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Pabora conepKuT psig HOBBIX PE3YIHTATOB, TOKA3BIBAIOIINX BAXKHYIO POJIb TOIOJIOIHIECKUX METOIOB IPU
HCCJIEOBAHUN PA3PEIINMOCTH CHUCTEM HEJUHEHHBIX OIEePATOPHBIX YPaBHEHUI B HEHOPMUPYEMBIX IIPO-
CTPAHCTBAX.

KurodueBrie ciioBa: IpocTpaHCTBO, OepaTop, ypaBHeHne ['amMmepinreiina, HensoTponHble sapa Kormn,
CHCTeMa MHOTOMEPHBIX CHHTYJISIPHBIX UHTErPAJIbHBIX YPABHEHUH.

Bsenenune

KauecTBenuble MeTOIbI peIlieHnit HEJIMHEHHBIX ONIEPATOPHBIX YPaBHEHUN U UX cucTeM 00-
Pa3yIoT AOCTATOYHO CTPOMHYIO TEOPUIO, MMEIOIYI0 MHOTOUYNCIEHHbIE TPUJIOYKEHNST K aHAJTUZY
KPaeBbIX 3aJ1a4, IpobiieM (bU3UKU, PAJIUOIIEKTPOHUKY U APYTUX 00JIacTell HAyK! W TEeXHUKMU.

B kawecTBe MOIEIbHON B HacTOsAIEH paboTe HAMHU BbIOpaHa CHCTEMa HEJIUHEWHBIX WHTE-
rpajbHBIX ypaBHeHuit ['amMmMepinTeiina, UMeIomas BUI:

wle) = [ 3 k@) () wa ) @) dy+wile) (=T, (1)

q =1

3nech () — orpaHmYeHHOE 3aMKHYTOE MHOXKECTBO KOHEYHOMEDPHOT'O €BKJIMIOBA, [IPOCTPAH-

crBa, U (z) = {u1(x),ua(), ..., uy(x)}, € Q, — uckoMast BeKTOP-YHKIHS, \ — BEITeCTBeH-
HbI apamerp, ki;j(x,y) — Aapa HHTErpaabHBIX onepaTopos, fi(y, ui(y), ua(y), ..., un(y)) —
XapaKTEePUCTUKHE MHTETPATLHBIX omepaTopos, W (x) = {wi(z), wa(z),. .., w,(x)} — m3sect-

Has BeKTOP-PYHKITUSI.

UccnemoBannemM paspermmuMocTu 31oit cucteMbl 3aHuMamch . [Hvunr, P. Uraunm, A. Tam-
mepireita, M. T'ogom6, A. II. I'pemstuenckuit, C. Homwsd, H. B. Kupnoruna. CyiecrBeHHbBIE
npoasuzkenust 6bur mostyuerbl M. A. Kpacuocenbckum, JI. A. Jlagsikenckum, A. U. TToso-
gorikuM, X. [Tedpepom, I1. I1. 3abpeiiko.

OnHako, HECMOTPS HA MHOTOYHCJICHHBIE ITYOJIMKAIIMN B PACCMATPUBAEMOM HAIIPABJICHUU
JIUISi HODMUPYEMOTO CJlydasi Cpejibl cucreMbl (1), MpOJBUKEHNE MCC/IEJOBAHUI HA MIPOCTPAH-
CTBa, HE SBJISIIONINECH JIOKAJIHHO BBIIYKJIBIME, & TaKyKe Ha CHUTYAIMIO HEJOKAJIbHOW paspe-
IMIUMOCTH MCXOJIHON CUCTEMBI B YIIOMSHYTHIX (DYHKIIMOHAJIHHBIX ITPOCTPAHCTBAX, JIAJIEKO €I
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OT CKOJIb-HUOY/L MOTHON peanuzaruu. K HACTOSIIEMY BpeMEHH WMEIOTCS JIUIIb OT/IEIbHDIE
myOJIMKAIK U JJIs PEIIeHnsI CHCTEM, COJIePKAlluX MHOTOMEDHbIE HEJTMHENHHbIE CHHTYJ/ISIPHbIE
HHTErpaabHble ypaBHeHus ¢ Hemzorpornubivu spapamu JI. O. Komn, xoTs1, Kak M3BECTHO, Ta-
KOT'O PO CHCTEMBI IIIMPOKO UCHOJIB3YIOTCS B 38/1a9aX MEXAHUKH, TEIIOOOMEHa U3y IeHueM
¥ B IPyrux 00JIaCTSIX.

Hacrostimast pabora coepKuT Tpr B3aUMOCBSI3aHHbIE 9acTh. B 11epBoii n3 HUX PacCMOTPEH
ciaydaii, korga omeparop-marpuna A = ((A;;)) ucxommoii cucremsr (1) sIBIIsIETCS HOJIOKHU-
TeJIbHO OIIPEJIeJICHHOIA, a XapakTepucTuku f; oneparopos cyneprosurun (B. B. Hemsinkoro)
nogunnsiorca yeaosuio K. Kapareomopu. Ilpu sToM m3ydena HesoKaibHAs Pa3perinMOCTh
cucrembl (1) Kak JiIst TIOJIOKUTETHLHOTO OIlEpaTOpa, TaK W JIJIsi CUTYAIINH, KOTJa OH UMEET KO-
HEYHOE YUCJIO OTPUIATETHHBIX COOCTBEHHBIX Yrcesl. Bropast 4acTh pabOThI MOCBSIIIEHA JOKa-
3aTEJIbCTBAM HEJIOKATBHBIX TEOPEM CYIIECTBOBAHMs OIPDAHMYEHHBIX perenuii y cucreMbr (1).
B Tperbeit 1acTu IpUBEIEH PE3YIBTAT O PA3PENTUMOCTH C1a00 CBI3AHHON CHCTEMBI MHOTOMED-
HBIX HEJTMHEHHDBIX CHHTYJISPHBIX WHTETPATBHBIX YPABHEHNH ¢ HEM30TPOTHBIMI siapaMu Kormm.

1. BcnomoraresibHbIE CBEJ€HUSA U PE3YJIbTATHI

[TpuseseM KpaTko HEOOXOAMMBIH ammapar oO03HAYEeHUil, olpeeeHuil u IpeIoKeHuni,
SABJISIIONINTCS 6A30BBIM JJIsl JAJBHEHIITNX ITOCTPOCHUN PAabOTHI.

