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OBOBIIIEHHBIE TEPHAPHBIE KOJIBIIA XOJLJIA
C VJIVUIIIEHHO CMEYKHOCTBHIO

IITaToxun H. JI.

B pabore m3yvarorcs KOHpyeHIMN MPOU3BOJBHBIX ODOOIIEHHBIX TEPHAPHBIX KOJIEIH XOJIa CO CMEXKHO-
cTbi0, KoTopble uHaynupytorcs AH-mopdusmamu. Onucanbl ycsioBusi, HEOOXOAMMBIE U JOCTATOYHBIE JIJIST
TOTO, YTOOBI SJIEMEHTHI KOJIHIIA BCTYIIAIN B OTHOIIEHUS YTy YIIIeHHOW CMEXKHOCTH. BBeIeHbI yCI0BHS, TpU
BBIIIOJIHEHUU KOTOPBIX (haKTOp-ajiredbpa 1Mo OTHOIIEHUIO K YLy YlICHHON CMEXKHOCTHU SIBJISIETCS TEPHAPHBIM
KOJIBIIOM XOJIJI& CO CMEYKHOCTBIO.

KuroueBbie cjioBa: MpOEKTUBHAS IIJIOCKOCTD, adPUHHAS TJIOCKOCTD, €IbMCJIEBOBBI TUIOCKOCTH, TEPHAP,
roMoMopdU3Mbl, U30TOINH, CMEXKHBIE TOYKHU, CMEXKHBIE [IPSIMbIE.

B crarbe paccMaTpuBaloTCsl KOHI'DYEHIIUU T IPOU3BOJILHBIX O0OOIIEHHBIX TEPHAPHBIX KO-
ser; Xosuta, co emexxknocteio GHTR [3, onpesnenienne 6]), koropeie unaynupytorcs ux AH-
Mopdu3IMaMu.

OTH KOHI'PYyEHIUU onpeensior Ha mHoxkecTBe T’ npoussosibroro GHTR orHomenust k-
BUBAJIEHTHOCTHU ~ -, KOTOPOE SIBJISIETCSI TIOJMHOKECTBOM OTHOIIIEeHHsI cMexkHocTH ~. Cientyst |1,
2|, Takue oTHOIIEHNs Oy/IeM HA3bIBATH YJIYUIICHHON CMEKHOCTBIO.

[TousiTrst 060OIIEHHOTO TEPHAPHOTO KOJIbIIa XO0JIjIa co cMeXHOCThio 1 AH-Mopdusma ta-
KHX KOJIEI[ OLMCAHBI B CTaTbsX [3, 4].

ITycts ¢ — HeBbipokKaenubiit AH-mopbusm GHTR T = (T;t,0,1,~) B GHTR B 7] =
(T';t,0,1,~).

OHPEﬂ‘EﬂEHI/IE ]. OTHOIHGHI/IG IKBUBAJICHTHOCTHU 7T, 3a/JJaHHOEC yCJIOBUEM
(Va,beT) ambe pla) = pb), (1)

HasbiBaeTcs omuowenuem xonepyenyuu GHTR T, nnayruposanasiv AH-mopduszmom ¢ (B
oboznauenun m(p)).
YKaxkeM HeKOTOpble Ipocrefinume cBoiicTBa KOHrpyeHnuii ().

IIpennoxxenune 1. /lisi mpon3BOJIBHOIO OTHOIIEHHSI KOHTDYEHTHOCTH (@) HEKOTOPOIO
GHTR Ti cupapeminBo Brjtoderme m Crv.

< CupasenimBocThb npeioxkenust 1 ciesayer u3s [4, reopema 1]. >

YauTbiBag NpejyioKenne 1, B ajabHeiieM BMECTO 3anuch amb OyJeM MHCaTh a ~

¢)b-
Teopema 1. Pasz6uenne muoxkecrpa I’ mekoroporo GHTR. T, onpenessiemoe KOHIpyeH-
rueii (), OTHO3HAYTHO 38/1a€TCsT JIFOOBIM CBOHM 3JIEMEHTOM.

