M, /2
Van;O Z(uf’n —n2)+3 Z Mn(Arem, em) p = —Tr(A3) +2Tr(AgAy).
m=1 m=1

Herpymao mepemnmcars 5tu GOpMy/Ibl B TEpMUHAX HHTErPO-TU(PHEPEHINATILHOTO OIePATO-
pa (14). Bmecto n = 2 MOXKHO 6bLIO 6bI BBIBOAUTE (GOPMYJIbI PErYJISIPU30BAHHBIX CJIEJ0B JIJIst
OIIepaATOPHBIX MIYUIKOB IPOU3BOJIBLHOTO IOPSIIKA 7, HO 3AIMCH, MOJyIaeMble B 9TOM CJIydae
CJIAIIIKOM T'POMO3JIKI.

CﬂeﬂyeT OTMEeTUThb, 9TO HOJIyLIeHHI)Ie (bOpMyHbI C He6OJIbH_H/IMI/I N3MEHEHUAMU OKa3bIBa-
IOTCS BEPHBIMH )1 BO3MYyIIeHui oneparopamu ['miabbepra—IlIMuara. 9To, B ¢BOIO odepep,
II03BOJILAET HOJIyLIa.Tb AHAJIO'MYHBbIE COOTHOIIIEHUA y)Ke JJIgl OrPaHUYICHHBIX BO3MyH_LeHI/IIU/I, HO
upy OOJIBIINX OrPAHUYEHHUSIX Ha PA3PEsKEHHOCTh CIEKTPAa HCXOMQHOIO OLEPaTOpA.
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