Iycts (1, 15 p1), (Q2,D 95 82)5 -+, (2, D ,,0 i) — U3MEPHMbIE HPOCTPAHCTBA C HEOT-
pUIATEIBHBIMUA O-KOHEYHBIMHU, IOJHBIME HearoMudeckuMu Mepamu f1(Q21), pa(Qe), ...,
pn (). Yepes Q = (9,3, u) obosnaunm Q = II7_ (Q, >, i) — UX IpsIMOE IIPOU3BeE/Ie-
HUE.

O60obmenHoe mpocTpancTBo Jlebera — Pucca L(a)(Q) COCTOUT U3 BCEX TEX [-M3MEPUMBIX
no A. Jlebery dyukumit u(z) = u(zy, xo,...,x,), xp € Qk, k = 1,n, 11 KOTOPBIX KOHEYHA
cMeranHas F-KBasuHOpMa, UMEIOIIAs BHL:

&2

o o
1 e a3
llu; Loy (D = </ /(/‘u(ml,mg,...,xn)‘% dey | dzo) ... daz, < +o0.

Qn Qa O

Yepes M (£2) ob6o3HATIM MHOXKECTBO BCEX [-H3MEPHMBIX MMOYTH BCIOLY KOHEYHBIX Ha §)
dyHKIUil ¢ AeHCTBUTEILHBIMI 3HAYEHUSAMI U OOBIMHBIM OTOXK/IECTBJICHUEM SKBHBAJIEHTHBIX

byHKITIIH.
Amanormano, obobmennoe npocrpanctso Jlebera — Pucca Lg)(£2) cocrontr ns Tex p-ns-
MepuMbIx 110 Jlebery dyHKImit

u(x) = u(xr,x2,...,2,), xp €8y, p=1,...,n,
LA KOTOprX KOHE€YHa CMeEIllaHHadAd F—KBaSI/IHOpMa BI/I,ZLa

llw; Ly ()|
an Ap—1

— </< / (/\u(ml,xg,...,Qn)‘o}n dx”) C“"ldxn_1> an_2

Ql Qn—l Qn

aq
dx1> < +o00.

Baech MynbTHHHIEKCH () = (a1, 00,...,0p), (@) = (o, 0n—1,...,01), 11 ap > 0 s
moboro p = 1,...,n. MoxHo BujieTs, ato B obmem ciydae L) () # L(g) (). UuTepecnbiv
IPEJICTABIISETCA CIydail HEHOPMUPYEMbIX IIPOCTPAHCTB, KOTa XOTS ObI O/IHO M3 YHCeNT ayg > 1
(k =1,2,...,n). O6o6uennsie mpocrpanctsa L4)(Q) 1 L(g)(§) apiaioTca MeTpusyeMbIMm
poctpancTBamu Pperrre.
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Mpg1 pacemarpuBaeM cucreMy (1) B 10CTATOYHO MIXTPOKOM KJIACCE JIOKAJBHO OIPAHUIEHHBIX
npoctpanctB Jlebera — Pucca, npeacrapisomnemM u3 cedsl IPIMyI0 CyMMY HEHOPMUPYEMbBIX

B O0IIeil cuTyanuu IpOCTPAHCTB CKAISPHBIX U3MepUMbIX QyHKIm u1(x), uz(x),. .., uy(x),
x € Q.

B nampmeitmem wepes Ly () (rme [of = [(aM), (@@),..., (a™)], (o) =
(af,ah,...,ap), i =1,...,n, a; > 0, j = 1,...,n) 0603HaMUM IPOCTPAHCTEO U3MEPUMBIX
BexTop-byukmit U (z) = (u1(z),uz(z),. .., un(z)), v1e € Q, Takux, uro u;(z) € L)(2)
angai=1,...,n.

B wacrnoctu, ecim oy = % npu Jrobom p = 1,...,n, To npoctpancTBo Jlebera — Pucca

L) (§2) siBsieTcst TuLOEPTOBBIM, &, 3HAYHUT, THIBOEPTOBBIM IPOCTPAHCTBOM GyIeT U UX Hps-
Masl CyMMa, KOTOPYIO, CJe/lysl Tpajuimu, obosHauum depes H ().

Bynem cunrars, uro xapakrepuctuxu fj(y, ui(y),u2(y),...,un(y)), 5 = 1,...,n, unre-
IpajibHBbIX oreparopoB ['aMmepinreiina, BXOJAIUX B cucTeMy ypasHeHHi (1), MOMYMHSIIOTCS
ycnosusam Kapareomopu, T. e.:

(K1) mpu xaxiom mabope dbynxmmit (u1(-), uz(:), ..., u.(-)) = w(-) € Li)(Q2) onn m3me-
PUMBI 110 TIEpEMEHHOi y € €);

(K3) mouru npu Bcex 3HaYeHUsAX Yy € ) OHM HEIPEPBIBHBI 110 COBOKYITHOCTH IIE€PEMEHHBIX
(ug,ug, ..., uy). D1 OYHKIUYE ONPEIEISIOT HeJIMHERHbIH onepaTop cyneprosunuu ¢ Haji us-
mepmbiv byaxmmava (ug(z), uz(z), . .., uy(z)) = U (x), nMerommuit BuT

O(w)(x) := (fr(w,ur,ua(x),. .., un(x)), folz,ur(x),us(x),. .., un(x)),. ..,

oz ur,ue(x), .. up(x))).

