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1. Ââåäåíèå

Çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî �óíêöèîíàëà ïî çíà÷åíèÿì äðóãèõ

ëèíåéíûõ �óíêöèîíàëîâ âïåðâûå áûëà ïîñòàâëåíà Ñ. À. Ñìîëÿêîì [1℄ â 1965 ã. Â îñíî-

âå ýòîé ðàáîòû ëåæàëè èäåè À. Í. Êîëìîãîðîâà î íàèëó÷øåì ïðèáëèæåíèè íà êëàññå

�óíêöèé, èçëîæåííûå â ðàáîòàõ [2℄ è [3℄. Çàäà÷à îá îïòèìàëüíîì âîññòàíîâëåíèè ïî

íåòî÷íî çàäàííîé èí�îðìàöèè áûëà ïîñòàâëåíà â ðàáîòå [4℄. Â äàííîé ðàáîòå èçó÷à-

åòñÿ çàäà÷à âîññòàíîâëåíèÿ ñàìîé ïîñëåäîâàòåëüíîñòè èëè åå k-é ðàçäåëåííîé ðàçíîñòè
(1 6 k 6 n− 1) â ñðåäíåêâàäðàòè÷íîé íîðìå ïî íåòî÷íî çàäàííîìó íà èíòåðâàëå ïðåîá-

ðàçîâàíèþ Ôóðüå äàííîé ïîñëåäîâàòåëüíîñòè â ðàâíîìåðíîé íîðìå íà êëàññå ïîñëåäîâà-

òåëüíîñòåé ñ îãðàíè÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ. Çàäà÷à îäíîâðåìåííîãî âîññòà-

íîâëåíèÿ íåñêîëüêèõ ðàçäåëåííûõ ðàçíîñòåé ðàçëè÷íîãî ïîðÿäêà ïî íåòî÷íî çàäàííîé

ïîñëåäîâàòåëüíîñòè ñ îãðàíè÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ â ñðåäíåêâàäðàòè÷íîé

íîðìå ðàññìàòðèâàëàñü â ðàáîòå [5℄. Çàäà÷à âîññòàíîâëåíèÿ �óíêöèè è åå k-é ïðîèç-

âîäíîé ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ýòîé �óíêöèè ðàññìàòðèâàëàñü

â ðàáîòå [6℄. �åçóëüòàò, ïîëó÷åííûé â äàííîé ðàáîòå, â ïðåäåëüíîì ñëó÷àå ïåðåõîäèò

â ðåçóëüòàò, ïîëó÷åííûé â ðàáîòå [6℄.

2. Îñíîâíûå ïîíÿòèÿ

�àññìîòðèì ïðîñòðàíñòâî l2,h(Z), h > 0, âñåõ ïîñëåäîâàòåëüíîñòåé x = {xj}j∈Z òàêèõ,
÷òî

∑

j∈Z

|xj|2 < ∞, ‖x‖l2,h(Z) =
(
h
∑

j∈Z

|xj |2
)1/2

.

Íàïîìíèì îïðåäåëåíèå îïåðàòîðà ðàçäåëåííûõ ðàçíîñòåé:

∆1
hx = ∆hx =

{
xj+1 − xj

h

}

j∈Z

, ∆k
hx = ∆h

(
∆k−1

h x
)
.
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Îáîçíà÷èì

L
n
2,h(Z) =

{
x ∈ l2,h(Z) : ‖∆n

hx‖l2,h(Z) 6 1
}
,

L
n
2,h,∞(Z) =

{
x ∈ L

n
2,h(Z) : (Fx)(·) ∈ L∞([−π/h, π/h])

}
,

ãäå îáðàçîì Ôóðüå ïîñëåäîâàòåëüíîñòè x = {xj}j∈Z ∈ l2,h(Z) ÿâëÿåòñÿ �óíêöèÿ

(Fx)(ω) = h
∑

j∈Z

xje
−ijhω ∈ L2([−π/h, π/h]).

Îáðàçàìè Ôóðüå äëÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé ÿâëÿþòñÿ �óíêöèè

(F∆hx)(ω) = h
∑

j∈Z

xj+1 − xj
h

e−ijhω

=
1

h

(
h
∑

j∈Z

xj+1e
−i(j+1)hωeihω − h

∑

j∈Z

xje
−ijhω

)

=
eihω

h
· h
∑

j∈Z

xj+1e
−i(j+1)hω − 1

h
· h
∑

j∈Z

xje
−ijhω =

eihω − 1

h
(Fx)(w).

