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q7r�sutwv�x ywz{s}|�~�� ��|��Xv��{s}|7�{r�v���s}��sPz��w|���s}�}x v��
AJW � v�� ��s}��zXvL��v�yU��s,��s}�}��t1����|�s��wx y��{���{r�su��x z{s}�P��|�~�t����'�{���Xv�� � �x z�z{s}��sPz{|�x ��� sKv�y���z{s}��sPz{|�x ��� sU|�~���v�� ��s}��zXv�|}�F�oy��{~�z{y#�	s}��sPz���z{s}��sPz{|�x ��� sU|���s}�}x v��

AJW � v�� ��s}��zXv���s}�}��t1����|�s}|�x y��{�v!��x z{s}�P�I|�~�t����u�o�7�!|�~���v�� ��s}��zXv�|}�7��y�sK���u��r�x �Xr�r�v�|w��~�z{s}� ��z{s�v��bs}y���s}� ����x y���z{s�v��b����yk�Zs}~�twv�y�y�v�� ��s}��zXv��
v�y��U�{r�sL|�s}�}��y��[��y�sL�}��y��Xv�x y�|uv�y�x ��s�v�������r���|�s��}��t1��� sP��x ����v��{x ��y[x |uvI�

∗ � v�� ��s}��zXvwv�y��U�{r�s�v�y�y�x r�x � v��{��zu���2�{r�x |�}��t1��� sP��x ����v��{x ��yUx yU�{r�sus}y���s}� ����x y��
C∗ � v�� ��s}��zXv����	�{r�x |�|�~���v�� ��s}��zXv�x |�s� �~�v����{�6¡}sPz{���
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@FBuÄ�Å�Æ�j�dÈÇuabÉ�Æ�mod�Å

Ê6Ë	ÌDÍ�Î�Ï�Ð�ÌDÑ�ÒDÓ�ÌDÍ�Ô	Ó�Õ�Ö�Ð�Ó�Ô×Ð�ÖØÎ�Ù2Í�Ð�Ï�Î�Ñ�ÐiT�Ö�Ï�Ô2Î�ÚÛÖ�Ü7Ó�Ï�Î�Ð�Ö�ÏÝÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�ßUà1Ë	ÌDÑ�ËáÎ�Ï�ÓâÎ�ÚFÎ�ÒDÖ�Þ�ã2Ó�ÍiÖ�ä
Î�Ù2Í�Ð�Ï�Î�Ñ�Ð[V ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î�Íkå�RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�æKÖ�ä6ç�Î�Ü	ÒèÎ�Ú2Í�é�ê�ë�Ê6Ë2Ó�Í�Ó�T�Ö�Ï�Ô2Î�ÚìÖ�Ü7Ó�Ï�Î�Ð�Ö�Ï!Î�Ò�Þ�Ó�Ù	Ï�Î�Í�Ñ�Î�Ú�Ù7Ó
Ñ�ËFÎ�Ï�Î�Ñ�Ð�Ó�Ï�Ì�í�Ó�ÔiÎ�ÍIÎ�T�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î=Í�Î�Ð�ÌDÍ}ä�ê�Ì�Ú	Þ�Ð�Ë2ÓKä�Ö�Ò�ÒDÖ�à1Ì�Ú	ÞkÑ�Ö�Ú2Ô'Ì�Ð�ÌDÖ�Ú2Í

å}î�æ�Ì�ÚáÐ�Ë2ÓïÜFÎ�Ï�Ð�ÌèÎ�Ò�Ò�êÛÖ�Ï�Ô	Ó�Ï�Ó�Ô?Í�Ó�ÐÝÖ�ä_Î�Ò�Ò=Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í�Î�Ú#êÛÍ�ã	Ù2Í�Ó�ÐìÖ�äñÜFÎ�Ì�Ï�à1ÌDÍ�ÓòÖ�Ï�Ð�Ë2Ö�Þ�Ö�ÚFÎ�Ò
Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2ÍwËFÎ�Í1Ð�Ë2Ó[ÒDÓ�Î�Í�Ð1ã	Ü	Ü7Ó�ÏwÙ7Ö�ã	Ú2ÔóÌ�ÚóÐ�Ë	ÌDÍwT�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ô

