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Èçó÷àþòñÿ äâå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè â ïîëîñå íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ ñ çàäàííîé

âåñîâîé �óíêöèåé. Ïåðâàÿ çàäà÷à � âîññòàíîâëåíèå �óíêöèè â ïîëîñå, åñëè âñþäó â ýòîé ïîëî-

ñå èçâåñòíû èíòåãðàëû îò èñêîìîé �óíêöèè ñ ëèíåéíîé âåñîâîé �óíêöèåé íà ñåìåéñòâå îòðåçêîâ

ïðÿìûõ. Äîêàçàíû òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è, ïîëó÷åíî

àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé. Ïðåäñòàâëåíà îöåíêà

ðåøåíèÿ çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ, îòêóäà ñëåäóåò åå ñëàáàÿ íåêîððåêòíîñòü. Òåîðåìà

åäèíñòâåííîñòè è îöåíêà óñòîé÷èâîñòè ïîëó÷åíû è äëÿ çàäà÷è ñ âîçìóùåíèåì, âåñîâàÿ �óíêöèÿ

êîòîðîé èìååò äîñòàòî÷íî îáùèé âèä. Âòîðàÿ çàäà÷à � âîññòàíîâëåíèÿ �óíêöèè ïî èíòåãðàëüíûì

äàííûì íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ ñ âåñîâîé �óíêöèåé ýêñïîíåíöèàëüíîãî âèäà. Äîêàçàíû òåî-

ðåìà åäèíñòâåííîñòè, òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ. Ïîñòðîåíî ïðîñòîå ïðåäñòàâëåíèå ðåøåíèÿ

ðàññìîòðåííîé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé. Ïîëó÷åíà

îöåíêà óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è â ïðîñòðàíñòâàõ Ñîáîëåâà, òåì ñàìûì ïîêàçàíà ñëàáàÿ íåêîð-

ðåêòíîñòü çàäà÷è. Äàëåå ðàññìàòðèâàåòñÿ ñîîòâåòñòâóþùàÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîç-

ìóùåíèåì. Ïîëó÷åíû òåîðåìà åäèíñòâåííîñòè åå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé ñ

íîñèòåëåì â ïîëîñå è îöåíêà óñòîé÷èâîñòè ðåøåíèÿ â ñîáîëåâñêèõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíàÿ ãåîìåòðèÿ, ïðåîáðàçîâàíèå �àäîíà, ïðåîáðàçîâàíèå Ôóðüå, ïðå-

îáðàçîâàíèå Ëàïëàñà, �îðìóëà îáðàùåíèÿ, îöåíêè óñòîé÷èâîñòè, åäèíñòâåííîñòü ðåøåíèÿ, òåîðåìà

ñóùåñòâîâàíèÿ, ñëàáàÿ íåêîððåêòíîñòü, âîçìóùåíèå.

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè, ïîëó÷åíèÿ îöå-

íîê óñòîé÷èâîñòè è àíàëèòè÷åñêèõ �îðìóë îáðàùåíèÿ äëÿ íîâûõ êëàññîâ çàäà÷ èíòå-

ãðàëüíîé ãåîìåòðèè â ïîëîñå. Äîêàçàíû òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðå-

øåíèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè íà ñåìåéñòâå îòðåçêîâ ïðÿìûõ â êëàññå ãëàäêèõ

�èíèòíûõ �óíêöèé ñ íîñèòåëåì â ïîëîñå. Ïîëó÷åíû ÿâíûå �îðìóëû îáðàùåíèÿ, èç

êîòîðûõ âûòåêàþò óòâåðæäåíèÿ î ñëàáîé íåêîððåêòíîñòè ðåøåíèÿ çàäà÷è. Äàëåå ðàñ-

ñìàòðèâàåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîçìóùåíèåì. Äîêàçàíû òåîðåìà åäèí-

ñòâåííîñòè è ïîëó÷åíû îöåíêè óñòîé÷èâîñòè åå ðåøåíèÿ â êëàññå ãëàäêèõ �èíèòíûõ

�óíêöèé ñ íîñèòåëåì â ïîëîñå.