Ñëåäîâàòåëüíî,

(
F∆k

hx
)
(ω) =

(eihω − 1)k

hk
(Fx)(ω).

Ïóñòü äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z) òàêæå ïðèáëèæåííî èçâåñòíî

åå ïðåîáðàçîâàíèå Ôóðüå íà ìíîæåñòâå (−σ;σ), σ 6 π/h, â ìåòðèêå L∞(−σ;σ), ò. å.
èçâåñòíà íåêîòîðàÿ �óíêöèÿ y ∈ L∞(−σ;σ) òàêàÿ, ÷òî

∥∥(Fx)(·) − y(·)
∥∥
L∞(−σ;σ)

6 δ.

Çàäà÷à ñîñòîèò â îïòèìàëüíîì âîññòàíîâëåíèè ëèáî ñàìîé ïîñëåäîâàòåëüíîñòè, ëèáî

îïåðàòîðà ðàçäåëåííîé ðàçíîñòè k-ãî ïîðÿäêà ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z).

Â êà÷åñòâå ìåòîäà âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå îòîáðàæåíèÿ

m(y) : L∞(−σ;σ) → l2,h(Z).

Ïîãðåøíîñòüþ ìåòîäà m áóäåì íàçûâàòü âåëè÷èíó

e
(
L

n
2,h,∞(Z), k, δ,m

)
= sup

x∈L n
2,h,∞(Z),

y∈L∞(−σ;σ),
‖(Fx)(·)−y(·)‖L∞(−σ;σ)6δ

∥∥(∆k
hx)−m(y(·))

∥∥
l2,h(Z)

.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E
(
L

n
2,h,∞(Z), k, δ

)
= inf

m:L∞(−σ;σ)→l2,h(Z)
e
(
L

n
2,h,∞(Z), k, δ,m

)
.

Ìåòîä m, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, áóäåì íàçûâàòü îïòèìàëüíûì ìåòî-

äîì.
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3. Îñíîâíîé ðåçóëüòàò

Ïîëîæèì

g(ω) =
|eihω − 1|2

h2
=

(
2 sin hω

2

h

)2

,

σ̂ � ðåøåíèå óðàâíåíèÿ

∫ σ̂
−σ̂ g

n(ω)dω = 2π
δ2
, σ0 = min(σ, σ̂).

Òåîðåìà 1. Ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ ðàâíà

E
(
L

n
2,h,∞(Z), k, δ

)
=





√
Ω, σ0 < π/h,√
δ2

2π

∫
|ω|6π/h

gk(ω) dω, σ0 = π/h, (1)

ãäå

Ω =
δ2

2π

∫

|ω|<σ0

gk(ω) dω + gk−n(σ0)

(
1− δ2

2π

∫

|ω|<σ0

gn(ω) dω

)
.

Ïðè σ0 < π/h ìåòîä m̂(y) òàêîé, ÷òî

Fm̂(y) =

{
α(ω)y(ω), |ω| 6 σ0,

0, |ω| > σ0,

ãäå

α(ω) =

(
1−

(
g(ω)

g(σ0)

)n−k
)

· (e
ihω − 1)k

hk
,

ÿâëÿåòñÿ îïòèìàëüíûì. Ïðè σ0 = π/h ìåòîä m̂(y) òàêîé, ÷òî

Fm̂(y) =
(eihω − 1)k

hk
y(ω),

ÿâëÿåòñÿ îïòèìàëüíûì.

4. Äîêàçàòåëüñòâî

Ëåììà 1. Èìååò ìåñòî íåðàâåíñòâî

E
(
L

n
2,h,∞(Z), k, δ

)
> sup

x∈L n
2,h,∞(Z),

‖(Fx)(·)‖L∞(−σ;σ)6δ

∥∥∆k
hx
∥∥
l2,h(Z)

. (2)

⊳ Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x ∈ L n
2,h,∞(Z) òàêîé, ÷òî âûïîëíåíî íåðàâåíñòâî

‖(Fx)(·)‖L∞(−σ;σ) 6 δ, è äëÿ ëþáîãî ìåòîäà m èìååì

2
∥∥∆k

hx
∥∥
l2,h(Z)

=
∥∥∆k

h(x)−∆k(−x) +m(0)−m(0)
∥∥
l2,h(Z)

6
∥∥∆k

h(x)−m(0)
∥∥
l2,h(Z)

+
∥∥∆k

h(−x)−m(0)
∥∥
l2,h(Z)

6 2e
(
L

n
2,h,∞(Z), k, δ,m

)
,

ò. å. äëÿ ëþáîãî ìåòîäà m

e
(
L

n
2,h,∞(Z), k, δ,m

)
> sup

x∈L n
2,h,∞(Z),

‖(Fx)(·)‖L∞(−σ;σ)6δ

∥∥∆k
hx
∥∥
l2,h(Z)

.

