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1. Introduction

Kaplansky–Hilbert module or AW ∗-module arose naturally in Kaplansky’s study of AW ∗-
algebras of type I [2]. I. Kaplansky proved some deep and elegant results for such structures,
and therefore they have many properties of Hilbert spaces. In [7] A. G. Kusraev estab-
lished functional representations of Kaplansky–Hilbert modules and AW ∗-algebras of type I
by spaces of continuous vector-functions and strongly continuous operator-functions, respec-
tively. The functional representations are the main technical tool used in this paper. Cycli-
cally compact sets and operators in lattice-normed spaces were introduced by A. G. Kusraev
in [5] and [6], respectively. In [8] (see also [9]) a general form of cyclically compact operators
in Kaplansky–Hilbert modules, which, like the Schmidt representation of compact operators
in Hilbert spaces, as well as a variant of the Fredholm alternative for cyclically compact oper-
ators, was also given. Recently, cyclically compact sets and operators in Banach–Kantorovich
spaces over a ring of measurable functions were investigated in [1, 3, 4].

In this paper, we introduce and study the concepts of the trace class operators and global
eigenvalue and multiplicity of a global eigenvalue, and give a variant of Lidskĭı trace formula
for cyclically compact operators in Kaplansky–Hilbert modules. We refer to [9] for the whole
standard terminology and detailed information.

2. Preliminaries

A C∗-module over the Stone algebra Λ is a Λ-module X equipped with a Λ-valued inner

product 〈· | ·〉 : X ×X → Λ satisfying the following conditions:
(1) 〈x | x〉 > 0; 〈x | x〉 = 0 ⇔ x = 0;
(2) 〈x | y〉 = 〈y | x〉∗;
(3) 〈ax+ by | z〉 = a 〈x | z〉+ b 〈y | z〉;

�
© É ¾�À�ºTÊ�Ë��w	Ë��� �xË�QÌ��



30 Gönüllü U.

(4) X is complete with respect to the norm |||x||| := ‖〈x | x〉‖
1
2

for all x, y, z in X and a, b in Λ. As well as its scalar-valued norm |||·|||, a C ∗-module X has
a vector norm, given by x :=

√
〈x | x〉. It is not difficult to deduce |||x||| =

∥∥ x
∥∥ and the

Cauchy–Bunyakovskĭı–Schwarz inequality | 〈x | y〉 | 6 x y .

A Kaplansky–Hilbert module or an AW ∗-module over Λ is a unitary C∗-module over Λ
that enjoys the following two properties:

(1) let x be an arbitrary element in X, and let (eξ)ξ∈Ξ be a partition of unity in P(Λ)
with eξx = 0 for all ξ ∈ Ξ; then x = 0;

(2) let (xξ)ξ∈Ξ be a norm-bounded family in X, and let (eξ)ξ∈Ξ be a partition of unity
in P(Λ); then there exists an element x ∈ X such that eξx = eξxξ for all ξ ∈ Ξ where P(Λ)
denotes complete Boolean algebra of all projections p of Λ (i. e., p2 = p and p∗ = p). We say
that X is faithful if for every a ∈ Λ the condition ax = 0 for all x ∈ X implies that a = 0.

Throughout this paper the letters X and Y denote faithful Kaplansky–Hilbert modules
over Λ. Moreover, Q and H will denote an extremally disconnected compact space and
a Hilbert space, respectively.

Let BΛ(X,Y ) denote the set of all continuous Λ-linear operators from X into Y . In
case X = Y , BΛ(X) := BΛ(X,X) is an AW ∗-algebra of type I with center isomorphic
to Λ [2, Theorem 7]. Every continuous Λ-linear operator is dominated and bo-continuous [9,
Theorem 7.5.7.(1)]. Furthermore, for every continuous Λ-linear operator T ,

T 1 = sup
{
Tx : x ∈ X, x 6 1

}
= sup

{
Tx : x ∈ X, x = 1

}
,

holds, and T ∈ Orth(Λ) [9, Theorem 5.1.8.], whence we can identify T 1 and T since
Orth(Λ) = Λ.

