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THE EDGE Cx GRAPH OF A GRAPH
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For any integer k > 4, the edge Ck graph Ex(G) of a graph G = (V, E) has all edges of G as it vertices,
two vertices in Fi(G) are adjacent if their corresponding edges in G are either incident or belongs to
a copy of Ck. In this paper, we obtained the characterizations for the edge Cj graph of a graph G
to be connected, complete, bipartite etc. It is also proved that the edge C4 graph has no forbidden
subgraph characterization. Mereover, the dynamical behavior such as convergence, periodicity, mortality
and touching number of E(G) are studied.
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1. Introduction

For graph theory terminology and notation in this paper we follow the book [3]. All graphs
considered in this paper are finite, unoriented, without loops and multiple edges.

Graph theory [3] is an established area of research in combinatorial mathematics. It is
also one of the most active areas of mathematics that has found large number of applications
in diverse areas including not ounly computer science, but also chemistry, physics, biology,
anthropology, psychology, geography, history, economics, and many branches of engineering.
Graph theory has been especially useful in computer science, since after all, any data structure
can be represented by a graph. Furthermore, there are applications in networking, in the
design of computer architectures, and in general, in virtually every branch of computer science.
However, to date most of the research in graph theory has only considered graphs that remain
static, i.e., they do not change with time. A wealth of such literature has been developed
for static graph theory. Our purpose is to classify dynamic graphs, i.e., graphs that change
with time. Dynamic graphs appear in almost all fields of science. This is especially true of
computer science, where almost always the data structures (modeled as graphs) change as the
program is executed. Very little is known about the properties of dynamic graphs.

The study of graph dynamics has been receiving wide attention, since Ore’s work on the
line graph operator L(G) (see [5, 6]). The edge Cy graph Ey(G) of a graph G is defined in [5]
as follows: The edge Cj, graph of a graph G = (V, E) is a graph Ey(G) = (V', E’), with vertex
set V! = E(G) such that two vertices e and f are adjacent if, and only if, the corresponding
edges in G either incident or opposite edges of some cycle C. So for any two edges in G are
adjacent if, and only if, they belongs to a common P53 or C}, in G. When k = 3, the definition
coincides with triangular line graph of a graph |2|, and when k = 4, the definition coincides
with Ey-graph of a graph [4].
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Throughout this paper we denote by P, (respectively C,,), a path (respectively cycle) on
n vertices. The graph obtained by deleting any edge of K, is denoted by K, —e. A graph G is
H-free if G does not contain H as an induced subgraph. A graph H is a forbidden subgraph
for a property P of graphs if no graph having property P contains an induced subgraph
isomorphic to H. The cross product G x G of two graphs G1 and G is a simple graph with
V(G1) x V(G2) as its vertex set and two vertices (u1,v1) and (ug,vs) are adjacent in Gy X G
if, and only if, either u; = uo and vy is adjacent to ve in Go, or uy is adjacent to ue in Gy
and v = vs.

Clearly, the edge C graph coincides with the line graph for any acyclic graph. But they
differ in many properties. As a case, for a connected graph G, Ex(G) = G if, and only
if, G = Cp,, n # k. Also Beineke has proved in [1] that the line graph has nine forbidden
subgraphs. In this paper, we see that Ej(G) has no forbidden subgraphs.

In the following sections, we presented the characterizations for the edge Cj graph of
a graph G is connected, complete, bipartite etc. We have also proved that the edge Cy graph
has no forbidden subgraph characterization. The dynamical behavior such as convergence,
periodicity, mortality and touching number of Ej(G) are also studied.

2. Edge C} Graph of a Graph

The edge C}, graph Ey(G) of a graph G is defined in [5] as follows: The edge C} graph of
a graph G = (V, E) is a graph E(G) = (V', E’), with vertex set V' = E(G) such that two
vertices e and f are adjacent if, and only if, the corresponding edges in G either incident or
opposite edges of some cycle Cj. So for any two edges in G are adjacent if, and only if, they
belongs to a common Ps or C% in G. When k = 3, the definition coincides with triangular line
graph of a graph [2|, and when k = 4, the definition coincides with Fj4-graph of a graph [4].
Clearly the edge Cj, graph coincides with the line graph for any acyclic graph. But they differ
in many properties. As a case, for a connected graph G, Ey(G) = G if and only if G = C,,
n # k. The following result characterizes graphs whose Ej graph is isomorphic to their line
graph.