Îòñþäà ñëåäóåò íåðàâåíñòâî (2). ⊲
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Äîêàçàòåëüñòâî òåîðåìû 1. Èç ëåììû 1 ñëåäóåò, ÷òî ïîãðåøíîñòü îïòèìàëüíîãî

âîññòàíîâëåíèÿ íå ìåíüøå çíà÷åíèÿ ýêñòðåìàëüíîé çàäà÷è

∥∥∆k
hx
∥∥
l2,h(Z)

→ max,
∥∥∆n

hx
∥∥
l2,h(Z)

6 1,
∥∥(Fx)(ω)

∥∥
L∞(−σ;σ)

6 δ.
(3)

Ïåðåéäåì ê êâàäðàòó çàäà÷è (3) è çàïèøåì åå â îáðàçàõ Ôóðüå. Ïî òåîðåìå Ïëàíøå-

ðåëÿ èìååì

∥∥∆m
h x
∥∥2
l2,h(Z)

=
1

2π

∥∥F (∆m
h x)(ω)

∥∥2
L2([−π/h,π/h])

,

∥∥∆m
h x
∥∥2
l2,h(Z)

=
1

2π

∫

|ω|6π/h

|eihω − 1|2m
h2m

|Fx(ω)|2 dω.

Òåì ñàìûì, ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

1

2π

∫

|ω|6π/h

|eihω − 1|2k
h2k

|(Fx)(ω)|2 dω → max;

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|(Fx)(ω)|2 dω 6 1, |(Fx)(ω)|2 6 δ2
(4)

äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ), x ∈ L n
2,h,∞(Z).

Ïóñòü σ > σ̂. Ïîêàæåì, ÷òî çíà÷åíèå çàäà÷è (4) íå ìåíüøå, ÷åì

δ2

2π

σ̂∫

−σ̂

gk(ω) dω.

Ââåäåì �óíêöèþ p(ω) = 1
2π |(Fx)(ω)|2dω > 0. Òîãäà çàäà÷à (4) ïðèíèìàåò âèä

∫

|ω|6π/h

gk(ω)p(ω) dω → max;

∫

|ω|6π/h

gn(ω)p(ω) dω 6 1, p(ω) 6
δ2

2π
.

(5)

Ïîëîæèì p̂(ω) =

{
δ2

2π , ω ∈ (−σ̂; σ̂),

0, ω /∈ (−σ̂; σ̂).
Òàê êàê

∫

|ω|6π/h

gn(ω) p̂(ω) dω =
δ2

2π

σ̂∫

−σ̂

gn(ω) dω = 1,

òî �óíêöèÿ p̂(ω) äîïóñòèìà â çàäà÷å (5), ò. å. çíà÷åíèå ýòîé çàäà÷è íå ìåíüøå, ÷åì

∫

|ω|6π/h

gk(ω) p̂(ω) dω =
δ2

2π

σ̂∫

−σ̂

gk(ω) dω.
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Ïðè σ > σ̂ èìååì, ÷òî

E2
(
L

n
2,h,∞(Z), k, δ

)
>

δ2

2π

σ̂∫

−σ̂

gk(ω) dω,

ò. å. ïîëó÷åíà îöåíêà ñíèçó ïðè σ0 = σ̂.
�àññìîòðèì ñëó÷àé σ < σ̂, σ < π/h. Ïîëîæèì

S(m) =

√√√√
πm

gn
(
σ+ 1

m

2

)
(
1− δ2

2π

∫

|ω|6σ

gn(ω) dω

)
.

Ïóñòü m äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

σ + 1
m < π

h . �àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé xm, äëÿ êîòîðîé

(Fxm)(ω) =





δ, ω ∈ (−σ;σ),

S(m), σ < |ω| < σ + 1
m ,

0, |ω| > σ + 1
m .