(2)

Jlemma 1.1. Oneparop cynepnosunun ® neficrsyer us npocrpancrsa Lig (Q) B npocrpan-
crBo Lig(§) Torsa u TOTbKO TOT/IA, KOT/Ia JITS Kask/I0H U3 XapaKTepUCTHK fj MHTErpabHOTO
oneparopa I'ammepinreiina cyiectByor QyHKIus a;(r) € L(ﬁw)(Q) u gucio b; > 0, takue,
47O

|fi(@, ur,ug, ... u,)| < ai(x)—i—biZ\uk\”‘k , j=1,...,n. (3)

< JlokazarenbecTBO JeMMbI 1.1 aHAJIOrHYHO CXeMe JJOKa3aTeIbcTBa TeopeMsl 2.3 B [1]. >

Bynem mpenmnosarars, aro omeparop cymneprosuniuun Hewmbinikoro ® meficrByer u3 mpo-
crpancta Jlebera — Pucca Li,)(§2) B conpsukennoe emy npocrpanctso Lig (€2) (momyckas
CUTYAINI0, KOTIa ag) + ﬁz(f) = 1 upu 066X 4,p = 1,...,n), a JuHEliHbIe UHTErPAJbHbIE
oneparopbl Pperosibma, UMEOIIe BH/L

Q

AeiicTByioT 13 0600mennoro npocrpancrsa Jlebera — Pucca L)) (2) B L4y (), ozz(f) +ﬁ§z) =
1,4,p=1,....,n, B9 > 0, u nenpepoisrbr. Torma oneparop-marpura A := ((Aij)) byner
JeficTBoBaTh W3 ofHoro mpocrpanctsa Lig (€2) B apyroe (emy CONpsKEHHOE) MPOCTPAHCTEO
L (92).

Cucremy (1) MOXKHO TIPEICTABUTEL B IKBUBAJIEHTHON (hOPME B BHJIE OJHOTO OIEPATOPHOIO
yPaBHEHHSI:

U (z) = NASY (z) + w (), (4)
—
riae w(z) = (wi(x),wa(zx),. .., wy(x)) — usBecrnas BeKTOP-bYHKIMSI, IPUHAJJIEIKAIIAS [IPO-
crpancty Li,)(92), a U (x) — mckoMast BeKTOP-byHKIIHS.
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Ecin nuneiinsiii oneparop-Marpuna A nomnyckaer paciuemienue suna A = BB*, rne B —
BIIOJIHE HEIPEPBIBHBIN JUHEHHBIN OlepaTop, AEHCTBYIONINNI U3 THJILOEPTOBa MPOCTPAHCTBA
H () B mpoctpanctso Jlebera — Pucca L,)(§2), a conpskennbiit k B onepatop B* neiictsyer
u3 Lig(Q2) B H(£)), TO MOXKHO BUIETH, ITO Pa3peMMOCTh OllepaTopHOro ypasHenus (4) (a,
3HAYWUT, U UCXOAHON cucTeMbl (1) ypaBrenuii ['ammeprnreiina) Oy/eT BBITEKATb U3 pa3peIn-
MOCTH OIIEPATOPHOTO YPaBHEHUS

U =AB*®BV +W (W€ H(Q), Ve H)). (5)

Eciu vg — pemenue ypasuenus (5) B npocrpancrse H (), To ug = Bug Oyner sBisaTbes
perenmeM orepaToproro ypasuenus (4) B mpoctpanctse Jlebera — Pucca Li,)(92), a, 3maunT,
1 UCXOMHOI cucTembl ypasHenuii lammvepiireiina (1). Ypasaenue (5) KpaTko MOKHO 3aIHCATDH
B BUge U = T, re T — BIOJIHE HENPEPHIBHLIN OIIEPATOP, OIPE/IeIAeMblil IPaBOil YaCTHIO
ypasnenus (5) T = AB*®BV + & u geiictyiomuii B ruis6epToBoM mpocrpancrse H ().

B sTom caydae cupaBeymB coieayIonyi TPUHIAI HETIOABUKHON Toukn KpacHOCebeKo-
ro — Ilososonkoro (cm. mogpobuee monorpadwmio [1]):

JIemma 1.2. Ilycrs B orpanmgennoii obaacru (G) ruisbepToBa NpOCTPAHCTBA, COLEPHKa-
melt HyJIb 9TOro MpOCTPaHCTBa, 3aJaH BIOJIHE HempepbiBHBIH omeparop 1. Ilycts jias «To-
dex» v obsactu (G) BBIIOIHSIETCST HEDABEHCTBO:

(Tv,v) < (v,v). (6)

Torga npeobpaszopanne T umeer B obnactu (G) 1o KpaiiHeii Mepe OJIHy HEMOJBHAKHYIO TOUKY,
T. e. v9 = Ty 151 HeKOoTOPOTO S7IeMenTa vy € (G).

[IpuBenem OmHO U3 HOCTATOYHBIX YCJIOBHIA paciienenus oneparopa A = B - B*, rne B —
BIIOJIHE HEIIPEPBIBHBINA JIMHEHHbI onepaTop, JefcTByoomuil n3 ruibbeproBa IPOCTPAHCTBA
H(Q2) B mpoctpanctso Ly (€2), a conpskennbiii Kk B omeparop B* meticteyer us L (Q2) B
H(Q), e ay + Br = agfr upu kaxaom k = 1,n u ay, O > 0.

JIemma 1.3. Ilycre 3nadenne (o) < % Ipn ycmoBusix:

1) omeparop A neiicTByer HelpepbiBHO 3 0600II€HHOTO IpocTpaHcTBa Jlebera — Pucca
Li3)(92) B conpsizrentoe mpoctpanctio L) (), re (ap) < a < % npu Kaxxkagomk = 1,2,...,n;

2) omeparop-marpunia A B npocrpancrse H () sBiistercst moJ10KHTEIBHBIM, CAMOCOIIPSI-
JKEHHBIM U BIIOJIHE HEIPEPBIBHBIM.

Torna «xopenb KpagpaTHblis m3 A, T. e. omepatop B = A? nefictsyer 3 ruibbeprosa
npocrpanctsa H () B L) () Brosme HenpepbIBHO, IpHTeM JITsT A CIIDaBeITHEO paCIIellTeH e
A= B-B*.

Hokazarenbcrso jeMMbl 1.3 aHAIOTHYHO JOKa3aTeJbCTBY TeopeMbl 4.2 u3 [1]. Ormernm
JIMIIb, YTO JUIsl BBINOJHEHUs ycsioBust 1) nocrarouno orpanndenns [q [q |kij(x, y)|% dx dy <
+00. Oneparop A nosoxurenbnslii, ecin (2] Mmarpuna ((A;j, uj, u;)) TOTOKHTEIBHO OIIPe/Ie-
JIEHa U CaMOCOIPSIZKeHHBII, ecn kij(x,y) = kji(y, x).