Âîïðîñû åäèíñòâåííîñòè ðåøåíèÿ ïëîñêîé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà ñåìåé-

ñòâå ïàðàáîë ñ âîçìóùåíèåì ðàññìàòðèâàëèñü â ñòàòüå [1℄. Â [2, 3℄ èçó÷åíû çàäà÷è èí-

òåãðàëüíîé ãåîìåòðèè â òðåõìåðíîì ñëîå íà ñåìåéñòâå ïàðàáîëîèäîâ ñ âîçìóùåíèåì.

Â [4℄ ðàññìîòðåíû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà ïëîñêîñòè, êîòîðûå òåñíî ñâÿçàíû

ñ çàäà÷åé �àäîíà ñ âîçìóùåíèåì.
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Â [5℄ ïðèâîäèòñÿ òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èíòåãðàëüíîé ãåîìåòðèè

íà êðèâûõ ýëëèïòè÷åñêîãî òèïà â êëàññå ãëàäêèõ �èíèòíûõ �óíêöèé ñ íîñèòåëåì â ïî-

ëîñå. Â ðàáîòå [5, 6℄ ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå äëÿ îáðàçà Ôóðüå ïî ïåðâîé

ïåðåìåííîé îò èñêîìîé �óíêöèè, èç êîòîðîãî âûòåêàåò óòâåðæäåíèå î ñèëüíîé íåêîð-

ðåêòíîñòè ðåøåíèÿ çàäà÷è. Âàæíûå ðåçóëüòàòû ïî îáðàùåíèþ ïðåîáðàçîâàíèÿ �àäîíà

è ïðèëîæåíèÿì â ñåéñìè÷åñêîé è êîìïüþòåðíîé òîìîãðà�èè ïðåäñòàâëåíû â [7�9℄. Çà-

äà÷à âîññòàíîâëåíèÿ �óíêöèè ïî èçâåñòíûì èíòåãðàëàì îò íåå íà ñåìåéñòâå êîíóñîâ â

ñëó÷àå ïðîñòðàíñòâà ÷åòíîé ðàçìåðíîñòè èçó÷àëàñü â ñòàòüå [10℄. Â ðàáîòàõ [11, 12℄ ðàñ-

ñìàòðèâàëèñü íîâûå ïîñòàíîâêè ñëàáî íåêîððåêòíûõ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè íà

ïàðàáîëè÷åñêèõ êðèâûõ ñî ñïåöèàëüíûìè âåñîâûìè �óíêöèÿìè.

Îáîçíà÷èì Ω = {(x, y) : x ∈ R
1, 0 6 y 6 H}. Äëÿ âñåõ (x, y), ëåæàùèõ â ïîëîñå Ω,

ðàññìîòðèì ñèñòåìó îòðåçêîâ {Υ(x, y)}:

Υ(x, y) = {(ξ, η) : x− ξ = y − η, 0 6 η 6 y 6 H} .

Îáîçíà÷èì ÷åðåç C2
0 (Ω) êëàññ �óíêöèé u (x, y), êîòîðûå èìåþò âñå íåïðåðûâíûå ÷àñòíûå

ïðîèçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî è �èíèòíû ñ íîñèòåëåì â ïîëîñå Ω.

2. Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè

Çàäà÷à 1. Âîññòàíîâèòü �óíêöèþ äâóõ ïåðåìåííûõ u(x, y) â ïîëîñå Ω, åñëè èçâåñò-
íû èíòåãðàëû îò íåå ïî îòðåçêàì ïðÿìûõ èç ñåìåéñòâà {Υ(x, y)} ñ âåñîâîé �óíêöèåé

g (x, y, ξ, η):

∫

Υ(x,y)

g (x, y, ξ, η) u (ξ, η) dξ = f (x, y).

Çàäà÷à ðåøåíèÿ ýòîãî óðàâíåíèÿ åñòü çàäà÷à èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâ-

ñêîãî òèïà (ñì. [13�15℄).

Òåîðåìà 1. Ïóñòü �óíêöèÿ f (x, y) èçâåñòíà âñþäó â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ

g (x, y, ξ, η) èìååò âèä g1 (x, ξ) = x − ξ. Òîãäà ðåøåíèå çàäà÷è 1 â êëàññå C2
0 (Ω) åäèí-

ñòâåííî, èìååò ìåñòî ïðåäñòàâëåíèå

u (x, y) =

(

∂2

∂x2
+ 2

∂2

∂x∂y
+

∂2

∂y2

)

f (x, y) (1)

è âûïîëíÿåòñÿ íåðàâåíñòâî

‖u (x, y)‖L2
6 C1‖f (x, y)‖

W
2, 2

2

, (2)

ãäå C1 � íåêîòîðàÿ êîíñòàíòà.

