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REVERSIBLE AJW-ALGEBRAS

Sh. A. Ayupov, F. N. Arzikulov

The main result states that every special AJW-algebra can be decomposed into the direct sum of totally
irreversible and reversible subalgebras. In turn, every reversible special AJW-algebra decomposes into
a direct sum of two subalgebras, one of which has purely real enveloping real von Neumann algebra,
and the second one contains an ideal, whose complexification is a C*-algebra and the annihilator of this
complexification in the enveloping C*-algebra of this subalgebra is equal to zero.
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1. Introduction

This article is devoted to abstract Jordan operator algebras, which are analogues of
abstract W*-algebras (AW*-algebras) of Kaplansky. These Jordan operator algebras can be
characterized as a JB-algebra satisfying the following conditions

(1) in the partially ordered set of all projections any subset of pairwise orthogonal
projections has the least upper bound in this JB-algebra;

(2) every maximal associative subalgebra of this JB-algebra is generated by it’s projections
(i.e. coincides with the least closed subalgebra containing all projections of the given
subalgebra).

In the articles [3, 4] the second author introduced analogues of annihilators for Jordan
algebras and gave algebraic conditions equivalent to (1) and (2). Currently, these JB-algebras
are called AJW-algebras or Baer JB-algebras in the literature. Further, in [5] a classification
of these algebras has been obtained. It should be noted that many of facts of the theory of
JBW-algebras and their proofs hold for AJW-algebras. For example, similar to a JBW-algebra
an AJW-algebra is the direct sum of special and purely exceptional Jordan algebras [5].

It is known from the theory of JBW-algebras that every special JBW-algebra can be
decomposed into the direct sum of totally irreversible and reversible subalgebras. In turn,
every reversible special JBW-algebra decomposes into a direct sum of a subalgebra, which is
the hermitian part of a von Neumann algebra and a subalgebra, enveloping real von Neumann
algebra of which is purely real [6, 7|. In this paper we prove a similar result for AJW-algebras,
the proof of which requires a different approach. Namely, we prove that for every special AJW-
algebra A there exist central projections e, f, g € A, e+ f+g = 1 such that (1) eA is reversible
and there exists a norm-closed two sided ideal I of C*(eA) such that eA = +(+(I,)4)1; (2) fA
is reversible and R*(fA) NiR*(fA) = {0}; (3) gA is a totally nonreversible AJW-algebra.
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2. Preliminary Notes

We fix the following terminology and notations.

Let o be a real Banach x-algebra. <7 is called a real C*-algebra, if o, = & + i/ =
{a+1ib: a,b € o/}, can be normed to become a (complex) C*-algebra, and keeps the original
norm on < [11].

Let A be a JB-algebra, P(A) be a set of all projections of A. Further we will use the
following standard notations: {aba} = U,b := 2a(ab) — a?b, {abc} = a(bc) + (ac)b — (ab)c and
{aAb} = {{acb} : c € A}, where a,b,c € A. A JB-algebra A is called an AJW-algebra, if the
following conditions hold:

(1) in the partially ordered set P(A) of projections any subset of pairwise orthogonal
projections has the least upper bound in A;

(2) every maximal associative subalgebra A, of the algebra A is generated by it’s
projections (i.e. coincides with the least closed subalgebra containing A, N P(A)).

Let

S)t={acA: (Vze8) Upx=0}
L)y ={zreA: (Vael) Up =0},
L8) =H(s)Nn Ay

Then for a JB-algebra A the following conditions are equivalent:

(1) Ais an AJW-algebra;

(2) for every subset S C A, there exists a projection e € A such that (S)*+ = U.(A);

(3) for every subset S C A there exists a projection e € A such that +(S), = U.(A4) [3].