< Iycets [a] () — mponsBosbHbIT Ky1ace dakTop-mHoxectsa T'/7(p) ¢ npejcTasuTesem a.
Kax ussectro [3, Teopema 4|, anrebpst (T;+) u (T';4) sBastorcs gynamu ¢ Hefirpasom 0.
Paccmorpum o11 JIyTIbL.
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b),

Ucnons3yst yeaosue (1) u3 [3] u npemioxenue 1 u3 [4], nmeem, aro ¢ = a + b = (1, a,
a cacaosarensio, o(c) = pla+b) = p(t(1,,5)) = Hp(1), p(a), o(8) = UL, p(a), o(B))
p(a) + ¢(b).

Takum obpasoM, p(a +b) = ¢(c) = ¢(a) + ¢(b), a sr0 o3nauaer, uro AH-mopdusm ¢
sBigteTcst romomopdusmom stynet (15 +) B tymy (175 +).

Badukcupyem smement a € T U PACCMOTPUM COBOKYIIHOCTH ypaBHeHU# x + a = b jyist
MIPOM3BOJILHOTO b 13 [a]”(@). [Tpenmooykum, 9TO 711 HEKOTOPOT'O dIeMeHTa b 3TO ypaBHeHHe
nmMeer Kopeb . Torma ¢(zo) + p(a) = ¢(b), a 3HauuT, Tak kak ¢(a) = ¢(b) moayaem, 4ro
©(xg) = 0. Orcroza, ¢ yaerom npejyioxkenus 1 u3 [4], umeem, aro ¢(xg) = 0 = ¢(0), a 3HauwT,
xo € [0](,). Obparno, ecmm zg € [0](,) 1 To +a = b, T0 9(b) = p(x0 + a) = p(x0) + p(a) =
0+ ¢(a) = w(a). Takum obpasom, ¢(a) = ¢(b), a sHAYHT, b € [a]~(y). [losToMy yunThIBaz,
qro B syne (T';+) miast mobbix a u b u3 T ypaBHeHue T + a = b OJJHO3HAYHO Pa3PEINMO U
1py (PUKCHPOBAHHOM @, B CHJLY aJIN€OPAnTHOCTH OTIEPAIME <+ », PA3INIHBIM b COOTBETCTBYIOT
pas3InuHble KOPHU 9TOrO0 YPABHEHUs HOJIydaeM, ITO IPH KaxK0M (DUKCHPOBAHHOM ¢ MEXK/LY

MHOYKECTBOM PpEIIeHUl ypaBHEHUS T + ¢ = b, COCTABJIAIONINM KJIACC [O]ﬂ( U 3JIeMEeHTaMHI

®)
IIPOU3BOJIBHOTO KJIACCA [a]w(m CyIIeCTByeT OHMEKTHMBHOE COOTBETCTBHE. Kpome 3Toro Kiacc

] () OMHOBHAMHO OmpejiesAeTCs JTIOObIM CBOMM TIpejicTaBuTesieM u KaaccoM [0]x(y). B>
N3 noxazaHHOIT TeOpEeMBI BHITEKAET P CJAEICTBUIA.

Caencreue 1. MongrocTn JmoObIX JBYX KIaccoB [a]r(,) # [blx(,) axTop-mmoxecTsa
T/7(p) oauHAKOBEIL.

Caencrue 2. dyements! a u b uz muoxkecrsa T nekoroporo GHTR. B ToMm u T0o15KO TOM
ciIydae MpHHAJIeXKAT OJHOMY Kiaccy ¢pakrop-muoxkectsa T /m(p), Korjia KOpeHb ypaBHEHUsT
r + a = b npurasmexnt Kraccy [0]x(,).-

PaccyxnenustmMu, aHaJOrHYHBIMUA T€M, KOTOpbIE OBLIM IPOBEIEHBI IIPHU J0KA3aTEIbCTBE
TEeoOpeMbl 1, MOXKHO YCTAHOBUTDH CIIPABEJJINBOCTD CJIEJIYIONIETO YTBEPXKIEHUSI.