2. CyiiiecTBOBaHUE MOJIOXKUTEJIbHBIX PEMIeHU

2.1. CradaJsa uccieyeM cirydaii, Korjia oneparop-marpuna A := ((A;j)) saBisercs moso-
JKUTEJIbHBIM.

ONPEAENEHUE. Hasosem BexTop-dyHKImo w(x) B-npedcmasumoti [1], ecrm w € Dp,
rie Dp — obiacTh 3Hadenuii omeparopa B, T. e. smeMenT W = BW, rie BeKTOP-GYyHKIHT

T (z) € HQ).
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Teopema 2.1. IlycTb BBIIOJHEHBI CIEAYIONIHE YCIOBHS:

1) oneparop-marpuiia A sIBISIETCSI TOJIOXKATETBHBIM, CAMOCOIPSI)KEHHBIM U BIIOJIHE HEIIPE-
PBIBHBIM, JIOIMYCKAIOIAM pacIellIeHne oreparopom, T. e. A = B - B*;

2) omneparop cyneprosuriuu (Hembinkoro) ® geficryer uz npocrpancrsa Jlebera — Pucca
L) () B conpsoxennoe npoctpanctso Lig(S2), a pymxipms W — B-mpeacraBmma;

3) juist Beex 3naderuii x € Q, u; € (—00;00), i = 1,n, UMEIOT MECTO HEPABEHCTBA:

1 2:y;—1
filz,ur,ug, .o up)|ug] — a; - il 2| < bix) - Jug| i + i), (7)

me a; >0,y > L, bi(x) € LT (Q), ¢i(x) € L(Q), ¢;(x) >0 npmi = T,n.

Torya cucrema (1) umeer pemenust B npocrpancrse Jlebera — Pucca Ly (Q) npu kazkm0M
3HaTeHnH mapaMeTpa \ TakoM, 9To A < (Ag-maxa;) !, rie Ao — HaunGoIBIITee I3 COOCTBEHHBIX
qrceT HCXOJTHOTO ornepartopa A.

-
<1 OCHOBHBIM 3TAIIOM J0KA3aTe/IbCTBA SIBJISIETCS LPOBEPKA TOro, 4To omeparop 1 v :=
AB*®BV +7 yno (TV,7) < (7V,7) -b it v ()
yzosrersopsiet yeiosuio (10, v U, V') mist Beex BeKTOp-byHKIMiA v (1),
o —
IPUHAJJIEKAINX orpanudenHoi obmnactu (G) C H(Q), e || v H(Q)|| < r.
BadukcupyemM HEKOTOpOe 3HAUEHHe IapaMerpa A, IOJMUHSIIONIEECs NOC/IeJIHeMYy Hepa-

sercrBy (7). O6Gozmauum uwepes @Q; = |A| - |Aof - (f\bz(x)]% dx)w_i, U, COOTBETCTBEHHO,
Q

n
Q = M- Y [ ¢i(z) do. YunrsiBas ycioBust TeopeMbl, MOXKHO HaliTi Takoe 3Hadenue g > 0, 41o
i=1Q
A - dmaxa; < g < 1. CieoarensHo, Haiigercss Takoe 1 > 0, 9TO UMEET MECTO HEPABEHCTBO

n 2v;—1
g2 +3 Qi Q| TLHQ) < (8)
=1

[Tokaxkem Tenepb, 4To Ha HoBepxHOCTH cdepbl |V H(Q)|| = r BblIOMHSETCS yCIOBHE
(TV, V) < (U, ) ana seex sexrop-byukimit v (z) € (G) € H(Q), rue |[|[v; H(Q)|| < 7.
Hmeer MecTo oreHKa

N
| v

1:19
<) Zaz/(BE))f d:c+)\]Z/bi(a:) (BT dx+\)\]Z/cz(x)dx+(7,?)
=1 Q i:lﬂ 'L:lQ

(OHyCKael\l IIPOMEXKYTOYHbIE BBIKJIaJAKN IJIs1 KPATKOCTHU I/IBJIO}KGHI/IH)

n 2y, —1
<g 4> Qir v +Q+ T LEQ) r <2 = (T, 7)
i=1

na cdepe ||V H(Q)|| = r.

CretoBaresibHO, UCOJB3Yst eMMy 1.2 ( Tomosormdyeckuit npunnun KpacHoceabekoro cy-
n1eCTBOBaHN A HeHO,ILBI/I)KHOﬁ TOYKHU Yy BIIOJIHE HEIPEPBIBHOT'O BEKTOPHOI'O IIOJIA T? = 7),
MOYKHO 3aKJIIOUATh, 9TO ypaBHeHne v = \- B*® B + W umeer pemenne vg, ||[vg; H(Q)|| < .

A rak Kak 1ocsieiHee ypaBHEHHE eCTh oliepaTopHast hbopMa UCXoHoi cucrembl (1), To Bo-

poC 0 paspermumocTu cucreMsl (1) nmeer nooxkuTeabHbI 0TBeT. [Ip 9TOM OKOHUATEIBHAS
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OIIeHKa, MCKOMOTO pernenus ug cucremsl (1) mmeer ciemytommii Bu: ||ug; Lyl < ||B]| - 7, rne
| B|| — nopma onepatopa B, neitcteytomero us H(Q) B Liy). >

2.2. Paccmorpum Jajiee CHTyaImio, KOrga HCXoHbIi oneparop A = ((A; j)) sBisteTcs KBa-
BUIIOJIOKUTEIBHBIM, T. €. MMEET KOHEUYHOE 9HCJIO0 OTPALIATEIBHBIX COOCTBEHHBIX duces. 11ycTh
Hy () ectb smHeiiHas 0607109Ka COOCTBEHHBIX BEKTOP-(DYHKIWMIA omeparopa A, OTBEYAIONNIX
OTPHIATEIBHBIM COOCTBEHHBIM 3HadYeHusAM, a Ho(§)) — oproronansaoe gononnenne Hi(€2) B
rub6eprosom npocrpancree H (). O6osnauum yepes Pp u Py oneparopbl IPOEKTUPOBAHUST
wa H; n Hs coorBercrBenno. Ilycts omeparop P3 = P, — Pp, Torma P32 = I, a nuHeHHBII
oneparop C = Pig - A gBJIIETCS TOJIOKUTETBLHBIM. MOXKHO Tak:Ke 3aMETUTh, 4TO I Olle-
paropa By = C?2 nomupocrpancrsa Hi () u Hy(§) unBapuanTHbl, a omeparopel By u Pj
KOMMYTHUPYIOT.