å�õ�æ�Ó�Õ�Ó�Ï�ê�ökÎ�÷'Ì�ökÎ�Ò2Î�Í�Í�Ö�Ñ�ÌèÎ�Ð�Ì�Õ�Ó�Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�ÎUÖ�äFÐ�Ë	ÌDÍuT�O�WPÎ�Ò�Þ�Ó�Ù	Ï�ÎUÌDÍbÞ�Ó�Ú2Ó�Ï�Î�Ð�Ó�Ô�Ù#ê�Ì�Ð�ø ÍZÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í
åoÌ{ë�Ó�ë=Ñ�Ö�Ì�Ú2Ñ�ÌDÔ	Ó�Íòà1Ì�Ð�ËùÐ�Ë2ÓØÒDÓ�Î�Í�ÐSÑ�ÒDÖ�Í�Ó�ÔùÍ�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�ÎÛÑ�Ö�Ú#Ð�Î�Ì�Ú	Ì�Ú	ÞúÎ�Ò�Ò_Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2ÍòÖ�äiÐ�Ë2ÓØÞ�Ì�Õ�Ó�Ú
Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î�æ�ë

NXÚ�Ð�Ë2ÓñÎ�Ï�Ð�ÌDÑ�ÒDÓ�Íóû ü'ßbý�þ6Ð�Ë2Ó�Í�Ó�Ñ�Ö�Ú2ÔïÎ�ã	Ð�Ë2Ö�Ï�Ì�Ú#Ð�Ï�Ö�Ô'ã2Ñ�Ó�ÔïÎ�ÚFÎ�ÒDÖ�Þ�ã2Ó�Í�Ö�äKÎ�Ú	Ú	Ì�Ë	Ì�ÒèÎ�Ð�Ö�Ï�Í!ä�Ö�Ï�T�Ö�Ï�Ô2Î�Ú
Î�Ò�Þ�Ó�Ù	Ï�Î�Í1Î�Ú2Ô=Þ#Î�Õ�ÓKÎ�Ò�Þ�Ó�Ù	Ï�Î�ÌDÑKÑ�Ö�Ú2Ô'Ì�Ð�ÌDÖ�Ú2Í6Ó�ÿ#ã	Ì�Õ�Î�ÒDÓ�Ú#Ð�Ð�Ö�å}î�æLÎ�Ú2Ôiå�õ�æ�ë���ã	Ï�Ï�Ó�Ú#Ð�Ò�ê�ß'Ð�Ë2Ó�Í�ÓIT�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í
Î�Ï�Ó�Ñ�Î�Ò�ÒDÓ�Ô RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�ÍUÖ�ÏIO1Î�Ó�ÏIT�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î�ÍIÌ�Ú_Ð�Ë2Ó[Ò�Ì�Ð�Ó�Ï�Î�Ð�ã	Ï�Ó�ë��	ã	Ï�Ð�Ë2Ó�Ï�ß2Ì�Úìû ��þuÎ�Ñ�ÒèÎ�Í�Í�Ì��FÑ�Î�Ð�ÌDÖ�Ú
Ö�ä�Ð�Ë2Ó�Í�Ó=Î�Ò�Þ�Ó�Ù	Ï�Î�Í[ËFÎ�ÍKÙ7Ó�Ó�ÚÝÖ�Ù	Ð�Î�Ì�Ú2Ó�ÔÈë�NXÐ[Í�Ë2Ö�ã	ÒDÔiÙ7Ó!Ú2Ö�Ð�Ó�ÔiÐ�ËFÎ�Ð[ökÎ�Ú#êiÖ�ä�ä{Î�Ñ�Ð�Í�Ö�ä�Ð�Ë2Ó�Ð�Ë2Ó�Ö�Ï�ê�Ö�ä
T�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�ÍLÎ�Ú2Ô!Ð�Ë2Ó�Ì�ÏuÜ	Ï�Ö�Ö�ä�ÍZË2Ö�ÒDÔ�ä�Ö�ÏuRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�ë��2Ö�Ï,Ó�÷2Î�ö�Ü	ÒDÓ�ß�Í�Ì�ö�Ì�ÒèÎ�ÏuÐ�ÖKÎUT�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î
Î�Ú_RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�ÌDÍ1Ð�Ë2Ó�Ô'Ì�Ï�Ó�Ñ�ÐIÍ�ã	ö Ö�ä,Í�Ü7Ó�Ñ�ÌèÎ�ÒbÎ�Ú2ÔóÜ	ã	Ï�Ó�Ò�êóÓ�÷	Ñ�Ó�Ü	Ð�ÌDÖ�ÚFÎ�ÒZT�Ö�Ï�Ô2Î�Ú�Î�Ò�Þ�Ó�Ù	Ï�Î�Í�û ��þXë