Caencreue 3. Djementol a u b muoxkecrBa T Hekoroporo GHTR B ToMm u To/1bKO TOM
ciIydae MpHHAJIeXKAT OJHOMY KJjaccy ¢pakrop-muoxkectsa T /m(p), Korjia KOpeHb ypaBHEHUsT
a+ z = b npunasrexnt Kraccy [0]x(,).-

CaencrBue 4. Jjemento! a u b muoxecrsa T’ nekoroporo GHTR. B Tom u Tosibko ToM
cilydae MpHHAJIeXKAT OJHOMY KJjaccy ¢pakrop-muoxkectsa T /m(p), Korjia KOpeHb ypaBHEHUST
a+ x = b npunasrexnt Kraccy [0]x(,).-
CaencrBue 5. Ilycrs w(p) — npousBosbHasi kourpyeniust Hekoroporo GHTR Ty u
mycTh MHOKECTBO Do) = [0]r(p). Torma amrebpa (Dy(,y; +) — nomyna aymsr {(D;+).

< Iyets di, dy € Dy,y. Torma o(d1) = p(d2) = ¢(0) = 0, a, crenosarennbro, p(di +dz) =
p(d1) + ¢(d2) = 0 = ©(0), orxyna (di +dg) € D. 1>

ITpengioxkenne 2. Paccmorpum wekoropoe GHTR Ty = (T;t,0,1,~) u nycre a,b € T
u a ~ 0. Torga ssemeHTsl @ 1 b B TOM H TOJIBKO TOM CJIy4dae MPUHAIIEKAT OJHOMY KJACCY

axrop-mroxecrsa T /7(p), KorTa KOpeHb ypasHeHus x - a = b npuHapre:knT Kraccy [1] ().

< Ilyerb @ = 0 u xo - a = b — Beproe paserctBo. Torma, yuursBas (3) us [3], numeem
b = x0-a = t(xo,a,0). Orciona p(b) = ¢(zo - a) = p(t(x0,a,0)) = t(p(x0), p(a), ¥(0)) =
t(p(z0), p(a),0) = o(x0) - p(a). Urak, p(zo) - p(a) = ¢(b) n, B cuny reopemst 1 u3 [4], p(a) »
©(0), cremosarensuo, p(a) = 0. Orcrona, ecmn zg € [1]4(y), To ©(zo) = 1 u, cregoBaTeLHO,
p(a) = ¢(b). C apyroii croponsl, ecin @(a) = ¢(b), 0 (o) - p(a) = ¢(a) = 1 ¢(a),
cJleJIoBaTeNIbHO, u3 TeopeMbl 4 crarbu [3] BeITeKaeT, uto ¢(xg) = 1. [locaeauee o3Hadaer, 9ro
To € [1]71'(%0)' >

Anasiormano yCTaHaBJIMBAECTCA CIIPABEAJIMBOCTDL CJICAYIOMIET'O YTBEPZKICHUA.
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ITpensoxxenune 3. Ilycrs a ~ 0. DiremeHTsl @ 1 b TOrga M TOJIBKO TOI/A HPUHAIEIKAT
ozHOMY KJ1accy ¢axrop-muoxkecra T /7(p), Korjia KOpeHb ypaBHEeHHsI a - = b IPHHAJIEXKUT
Kaccy [1] (.-

Teopema 2. MuoxkecrBo {m;(¢)} ormomennii kourpyearnocru m(p) GHTR T, rorza
H TOJILKO TOIJIa JIMHEIHHO YHOPSIOYEeHO 110 BKJIOYEHHIO, Korjga Jjist Jirobbix i u j (i # j)
[0l :() € [0l () 11 [0]; ) € [0l (40)-