Let B be a complete Boolean algebra. Denote by PrtN(B) the set of sequences ν : N → B
which are partitions of unity in B. For ν1, ν2 ∈ PrtN(B), the symbol ν1 � ν2 abbreviates
the following assertion: if m,n ∈ N and ν1(m) ∧ ν2(n) 6= 0B then m < n. Given a mix-
complete subset K ⊂ X, a sequence s : N → K, and a partition ν ∈ PrtN(B), put sν :=
mix (ν(n)s(n))n ∈ N. A cyclic subsequence of s : N → K is any sequence of the form (sνk)k∈N,
where (νk)k∈N ⊂ PrtN(B) and νk � νk+1 for all k ∈ N. A subset C ⊂ X is said to be cyclically
compact if C is mix-complete and every sequence in C has a cyclic subsequence that converges
(in norm) to some element of C. A subset in X is called relatively cyclically compact if it is
contained in a cyclically compact set. An operator T ∈ BΛ(X,Y ) is called cyclically compact

if the image T (C) of any bounded subset C ⊂ X is relatively cyclically compact in Y . The
set of all cyclically compact operators is denoted by K (X,Y ).

Let x ∈ X, y ∈ Y . Define the operator θx,y : X → Y by the formula

θx,y(z) := 〈z | x〉 y, z ∈ X,

and note that θx,y ∈ K (X,Y ).

The techniques employed in [1] yield the following theorem: U = Sũ is a cyclically compact
opeartor on C# (Q,H) if and only if there is a comeager set Q0 in Q such that u(q) is
a compact operator on H for all q ∈ Q0.

3. The Trace Class

In this section, we study the trace class operators on Kaplansky–Hilbert modules and
investigate the dualities of the trace class.
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From now onward, it will be assumed that (ek)k∈N, (fk)k∈N, and (µk)k∈N verify the
representation of a cyclically compact operator T as in [9,Theorem 8.5.6]

3.1. Definition. Let 1 6 p <∞. The symbol Sp(X,Y ) denotes the set of all cyclically

compact operators T such that (µp
k)k∈N is o-summable in Λ. Put vp(T ) :=

(
o-
∑

k∈N µ
p
k

) 1
p .

S1(X,Y ) and S2(X,Y ) are called the trace class and the Hilbert–Schmidt class, respec-
tively.

3.2. Proposition. Let T ∈ K (X,Y ). Then T is in S1(X,Y ) if and only if there

exist families (xi)i∈I in X and (yi)i∈I in Y such that
(
xi yi

)
i∈I

is o-summable and T =
bo-
∑

i∈I θxi,yi . In particular, if (xi)i∈I and (yi)i∈I are projection orthonormal families and
(αi)i∈I is a family with positive elements, then v1(T ) = o-

∑
i∈I αi xi yi .

C If T is in S1(X,Y ), then the result follows from xn := µnen and yn := fn.
For the converse, assume that the families (xi)i∈I and (yi)i∈I satisfy the stated conditions.

The inequality

k∑

n=1

µn =

k∑

n=1

〈Ten | fn〉 =

k∑

n=1

(
o-
∑

i∈I

〈en | xi〉 〈yi | fn〉

)

6 o-
∑

i∈I



(

k∑

n=1

| 〈en | xi〉 |
2

)1/2( k∑

n=1

| 〈yn | fi〉 |
2

)1/2

 6 o-

∑

i∈I

xi yi

holds for each k ∈ N, and the proof is finished. B

3.3. Corollary. Let T ∈ S1(X,Y ) and λ ∈ Λ. Then v1(λT ) = |λ|v1(T ) and T 6 v1(T )

and

v1(T ) = inf

{
o-
∑

i∈I

xi yi : (xi)i∈I ⊂ X, (yi)i∈I ⊂ Y

}

where (xi)i∈I and (yi)i∈I satisfy condition (ii) of Proposition 3.2.
3.4. Lemma. Let T ∈ S1(X). Then the net (|〈Te | e〉|)e∈E

is o-summable in Λ for all

projection bases E , and the sum o-
∑

e∈E
〈Te | e〉 is the same for all projection bases E of X.