O6oznaunm nanee yepes H,(€2) nogupocrpancrso B H(§2) takoe, 4r0:

(1= s)- |10 Ha(Q)I* < [P0 Hi(Q)]%,

rime 0 < s < 1.

Jlemma 2.1. Ilycte \g — HammMmeHbIriee 1Mo abCOJIIOTHOH BeJIHIHHE OTPUIATEIHHOE COO-
CTBEHHOE 4HCJIO omeparopa A, Torna cupaBeiinBa OLCHKA
1—
2 —

-1
S
IW;HS(Q)\I2<< Sw) NBT Q)] VT € Hy(©).

<1 Jlst kazk10it BekTop-byHKImu v (1) € Hy(S2) mveem

l—s 1-s
T @I = o (|PT Q) + | BT HQ))
1
< 5 (=) [P0 Hy(Q)|* + | Pro; Hy(Q)]%).

Vuurssas, ato |P1B1 V|| = Vo - |P1v; Hs(R)||, okorgaTebHo Moy anm orenKy

1—s\ "
1T AP < (ol 3=2) 1A T @I
2—s

< ————— |Bi7; Hy(Q)]. >

2—s 9 9
<(322) nB T @I + R T @)
Kak yzke orMedasioch, pa3permmMocTb cucteMbl (1), a, 3HAYUT, U OMEPATOPHOTO ypaBHE-
uus U = \ - A®W + W, sxksuBansenTHoro cucreme (1), GyaeT BHITEKATH U3 PAa3PEIIUMOCTH
oTIepaTOPHOTo ypasHeHus U = A - B*®BW + W B ruumbeprosom npoctpanctse H ().

Teopema 2.2. Ilycrs BBINIOJIHEHBI CJAEIYIONHE VCIOBHSI:

1) omeparop-marpuna A, paccmarpusaemblii B rusibbeproom npocrpanctee H(Y), sB-
JISI€TCST KBA3UITOJIOXKUTEIbHBIM, CAMOCONPSI’KEHHBIMHA H BITOJIHE HEIPEPBHIBHBIM, & OIepaTop
C = Ps3 - A nonyckaer pacuierienue sujga C = By - BY;

2) omeparop cynepnosurun (Hempinkoro) ® neficrByer uz npocrpancrsa Jlebera — Pucca
Lio)(Q) B conpszkennoe emy npoctpanctso Lig(€)), a BekTop-ynKmnms W (x) apmrserca B-
1IpeaCcTaBUMO;

3) auist Beex 3nadenuii x € Q, u; € (—00;00), i = 1,n, cupaBeanBo:

2y—1

1
|fi(, ui, ug, . .. up)u) +3ai|uff < +bi(z)|wi| v + i),

e a =mina; >0, y; > 3, b(z) € L%(Q), ci(x) > 0 st Beex i = 1, n.
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Torma cucrema (1) paspemmuma B mexomHom npoctpanctse Jlebera — Prcca Ly (§) npn
KasKJIOM 3HAYeHUH IapaMeTpa \, IOJIUHSIONIeMCS YCAOBHIO:

(a-]Xo))tH< X< +oo,

e \g — HauMeHbIee 110 abCoII0THO BeJIHUnHe OTPHIATE/ILHOe COOCTBEHHOE 3HAYCHHE OIe-
paropa A.

< Ucnonbayst yesosust 1) u 2), BUIUM, 9TO B pACCMAaTPUBAEMOM CJIy4dae Pa3permMoCThb 1
XOJTHOI crcTeMbl (1) HEMOCPEICTBEHHO CJIe/IyeT U3 Pa3PEeInMOCTU B THILOEPTOBOM ITPOCTPAH-
cree H () oneparopHOro ypasHeHUs : P37 = AB*®B7V + P3w, KOTOPOE MOYKHO [IPEICTABUTD
B CJIEIYIOIIEM BUIE:

v = (2P1 + )\B*(I)B)?) + Psw,

yunTbiBasi, uto P3 = —P; + Ps.

Oueparop (2P +AB*® B)+ Ps siBjisieTcsi BIIOJIHE HEIIPEPHIBHBIM KaK CyMMa BIIOJIHE HEIPe-
PBIBHBIX OIIEPATOPOB (COOTBETCTBYIOIINX OMEPATOPOB MPOCKTUPOBAHMS HA KOHETHOMEPHDIE
HOJIITPOCTPAHCTBA).

Badukcupyem Jlajiee HEKOTOPOe 3HAUEHUE HapaMeTpa A, YIAOBJIETBOPSIOINIee YCJIOBUIO (a -
o)1 < A < +00. Orcioma a - |Ao| - A>1m3a-|Ao| - A—1>2.

MO>KHO HaiiTH YHUCJIO § TAKOE, YTO % < s < 1—(3a-|\o|-A—1)"1, cenoBarensno, pazaocTs

(2—=3a-|Xo|A-3=5) < 1.
1—s
; 2(1 — 1.
—H)ia0-9) <

Ob6o3HaunM Uepes
n

50 — max{(
(/ e ) 1A @=A ZQ/() dz

I n —; —
Mozkno mafitu Takoe 1 > 0, 4T0 S0 - 12 + Y 0 Qi -1V + Q + || H(Q)||r < 12
AHasIornaHO J0Ka3aTeILCTBY TEOPeMbl 2.1, MOKHO IIPOBEPHUTH, UTO Ha [OBEPXHOCTH Che-
pbI pajuyca r B ruabbeproBoM npocrpancrse H () mMeeT MeCTO TOIOJOTMYECKUHA TTPUHIIL

IIycrn

KpacHoceabckoro cymecTBoBaHUs HEIIOIBUXKHON TOYKH Y BIIOJIHE HEIIPEPHIBHOTO BEKTOPHOTO
1oJist, 00ycsIoBIeHHOTO oriepaTopoM 11 = 2P + A - B*®B + Psw.
JleiicTBUTEILHO, NMEET MECTO OIEHKA

(v, 7)=(2- P +AB*®B)v + P37, V) = 2PV, V) + (A B*®B, V) + (P37, V)
=2|P 7 H(Q)|? + N(@®B7,B7) + (P37, 7)