NXÐ�ÌDÍké�Ú2Ö�à1ÚØä�Ï�Ö�ö Ð�Ë2Ó Ð�Ë2Ó�Ö�Ï�ê Ö�ä!T�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�ÍñÐ�ËFÎ�ÐóÓ�Õ�Ó�Ï�êSÍ�Ü7Ó�Ñ�ÌèÎ�ÒKT�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�ÎâÑ�Î�Ú Ù7Ó
Ô	Ó�Ñ�Ö�ö�Ü7Ö�Í�Ó�ÔïÌ�Ú#Ð�Ö�Ð�Ë2ÓóÔ'Ì�Ï�Ó�Ñ�ÐkÍ�ã	ö Ö�äUÐ�Ö�Ð�Î�Ò�Ò�ê�Ì�Ï�Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�Î�Ú2ÔâÏ�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ_Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�ëLNXÚâÐ�ã	Ï�Ú�ß
Ó�Õ�Ó�Ï�êñÏ�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�Í�Ü7Ó�Ñ�ÌèÎ�ÒbT�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î=Ô	Ó�Ñ�Ö�ö�Ü7Ö�Í�Ó�ÍwÌ�Ú#Ð�Ö�Î�Ô'Ì�Ï�Ó�Ñ�ÐUÍ�ã	ö Ö�äLÎ�Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î'ß2à1Ë	ÌDÑ�Ë_ÌDÍ
Ð�Ë2Ó6Ë2Ó�Ï�ö�Ì�Ð�ÌèÎ�ÚkÜFÎ�Ï�ÐLÖ�ä�ÎUÕ�Ö�Ú	�UÓ�ã	ökÎ�Ú	Ú�Î�Ò�Þ�Ó�Ù	Ï�Î�Î�Ú2Ô=ÎKÍ�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î'ß�Ó�Ú#Õ�Ó�ÒDÖ�Ü	Ì�Ú	Þ�Ï�Ó�Î�Ò2Õ�Ö�Ú	�UÓ�ã	ökÎ�Ú	Ú
Î�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä7à1Ë	ÌDÑ�ËkÌDÍ,Ü	ã	Ï�Ó�Ò�ê�Ï�Ó�Î�Òbû 
	ß���þXë�NXÚ=Ð�Ë	ÌDÍ,ÜFÎ�Ü7Ó�ÏLà�ÓwÜ	Ï�Ö�Õ�ÓUÎKÍ�Ì�ö�Ì�ÒèÎ�Ï�Ï�Ó�Í�ã	Ò�Ð,ä�Ö�ÏLRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�ß
Ð�Ë2Ó�Ü	Ï�Ö�Ö�ä�Ö�äFà1Ë	ÌDÑ�Ë�Ï�Ó�ÿ#ã	Ì�Ï�Ó�Í,ÎIÔ'Ì�
ÈÓ�Ï�Ó�Ú#Ð�Î�Ü	Ü	Ï�Ö�Î�Ñ�Ë�ë��KÎ�ö=Ó�Ò�ê�ß�à�Ó�Ü	Ï�Ö�Õ�Ó6Ð�ËFÎ�ÐZä�Ö�ÏuÓ�Õ�Ó�Ï�ê�Í�Ü7Ó�Ñ�ÌèÎ�Ò'RUT�VSW
Î�Ò�Þ�Ó�Ù	Ï�Î