⊳ Çàïèøåì çàäà÷ó 1 äëÿ âåñîâîé �óíêöèè g1 (x, ξ) â ñëåäóþùåì âèäå:

y
∫

0

u (x− h, η) (y − η) dη = f (x, y) , (3)

ãäå h = y − η.
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Ïðèìåíèì ê îáåèì ÷àñòÿì óðàâíåíèÿ (3) ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x:

f̂ (λ, y) =
1√
2π

+∞
∫

−∞

eiλx

y
∫

0

u (x− h, η) (y − η) dη dx

=
1√
2π

y
∫

0

(y − η) eiλh
+∞
∫

−∞

eiλ(x−h)u (x− h, η) dx dη,

y
∫

0

û (λ, η) (y − η) eiλ(y−η) dη = f̂ (λ, y) . (4)

×åðåç û (λ, y), f̂ (λ, y) îáîçíà÷åíû ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííîé x îò �óíêöèé

u (x, y) è f (x, y) ñîîòâåòñòâåííî. Ïðèìåíèì ê ïîñëåäíåìó óðàâíåíèþ ïðåîáðàçîâàíèå

Ëàïëàñà ïî ïåðåìåííîé y:

˜̂
f (λ, p) =

+∞
∫

0

e−py

y
∫

0

û (λ, η) (y − η) eiλ(y−η) dη dy

=

+∞
∫

0

τ · e−(p−iλ)τdτ ·
+∞
∫

0

û (λ, η) e−pηdη = I (λ, p) · ˜̂u (λ, p) ,

I (λ, p) =

+∞
∫

0

τ · e−(p−iλ)τ dτ =
1

(p− iλ)2
, Re p > 0. (5)

Îòñþäà ñëåäóåò âûðàæåíèå

˜̂u (λ, p) =
(

p2 − 2piλ− λ2
) ˜̂
f (λ, p) , (6)

ãäå

˜̂u (λ, p) è
˜̂
f (λ, p) � ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y îò �óíêöèé û (λ, y) è

f̂ (λ, y) ñîîòâåòñòâåííî.

Ïðèìåíèâ ê îáåèì ÷àñòÿì (6) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé p,

ïîëó÷èì

û (λ, y) =

(

∂2

∂y2
− 2iλ

∂

∂y
− λ2

)

f̂ (λ, y) . (7)

Ïðèìåíèì ê (7) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî λ. Èñõîäÿ èç èçâåñòíûõ ñâîéñòâ

ïðåîáðàçîâàíèé Ôóðüå, ïîëó÷èì

u (x, y) =
∂2

∂y2
f (x, y) + 2

∂2

∂y∂x
f (x, y) +

∂2

∂x2
f (x, y) . (8)

Äëÿ äîêàçàòåëüñòâà íåðàâåíñòâ (2) ïåðåïèøåì óðàâíåíèå (8) â âèäå (9):

‖u (x, y)‖L2
=

∥

∥

∥

∥

∂2

∂y2
f (x, y) +

∂2

∂y∂x
f (x, y) +

∂2

∂x2
f (x, y)

∥

∥

∥

∥

L2

. (9)
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Èñïîëüçóÿ ñâîéñòâà äè��åðåíöèðîâàíèÿ ïðåîáðàçîâàíèé Ôóðüå è Ëàïëàñà, íåðàâåí-

ñòâî òðåóãîëüíèêà äëÿ íîðì, à òàêæå ó÷èòûâàÿ (9) è óñëîâèÿ, íàëîæåííûå íà �óíêöèþ

u (x, y), ïîëó÷èì îöåíêó

‖u (x, y)‖L2
6 C1‖f (x, y)‖

W
2, 2

2

. ✄

Òåîðåìà 2. Ïóñòü �óíêöèÿ f (x, y) èçâåñòíà âñþäó â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ

g (x, y, ξ, η) èìååò âèä g2 (x, ξ) = e−(x−ξ). Òîãäà ðåøåíèå çàäà÷è 1 â êëàññå C1
0 (Ω) åäèí-

ñòâåííî, èìååò ìåñòî ïðåäñòàâëåíèå

u (x, y) =
∂

∂y
f (x, y) +

∂

∂x
f (x, y) + f (x, y) , (10)

è âûïîëíÿåòñÿ íåðàâåíñòâî

‖u (x, y)‖L2
6 C2‖f (x, y)‖

W
1, 1

2

, (11)

ãäå C2 � íåêîòîðàÿ êîíñòàíòà.