Íåðàâåíñòâî

1
2π |(Fxm)(ω)|2 6

δ2

2π âûïîëíåíî äëÿ âñåõ |ω| < σ. Äàëåå, èìååì

1

2π

∫

|ω|6π/h

gn(ω)|(Fxm)(ω)|2 dω =
1

2π

(
2δ2

σ∫

0

gn(ω) dω + 2S2(m)

σ+ 1
m∫

σ

gn(ω) dω

)

6
1

π

(
δ2

σ∫

0

gn(ω) dω +
πm

gn
(
σ + 1

m

) ·
(
1− δ2

π

σ∫

0

gn(ω) dω

)
· 1

m
gn
(
σ +

1

m

))
= 1,

ò. å. ïîñëåäîâàòåëüíîñòü �óíêöèé xm äîïóñòèìà â çàäà÷å (4). Çíà÷åíèå ýòîé çàäà÷è íå

ìåíåå âåëè÷èíû

1

2π

∫

|ω|6π/h

gk(ω)|(Fxm)(ω)|2 dω =
1

2π

(
2δ2

σ∫

0

gk(ω) dω + 2S2(m)

σ+ 1
m∫

σ

gk(ω) dω

)

>
1

π

(
δ2

σ∫

0

gk(ω) dω +
πm

gn (σ + 1
m)

·
(
1− δ2

π

σ∫

0

gn(ω) dω

)
· 1

m
gk(σ)

)
.

Ïðè m → ∞ âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè, ñòðåìèòñÿ ê

Ω =

(
δ2

π

σ∫

0

gk(ω) dω + gk−n(σ) ·
(
1− δ2

π

σ∫

0

gn(ω) dω

))
.

Òåì ñàìûì, ìû ïîêàçàëè, ÷òî ïðè σ < σ̂, σ < π/h ñïðàâåäëèâî íåðàâåíñòâî

E2(L n
2,h,∞(Z), k, δ) > Ω.

Â ñëó÷àå σ = π
h < σ̂ ïîëîæèì (Fx)(ω) = δ, |ω| < π

h . Òîãäà, ïîñêîëüêó âûïîëíåíî

ðàâåíñòâî

δ2

2π

∫ σ̂
−σ̂ g

n(ω) dω = 1, σ̂ > π
h , �óíêöèÿ gn(ω) íåîòðèöàòåëüíàÿ, òî âûïîëíåíî

íåðàâåíñòâî

1

2π

∫

|ω|6π/h

gn(ω)|(Fxm)(ω)|2 dω =
δ2

2π

∫

|ω|6π/h

gn(ω) dω < 1.
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Ýòî îçíà÷àåò, ÷òî �óíêöèÿ x(·) äîïóñòèìà â çàäà÷å (4) è çíà÷åíèå çàäà÷è íå ìåíåå âå-

ëè÷èíû

δ2

2π

∫

|ω|6π/h

gk(ω) dω.

Òåì ñàìûì ìû ïîêàçàëè, ÷òî

E
(
L

n
2,h,∞(Z), k, δ

)
>





√
Ω, σ0 < π/h,√
δ2

2π

∫
|ω|6π/h

gk(ω) dω, σ0 = π/h.

Ïóñòü σ0 = min(σ, σ̂), σ0 < π/h. Ïîêàæåì, ÷òî ìåòîä m̂ : L∞(−σ;σ) → l2,h(Z) òàêîé,
÷òî

Fm̂(y) =

{
α(ω)y(ω), |ω| < σ0,

0, |ω| > σ0,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äëÿ îöåíêè îïòèìàëüíîé ïîãðåøíîñòè âîññòàíîâëåíèÿ ðàçäåëåííûõ ðàçíîñòåé ðàñ-

ñìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∥∥∆k
hx− m̂k(y)

∥∥
l2,h(Z)

→ max,
∥∥(Fx)(·) − y(·)

∥∥
L∞(−σ;σ)

6 δ,

x ∈ L
n
2,h,∞(Z), y ∈ L∞(−σ;σ).

(6)

Â îáðàçàõ Ôóðüå êâàäðàò çàäà÷è ïðèíèìàåò âèä

1

2π

( ∫

|ω|<σ0

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− α(ω)y(ω)

∣∣∣∣
2

dω

+

∫

σ06|ω|6π/h

|eihω − 1|2k
h2k

|Fx(ω)|2dω
)

→ max,

|Fx(ω)− y(ω)|2 6 δ2

(7)

äëÿ ïî÷òè âñåõ ω ∈ (−σ, σ),

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|Fx(ω)|2 dω 6 1.