< Hpemmonoxum, uro muokecTBO {m;(0)} — 1pecrapiser coboii HEKOTOPYIO COBOKYTI-
HocTh orHomenuii kourpyearnoctn GHTR 77 u jyis o6bix @ u j (i # j) uMeeM, d9TO
[0x,(p) € [0]x;(g)- Torma mas moGoro b € [a]r,(p), NCUOIB3YsA CleJICTBIE 2, HMeeM, UTO KO-
penb ypasHenus = + a = b upunannexur [0], ), a snaunt,— u [0]; (). OTkyna B cuiry
TOTO Ke CIeJICTBuA b € [aly (), & mosTomy [alr,(,) C [alr;(,). Cupaseymsocts obparnoro
YTBEPZKIEHNsT O9eBUIHA. [>

W3 mpemoxkenns 1 ciemyer, 910 JI00bIe ABa 9JEMEHTA TPUHAJIEXKAIINE OTHOMY KJIACCY
dakrop-mHO)KecTBa T/ (@) CMEKHBI U TI09TOMY 3JIEMEHTBI JIIOOBIX J[BYX PA3JIMUIHBIX KJIACCOB
00 CMEXKHBI, JIMOO MOMAPHO HECMEXKHBI APYT JAPYTy. YUUTBIBas 9TO, UM CJIEAYIOIIee
olpejeJeHue.

OnPEAEMEHUE 2. [lycts [a]y(y) 1 [blr(,) dmementsr daxTop-muoxectsa T'/7(¢p). Torma
[a]x(p) Oymem maspiBaTh cmesicHvim [b] (o) (M 0003HATATD [a]r(p) ~ [blr(y)), ecmm HaliTyTCs
TaKue seMenThl a’ € [a]y(p) u b € [b]r (), uTo @’ ~ V.

OueBuHO, YTO TAKMM 00pPA30M OIPEJIETICHHOEe Ha 3jeMenTax dakrop-muoxectsa T'/m(p)
OTHOIIIEHHNE CMEXKHOCTHU SIBJISIETCSI OTHOIIIEHNEM SKBUBAJIEHTHOCTH.

PaccMorpuM Tenepb OTHOIIEHNE SKBUBAJIEHTHOCTH T OIIpe/IeJIeHHOe Ha MHOxKecTBe T’ 11po-
uzosibhoro GHTR T = (T';t,0, 1, ~), yJI0BIeTBOPSIOIIEe YCIOBUIO

(Va,beT) arb = a~b. (2)

[Tpumepanmu TaKUX OTHOIICHUIT SBJISIOTCA KOHrpyeHiun 7(y) 3amanmbre B (1).
VaureiBas, 9TO U3 YCJAOBHUS C] ~j Co CIEIYET, UTO €] ~ C2, & 0OpaTHOE, BOOOIIE TOBODSI,
HEBEPHO, BBEJIEM CJIJYIOIIEE OIIPE/ICIICHIE.

OHPE,HEHEHI/IE 3. Besikoe oTHOIeHne ~ o OTJIMYHOE OT OTHOIIIECHMNA CME2KHOCTHU ~~ 6y,£[€‘M
Ha3bIBaTh OTHOIIICHUEM y./Ly“l,weHHOﬁ CMEIHCHOCTU Ha MHOXKecTBe-HocuTese 1’ IIPOU3BOJILHOT'O

GHTR 7.

3AMEYAHUE 1. Eciin amemenTs! a,b € T TakoBBI, 9TO a ~ b, HO a ~; b, TO B JajabHeIIeM
OymeMm mucaTthb a ~ b.