C It is enough to observe that there exist a positive cyclically compact operator R1 and
a cyclically compact operator R2 in S2(X) such that T = R1R2 and 〈Te | e〉 = 〈R2e | R1e〉
hold for every e ∈ E , namely,

R1 := bo-
∞∑

k=1

µ
1/2
k θfk,fk , R2 := bo-

∞∑

k=1

µ
1/2
k θek,fk . B

The trace of T ∈ S1(X) is defined by tr(T ) := o-
∑

e∈E
〈Te | e〉 where E is a projection

bases ofX. Observe that v1(T ) = tr(T ) is satisfied for every positive operator T in S1(X) and
tr(T ) = o-

∑
i∈I 〈yi | xi〉 where (xi)i∈I and (yi)i∈I satisfy the condition (ii) of Proposition 3.2,

and so tr is a Λ-linear operator.
3.5. Lemma. The following statements hold:

(i) tr : (S1(X), v1(·)) → Λ is a dominated and bo-continuous Λ-linear operator. In
particular, |tr(T )| 6 v1(T ) and tr = 1;

(ii) tr(T ∗) = tr(T )∗ (T ∈ S1(X));
(iii) tr(TL) = tr(LT ) whenever TL,LT ∈ S1(X) (T ∈ K (X) and L ∈ BΛ(X));
(iv) If T ∈ S1(Y,X) and L ∈ BΛ(X,Y ), then TL ∈ S1(X), LT ∈ S1(Y ) and |tr(TL)| 6

v1(T ) L .
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C (i) Using the representation of T , we deduce |tr(T )| 6 v1(T ). Thus, tr is bo-continuous
and subdominated, and hence it is dominated, by virtue of [9, Theorem 4.1.11.(1)].

(ii) Follows immediately from the definition of tr.

(iii) Use the representation of T to obtain tr(LT ) = tr(TL).

(iv) If (xi)i∈I and (yi)i∈I satisfy the condition (ii) of Proposition 3.2 for T , then (L∗xi)i∈I
and (yi)i∈I also satisfy the same conditions for TL. Therefore, we have TL ∈ S1(X) and the
inequality

|tr(TL)| =

∣∣∣∣ o-
∑

i∈I

〈yi | L
∗xi〉

∣∣∣∣ =
∣∣∣∣ o-
∑

i∈I

〈Lyi | xi〉

∣∣∣∣ 6 o-
∑

i∈I

Lyi xi 6 L o-
∑

i∈I

yi xi ,

and so the desired inequality follows from Corollary 3.2. B

Let
(
X , · ,Λ

)
be a Banach–Kantorovich space. Denote by X ∗ the set of all Λ-linear

operator η : X → Λ such that (∃ c ∈ Λ) |η(x)| 6 c x (∀x ∈ X ), and note that X ∗ consists
of all |||·|||-continuous Λ-linear operators η : X → Λ.

3.6. Theorem. If ϕ : S1(Y,X) → K (X,Y )∗ is defined by ϕ(T )(A) = tr(TA) for all

A ∈ K (X,Y ) and T ∈ S1(Y,X), then ϕ satisfies the following properties:

(i) ϕ is a bijective Λ-linear operator from S1(Y,X) to K (X,Y )∗;

(ii) v1(T ) = ϕ(T ) (T ∈ S1(Y,X)).

C By Lemma 3.5 (i) and (iv), ϕ is a well-defined dominated Λ-linear operator, and
ϕ(T ) 6 v1(T ) holds for all T ∈ S1(Y,X). Let φ ∈ K (X,Y )∗. Since S2(X,Y ) is a
Kaplansky–Hilbert module, φ|S2(X,Y ) is in S2(X,Y )∗ and there exists a unique S ∈ S2(X,Y )
such that φ|S2(X,Y ) = 〈·, S〉. Thus, φ|S2(X,Y )(A) = tr(S∗A) (A ∈ S2(X,Y )). Assume that
(xk)k∈N, (yk)k∈N, and (λk)k∈N satisfy representation of S∗ as [9, Theorem 8.5.6]. Define
Pm :=

∑m
k=1 θyk,xk

(m ∈ N), and note that Pm 6 1. Thus, the following inequality

φ = φ 1 > φ Pm > |φ(Pm)| = |tr(S∗Pm)| =
m∑

k=1

λk.

implies that S∗ ∈ S1(Y,X). From ϕ(S∗) is bo-continuous ϕ(S∗)(A) = φ(A) is satisfied for
all A ∈ K (X,Y ). Thus, ϕ is onto and ϕ(S∗) > v1(S

∗) holds, and the proof is finished. B

The proof of the following lemma can be extracted from the proof of [10, Proposition 1.3].