Ïîëîæèì z(ω) = Fx(ω) − y(ω), |z(ω)| 6 δ. Òîãäà ìàêñèìèçèðóåìîå âûðàæåíèå ìîæíî

ïðåäñòàâèòü â âèäå

D =
1

2π

( ∫

|ω|<σ0

∣∣∣∣
(
(eihω − 1)k

hk
− α(ω)

)
· Fx(ω) + α(ω)z(ω)

∣∣∣∣
2

dω

+

∫

σ06|ω|6π/h

gk(ω)
∣∣Fx(ω)

∣∣2dω
)

→ max .
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Îöåíèì ïîäûíòåãðàëüíîå âûðàæåíèå èç ïåðâîãî èíòåãðàëà, ïðèìåíèâ íåðàâåíñòâî Êî-

øè � Áóíÿêîâñêîãî:

∣∣∣∣
(
(eihω − 1)k

hk
− α(ω)

)
· Fx(ω) + α(ω)z(ω)

∣∣∣∣
2

=

∣∣∣∣∣

(eihω−1)k

hk − α(ω)
√
λ̂1(ω)

·
√

λ̂1(ω)Fx(ω) +
α(ω)√
λ̂2(ω)

·
√

λ̂2(ω)z(ω)

∣∣∣∣∣

2

6

(∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)

)
·
(
λ̂1(ω)|Fx(ω)|2 + λ̂2(ω)|z(ω)|2

)
,

ãäå λ̂1(ω) > 0, λ̂2(ω) > 0 äëÿ ïî÷òè âñåõ ω < σ0.
Ïóñòü

Q(ω) =

∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)
6 1. (8)

Òîãäà çíà÷åíèå çàäà÷è íå áîëüøå, ÷åì

D 6
1

2π

∫

|ω|<σ0

λ̂1(ω)|Fx(ω)|2 dω +
1

2π

∫

|ω|<σ0

λ̂2(ω)|z(ω)|2 dω

+
1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω.

Ïóñòü

λ̂1(ω) =
gn(ω)

gn−k(σ0)
, λ̂2(ω) = gk(ω)− λ̂1(ω).

Òîãäà

D 6
1

2π

∫

|ω|<σ0

gn(ω)

gn−k(σ0)
|Fx(ω)|2 dω +

1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω

+
1

2π

∫

|ω|<σ0

(
gk(ω)− gn(ω)

gn−k(σ0)

)
|z(ω)|2 dω.

Ó÷èòûâàÿ, ÷òî �óíêöèÿ gk−n(ω) íåîòðèöàòåëüíàÿ, ÷åòíàÿ è óáûâàþùàÿ ïðè ω > 0,
èìååì

1

2π

∫

σ06|ω|6π/h

gk(ω)|Fx(ω)|2 dω =
1

2π

∫

σ06|ω|6π/h

gk−n(ω) · gn(ω)|Fx(ω)|2 dω

6
1

2π
gk−n(σ0)

∫

σ06|ω|6π/h

gn(ω)|Fx(ω)|2 dω.

Òàêèì îáðàçîì, ïîëó÷àåì

D 6
gk−n(σ0)

2π

∫

|ω|6π/h

gn(ω)|Fx(ω)|2 dω +
1

2π

∫

|ω|<σ0

(
gk(ω)− gn(ω)

gn−k(σ0)

)
|z(ω)|2 dω.
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Ó÷èòûâàÿ óñëîâèÿ â çàäà÷å (7), ïîëó÷àåì

D 6 gk−n(σ0) ·
(
1− δ2

2π

∫

|ω|6π/h

gn(ω) dω

)
+

δ2

2π

∫

|ω|<σ0

gk(ω) dω.

Òàê êàê âåðõíÿÿ è íèæíÿÿ îöåíêè ïîãðåøíîñòè ñîâïàäàþò, ìåòîä m̂ � îïòèìàëüíûé.

Ïîêàæåì, ÷òî óñëîâèå (8) âûïîëíèìî. Ïóñòü

α(ω) =
λ̂2(ω)

λ̂1(ω) + λ̂2(ω)
· (e

ihω − 1)k

hk
.