[Tycrs T'/m — dakrop-MHOXKeCTBO MHOX)KecTBa 1 110 OTHOIIEHUIO T, & t; — TepHapHas
OTIepAIHsI, ONPE/IeJIEHHAsT HA 9TOM MHOYKECTBE YCJIOBHUEM

t(a,b,c) =d = tx([alr, [t]r [c]x) = [d]x- (3)

CrpaBeJINBO CJIEYIONIEE YTBEPXKIEHE.

IIpengioxkenne 4. Tepuapnas airebpa (T/m;t + 7, (0], [1]z), onpesenennas va crpyk-
rype Hekoroporo GHTR B Tom u rosibko Tom ciyuae siisiercs TR [3, onpenenenns 1-3] ¢
HysteM [0]; u equauneii [1],, Korja oTHONIEHHE YLy IIeHHOH CMEXKHOCTH ~5 Oy/1eT KOHI'DYEH-
nueii oneparuii t u t"(a, b, ¢) [3, 3ameqanne 1].

ONPEAEJNEHUE 4. Ilycrb ~; — OTHOIIEHHE YJIYyYIIEeHHON CMEXKHOCTH Ha MHOXKECTBe-
wocutesie T npoussosbaoro GHTR T. Torma oTHoIleHne ~;, KOTOPOE SIBJIAETCA KOHIPY-
enmpeit onepanuii ¢, t"(a, b, c), t'(a, b; ¢, d) u mapsr onepanuit {t™°, "5 [3, (5, 10, 11)], 6yzem
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HA3LIBATH YJIyUIIEHHONH CMEXKHOCTBIO KOJIbIA T, €C/M BBINOJHSIIOTCS CJIIYIONHe yYCIOBUsI
(akcmombl yoyumenHoii cmexkaoctn GHTR):

TUL. a1 ~; b1, ag ~ bo, t(al,ag,ag) ~r t(bl,bz,bg) = (Ela’» b/») (Z S {1,2,3}): ap ~ a’l,

1771

all ~r bll, a; ~r (Z;, bz ~r b;, (Z € {273})7 (allaa/%ag) ~m t( /1? é?bg)

TU2. a; ~ by, a; ~x b, (Z S {2,3}), t(al,ag,ag) = a4&t(b1,b2,b3) = by = (Ela/- b/-)

1771

(i € {1,2,3,4}) a2 ~ ay, a; ~rx az, bj ~rx by, aj ~x by, taj, ay, ay) = aydet(by, by, by) = bj.

[Tousarao, uro akcmombl TU1 u TU2 mis ~,, COBIATAIOINX ¢ OTHOIIEHNEM pPaBEHCTBA
Ha MHOXKecTBe 1, BeiosHsgoTcss B aiobom GHTR, u mosToMy oHEM HUIpaioT CyIIECTBEHHYIO
POJIb JIUIIB B ciiy4ae, Korjga ~,C~. ClpaBeJJInBO YTBEPXK ICHNE.

Teopema 3. Ilycrp gano mekoropoe GHTR Ty = (T';t,0,1, ~). Torga ¢akrop-aarebpa
Ty /m = (T/7m;tr, [Olx, 1]z, ~) B ToM 1 TO/IBKO TOM cityqae siBisiercst Hekoropein GHTR, econ
OTHOIIEHHE ~y SIBJISIETCS YTy IIIIEHHOH CMEKHOCTBIO KoJibia 1.

< Ilyeres orommenue ~, yuosaersopsier TUL, TU2 u (13-16) us [3|, a TepHapHas ore-
paiust t, onpesesena ycaosueM (3). Torga corsacHo npejygioxkenuio 4 TepHapHas ajarebpa
(T'/m;tr, [0]r, [1]x) siBIsiercst HekoTOPBIM TepHapHBIM KosiblloM TR ¢ mysem [0]; u exunu-
neit [1]7, n mosTOMy ISl J0KA3aTEIbCTBA TEOPEMbI OCTACTCS YCTAHOBHUTBH CIPABEJINBOCTD
akcom TH1 u TH2 us [3].