A
Ð�Ë2Ó�Ï�Ó6Ó�÷'ÌDÍ�ÐZÑ�Ó�Ú#Ð�Ï�Î�Ò	Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í

e
ß
f
ß
g ∈ A

ß
e+f+g = 1

Í�ã2Ñ�Ë�Ð�ËFÎ�Ðwå}î�æ
eA

ÌDÍZÏ�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ
Î�Ú2Ô[Ð�Ë2Ó�Ï�Ó�Ó�÷'ÌDÍ�Ð�ÍbÎ6Ú2Ö�Ï�ö�WXÑ�ÒDÖ�Í�Ó�Ô�ÐXà�ÖIÍ�ÌDÔ	Ó�Ô[ÌDÔ	Ó�Î�Ò

I
Ö�ä
C∗(eA)

Í�ã2Ñ�Ë�Ð�ËFÎ�Ð
eA = ⊥(⊥(Isa)+)+

ô#å�õ�æ
fAÌDÍ1Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�Î�Ú2Ô

R∗(fA) ∩ iR∗(fA) = {0} ôZå�ü�æ gA ÌDÍIÎ�Ð�Ö�Ð�Î�Ò�Ò�ê�Ú2Ö�Ú	Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë
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� B	 �j"!�p�m�#ìm�Å�$	j�`ïhód2Æ�!�%
VÝÓ �	÷ñÐ�Ë2ÓKä�Ö�Ò�ÒDÖ�à1Ì�Ú	Þ=Ð�Ó�Ï�ö�Ì�Ú2Ö�ÒDÖ�Þ�ê Î�Ú2ÔóÚ2Ö�Ð�Î�Ð�ÌDÖ�Ú2Í�ë
Q�Ó�Ð

A
Ù7ÓóÎ�Ï�Ó�Î�ÒwO1Î�ÚFÎ�Ñ�Ë ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë A

ÌDÍ�Ñ�Î�Ò�ÒDÓ�ÔSÎ Ï�Ó�Î�Ò � ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ßuÌªä Ac = A + iA =
{a+ ib : a, b ∈ A } ß'Ñ�Î�ÚñÙ7ÓIÚ2Ö�Ï�ö=Ó�Ô�Ð�Ö!Ù7Ó�Ñ�Ö�ö=ÓKÎñå�Ñ�Ö�ö�Ü	ÒDÓ�÷Fæ � ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß	Î�Ú2Ô�é�Ó�Ó�Ü2Í6Ð�Ë2ÓUÖ�Ï�Ì�Þ�Ì�ÚFÎ�Ò
Ú2Ö�Ï�ö Ö�Ú

A
û�î�î�þXë

Q�Ó�Ð
A
Ù7ÓóÎiT�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß

P (A)
Ù7ÓóÎiÍ�Ó�Ð�Ö�ä[Î�Ò�Ò1Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í=Ö�ä

A
ë �	ã	Ï�Ð�Ë2Ó�Ï=à�Óóà1Ì�Ò�Ò1ã2Í�Ó�Ð�Ë2Ó

ä�Ö�Ò�ÒDÖ�à1Ì�Ú	Þ=Í�Ð�Î�Ú2Ô2Î�Ï�ÔñÚ2Ö�Ð�Î�Ð�ÌDÖ�Ú2Í�& {aba} = Uab := 2a(ab)− a2b
ß {abc} = a(bc) + (ac)b− (ab)c

Î�Ú2Ô
{aAb} = {{acb} : c ∈ A} ß	à1Ë2Ó�Ï�Ó a, b, c ∈ A

ë2R×T�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î
A
ÌDÍwÑ�Î�Ò�ÒDÓ�Ô Î�Ú RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß2ÌªäuÐ�Ë2Ó

ä�Ö�Ò�ÒDÖ�à1Ì�Ú	Þ�Ñ�Ö�Ú2Ô'Ì�Ð�ÌDÖ�Ú2ÍwË2Ö�ÒDÔ'&
å}î�æ�Ì�ÚSÐ�Ë2Ó ÜFÎ�Ï�Ð�ÌèÎ�Ò�Ò�êòÖ�Ï�Ô	Ó�Ï�Ó�Ô Í�Ó�Ð

P (A)
Ö�ä[Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2ÍóÎ�Ú#êòÍ�ã	Ù2Í�Ó�Ð�Ö�ä[ÜFÎ�Ì�Ï�à1ÌDÍ�Ó�Ö�Ï�Ð�Ë2Ö�Þ�Ö�ÚFÎ�Ò

Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2ÍwËFÎ�ÍwÐ�Ë2ÓKÒDÓ�Î�Í�Ðwã	Ü	Ü7Ó�Ï1Ù7Ö�ã	Ú2ÔóÌ�Ú
A
ô

å�õ�æìÓ�Õ�Ó�Ï�ê?ökÎ�÷'Ì�ökÎ�Ò Î�Í�Í�Ö�Ñ�ÌèÎ�Ð�Ì�Õ�ÓØÍ�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î
Ao

Ö�ä Ð�Ë2Ó Î�Ò�Þ�Ó�Ù	Ï�Î
A
ÌDÍ�Þ�Ó�Ú2Ó�Ï�Î�Ð�Ó�ÔùÙ#ê?Ì�Ð�ø Í

Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í!åoÌ{ë�Ó�ë2Ñ�Ö�Ì�Ú2Ñ�ÌDÔ	Ó�Íwà1Ì�Ð�Ë_Ð�Ë2Ó[ÒDÓ�Î�Í�ÐwÑ�ÒDÖ�Í�Ó�Ô_Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î=Ñ�Ö�Ú#Ð�Î�Ì�Ú	Ì�Ú	Þ
Ao ∩ P (A)

æ�ë
Q�Ó�Ð

(S)⊥ = {a ∈ A : (∀x ∈ S) Uax = 0},
⊥(S) = {x ∈ A : (∀ a ∈ S) Uax = 0},

⊥(S)+ = ⊥(S) ∩A+.Ê6Ë2Ó�Úóä�Ö�ÏIÎ�T�O�WPÎ�Ò�Þ�Ó�Ù	Ï�Î
A
Ð�Ë2ÓKä�Ö�Ò�ÒDÖ�à1Ì�Ú	Þ�Ñ�Ö�Ú2Ô'Ì�Ð�ÌDÖ�Ú2ÍUÎ�Ï�Ó�Ó�ÿ#ã	Ì�Õ�Î�ÒDÓ�Ú#Ð�&

å}î�æ
A
ÌDÍIÎ�Ú RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ô

å�õ�æ�ä�Ö�ÏwÓ�Õ�Ó�Ï�êóÍ�ã	Ù2Í�Ó�Ð
S ⊂ A+

Ð�Ë2Ó�Ï�Ó�Ó�÷'ÌDÍ�Ð�ÍwÎ!Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú
e ∈ A

Í�ã2Ñ�Ë_Ð�ËFÎ�Ð
(S)⊥ = Ue(A)

ô
å�ü�æLä�Ö�Ï1Ó�Õ�Ó�Ï�ê�Í�ã	Ù2Í�Ó�Ð

S ⊂ A
Ð�Ë2Ó�Ï�ÓKÓ�÷'ÌDÍ�Ð�ÍwÎ�Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú

e ∈ A
Í�ã2Ñ�ËóÐ�ËFÎ�Ð ⊥(S)+ = Ue(A+)

û ü�þXë
Q�Ó�Ð

A
Ù7Ó�ÎóÏ�Ó�Î�Ò�Ö�Ï�Ñ�Ö�ö�Ü	ÒDÓ�÷ ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß,Î�Ú2ÔìÒDÓ�Ð S Ù7Ó�ÎóÚ2Ö�Ú2Ó�ö�Ü	ÐXêìÍ�ã	Ù2Í�Ó�Ð!Ö�ä