Let A be a real or complex x-algebra, and let S be a nonempty subset of A. Then the
set R(S) ={zx € A: sx =0 for all s € S} is called the right annihilator of S and the set
L(S) ={x € A:xs =0 for all s € S} is called the left annihilator of S. A *-algebra A
is called a Baer *-algebra, if the right annihilator of any nonempty set S C A is generated
by a projection, i.e. R(S) = gA for some projection g € A (¢> = g = ¢*). If S = {a}
then the projection 1 — g such that R(S) = gA is called the right projection and denoted
by r(a). Similarly one can define the left projection I(a). A (real) C*-algebra A, which is a Baer
(real) *-algebra, is called an (real) AW*-algebra [1, 8]. Real AW*-algebras were introduced
and investigated in [1, 2]. In these papers it was shown that for a real AW*-algebra o7 the
C*-algebra M = &/ + i/ is not necessarily a complex AW*-algebra.

Let A be an AJW-algebra. By [5, Theorem 2.3] we have the equality A = A;® A;r® Aqrr,
where Ay is an AJW-algebra of type I, Ajr is an AJW-algebra of type II and Ajyr is an AJW-
algebra of type III [5]. By [5, Theorem 3.7] Ay, in its turn, is a direct sum of the following
form

A[:AOO@Al@AQ@...,

where A,, for every n either is {0} or an AJW-algebra of type I,,, A is a direct sum of AJW-
algebras of type I, with « infinite. If A = A1 @ As @ ... then A is called an AJW-algebra of
type Ifi, and denoted by A, and if A = Ay then A is called an AJW-algebra of type I
and denoted by Aj_. We say that A is properly infinite if A has no nonzero central modular
projection. The fact that an AJW-algebra Ay of type 11 is a JC-algebra can be proved similar
to JBW-algebras [9]. Therefore, it is isomorphic to some AJW-algebra defined in [14] (i.e. to
some AJW-algebra of self-adjoint operators), and by virtue of [14] A;; = Arr, @ Ajr., where
Ajr, is a modular AJW-algebra of type II and Ajy. is an AJW-algebra of type II, which is
properly infinite. So, we have the decomposition

A=A, ©®A, © A © A, © Anr.
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It is easy to verify that the part Ajfm @ Ayy, is modular, and Ay @ Ay, @ Agyy is properly
infinite (i.e. properly nonmodular).

3. Reversibility of AJW-algebras

Let A be a special AJW-algebra on a complex Hilbert space H. By R*(A) we denote
the uniformly closed real *-algebra in B(H), generated by A, and by C*(A) the C*-algebra,
generated by A. Thus the set of elements of kind

n m;

ZHGU (a;; € A)

i=1 j=1

is uniformly dense in R*(A). Let iR*(A) be the set of elements of kind ia, a € R*(A). Then
C*(A) = R*(A) +iR*(A) |7, 13].

Lemma 3.1. The set R*(A) NiR*(A) is a uniformly closed two sided ideal in C*(A).

<Ifa,b € R*(A) and ¢ = id € R*(A)NiR*(A), then (a+ib)c = ac+ibid = ac—bd € R*(A).
Similarly (a+ib)c € iR*(A), i.e. (a+ib)c € R*(A)NiR*(A). Since R*(A)NiR*(A) is uniformly
closed and the set of elements of kind a + ib, a,b € A is uniformly dense in C*(A), we have
R*(A)NiR*(A) is a left ideal in C*(A). By the symmetry R*(A) NiR*(A) is a right ideal. >

Let R be a *-algebra, R, be the set of all self-adjoint elements of R, i.e. Ry, = {a € R :
a* = a}.

DEFINITION 3.2. A JC-algebra A is said to be reversible if ajas ...an, +apan_1...a1 € A
for all ay,a9,...,a, € A.

Similar to JW-algebras we have the following criterion.

Lemma 3.3. An AJW-algebra A is reversible if and only if A = R*(A)sq.

< It is clear that, if A = R*(A)sq, then A is reversible since

n 1 * 1 n
(Hai—FHai) :Hai+Ha¢€R*(A)sa:A,
=1 i=n i=n =1

for all aq,as,...,a, € A. Conversely, let A be a reversible AJW-algebra. The inclusion A C
R*(A)sq is evident. If a = Y"1 | HT;l ajj € R*(A)sq, then

a= 1(a+a Z(Ha@]-f- H%g)
=1 “j=1 j=m;

Hence the converse inclusion holds, i.e. R*(A)sq, = A. >

Lemma 3.4. Let A be an AJW-algebra and let I be a norm-closed ideal of A. Then there
exists a central projection g such that +(+(Is)4 )+ = gA..