P T2 4 - Z/fz Lo (BT - (BT )i da + (P, T)
1= IQ
<2HP1?H2—3)\-Z%-/ +>\Z/bz |(B0);|*7 da:
=1 Q 1= IQ
a Z/cl Yz + (P T, T) < 2P T2 - 3X- - | BT

ZIQ
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1—2

xS (firt ) (fevgpe) T eor i@
(o)

n
<AV =33-a [BulP +3_ Qi r* T 4 @+ |G HE@ -
i=1
OcTasioch paccMOTpeTh Ba ciiydas: a) Korma v € Hg(Q) € H(Q), 0 < s < 1, n caywai
B) Koraa v €Hy(Q). Umeenm ||Py 7|2 < || V|12 ama v € Hg(9Q).
B ciyuae a) cupaBeinBa OIeHKA:

1_ n
(T10,7) < <2_3.)\.a.2__z>,r2+ZQi.r2—w+Q.HUH.r
i=1

n
<so P4 Y QT+ QA+ vl r < r? = (T, T)
=1

1, KaK BUJIHO, YTBEPKJIEHUE TEOPEMBI 2.2 CIIPABEJINEO.
B ciyuae B) v E€H(Q) u rorma |P V|12 < (1 —5) - ||V < (1 —35)||7|%
[TosryauM OKOHYATETHHO:

n
(M0, 0)<2-(1=9) -+ ) Qi r* " +Q+ |V - |W]
=1

n
<soo Y QP Q4w r <= (T, T). >

=1

[IPUMEYAHUE 1. [Tosrydena onTuMasbHas ONEHKA PEIICHHs U ( ONEPATOPHOTO yPABHCHUS
P37 = \-B*®BW +P;W , 5KBUBAJIEHTHOr0 UCX0THOM cucteMe (1) HeTMHEeHHbIX HHTErpaIbHbIX
" . — — — — =
ypaBHeHuii ['ammMepinreiina, a Takzke Jjisi pernienuss u o = B- vV o ypaBHenus u = AA®P U + w,
—

rae [[uoll < [|B]| -7
I[TPUMEYAHUE 2. Pacmienienne oneparopa P3A = C umeer mecro, ecian siapa kij(x,y)
CYyMMEDPYEMBI Ha IPSMOM mpomsseaennn (2 X () co crenennio o (B caydae, korga p(2) < 0o).

Eciu ke p(£2) 6eckonednasi, To MOCAeIHEE UMEET MECTO IIPH JOTOJHUTETLHOM OMPAHUIEHUN
2o

J (SR y)dy) * do < +oo, e (o) > 2.
Q " Q

3. CymiecTBoBaHUE OTPAHUYEHHBIX PeEIeHuit

Paccmorpum Temepn cutyarmio, Korta ucxonast cucrema (1) meet B Li,)(§2) orpammaen-
— o
HbIE PelleHus! (HHade TOBOPs, KOIJIa KaK, 1ast KOMIIOHEHTa BEKTOP-MYHKINK U (), sIBIISIOIIEli-
cst perterneM cucreMsl (1), orpanndena na muoxectse §2). Mmeer MecTo BCoMorareabHast

Jlemma 3.1. IlycTp BBITOJIHEHBI CAELYIOIIHE YCIOBHSI:
1) omeparop A, onpenenennsiii sjapamn k;j(x,y), sBISETCS MOTOMKHTEIBHBIM U CAMOCO-
MIPSTPKEHHBIM JIHHEHHBIM OIIEPATOPOM B rHIbOepTOBOM npoctpancTse H (2);
2) amaronaJjibHbIe sijpa (IpH © = j) OrPaHHYEHBI IIOYTH BCIOJAY Ha MPSIMOM IPOHU3BEICHUH
QxQ, e l; = vral max, yeaxa |kij(z,y)| < 400, (i = 1,n).
Torma g1st omeparopa B = Az CIIpABE/INBA, OIIEHKA.!
vrai max |(B7 (2));| < Vi - |0 (z); HQ)|. 9)

€N
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< Or nporusroro. ITyere €y C Q — MHOXKecTBO € (), MMeIOIIEe HEHYJIEBYIO KO-
neunyio mepy () < oo, tme |[(BV (z))i|vI; - || V||. Obosmaumm wepes 2 (x) Bemomo-
raTebHyIo BeKTOP-hyHKINI0, WMEIONTYI0 eJIMHCTBeHHYI0 HeHyJIeBylo KOMIOHeHTY 2 (r) =
(0,0,...,0,2(x),0,...,0), rae i-as kommnonenta z;(x) = sign(Bv (x)); mpu Beex = € o,
u z;(x) = 0 mpu z€Q.

YuurbiBasi ycaosue 1) jieMMbl (TOYHEe, yCJI0BUE TOrO, YTO JIMHEHHbIH HHTErPAIbHBII O1le-
parop A SBJIsIeTCst CAMOCOIPSI?KEHHBIM ), IMEEM OICHKY:

(BT.7) = (7.B7) < | T:HQ)| - \/(BZ.B7) = [T: HQ)|/(47. 7)
|7 Q)] ( / / i, 9)z(2) - 24(y) da:dyf < VLT HOQ)| - ().

Qo Qo

Ho ¢ apyroii croponsl, yaurtsiBasi, 910 1(£29) > 0, mosyanm:

(B.7) = (7,8) = (BV)u) = [IBT@)lde > Vi [T5HE@) - ul@0).
Qo

CuennoBatensio, 1(€2p) = 0. >

B 3akJfoveHne npuBejieM HOBbIE PE3yJIbTaThl, KACAIOIINECs HeJIOKAJIbHOM paspermMocTy
cucTeMbl (TOYHEe, YCJIOBUIT CyIeCTBOBAHUS OIPAHUIEHHBIX peleHuii cucreMsr (1)), ¢ yaerom
JIOKa3aHHBIX TeopeM 2.1 u 2.2.

Teopema 3.1. B ycioBusix Teopemsr 2.1 myctb jquaroHajbabie sjapa ki (x,y) jsuHeiiHoro
HHTErpajpHOro omeparopa-marpursl A = ((Ajj)) orpaHHYeHBI HOYTH HPH BCEX 3HATCHHSIX
(x,y) € Q x Q, rme p() < co.