3.7. Lemma. If the mapping σ : X × Y → Λ satisfies the properties:

(i) σ(λx1 + µx2, y) = λσ(x1, y) + µσ(x2, y) (x1, x2 ∈ X, y ∈ Y, λ, µ ∈ Λ);

(ii) σ(x, λy1 + µy2) = λ∗σ(x, y1) + µ∗σ(x, y2) (x ∈ X, y1, y2 ∈ Y, λ, µ ∈ Λ);

(iii) There exists some λ ∈ Λ+ such that |σ(x, y)| 6 λ x y (x ∈ X, y ∈ Y )

then there exists a unique A ∈ BΛ(X,Y ) such that A 6 λ and σ(x, y) = 〈Ax | y〉.

3.8. Theorem. If ψ : (BΛ(X,Y ), · ) → (S1(Y,X)∗, · 1) is defined by ψ(L)(T ) = tr(TL)

for all L ∈ BΛ(X,Y ) and T ∈ S1(Y,X), then ψ satisfies the following properties:

(i) ψ is a bijective Λ-linear operator from BΛ(X,Y ) to S1(Y,X)∗;

(ii) L = ψ(L) 1 (L ∈ BΛ(X,Y )).

C By Lemma 3.5 (i) and (iv), ψ is a well-defined dominated Λ-linear operator, and
ψ(L) 1 6 L holds for all L ∈ BΛ(X,Y ). Let τ ∈ S1(Y,X)∗. Define σ : X × Y → Λ
by σ(x, y) := τ(θy,x), and observe that

|σ(x, y)| = |τ(θy,x)| 6 τ 1v1(θy,x) 6 τ 1 x y .
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Therefore, there exists A ∈ BΛ(X,Y ) with σ(x, y) = 〈Ax | y〉. This implies that ψ(A)(θy,x) =

τ(θy,x) and Ax
2
6 τ1 Ax x . Thus, we have A 6 τ 1 and ψ(A)(T ) = τ(T ) (T ∈

S1(Y,X)), and the proof is finished. B

4. Lidskĭı trace formula

Our main aim in this section is to prove Lidskĭı trace formula for cyclically compact
operators in a Kaplansky–Hilbert modules.

Set [λ] = inf {π ∈ P(Λ) : πλ = λ}, the support of λ in Λ.
4.1. Definition. Let T be an operator on X. A scalar λ ∈ Λ is said to be an eigenvalue

if there exists nonzero x ∈ X such that Tx = λx. A nonzero eigenvalue λ is called a global

eigenvalue if for every nonzero projection π ∈ Λ with π 6 [λ] there exists a nonzero x ∈ πX
such that Tx = λx.

4.2. Proposition. Let T be a continuous Λ-linear operator on X and λ be a nonzero

scalar. Then the following statements are equivalent:
(1) The scalar λ ∈ Λ is a global eigenvalue of T ;
(2) There is x ∈ X such that Tx = λx and x ∈ P(Λ) with x > [λ].

C (2) ⇒ (1) : Obvious.
(1) ⇒ (2) : Let λ be a global eigenvalue of T . Consider the set

C :=
{
( x , x) : x ∈ P(Λ), 0 < x 6 [λ] , Tx = λx

}
.

The definition of global eigenvalue and [2,Lemma 4.] yield [λ] = sup
{
x : (π, x) ∈ C

}
. From

this and the Exhaustion Principle, there exists an antichain (µα)α∈A in P(Λ) such that
supα∈A µα = [λ], and for each α ∈ A there is ( xα , xα) ∈ C with µα 6 xα . Hence, we get
x := bo-

∑
α∈A µαxα with x = [λ] and Tx = λx, whence the proof. B

Let T be in BΛ(X,Y ). For an eigenvalue λ of T define

Nλ :=
⋃

n∈N

ker(T − λI)n.

The following lemma gives a relation between Nλ and ker(T − λI)n (n ∈ N)
4.3. Lemma. Let T be a cyclically compact operator on X and λ be a global eigenvalue

of T . If π is a nonzero projection with π 6 [λ], then there exist a nonzero projection µ with
µ 6 π and n ∈ N such that µNλ = µ ker(T − λI)n.

C Assume by way of contradiction that the assertion is false. Then a sequence (xn)n∈N
can be constructed such that xn ∈ π

(
(ker(T − λI)n)⊥ ∩ ker(T − λI)n+1

)
and π = xn .