Theorem 1. For a graph G, Ex(G) = L(QG) if, and only if, G is Cy-free.

Theorem 2. For any graph G, Ei(QG) is connected if, and only if, exactly one component

of G contains edges.

Theorem 3. For any graph G, the edge Ej, graph is complete then diam(G) < L%J

< Since Ei(G) is complete then by the definition of Fx(G) any two edges must either
incident or belongs to a cycle of length k. Suppose that diam(G) > L%J That is there exists
two vertices v and v in G with d(u,v) > L%J Clearly v and v can not be in the some cycle
of length L%J Let v/ and v' be any two vertices adjacent to u and v respectively. Then the
edges uu’ and vv’ are not adjacent and does not belongs to a cycle of length k. This proves,
a contradiction. >

REMARK. The converse need not be true for example Cs has diameter 2 but E4(G) is not
complete.

In [4], the authors prove that: For a connected graphG, E4(G) is complete if, and only
if, G is complete multipartite. But the same can not be generalized for k > 5. For example
for the peterson graph &, E5(Z) is clearly complete graph Kj5. But &2 is not complete
bipartite. However, we have the following:

Theorem 4. For a connected graph G, E(G) is complete if, and only if, every edge of G
belongs to a C.
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Corollary 5. Let G be a complete r-multipartite graph for some r > %, Ei(G) is complete.

In [4], the authors proved that the edge Cy graph E,(G) has no forbidden subgraphs. We
now prove that the edge Cy graph Fjx(G) also have no forbidden subgraph characterization.

Theorem 6. There is no forbidden subgraph characterization for Ey(G) for any k > 3.

<1 We can assume that k& > 5, since the edge C3 of a graph is nothing but triangular line
graph and when k = 4, the result follows from the above result. We shall prove that given
any graph G, we can find a graph H such that G is an induced subgraph of Ej(H). For any
graph G, let H = G x K5. Clearly H contains 2 copies of G say G and G'. Now let H’' be
the graph obtained from H by subdivide each edge of one copy of G in H into k — 4 edges.

We claim that G is induced subgraph of Ej(H'). For any v € V(G), Ex(G) contains
vertices of the form vv’, where v’ is the corresponding vertex in G’. Now for any two adjacent
vertices u and v, the corresponding vertices uu’ and vv’ are also adjacent in Ex(G), since the
vertices w,u’,uy, ug, -+ ,up_4,v",v forms a cycle of length k in H’. Now if u and v are non
adjacent adjacent vertices of G then wu' and vv' are also non adjacent vertices in Ej(H').
Thus the subgraph induced by the set {uv’ : v € G} of vertices in H,G) contains G as
a induced subgraph. This completes the proof. >

Theorem 7. For a connected graph G, Ey(G) is bipartite if, and only if, G is either
a path or an even cycle of length r # k.

< Suppose that Ei(G) is bipartite. Suppose that G has a vertex of degree at least 3,
then G contains a cycle of length 3. Hence, the degree of every vertex is at least 2. Since G
connected, G must be a path or a cycle. Now, if G is an odd cycle of length r, then r can
not be odd or equal to k. since, if r is odd then L(G) is also a cycle which is a subgraph of
Eix(G) and if r = k, then Ey(G) = K, and hence Fy(G) cannot be bipartite in both cases.
Finally if r is even and r # k then Ex(G) = G, which is bipartite.

Conversely, suppose that G is either a path or an even cycle of length r # k, then FEi(Q)
is either a path or an even cycle respectively. Hence Ey(G) is bipartite. >

Corollary 8. For a connected graph G, Ei(G) is a tree if, and only if, G is a path.

3. Dynamical Properties

First we recall some graph dynamical terminologies from [6]. Let G be any graph. The
n''-iterated graph is iteratively defined as follows: EY(G) = G, EL(G) = Ex(G), EXNG) =
Ey(Ey~Y@G)), n > 2. We say that G is convergent under Ej, if {EP(G) : n € N} is finite.
If G is not convergent under Ej, then G is divergent under Ey. A graph G is periodic if there
is some natural number n with G = EJ'(G). The smallest such number is called the period
of G. The transition number t(x) of a convergent graph G is defined as zero if G is periodic
and as the smallest number n such that E}'(G) is periodic. A graph G is mortal if for some
n > N, E}(G) = ¢ the empty graph.