⊳ Çàïèøåì çàäà÷ó 1 äëÿ âåñîâîé �óíêöèè g2 (x, ξ) â âèäå

y
∫

0

u (x− h, η) e−(y−η)dη = f (x, y) . (12)

Ïðèìåíèâ ê (12) ïðåîáðàçîâàíèå Ôóðüå ïî x, ïîëó÷èì

f̂ (λ, y) =
1√
2π

+∞
∫

−∞

eiλx

y
∫

0

u (x− h, η) e−(y−η) dη dx,

y
∫

0

û (λ, η) eiλ(y−η)−(y−η)dη = f̂ (λ, y) . (13)

Ïðèìåíèì òåïåðü ê óðàâíåíèþ (13) ïðåîáðàçîâàíèå Ëàïëàñà ïî y

˜̂
f (λ, p) =

+∞
∫

0

e−py

y
∫

0

û (λ, η) eiλ(y−η)−(y−η) dη dy

=

+∞
∫

0

e−(p+1−iλ)τ dτ ·
+∞
∫

0

û (λ, η) e−pη dη = I (λ, p) · ˜̂u (λ, p) ,

ãäå

I (λ, p) =

+∞
∫

0

e−(p+1−iλ)τdτ =
1

p+ 1− iλ
, Re[p+ 1] > 0. (14)

Òàêèì îáðàçîì,

˜̂u (λ, p) = (p+ 1− iλ)
˜̂
f (λ, p) . (15)
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Ïðèìåíèì ê (15) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî p. Òîãäà óðàâíåíèå (15) ïðèìåò

âèä

û (λ, y) =

(

∂

∂y
+ 1− iλ

)

f̂ (λ, y) .

Ïðèìåíèì ê ýòîìó óðàâíåíèþ ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé λ:

u (x, y) =
∂

∂x
f (x, y) +

∂

∂y
f (x, y) + f (x, y) .

Íåðàâåíñòâî (11) âûòåêàåò èç óðàâíåíèé (15). ⊲

Òåîðåìà 3. Ïóñòü âåñîâàÿ �óíêöèÿ g1(x, ξ) = x− ξ, ïðàâàÿ ÷àñòü çàäà÷è 1 èçâåñòíà
âñþäó â ïîëîñå Ω è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) f (x, y) �èíèòíà ïî x;

2) f (x, y) èìååò âñå íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëü-
íî;

3) f (x, y) îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè äî 2-ãî ïî-

ðÿäêà âêëþ÷èòåëüíî íà ãðàíèöàõ ïîëîñû, ò. å. ïðè y = 0 è y = H.

Òîãäà ñóùåñòâóåò ðåøåíèå çàäà÷è 1 â êëàññå íåïðåðûâíûõ �óíêöèé, �èíèòíûõ ïî x,

îïðåäåëåííîå �îðìóëîé (1).

⊳ Äîîïðåäåëèì �óíêöèþ f (x, y) ïðè y > H, ïîëîæèâ f (x, y) = 0 äëÿ y > H. Ïðè

ýòîì �óíêöèÿ u (x, y) äîîïðåäåëÿåòñÿ ïðè y > H ïî �îðìóëå (1). Èç óñëîâèé, íàëîæåí-

íûõ íà �óíêöèè f (x, y) ÿñíî, ÷òî ê îáåèì ÷àñòÿì (1) ìîæíî ïðèìåíèòü ïðåîáðàçîâàíèå

Ôóðüå ïî ïåðåìåííîé x è ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y. Èñïîëüçóÿ ñâîéñòâà

ïðåîáðàçîâàíèé Ôóðüå è Ëàïëàñà, ïîëó÷èì

˜̂
f (λ, p) =

1

(p− iλ)2
˜̂u (λ, p) .

Èñïîëüçóÿ �îðìóëó (5), ìîæíî ïîëó÷èòü

˜̂
f (λ, p) = I (λ, p) ˜̂u (λ, p) , (16)

I (λ, p) =

+∞
∫

0

τ e−(p−iλ)τ dτ.