A
ëbÊ6Ë2Ó�Ú�Ð�Ë2Ó

Í�Ó�Ð
R(S) = {x ∈ A : sx = 0

ä�Ö�Ï�Î�Ò�Ò
s ∈ S} ÌDÍ�Ñ�Î�Ò�ÒDÓ�ÔÝÐ�Ë2Ó�Ï�Ì�Þ�Ë#Ð�Î�Ú	Ú	Ì�Ë	Ì�ÒèÎ�Ð�Ö�Ï!Ö�ä S Î�Ú2Ô�Ð�Ë2Ó=Í�Ó�Ð

L(S) = {x ∈ A : xs = 0
ä�Ö�Ï Î�Ò�Ò

s ∈ S} ÌDÍ�Ñ�Î�Ò�ÒDÓ�ÔâÐ�Ë2ÓkÒDÓ�ä�Ð=Î�Ú	Ú	Ì�Ë	Ì�ÒèÎ�Ð�Ö�Ï=Ö�ä S ëZR ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î AÌDÍ�Ñ�Î�Ò�ÒDÓ�Ô�ÎóO1Î�Ó�Ï ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß�Ìªä6Ð�Ë2Ó�Ï�Ì�Þ�Ë#Ð�Î�Ú	Ú	Ì�Ë	Ì�ÒèÎ�Ð�Ö�Ï�Ö�äwÎ�Ú#êiÚ2Ö�Ú2Ó�ö�Ü	ÐXêÝÍ�Ó�Ð S ⊆ A
ÌDÍ[Þ�Ó�Ú2Ó�Ï�Î�Ð�Ó�Ô

Ù#ê Î�Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú�ß�Ì{ë�Ó�ë
R(S) = gA

ä�Ö�Ï�Í�Ö�ö=Ó_Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú
g ∈ A

å
g2 = g = g∗

æ�ë�N{ä
S = {a}Ð�Ë2Ó�ÚâÐ�Ë2ÓkÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú

1 − g
Í�ã2Ñ�ËâÐ�ËFÎ�Ð

R(S) = gA
ÌDÍ!Ñ�Î�Ò�ÒDÓ�Ô�Ð�Ë2ÓkÏ�Ì�Þ�Ë#Ð�Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�ÚòÎ�Ú2Ô�Ô	Ó�Ú2Ö�Ð�Ó�Ô

Ù#ê
r(a)

ë�M#Ì�ö�Ì�ÒèÎ�Ï�Ò�ê�Ö�Ú2Ó�Ñ�Î�Ú�Ô	Ó �2Ú2Ó�Ð�Ë2Ó�ÒDÓ�ä�ÐZÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú
l(a)

ë�R åoÏ�Ó�Î�Òoæ � ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î A ß�à1Ë	ÌDÑ�Ë!ÌDÍ,ÎwO1Î�Ó�ÏåoÏ�Ó�Î�Òoæ ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ßZÌDÍ!Ñ�Î�Ò�ÒDÓ�ÔâÎ�ÚØåoÏ�Ó�Î�Òoæ�RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î�û�î�ß)(�þXëbGIÓ�Î�Ò�RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�à�Ó�Ï�ÓkÌ�Ú#Ð�Ï�Ö�Ô'ã2Ñ�Ó�Ô
Î�Ú2Ô�Ì�Ú#Õ�Ó�Í�Ð�Ì�Þ#Î�Ð�Ó�ÔÝÌ�ÚSû�î�ß�õ�þXëÈNXÚ�Ð�Ë2Ó�Í�Ó�ÜFÎ�Ü7Ó�Ï�Í[Ì�Ð[à6Î�Í�Í�Ë2Ö�à1ÚÝÐ�ËFÎ�Ð[ä�Ö�Ï�ÎñÏ�Ó�Î�Ò�RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î A

Ð�Ë2Ó
� ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î M = A + iA

ÌDÍ1Ú2Ö�ÐwÚ2Ó�Ñ�Ó�Í�Í�Î�Ï�Ì�Ò�êóÎ�Ñ�Ö�ö�Ü	ÒDÓ�÷_RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë
Q�Ó�Ð

A
Ù7ÓIÎ�ÚkRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë#O�êñû �	ß�Ê6Ë2Ó�Ö�Ï�Ó�öúõ'ë ü�þFà�ÓwËFÎ�Õ�ÓwÐ�Ë2ÓwÓ�ÿ#ãFÎ�Ò�Ì�ÐXê

A = AI ⊕AII⊕AIII
ß

à1Ë2Ó�Ï�Ó
AI

ÌDÍ�Î�ÚkRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä7ÐXê�Ü7ÓwN�ß
AII

ÌDÍ�Î�Ú=RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä7ÐXê�Ü7ÓwN�NZÎ�Ú2Ô
AIII