Therefore, it follows from

(T − λI)n ((T − λI)xn − λxm − (T − λI)xm) = 0 (m < n)

that (T − λI)xn − λxm − (T − λI)xm ∈ ker(T − λI)n, and so

Txn − Txm
2
= λxn + ((T − λI)xn − λxm − (T − λI)xm)

2

> λxn
2
+ (T − λI)xn − λxm − (T − λI)xm

2

> |λ|2 xn = π|λ|2 6= 0

which contradicts cyclically compactness of T . This proves the lemma. B
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Let T be a cyclically compact operator on X. For a global eigenvalue λ of T and for each
N ∈ N define

ρN (λ) := sup
{
π ∈ P(Λ) : πNλ = π ker(T − λI)N , π 6 [λ]

}
.

Using the lemma above, we immediately have the following corollary.

4.4. Corollary. Let T be a cyclically compact operator onX and λ be a global eigenvalue

of T . The following conditions are satisfied:

(1) ρN (λ) 6 ρN+1(λ);

(2) ρN (λ)Nλ = ρN (λ) ker(T − λI)N ;

(3) [λ] = sup{ρN (λ) : N ∈ N}.

According to [9, Theorem 7.4.7 (2)], for each N ∈ N, there exists a partition (bξ)ξ∈Ξ
of ρN (λ) such that bξNλ is a strictly κ(bξ)-homogeneous Kaplansky–Hilbert module over
bξΛ. Since T is cyclically compact, κ(bξ) must be a finite number. From [9, Theorem
7.4.7.(1)], we can assume that Ξ = N and κ(τλ,N (n)) = n where τλ,N (n) := bn. So, there
is a unique sequence (τλ,l)l∈N in P(Λ)N such that τλ,l := (τλ,l(n))n∈N is a partition of ρl(λ)

and τλ,l(n)Nλ = τλ,l(n) ker(T − λI)l is a strictly n-homogeneous Kaplansky–Hilbert module
over τλ,l(n)Λ. Moreover, τλ,l(n) 6 τλ,l+1(n) and τλ,l(n) ∧ τλ,k(m) = 0 are satisfied for all
k, l,m, n ∈ N with n 6= m. So, (τλ(n))n∈N is a partition of [λ] where τλ(n) := supl∈N {τλ,l(n)}.

Now, we define the multiplicity of global eigenvalues of cyclically compact operators on
X which is an element of the universally complete vector lattice (ReΛ)∞, which in turn is
the universal completion of ReΛ.

4.5. Definition. Let T be a cyclically compact operator on X and λ be a global

eigenvalue of T . The multiplicity of λ will be denoted by τ λ and is described as follows:

τλ := o-
∑

n∈N

nτλ(n) = o-
∑

n∈N

n sup
l∈N

{τλ,l(n)} = sup
l,n∈N

{nτλ,l(n)} ∈ (ReΛ)∞.

Now, we define the multiplicity of global eigenvalues of cyclically compact operators on
X which is an element of the universally complete vector lattice (ReΛ)∞, which in turn is
the universal completion of ReΛ.

4.6. Lemma. Let U = Sũ be in End (C# (Q,H)) and λ be a global eigenvalue of U . Then

there is a meager subset B0 such that λ(q) is a nonzero eigenvalue of u(q) for all q ∈ Aλ \B0.

C By Proposition 4.2, Ux̃ = λx̃ is satisfied for some x̃ ∈ C# (Q,H) with x̃ = [λ].
Thus, u(q)x(q) = λ(q)x(q) holds for all q ∈ Q0 := domu ∩ domx. Define B0 := Qc

0 ∪
(Aλ \ {q ∈ Q : λ(q) 6= 0}), and note that B0 is a meager set in Q. The lemma follows. B

4.7. Lemma. Let U = Sũ be a cyclically compact operator on C# (Q,H) and λ be

a global eigenvalue of U . Then there is a meager subset A0 such that for all q ∈ Aλ \A0 the
following equality holds:

ker(U − λI)(q) := (ker(U − λI)) (q) = ker(u(q)− λ(q)I).

C Clearly, q ∈ domu implies ker(U − λI)(q) ⊂ ker(u(q) − λ(q)I). As U is a cyclically
compact operator, there exists a partition of [λ], (bk)k∈N in P(Λ) such that bn ker(U − λI)
is a strictly n-homogeneous Kaplansky–Hilbert module over bnC(Q). Fix k ∈ N. Let
{ẽi : i = 1, . . . , k} be a basis for bk ker(U − λI). Then for some meager set Ak the set
{ei(q) : i = 1, . . . , k} is a basis of ker(U − λI)(q) for all q ∈ Vk \ Ak, where Vk is the clopen



Trace class and Lidskĭı trace formula on Kaplansky–Hilbert modules 35

set corresponding to the projection bk. From the lemma above we obtain a meager subset B0

such that λ(q) is a nonzero eigenvalue of u(q) for all q ∈ Aλ \ B0. Define

Ck :=
{
q ∈ Vk \ (Ak ∪B0) : ker(U − λI)(q) 6= ker(u(q)− λ(q)I)

}
.