Ïðèìåíÿÿ ê (16) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé p, ïðèäåì ê ñëå-

äóþùåìó âûðàæåíèþ:

f̂ (λ, y) =

y
∫

0

(y − η) eiλ(y−η) û (λ, η) dη.

Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 3. ⊲

Òåîðåìà 4. Ïóñòü âåñîâàÿ �óíêöèÿ g2 (x, ξ) = e−(x−ξ)
, ïðàâàÿ ÷àñòü çàäà÷è 1 èçâåñò-

íà âñþäó â ïîëîñå Ω è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) f (x, y) �èíèòíà ïî x;

2) f (x, y) íåïðåðûâíà âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè;

3) f (x, y) îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïðè y = 0 è
y = H.
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Òîãäà ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (12) â êëàññå íåïðåðûâíûõ �óíêöèé, �èíèòíûõ
ïî x, îïðåäåëåííîå �îðìóëîé (10).

⊳ Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 3 ïðèìåíèì ê (10) ïðåîáðàçîâàíèå Ôóðüå ïî

ïåðåìåííîé x è ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé y:

˜̂
f (λ, p) =

1

(p+ 1− iλ)
˜̂u (λ, p) .

Ñ ïîìîùüþ �îðìóëû (14), ïîëó÷èì

˜̂
f (λ, p) = I (λ, p) ˜̂u (λ, p) , (17)

ãäå

I (λ, p) =

+∞
∫

0

e−(p+1−iλ)τ dτ .

Ïðèìåíÿÿ ê (17) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà è Ôóðüå ïî ïåðåìåííîé p è λ,

ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ:

f (x, y) =

y
∫

0

u (x− h, η) e−(y−η) dη.

Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 4. ⊲

3. Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîçìóùåíèåì

Ïóñòü Γ (x, y) = {(ξ, η) : |x− ξ| = y − η, 0 6 η 6 y 6 H}, îáîçíà÷èì ÷åðåç G (x, y) îá-
ëàñòü, îãðàíè÷åííóþ ëèíèåé Γ (x, y) è îñüþ Ox.

Çàäà÷à 2. Âîññòàíîâèòü �óíêöèþ äâóõ ïåðåìåííûõ u (x, y) â ïîëîñå Ω, åñëè èç-

âåñòíû ñóììû èíòåãðàëîâ îò íåå ïî ëèíèÿì ñåìåéñòâà {Υ(x, y)} è îáëàñòÿì G(x, y) ñ
âåñîâûìè �óíêöèÿìè g (x, y, ξ, η) è K (x, y, ξ, η) ñîîòâåòñòâåííî:

∫

Υ(x,y)

g (x, y, ξ, η) u (ξ, η) dξ +

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = F (x, y) .

Òåîðåìà 5. Ïóñòü âåñîâàÿ �óíêöèÿ g (x, ξ) èìååò âèä g1 (x, ξ) = x − ξ, �óíêöèÿ

F (x, y) èçâåñòíà â ïîëîñå Ω, âåñîâàÿ �óíêöèÿ K (x, y, ξ, η) èìååò âñå íåïðåðûâíûå ïðî-
èçâîäíûå äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî è îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèç-

âîäíûìè íà ãðàíèöå îáëàñòè G (x, y).

Òîãäà ðåøåíèå çàäà÷è 2 â êëàññå C2
0 (Ω) åäèíñòâåííî è èìååò ìåñòî îöåíêà

‖u (x, y)‖L2(Ω) 6 C3‖F (x, y)‖
W

2, 2

2
(Ω),

ãäå C3 � íåêîòîðàÿ êîíñòàíòà.

⊳ �àññìîòðèì �óíêöèþ

f1 (x, y) = F (x, y)− f (x, y) ,
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ò. å. âòîðîå ñëàãàåìîå èç ëåâîé çàäà÷è 2

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = f0 (x, y) . (18)

Ó÷èòûâàÿ îãðàíè÷åíèÿ, íàëîæåííûå íà âåñîâóþ �óíêöèþ K (x, y, ξ, η) è èñïîëüçóÿ

âûðàæåíèÿ ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ �óíêöèè f0 (x, y) äëÿ y < y0, ãäå y0 äîñòà-

òî÷íî ìàëî, ïîëó÷èì ñëåäóþùóþ îöåíêó:

‖f0 (x, y)‖W 2,2

2
(Ω) 6 ε‖u (x, y)‖L2(Ω), 0 < ε < 1, (19)

Au = f, (20)

Au+A1u = F. (21)

Èç �óíêöèîíàëüíîãî àíàëèçà [16℄ èçâåñòíî, ÷òî äëÿ îïåðàòîðà A èç (20) ñóùåñòâó-

åò ëåâûé îáðàòíûé îïåðàòîð A−1
. Ïîäåéñòâîâàâ ñëåâà îïåðàòîðîì A−1

íà îáå ÷àñòè

óðàâíåíèÿ (21), ïðèõîäèì ê ðàâåíñòâó

u+A−1A1u = A−1F. (22)

Èç îöåíîê, ïîëó÷åííûõ â òåîðåìå 1, è âûøåñêàçàííîãî ñëåäóåò, ÷òî îïåðàòîð A1

íåïðåðûâåí êàê îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâà L2 (Ω) â ïðîñòðàíñòâî W
2,2
2 (Ω)

íà �óíêöèÿõ u (x, y); îïåðàòîð A−1
êàê îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâàW

2,2
2 (Ω)

â ïðîñòðàíñòâî L2 (Ω), îãðàíè÷åí íà �óíêöèÿõ Au (ñëåäîâàòåëüíî, è íà �óíêöèÿõ A1u,

òàê êàê îïåðàòîð A1 èìååò ãëàäêîñòü áîëåå âûñîêîãî ïîðÿäêà, ÷åì îïåðàòîð A). Îòñþäà

ñëåäóåò, ÷òî îïåðàòîð A−1A1 èç óðàâíåíèÿ (22) íåïðåðûâåí íà �óíêöèÿõ u (x, y) êàê
îïåðàòîð, äåéñòâóþùèé èç L2 (Ω) â L2 (Ω).

Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëûõ y < y0 äëÿ îïåðàòîðà A−1A1 âûïîëíÿåòñÿ

íåðàâåíñòâî

∥

∥A−1A1

∥

∥ 6 ε < 1. (23)

Èç ïðèíöèïà ñæàòûõ îòîáðàæåíèé äëÿ îïåðàòîðà â ïðàâîé ÷àñòè çàäà÷è 2 ñëåäóåò

åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 2 äëÿ äîñòàòî÷íî ìàëûõ y. À òàê êàê óðàâíåíèå (22)

åñòü óðàâíåíèå òèïà Âîëüòåððà â ñìûñëå îïðåäåëåíèÿ, äàííîãî â [14℄, òî åäèíñòâåííîñòü

áóäåò èìåòü ìåñòî íå òîëüêî äëÿ ìàëûõ y, íî è âî âñåì ïîëîñå Ω. Òàêèì îáðàçîì, èç

íåðàâåíñòâ (19), (23) è òåîðåìû 1 âûòåêàåò îöåíêà

‖u (x, y)‖L2(Ω) 6 C3‖F (x, y)‖
W

2, 2

2
(Ω),

ãäå C3 � íåêîòîðàÿ ïîñòîÿííàÿ. ⊲

Òåîðåìà 6. Ïóñòü F (x, y) èçâåñòíà â ïîëîñå Ω è âåñîâàÿ �óíêöèÿ g2 (x, ξ) = e−(x−ξ)
.

Âåñîâàÿ �óíêöèÿ K (x, y, ξ, η) èìååò âñå íåïðåðûâíûå ïðîèçâîäíûå äî ïåðâîãî ïîðÿäêà
âêëþ÷èòåëüíî è îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè íà ãðàíèöå îáëà-

ñòè G (x, y).

Òîãäà ðåøåíèå çàäà÷è 2 â êëàññå C1
0 (Ω) åäèíñòâåííî è èìååò ìåñòî îöåíêà

‖u (x, y)‖L2(Ω) 6 C4‖F (x, y)‖
W

1, 1

2
(Ω),

ãäå C4 � íåêîòîðàÿ êîíñòàíòà.
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⊳ �àññìîòðèì �óíêöèþ

f1 (x, y) = F (x, y)− f (x, y) ,

∫

G(x,y)

K (x, y, ξ, η) u (ξ, η) dξ = f1 (x, y) . (24)

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 äëÿ y < y0, ãäå y0 äîñòàòî÷íî ìàëî, ïîëó÷èì