Torga ncxonrast cucrema (1) HeJlMHEHHBIX HHTErPAJIbHBIX ypaBHeHuit [ avMmveprireiina ume-
€T orpaHH4eHHOe DeIlleHHe MTPH KaXKJ0M 3HAYeHHH [IapaMeTpa A\, OAIHHSION[EMCS OTDaHIIe-
o —0o < A < (Agmaxa;) !, rae \g — HamboIbIIee N3 COBCTBEHHBIX 3HaYEHHIT ortepaTopa A.

< CrupaBeyIMBOCTDb YTBEPKIEHUSI HACTOSIIIEH TeOpeMbl CIeIyeT W3 JOKA3AHHBIX Teope-
MBI 2.1 n jgemMmBl 3.1. >

Teopema 3.2. IlycTb BBIITOJIHEHBI YCIOBUS T€OPEMBI 2.2, IJie JHarOHAIbHBIC sIpa ki (T, y)
oneparopa-marpuiier ((P3A;j)) orpanmdensr moarn npu Beex sHadennsx (z,y) € Q x Q. Torza
nexonnast cucrema (1) HeHHEHHBIX HHTerpaJbHBIX ypaBHeHHI IamMeprireiina nMeer orpa-
HHUYCHHbIC DEIIIeHHs IIPDH KazK/IOM 3HadYeHHUH I1apaMeTpa )\, INOAYHUHAIOIIIEMCA OIr'DaAHUYCHUIO
(a-|X])™! < A < 400, 1 \g — HamMenbIee 1T0 abGCOMOTHON BeTTHHE OTPHIIATEIHHOE
cobcTBeHHOE 3HaUeHue oneparopa A.

< CrupaBe/INBOCTb YTBEPXKIEHUsI HACTOSIIE TeopeMbl CJIelyeT M3 TeOPEMbI 2.2 M JIeM-
. —> —
™Mbl 3.1. JleficTrBuTeIbHO, CyIIecTBYyIOIIEe 10 TeopeMe 2.2 perenue ug = Bvg gBisgercs orpa-
HUYEHHON Ha MHOXKecTBe {2 BeKTOp-QyHKIMEH coracHo jgemme 3.1. >

MozKHO 3aMeTUTb, UTO JUaroHajbHbIE sijipa omeparopa C = Ps - A uMeT cjieryromii
BUI:

m
Kii(,y) = kii(w,y) = Y Apepi() - epi(y), (10)
p=1
rae A, (p=1,2,...,m) — Bce oTpULATEIbHBIE COOCTBEHHbIE 3HAYEHUS HCXOIHOIO OIIePaTOpPa

—
A, a €, — cOoOTBETCTBYIOIIIE HOPMUPOBAHHBIE COOCTBEHHDBIE BEKTOP-(YHKINI U3 IPOCTPaH-
crea H () (ms oneparopa C).
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B camom JeJjie, ClipaBeajinBa CJIEAYIOIad IEeIIOYKa PaBEHCTB!:

> [ Koy =3 [ Kol dy

j=1 Q p=1 Q
= / i (2 ) up() dy — 2+ 33 Ay - i) / ey - up(y) dy
p=1g p=1i=1 Q

=(AW)i =2-> A (€p W) - epila) = (AW); — 2+ (PLAT); = (P3ATW); = (C);.

Yunreisast hopmysty (10), Bugaum, aro quaronanbabie sapa K;(z,y) oneparopa C = Ps- A
OrpaHMYeHbl OYTU IPU BeexX 3HaveHusX (z,y) € X {2, ecim TAaKOBBIMU SIBJISIIOTCS JIUATO-
HasbHbIe pa k;i(T,y) MCXOAHOTO onepaTopa-MaTpullbl A U HOPMUPOBAHHBIE COOCTBEHHBIE
BekTOop-bynximn ¢ ,(z) oneparopa C, rie p = 1,m. >

[Tocremnee maer ocHoBanme chOpPMyYIUPOBATE H60OJIEE TPOCTHIE JOCTATOYHBIE YCJIOBHUS Pac-
merienus oneparopa A = B - B*, Hexxenu B Teopeme 2.2.

Teopema 3.3. Ilycrs siapa kij(x,y) Onpesesior MOI0KATENbHBI, CAMOCOIPSI>KEHHDIH I
BITOJIHE HEIPEPBIBHBII orteparop A, neiicTByomuii B ruibbepropoM npocrpanctse H(Q)), a ero
JmaroHaJsibHble sppa kii(x,y) orpanmdensr nodru npu Beex sHadeHusx (x,y) €  x Q. Ecum
mpu 3TOM orepaTop A agedcTByeT m3 mpocTpaHCTBa Jlebera — Pucca L[ﬁ](Q) B CONIPsI?KEHHOE
emy npoctpancTso L, (€2), Torma mmeer mecto pacmemnienne A = B - B*.

Cxema JToKa3aTeTbCTBA HACTOSIIEH TeopeMbl aHAJIOTHIHA comepkanuio ctatbr M. Toom-
6a [3], mosTOMY JJIsi KPATKOCTH U3JIOXKEHUST Mbl €€ He IPUBOJIUM.

4. HesokasibHas pa3sperinMoOCTb CJ1ab0 CBA3aHHOW CHUCTEMBbI
MHOTOMEPHBIX CUHTYJISIPHBIX MHTETPAJbHBIX YPaBHEHU
¢ Hem3oTponHbIMU sapavMu Komm

Pertenne Muormx 3aj1a4 TeOPUU BBIHYKIEHHBIX KOJIEOAHUI, IIPOIECCOB HACJIEICTBEHHON
[JIACTUIHOCTH U BSI3KOYIPYTOCTH, TEIJIOOOMEHa M3/ydeHHeM U JPYTMX KOHKPETHBIX IIPH-
KJIQJTHBIX TPOOJIEM JIMKTOBAJIO HEOOXOJIMMOCTDH HCIIOJIb30BAHMUS KAaYeCTBEHHLIX MeTojoB. Co-
Jep2KaHue JAHHOM YacTH PADOTHI MMOCBIIIEHO UCE «CKUMAIOIIUIL IJIIOC BIIOJIHE HEIIPEPBIBHDLIN
oneparopel» M. A. KpacHocenabckoro, mpomoizkeHHol B ke mybaukannii . Bpaymepow,
I1. I1. Babpeiiko, rje craiu paccMaTpuBaTbcs «iepervierenubies (Trepmun O. Bpayaepa) ome-
paTopbI 00IIEro Bua. 31eCh UCCIeOBaHa HEJIOKAIbHAS PA3PENINMOCTb CUCTEMbBI HEJTMHENHBIX
OIIepaTOPHBIX YPABHEHUN ¢ HEU30TPOIHBIMU siyipamu Kormu B npsiMoit cymme 6aHAXOBBIX IPO-
crpancTB Opnmda, BrIodaromux LP-nipocrpancTia, Jlopenna n MapuuHkeBuva.