Òîãäà

Q(ω) =

∣∣∣ (e
ihω−1)k

hk − α(ω)
∣∣∣
2

λ̂1(ω)
+

|α(ω)|2

λ̂2(ω)
=

gk(ω)

λ̂1(ω) + λ̂2(ω)
= 1,

è óñëîâèå âûïîëíÿåòñÿ.

Ïîêàæåì, ÷òî ïðè σ = π
h < σ̂ ìåòîä m̂ : L∞(−σ;σ) → l2,h(Z) òàêîé, ÷òî

Fm̂(y) =
(eihω − 1)k

hk
y(ω), |ω| < π

h

îïòèìàëåí. Â ýòîì ñëó÷àå êâàäðàò çàäà÷è (7) èìååò âèä

1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− (eihω − 1)k

hk
y(ω)

∣∣∣∣
2

dω → max,

|Fx(ω)− y(ω)|2 6 δ2

(9)

äëÿ ïî÷òè âñåõ ω ∈ (−π/h, π/h),

1

2π

∫

|ω|6π/h

|eihω − 1|2n
h2n

|Fx(ω)|2 dω 6 1.

Ó÷èòûâàÿ îãðàíè÷åíèÿ â çàäà÷å (9), îöåíèì ïåðâûé èíòåãðàë:

1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− (eihω − 1)k

hk
y(ω)

∣∣∣∣
2

dω

=
1

2π

∫

|ω|6π/h

gk(ω)|Fx(ω)− y(ω)|2 dω 6
δ2

2π

∫

|ω|6π/h

gk(ω) dω.

Âåðõíÿÿ è íèæíÿÿ îöåíêè ñíîâà ñîâïàëè, ìåòîä îïòèìàëåí.

Ïóñòü

W
n
2 (R) =

{
f(·) ∈ L2(R) : f (n−1) ∈ LAC(R), f (n)(·) ∈ L2(R)

}

� ñîáîëåâñêîå ïðîñòðàíñòâî, ãäå LAC(R) � ìíîæåñòâî �óíêöèé, àáñîëþòíî íåïðåðûâ-

íûõ íà êàæäîì êîíå÷íîì îòðåçêå. �àññìîòðèì êëàññ �óíêöèé

W
n
2,∞(R) =

{
f(·) ∈ W

n
2 (R) : ‖f (n)(·)‖L2(R) 6 1, (Ff)(·) ∈ L∞(R)

}
,

ãäå (Ff)(·) � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè f .
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Çàìåòèì, ÷òî, â ïðåäåëå ïðè h → 0 k-ÿ ðàçäåëåííàÿ ðàçíîñòü ïîñëåäîâàòåëüíîñòè

x ∈ L n
2,h,∞(Z) ïåðåõîäèò â ïðîèçâîäíóþ k-ãî ïîðÿäêà �óíêöèè f(·) ∈ W

n
2,∞(R),

lim
h→0

g(ω) = ω2, lim
h→0

σ̂ =

(
π(2n + 1)

δ2

) 1
2n+1

.

Èìååì

lim
h→0

E
(
L

n
2,h,∞(Z), k, δ

)
=





δ
√

σ̂2k+1

π(2k+1) , σ > σ̂,

δ

√(
δ2σ(2k+1)

π(2k+1) + σ2(k−n)
(
1−

(
σ
σ̂

)(2n+1)
))

, σ < σ̂.

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ðàâåíñòâà, ñîâïàäàåò ñ ïîãðåøíîñòüþ âîññòàíîâëå-

íèÿ k-é ïðîèçâîäíîé íà êëàññå W
n
2,∞(R) ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå,

ïîëó÷åííîé â ðàáîòå [6℄.

Êðîìå òîãî, ïðåäåëüíûé îïòèìàëüíûé ìåòîä ñîâïàäàåò ñ îïòèìàëüíûì ìåòîäîì, ïî-

ëó÷åííûì äëÿ ýòîé çàäà÷è â òîé æå ðàáîòå.
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ON OPTIMAL RECOVERY OF THE OPERATOR

OF k-th DIVIDED DIFFERENCE FROM ITS INACCURATELY

GIVEN FOURIER TRANSFORM

Unu
hek S. A.

This paper 
onsiders the re
overy problem of the k-th divided di�eren
e of sequen
e, provided that the

Fourier transform of this sequen
e on the interval is approximately known. The optimal re
overy method

is also 
onstru
ted.
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