Paccmorpum ypasuenue t(x, [alq, [b]r) = tz (2, [2]r, [d]z) n npeamonoxum, urto [al; ~ [c].
Torpa st 066X 1eMeHToB ' € [a]r u ¢ € [c]r umeem, uro o’ » . Orciona ciemyer, aro
ypasrenue t(x,a’,b') = t(x,d,d") opposnauno paspemmumo 8 GHTR Tj, a 3HAYMUT, yIUTHI-
Bas (3) u coornomtenue (15) u3 [3|, moaywaem, aro ypasuenue t(z, [a]x, [blx) = tz(z, [c]x, [d]x)
OJIHO3HAUHO paspemumo B aiarebpe (T'/m;ty).

[Iycrs Tenepn ypaBuenue tr(z, [a]r, [blz) = tz(z, [c|r, [d]x) uMeeT enuHCTBEHHOE peleHe
[x0]r. Jokaxkem, uro Torma [al, ~ [c]r. JokasaresbcTBO POBEJEM METOIOM OT IPOTUBHOIO.
[IpemmomnokuM, 4To [xo|; — €JIUHCTBEHHOE PellleHne JaHHOTO ypaBHeHust  [a], ~ [c¢r]. Torua,
ecin [alr = [¢]z, TO B cury T1 u3 [3] umeem, aro [b], = [d]r, a 3HAUUT, paccMaTpuBacMoe
ypPaBHEHUeE YJIOBJIeTBOpsieTcsi Ha MHOXKecTBe 1'/m roxkiecrBenHo. Eciu ke [a]r ~ [c]r, HO
[a]x # [c]x, TO nuist m0GBIX @ € [a]r u ¢ € [c]r umeem, uro @’ ~ . TTosromy ¢ yuerom TU1L
MMeeM, YTO UCXOJHOE YpaBHEHUE MMeeT, 110 KpaiiHeil Mepe, elle OJ(HO pelieHue [T1)r # [To)]x.
Takum obpaszom, B anredbpe T4 /7 Boimosnnsiercss TH1.

AwnanornunbiMu paccyxkjerusivi, ¢ yaerom TU2, moxHO npoBeputs, uto B T /7 crpa-
BeumBa akcuoma TH2. CrenoBarenbho, anrebpa T /7 6yaer vekoropeim GHTR. Herpy o
YCTAHOBUTH CIPABEIJINBOCTL U OOPATHOI'O YTBEPXKIEHUSI TEOPEMBI. >

SAMEYAHUE 2. W3 BeImen3/IokeHHOro odeBuaHO ciemyer, uro ucxonsoe GHTR T u
GHTR T /m, nosydennoe npu (pakTOPU3AIUU [0 OTHOIIEHUIO ~ ., OYJyT UMETh OJUH U TOT
JKe KaHOHMYecKuii romoMopdHblii 06pas [3, oupesesenne 7).

Teopema 4. ITycre ¢ — Hebipoxkaenubiii AH-moppusm GHTR Ty = (T';t,0,1,~) B
GHTR 7] = (T';t,0,1,~). Torga obpa3 ¢(T1) koibna Ty B TOM H TOJIBKO TOM CJLydae
spistercst Hekotopeiv GHTR, econ korrpyennust w(¢), GHTR Ty ungynupoBannas AH-
MOP(GU3MOM @, SIBIASETCS YJIyIIICHHOH CMEXKHOCTBIO KoJbia 17 .

< CnpaBeyInBOCTb JAHHOTO yTBEPZKJEHUS BBITEKAET M3 TOrO, 9TO TOMOMOPQHBIH 06-
paz ¢(T1) GHTR Ty = (T;t,0,1,~), B ciydae npou3BOJILHOrO HeBbIpoxKjeHHOro AH-

Mopdmsma ¢, msomopden baxrop-anredpe T1/m(p) = (T/7(0); t/x(v)» (0] /x(p)s (1 jn(0), ~)- >
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