ÌDÍ�Î�Ú=RUT�VSW
Î�Ò�Þ�Ó�Ù	Ï�ÎóÖ�ä6ÐXê�Ü7Ó�N�N�N�û ��þXëÈO�êâû �'ßÈÊ6Ë2Ó�Ö�Ï�Ó�ö ü'ë ��þ

AI
ß7Ì�ÚÝÌ�Ð�ÍKÐ�ã	Ï�Ú�ßÈÌDÍ�ÎñÔ'Ì�Ï�Ó�Ñ�Ð�Í�ã	ö Ö�ä6Ð�Ë2Ó!ä�Ö�Ò�ÒDÖ�à1Ì�Ú	Þ

ä�Ö�Ï�ö
AI = A∞ ⊕A1 ⊕A2 ⊕ . . . ,

à1Ë2Ó�Ï�Ó
An

ä�Ö�Ï�Ó�Õ�Ó�Ï�ê
n
Ó�Ì�Ð�Ë2Ó�Ï�ÌDÍ {0} Ö�Ï�Î�Ú�RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä�ÐXê�Ü7ÓwN n

ß
A∞

ÌDÍ�Î�Ô'Ì�Ï�Ó�Ñ�Ð�Í�ã	ö?Ö�ä�RUT�VSW
Î�Ò�Þ�Ó�Ù	Ï�Î�ÍIÖ�äuÐXê�Ü7Ó[N

α
à1Ì�Ð�Ë

α
Ì�Ú��2Ú	Ì�Ð�Ó�ë2N{ä

A = A1 ⊕A2 ⊕ . . .
Ð�Ë2Ó�Ú

A
ÌDÍ1Ñ�Î�Ò�ÒDÓ�Ô Î�Ú RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä

ÐXê�Ü7Ó!N
fin

Î�Ú2Ô Ô	Ó�Ú2Ö�Ð�Ó�Ô�Ù#ê
AIfin

Î�Ú2Ô Ìªä
A = A∞

Ð�Ë2Ó�Ú
A
ÌDÍUÑ�Î�Ò�ÒDÓ�Ô�Î�Ú�RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�äLÐXê�Ü7Ó�N

∞Î�Ú2Ô_Ô	Ó�Ú2Ö�Ð�Ó�ÔóÙ#ê
AI∞

ë'VÝÓ[Í�Î�ê�Ð�ËFÎ�Ð
A
ÌDÍ1Ü	Ï�Ö�Ü7Ó�Ï�Ò�êñÌ�Ú��2Ú	Ì�Ð�Ó[Ìªä

A
ËFÎ�Í1Ú2Ö�Ú2Ö�Ú	í�Ó�Ï�Ö=Ñ�Ó�Ú#Ð�Ï�Î�Òbö=Ö�Ô'ã	ÒèÎ�Ï

Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú�ë#Ê6Ë2Ó�ä{Î�Ñ�Ð,Ð�ËFÎ�Ð�Î�Ú=RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î
AII

Ö�ä7ÐXê�Ü7Ó1N�NÈÌDÍ�ÎKT �LWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ñ�Î�Ú=Ù7Ó�Ü	Ï�Ö�Õ�Ó�ÔkÍ�Ì�ö�Ì�ÒèÎ�Ï
Ð�Ö�T�O�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Í�û *�þXë'Ê6Ë2Ó�Ï�Ó�ä�Ö�Ï�Ó�ß	Ì�Ð6ÌDÍ6ÌDÍ�Ö�ö=Ö�Ï�Ü	Ë	ÌDÑ[Ð�Ö�Í�Ö�ö=Ó[RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ô	Ó �2Ú2Ó�ÔóÌ�Ú�û�î�ý�þ�åoÌ{ë�Ó�ë'Ð�Ö
Í�Ö�ö=ÓKRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�äZÍ�Ó�ÒªäoWPÎ�Ô�ð�Ö�Ì�Ú#ÐwÖ�Ü7Ó�Ï�Î�Ð�Ö�Ï�Í�æ�ß	Î�Ú2Ô�Ù#êkÕ�Ì�Ï�Ð�ã2ÓKÖ�ä�û�î�ý�þ