Theorem 9. The graphs P,, K; 3, C,, (n # k) are the only Ej convergent graphs.

< If G contains a vertex of degree > 3, then Fj(G) contains K4. In the subsequent
iterations the clique size goes on increasing and hence G diverges. So, for convergent graphs
0(G) < 3.

If G is a tree which is neither P, nor Kj 3, then Ky is contained at least in the third
iterated graph and hence G cannot converge. o>

Corollary 10. For Ei(G), the only periodic graphs are the cycles Cy,, n # k and they
have period one.
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<1 The paths P, converge to and K7 3 converges to the triangle. Consider the graphs which
are not trees. If G is not a cycle, then G contains a cycle with a pendant edge as a subgraph
(need not be induced). Then K, is a subgraph at least in the second iteration and hence in
the subsequent iterations the clique size will go on increasing and hence cannot converge. All
cycles except C} are fixed under Ej and Cj is not convergent. Thus, the proof follows from
the fact that a graph G is convergent if, and only if, G is either periodic or there is some
positive integer n with E}}(G) periodic. >

Corollary 11. The transition number t(K; 3) = 1 and for n # k, t(C,,) = 0.

Corollary 12. For E(G), the paths are the only mortal graphs.

< Among the convergent graphs, cycles other than Cj, are fixed and K 3 converges to Ks.
The paths are the only graphs converging to ¢. >

References

1. Beineke L. W. Characterizations of derived graphs // J. Combinatorial Theory.—1970.—Vol. 9.—P. 129-
135.

2. Jarrett E. B. Transformations of graphs and digraphs. Ph.D. Thesis.—Western Michigan University,
1991.

3. Harary F. Graph Theory.—Addison-Wesley Publ. Co., 1969.

4. Menon Manju K., Vijayakumar A. The edge C4 graph of a graph // Ramanujan Math. Soc. Proc. of
ICDM (Bangalore, India, December 15-18, 2006).—2008.—P. 245-248.—(Lecture Notes Series, Ne 7).

5. Prisner E. Graph Dyanamics.—Longman, 1995.

6. Ore O. Theory of Graphs.—Providence (R.I.): Amer. Math. Soc., 1962.—Vol. 38.

Recewved January 15, 2014.

Siva Kota REDDY P.

Department of Mathematics

Siddaganga Institute of Technology, B. H. Road
Tumkur-572 103, India

E-mail: reddy_math@yahoo.com; pskreddy@sit.ac.in

Nacaraja K. M.

Department of Mathematics

J.S.S. Academy of Technical Education
Uttarahalli-Kengeri Main Road, Bangalore-560 060, India
E-mail: nagkmn@gmail.com

SIDDALINGASWAMY V. M.

Department of Mathematics

J.S.S. Academy of Technical Education
Uttarahalli-Kengeri Main Road, Bangalore-560 060, India
E-mail: swamyvms@yahoo.com

PEBEPHBIN C)-I'PA® I'PADA

Cusa Kora Penygu I1., Harapaiia K. M., Cugmanuaraceamu B. M.

Hna nro6oro nenoro k > 4 pebepuntit Cr-rpad Er(G) rpada G couepxur Bee pebpa rpada G B xauecrse
BEPINWH, TIPU STOM JBe BepmmHbl cMeXKHbl B Fi((G), ecam coorBercTByomue nm pebpa B rpade G mmbo
uHIMAEeHTHBL, b0 npunaayexar kouuu Cy. B crarbe ycranossieno, yro pebepubiit Ci-rpad rpada G
ABJIAETCH CBA3HBIM, LIOJIHBIM, JABY/JO0JIbHBbIM ¥ T. 1. Jlokazano takxe, 4ro pebepuniit Cy-rpad ne umeer
xapakTepusanuil 3anpemenuabivu noarpadpamu. Kpome Toro, uccsie1oBanbl TaKue XapaKTEPUCTUKA JTAHA-
MudecKux rpadoB KaKk CXOAUMOCTD, 11€PUOAUIHOCTD, MOPTAIBHOCTD U 4UC/I0 1epexonos rpada Fi(G).

KuroueBsie cioBa: pebepubtit Ci-rpad, Tpeyrosibubiil JuHeiHblil rpad, CX0AUMOCTb, IEPUOIUIHOCTD,
MOPTAJIbHOCTD, YUCJIO0 IIE€PEX0IO0B.