<1 Since A is an AJW-algebra there exists a projection g in A such that
J_(Isa)—i— = U(lfg)(A-i-)a J_(J_(Isa)—i—)-i- - Ug(A+)a

where L(S)y ={r € A, : (Va € S) Uz =0} for S C A.
Let (uy) be an approximate identity of the JB-subalgebra I and a be an arbitrary positive
element in I. Then there exists a maximal associative subalgebra A, of A containing a. Let
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v, be an approximate identity of A,. Then (v,) C (uy) and |lav, —a| — 0. Let b € Ay
and U,,b = 0 for every pu. Then Uy,Uy,b = Ug,b = 0 and UcUg,b = 0, where c is an
element in A such that b = ¢?. Hence UCUm}H = 0, (Uc(avy))? = 0, U.(av,) = 0 and
U.Uc(av,) = Up(av,) = 0 for every pu. We have

1Ub(av,) — Upall = [[Up(avy) — a)l| = 0

because ||av, — al| = 0 and the operator U, is norm-continuous. Hence Uya = 0. We may
assume that a = d? for some element d € A. Then

UqUpa = UdUbd2 = (Udb)2 =0, Ugb=0.

Thus UgUgb = Ugpb = U,b = 0. Therefore, if b € ((uy)); then b € (Iy,);. Hence
L((uy))4 CF (Ise)4. It is clear that +(Ia)4 C* ((uy))4 and

L(Isa)+ = ((ur))+-
This implies that ~((uy))4 = Uy_g)(A4) and

supuy = g.
A

Let us prove that Uy(A) is an ideal of A. Indeed, let = be an arbitrary element in A. Then
Uguy € Igq, i.e. Uyuy € Uy(A). By [9, Proposition 3.3.6] and the proof of [9, Lemma 4.1.5]
we have U, is a normal operator in A. Hence

Sl)l\p Uzuy = Uz(Sl)l\p uy) = Uzg.

At the same time
sup Uyuy € Uy(A).
A

Hence U,g € Uy(A). By [9, 2.8.10] we have
4(z9)* = 29Usg + Ung® + Ugz® = 2gUsg + Upg + Uy®.

Therefore (zg)? € Uy(A) and zg € U,(A).
Now, let y be an arbitrary element in Uy A. Then y = U,y and

vy = (Ugz + {gz(1 — 9)} + Ur—gz)Ugy = UgzUgy + {gz(1 — g) }Ugy € U,A

since {gz(1—g)} € UyA. Hence UyA is a norm-closed ideal of A. Therefore {gA(1—g)} = {0}
and
A=UAD U _4zA.

This implies that g is a central projection in A and *(+ ()4 )s = gA;. >

Lemma 3.5. Let A be a reversible AJW-algebra on a Hilbert space H. Then there exist
two central projections e, f in A and a norm-closed two sided ideal I of C*(A) such that
e+ f=1eAd="(+s)s)+ and R*(fA) NiR*(fA) = {0}.

< Let I = R*(A) NiR*(A). Since A is reversible by Proposition 3.3 we have I, C A.
By [7, 3.1] I is a two sided ideal of C*(A). Hence I, is an ideal of the AJW-algebra A.
By Proposition 3.4 we have there exists a central projection g such that *(+(Iyq) 1)+ = gA,.
It is clear that g is a central projection also in C*(A).

By the definitions of I and g we have

R ((1=9)A) niR*((1 - g)A) = {0}. >
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Lemma 3.6. Let A be an AJW-algebra and let J be the set of elements a € A such
that bac + c*ab* € A for all b,c € C*(A). Then J is a norm-closed ideal in A. Moreover J is
a reversible AJW-algebra.

< Let a,b € J, s,t € C*(A). Then
s(a+b)t +t*(a+ b)s* = (sat + t*as™) + (sbt + t*bs™) € A,
i.e. J is a linear subspace of A. Now, ifa € J, b€ A, s,t € C*(A), then
s(ab+ ba)t + t*(ab + ba)s™ = (sa(bt) + (bt)*as™) + ((sb)at +t*a(sh)*) € A,

i.e. J is a norm-closed ideal of A.