Then we can see that Ck is meager, and so A0 =
(
Aλ \

(⋃
k∈N Vk

))
∪
(⋃

k∈NAk ∪ Ck

)
∪B0 is

meager. Therefore, ker(U −λI)(q) = ker(u(q)−λ(q)I) holds for all q ∈ Aλ \A0, as desired. B

An immediate consequence of the preceding results is the following.

4.8. Corollary. Let U = Sũ be a cyclically compact operator on C# (Q,H) and λ be

a global eigenvalue of U . Then there exists a meager set B0 such that for all q ∈ Aλ \B0 the
following statements hold:

(1) λ(q) is a nonzero eigenvalue of compact operator u(q);

(2)
(
ker(U − λI)k

)
(q) = ker(u(q)− λ(q)I)k (k ∈ N);

(3) Nλ(q) = Nλ(q) where Nλ(q) is the generalized eigenspace, corresponding to the eigen-
value λ(q);

(4) τλ(q) = m(λ(q)) where m(λ(q)) is the algebraic multiplicity of λ(q).

Denote by Sp∗(u(q)) the set of all non-zero eigenvalues of u(q), that is Sp∗(u(q)) =
Sp(u(q)) \ {0}.

4.9. Lemma. Let U = Sũ be a cyclically compact operator on C# (Q,H) and let Σ be

a finite subset of C(Q) consisting of global eigenvalues of U and the set

Au ⊂ {q ∈ dom(u) : Sp∗(u(q)) \ {σ(q) : σ ∈ Σ} 6= ∅}

be non meager in Q. If λq is in Sp∗(u(q)) \ {σ(q) : σ ∈ Σ} for each q ∈ Au, then there is
a global eigenvalue λ of U and a comeager set Q0 that satisfy the following conditions:

(1) [λ] =
∨

N∈N πN where πN is the projection corresponding to clopen set UN :=
int (cl (AN )) with

AN := {q ∈ Au : (∀σ ∈ Σ)|σ(q) − λq| > 1/N and |λq| > 1/N} ;

(2) πN |λ| > 1
N πN and πN |σ − λ| > 1

2N πN (N ∈ N, σ ∈ Σ);

(3) If q is in AN ∩Q0, then |λ(q)| > 1
N and |σ(q)− λ(q)| > 1

2N hold for each σ ∈ Σ;

(4) If λ(q) 6= 0 holds for some q ∈ Q0, then λ(q) ∈ Sp∗(u(q)) \ {σ(q) : σ ∈ Σ};

(5) If λ(q) = 0 holds for some q ∈ Q0, then q /∈ Au.

C Without loss of generality we may assume that u(q) is a compact operator on H for
each q ∈ domu. Since Au =

⋃
N∈NAN is not meager, UN0 6= ∅ holds for some N0. Let hq

be an eigenvector of u(q) corresponding to λq with ‖hq‖ = 1 for every q ∈ Au. For every
N,n ∈ N and q ∈ UN ∩AN we can find a clopen set Uq,n,N ⊂ UN such that

‖u(w)hq − λqhq‖ 6
1

n
and |σ(w) − λq| >

1

2N
(σ ∈ Σ)

for all w ∈ Uq,n,N ∩domu. We can establish a global eigenvalue λN of U such that [λN ] = πN
and

|λN | >
1

N
πN and πN |σ − λN | >

1

2N
πN (σ ∈ Σ).

Therefore, if we define λ := π1λ1 + o-
∑

N∈N(πN+1 − πN )λN+1, then [λ] =
∨

N∈N πN and λ is
a global eigenvalue of U . This and Proposition 4.6 complete the proof. B
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4.10. Theorem. Let T be a cyclically compact operator on X. Then there exists

a sequence (λk)k∈N consisting of global eigenvalues of T or zeros in Λ with the following
properties:

(1) |λk| 6 T , [λk] > [λk+1] (k ∈ N) and o-lim k→∞ λk = 0;

(2) There exists a projection π∞ in Λ such that π∞|λk| is a weak order-unity in π∞Λ for
all k ∈ N;

(3) There exists a partition (πk) of the projection π⊥
∞ such that π0λ1 = 0, πk 6 [λk], and

πkλk+m = 0, m, k ∈ N;

(4) πλk+m 6= πλk for every nonzero projection π 6 π∞ + πk and for all m, k ∈ N;

(5) Every global eigenvalue λ of T is of the form λ = mixk∈N (pkλk), where (pk)k∈N is
a partition of [λ].