[Mycts Q = (2,%, ) — MHOXKECTBO, JiexKalee B k-MEPHOM €BKJIMJIOBOM ITPOCTPAHCTBE
Rk, S — g-anre6pa BCeX €ro p-M3MEPHMbIX MOIMHOXKECTB, (i — IOJIHAS HEATOMIYECKAs O-
ajuTuBHas Mepa, rie () < +oo.

PaccmoTpum ciienyromniyio cucreMy ypaBHEHUIL:

UZ(T) =\ [Alul(T) + BzU(T)]v 1= L_n, (9)
rie 7 € Q, W(T) = {u1(7),u2(7), ..., un(7)} — mcKOMass BexTOP-DYHKIWS; N;, i = 1,m, —
BeIlleCTBEHHBIE [IapaMeTPhI; onepaTopbl A; u B; UMeT cieyromuii BuL:

Ajui(T) = /ai(T,s,ui(s))d,u(s), (10)

Q
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B (1) := by[r, w1 (W), wa (W), . .., wn ()], (11)
rie

wj(ﬁ) = / |7 — 8|_k KT, s,u1(s), .. un(s)] du(s), j=1,m. (12)
Q

OTMeTnM, UTO PO CHHIYJISAPHOrO omeparopa (12) sBjseTcss HEM30TPONIHBIM (HHAYE
rOBOPSA, XapaKTep ero M3MEHeHHs 10 Pa3HBIM HaIpaBJIeHusM pasjuden). Pemenne U ()
cucrembl (9) wuImeM B IPSIMON CyMMe LFM}(Q) banaxopbix npocrpancts Opmuaa Ly, (),
([M] = {M;, My,...,M,}), c HOpMOIT BHIA:

1% (7); Lyl = 4| D luil(7); L, (D112, (13)
1=1

IJle KOMIIOHEHTa u;(T) IPHHAIIEKUT IpocTpancTBy L}, (€2).
T
Ecimn cucrema (9) mpu mexoropeix suadenmax mapamerpos A’ = {A{; A9, ... A2} mve-
— —0

er oTIMYHOe OT TpuBHajbHoro Hyas 6 = {0,0,...,0} pemenne " (7), TO 91O pelieHue
HA30BeM COOCTBEHHON BeKTop-byHKImeil cuctembl (9), a COBOKYITHOCTH mapameTpos AU =
90, ..., 01 — xapakTepucTuueckuM 3Hauenuem cuctembl (9) B cMbiciae I'pemsaenckoro.

CoBoKymHOCTEL TApaMeTpoB (uf{fi1, fi2, - - . , fin } HA30BEM TOUKOI Gudypkanuu cucreMsr (9),

o —
ecsm Jyist 066X € > 0 u § > 0 Haiigercs coberBenHast BekTop-dyHKImst U o(T) cucremsl (9),
o — . * 0 .
sl KOTOPOIi || uo(T),L[M](Q)H <om|N —pi| <e i=1n.
. *

MmuozkectBo D B Hekoropoit obiactu G mpocrpancTBa Opimda L[M} (©2) obpasyer Tak
HA3bIBAEMYIO HEIIPEPBIBHYIO BETBb COOCTBEHHBIX BEKTOD-MYHKIMIA cucreMbl (9), BHIXOISIILY O
— —
u3 6, ecyin rpaHnna S KaykJI0ro OrpaHMIeHHOTO OTKPBITONO MHOXKECTBA, cojepxKaiiero 6 mu
BXOJISINEro B IaHHyI0 obstactb G, umeer ¢ D Hemycroe nepeceuenne, 1. e. SND # & (D C G).

Henbio Tperbeit dacTu paboOThl SIBJISIETCS WCCIIEIOBAHUE CYIIECTBOBAHUS COOCTBEHHBIX
BeKTOP-DyHKIMI, ToueK OudypKkaliuii, HeIIPEPLIBHBIX BeTBeil COOCTBEHHBIX BEKTOP-(PYHKITHI
cucreMbl (9), aHAJIN3 UX CTPOEHUSI U ACHUMITOTHKY IPU OOJIBIINX 3HAYCHUSIX HapaMeTPOB.

CdopmymupyeM OCHOBHO# pe3yJibTaT TpeTheil 9acTu paboThI.

Teopema 4.1. [lycTb BBITOJHEHBI YCJIOBUS:
1) w; ecTb xapakTepucTHIecKoe 3Hadenne npoussoiuoii no Ppeme Al oneparopa A;, nnme-
rommee KpaTHOCTh o (i = 1,n), nprdeM o = XI' | v SBJISIETCS] HEIETHBIM THCIOM;
2) € > 0 TaKoBO, 4TO B OTpe3Ke |w; — €,w; + £] HET HECOBIAJAIOIINX C W; XapaKTEePUCTH-
9eCKHX 3HavIeHHI BIIOJIHE HEIPePLIBHOrO omeparopa Al;
* .
3) omeparop By B miape T(L[ M) (Q);r) paamyca r ABIAETCS JUIIIAIEBHIM, TPHIEM

a(lw+e€)
qlwte)+alwte)’

glwte) <

e q(w te) = (2 (gi(w; £ 5))2)%

Tora mcxonnast cucrema ypasaenuii (9) umeer coberBernble BeKTop-pynKI U (T) (B
cmbicjie I'peMsiaeHCKoro), KOTOPbIM COOTBETCTBYIOT XapAKTEePUCTUIECKHE 3HAYEHHsI C KOMIIO-
HEHTaMH U3 HHTEPBAJIOB (w; — £,w; + €).

CxeMa 0Ka3aTe/IbCTBA HACTOSIICH TEOPEMbl aHAJIOIMYHA COJEPIKAHUIO JTOKA3ATE/ILCTBY
reopembl 4.1.1 monorpadun [6].
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