Let a1 € J, ag,...,a, € Aand a = H?:Q a;. Then aya + a*a; € A by the definition of J.
Let us show that aja + a*a; € J; then, in particular, in the case of ao,...,a, € J this will
imply that J is reversible. For all b, ¢ € C*(A) we have

b(ara + a*ay)e+ c*(ara + a*a1)b* = (bai(ac) + (ac)*a1b*) + ((ba*)ajc + c*aq(ba™)*) € A,

i.e.aja+a*ar € J. >

DEFINITION 3.7.An AJW-algebra A is said to be totally nonreversible, if the ideal J in
Lemma 3.6 is equal to {0}, i.e. J = {0}.

Theorem 3.8. Let A be a special AJW-algebra. Then there exist central projections
e,f,g€ A, e+ f+g=1 such that
(1) J = (e+ f)A, J is the ideal from Lemma 3.6;
(2) eA is reversible and there exists a norm-closed two sided ideal I of C*(eA) such that

eA = (M (Lsa)+)+5
(3) fA is reversible and R*(fA) NiR*(fA) = {0};
(4) gA is a totally nonreversible AJW-algebra and

gA =Y C(Qu,R® H.),

we

where ) is a set of indices, {Q, }weq Is an appropriate family of extremal compacts and
{Hy}weq is a family of Hilbert spaces.
<1 We have
A=A 0AD - DA DA © A, ® A

and the subalgebra (without the part As)
AlDA3BAD - DA DAL ® A, ® A

is reversible. The last statement can be proven similar to [9, Theorem 5.3.10]. By [10] the
subalgebra A, can be represented as follows

A2 = Z C(Xz,R (o) Hz),

€S

where = is a set of indices, { X, };c=z is a family of extremal compacts and {H; };cz is a family
of Hilbert spaces. Hence by [9, Theorem 6.2.5] there exist central projections h, g such that
A =hA®gA, hA is reversible and gA is totally nonreversible. For all a, b1,...,b,,¢c1,...,Cn
in hA we have

by...byacy...cm + CmCm—1...c1abpb,—1...b1 € hA
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since hA is reversible. Similarly for all b,c € R*(hA), a € hA we have

bac + c*ab* € hA.

Hence hA = J.

By Proposition 3.5 there exist two central projections e, f in hA and a norm-closed two
sided ideal I of C*(hA) such that e+ f = h, eA = 1 (+(Is)1)+, fA is a reversible AJW-
algebra and R*(fA) NiR*(fA) = {0}. This completes the proof. >

Let A be a special AJW-algebra. Despite the fact that for the real AW*-algebra R*(A)
the C*-algebra .# = R*(A) + iR*(A) is not necessarily a complex AW*-algebra we consider,

that

CONJECTURE. Under the conditions of Theorem 3.8 the following equality is valid

11.
12.
13.
14.

eA = Ig,.
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OBPATUMBIE AJW-AJITEBPHI

Asorios 1. A., Apsukynos @. H.

OCHOBHOI pe3yJibTaT CTaThM IJIACUT, 9TO KaxKjas crenuaabias AJW-anrebpa packiaabiBaeTcs B Ips-
MYIO CyMMY TOTaJIbHO HeoOpaTuMoii u obparumoiil mogasure6p. B cBoro ouepesn, kaxgaa ooparumaa AJW-
anrebpa pacKIagbIBAETCS B IPSIMYIO CYMMY IIOZAJITe0phl, KOTOPast COAEPIKUT UIea TAKOM, UTO AHHYIATOD
KOMILIEKCUDUKAIMYT STOTO ueana B obepromaiomeit C*-anrebpe 310l mogarebpbl paBeH HyJIi0 U HOAaJl-
reOpbl, obepThIBaIOmas BemecTBeHHas ajireopa ¢ou Heifimana KoTopoiil gB/Iss€eTCs YUCTO BEIECTBEHHOM.

Kurouessie cioBa: AJW-anre6pa, ooparumaa AJW-anreopa, AW *-anrebpa, obeproiBatomas *-aure6pa.