C The theorem will be proved in case of X = C# (Q,H) and T = Sũ. General case can be
obtained by the functional representations of Kaplansky–Hilbert modules and bounded linear
operators on them (see [9, Theorems 7.4.12 and 7.5.12]). Now, by induction and Lemma 4.9,
a sequence (λn) consisting of global eigenvalues of Sũ or zeros, and a decreasing sequence of
comeager sets (Qn), can be established as follows:

(i) if λn(q) 6= 0 holds for some q ∈ Qn, then λn(q) ∈ Sp∗(u(q)) \ {λi(q) : i = 1, . . . , n− 1};

(ii) if λn(q) = 0 holds for some q ∈ Qn, then Sp∗(u(q)) \ {λi(q) : i = 1, . . . , n− 1} = ∅;

(iii) Sp∗(u(q)) = {λn(q) : λn(q) 6= 0 (n ∈ N)} is satisfied for all q ∈ Q0 :=
⋂
Qn.

Define π∞ :=
∧

k∈N [λk] and π0 := [λ1]
⊥ and πk := [λk] ∧ [λk+1]

⊥ (k ∈ N). Then this
implies (2), (3) and (4). Moreover, since |λn(q)| 6 ‖u(q)‖ and limk→∞ λk(q) = 0 hold for all
q ∈ Q0, we have |λn| 6 U and o-lim λk = 0, and so this implies (1). Let λ be an global
eigenvalue of U . Then we can assume that the meager set A0 satisfies the condition of the
Lemma . From (iii) we have (Aλ ∩Q0) \ A0 =

⋃
k∈NAk where

Ak := {q ∈ Aλ \ A0 : λ(q) = λk(q)} (k ∈ N).

Since Ak \ int (cl (Ak)) is nowhere dense, [λ] =
∨

k∈N µk and µkλ = µkλk where µk denotes
the projection corresponding clopen set int (cl (Ak)). Thus, there exists a partition (pk)k∈N
of [λ] such that λ = mix pkλkk ∈ N holds, and the proof is finished. B

Let (λk)k∈N be as Theorem 4.10. If λk = 0, take τλk
= 0.

4.11. Definition. The sequence (λk(T ))k∈N, where λk(T ) := λk is given by the above

theorem, is called a global eigenvalue sequence of T with the multiplicity sequence (τ k(T ))k∈N
where τk(T ) := τλk

.

4.12. Theorem (Lidskĭı trace formula). Let T be in S1(X) and (λk(T ))k∈N be a global

eigenvalue sequence of T with the multiplicity sequence (τ k(T ))k∈N. Then the following
equality holds

tr(T ) = o-
∑

k∈N

τk(T )λk(T ).

C As in Theorem 4.10, the theorem will be proved in case of X = C# (Q,H) and T =
Sũ. Let (λk(T ))k∈N be a global eigenvalue sequence of T with the multiplicity sequence
(τ k(T ))k∈N. From Corollary 4.8 and Theorem 4.10, there exists a comeager set Q0 such that
for each q ∈ Q0 the following statements hold:

(i) tr(T )(q) = tr(u(q)) and v1(T )(q) = v1(u(q));

(ii) Sp∗(u(q)) = {λn(T )(q) : λn(T )(q) 6= 0};

(iii) λn(T )(q) 6= λm(T )(q) if λn(T )(q) 6= 0 or λm(T )(q) 6= 0 for n 6= m;
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(iv) if λk(T )(q) 6= 0, then τ k(T )(q) = m(λk(T )(q)) ∈ N wherem(λk(T )(q)) is the algebraic
multiplicity of λk(T )(q).

From (i), (ii), (iii), (iv) and Lidskĭı trace formula for the compact operator u(q), we see
that

tr(T )(q) = tr(u(q)) =
∑

k∈N

τk(T )(q)λk(T )(q)

is absolutely convergent on the comeager set Q0, and so we have

tr(T ) = o-
∑

k∈N

τk(T )λk(T ). B
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