îöåíêó

‖f1 (x, y)‖W 1,1

2
(Ω) 6 ε‖u (x, y)‖L2(Ω), 0 < ε < 1. (25)

Èíòåãðàëüíûå îïåðàòîðû, ñòîÿùèå â ëåâûõ ÷àñòÿõ çàäà÷è 1 è óðàâíåíèÿ (24), îáî-

çíà÷èì ñîîòâåòñòâåííî ÷åðåç B è B1. Ñ ïîìîùüþ ýòè îáîçíà÷åíèÿ çàäà÷à 1 è çàäà÷à 2

ñîîòâåòñòâåííî ïåðåïèøóòñÿ ñëåäóþùèì îáðàçîì:

Bu = f, (26)

Bu+B1u = F. (27)

Èçâåñòíî, ÷òî äëÿ îïåðàòîðà B èç (26) ñóùåñòâóåò ëåâûé îáðàòíûé îïåðàòîð B−1
[16℄.

Ïîäåéñòâîâàâ ñëåâà îïåðàòîðîì B−1
íà îáå ÷àñòè óðàâíåíèÿ (27), ïðèõîäèì ê ðàâåíñòâó

u+B−1B1u = B−1F. (28)

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 ïîêàæåì, ÷òî îïåðàòîð B−1B1 èç óðàâíåíèÿ

(28) íåïðåðûâåí íà �óíêöèÿõ u (x, y) êàê îïåðàòîð, äåéñòâóþùèé èç L2 (Ω) â L2 (Ω).
Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëûõ y < y0 äëÿ îïåðàòîðà B−1B1 âûïîëíÿåòñÿ

íåðàâåíñòâî

∥

∥B−1B1

∥

∥ 6 ε < 1. (29)

Èç ïðèíöèïà ñæàòûõ îòîáðàæåíèé äëÿ îïåðàòîðà â ïðàâîé ÷àñòè çàäà÷è 2 ñëåäóåò

åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 2 äëÿ äîñòàòî÷íî ìàëûõ y. À òàê êàê óðàâíåíèå (28)

åñòü óðàâíåíèå òèïà Âîëüòåððà â ñìûñëå îïðåäåëåíèÿ, äàííîãî â [14℄, òî åäèíñòâåííîñòü

áóäåò èìåòü ìåñòî íå òîëüêî äëÿ ìàëûõ y, íî è âî âñåé ïîëîñå Ω. Òàêèì îáðàçîì, èç

íåðàâåíñòâ (25), (29) è òåîðåìû 1 âûòåêàåò îöåíêà

‖u (x, y)‖L2(Ω) 6 C4‖F (x, y)‖
W

1, 1

2
(Ω)

,

ãäå C4 � íåêîòîðàÿ ïîñòîÿííàÿ. ⊲
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LINEAR PROBLEM OF INTEGRAL GEOMETRY

WITH SMOOTH WEIGHT FUNCTIONS AND PERTURBATION

Begmatov A. H. and Djaykov G. M.

We study two problems of integral geometry in a strip on a family of line segments with a given weight

fun
tion. In the �rst 
ase, we 
onsider the problem of re
onstru
tion a fun
tion in a strip, if we know the

integrals of the sought fun
tion on the family of line segments with a given weight fun
tion of a spe
ial

kind. An analyti
al representation of a solution in the 
lass of smooth �nite fun
tions is obtained and

the uniqueness and existen
e theorems for a solution of the problem are proved. A stability estimate

of solution in Sobolev spa
es is presented, whi
h implies its weakly ill-posedness. For the problem with

perturbation the uniqueness theorem and stability estimate of solution were obtained. In the se
ond


ase, we 
onsidered the problem of re
onstru
ting a fun
tion given by integral data on the family of line

segments with a weight fun
tion of exponential type. The uniqueness and existen
e theorems of a solution

are proved. A simple representation of a solution in the 
lass of smooth �nite fun
tions is 
onstru
ted.

Next, we 
onsider the 
orresponding problem of integral geometry with perturbation. The uniqueness

theorem in the 
lass of smooth �nite fun
tions in a strip is proved and a stability estimate of a solution

in Sobolev spa
es is re
eived.

Key words: problems of integral geometry, Radon transform, Fourier transform, Lapla
e transform

inversion formula, stability estimates, uniqueness of the solution, existen
e theorem, weakly Ill-posedness,

perturbation.