AII = AII1 ⊕AII∞

ß�à1Ë2Ó�Ï�Ó
AII1

ÌDÍ[Î=ö=Ö�Ô'ã	ÒèÎ�Ï[RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä�ÐXê�Ü7Ó!N�NwÎ�Ú2Ô
AII∞

ÌDÍKÎ�Ú�RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ö�ä�ÐXê�Ü7Ó!N�N�ß	à1Ë	ÌDÑ�Ë�ÌDÍ
Ü	Ï�Ö�Ü7Ó�Ï�Ò�êñÌ�Ú��2Ú	Ì�Ð�Ó�ë�M�Ö	ß	à�Ó[ËFÎ�Õ�Ó�Ð�Ë2Ó[Ô	Ó�Ñ�Ö�ö�Ü7Ö�Í�Ì�Ð�ÌDÖ�Ú

A = AIfin ⊕AI∞ ⊕AII1 ⊕AII∞ ⊕AIII .
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NXÐ6ÌDÍ6Ó�Î�Í�êkÐ�Ö!Õ�Ó�Ï�Ìªä�êkÐ�ËFÎ�Ð1Ð�Ë2ÓKÜFÎ�Ï�Ð
AIfin ⊕AII1

ÌDÍ6ö=Ö�Ô'ã	ÒèÎ�Ï�ß2Î�Ú2Ô
AI∞ ⊕AII∞ ⊕AIII

ÌDÍ6Ü	Ï�Ö�Ü7Ó�Ï�Ò�ê
Ì�Ú��2Ú	Ì�Ð�ÓkåoÌ{ë�Ó�ë	Ü	Ï�Ö�Ü7Ó�Ï�Ò�êñÚ2Ö�Ú	ö=Ö�Ô'ã	ÒèÎ�Ï�æ�ë

� B�� !�e !#j"%�m��um�p�mèÆ�`ïd��I^������ $2p�� ! �Zj"$�%

Q�Ó�Ð
A
Ù7Ó_Î�Í�Ü7Ó�Ñ�ÌèÎ�ÒwRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�ÎÝÖ�Ú ÎiÑ�Ö�ö�Ü	ÒDÓ�÷"!IÌ�Ò�Ù7Ó�Ï�ÐkÍ�ÜFÎ�Ñ�Ó

H
ë,O�ê

R∗(A)
à�Ó_Ô	Ó�Ú2Ö�Ð�Ó

Ð�Ë2Ó�ã	Ú	Ìªä�Ö�Ï�ö�Ò�ê_Ñ�ÒDÖ�Í�Ó�Ô Ï�Ó�Î�Ò ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�ÎkÌ�Ú B(H)
ßFÞ�Ó�Ú2Ó�Ï�Î�Ð�Ó�Ô Ù#ê

A
ß�Î�Ú2Ô Ù#ê

C∗(A)
Ð�Ë2Ó � ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß

Þ�Ó�Ú2Ó�Ï�Î�Ð�Ó�Ô_Ù#ê
A
ë2Ê6Ë#ã2ÍwÐ�Ë2Ó[Í�Ó�ÐIÖ�äuÓ�ÒDÓ�ö=Ó�Ú#Ð�ÍUÖ�äué�Ì�Ú2Ô

n∑

i=1

mi∏

j=1

aij (aij ∈ A)

ÌDÍwã	Ú	Ìªä�Ö�Ï�ö�Ò�ê Ô	Ó�Ú2Í�Ó�Ì�Ú
R∗(A)

ë�Q�Ó�Ð
iR∗(A)

Ù7Ó�Ð�Ë2Ó�Í�Ó�ÐUÖ�äLÓ�ÒDÓ�ö=Ó�Ú#Ð�Í[Ö�ä,é�Ì�Ú2Ô
ia
ß
a ∈ R∗(A)

ëFÊ6Ë2Ó�Ú
C∗(A) = R∗(A) + iR∗(A)

û ��ßÈî�ü�þXë
# ! # # $ � B�@FB%$ � � � �'&

R∗(A) ∩ iR∗(A)
�(�)� �+*��-, ���/. � ��0 ���'� �213&�4 �5��� 16�21 � 16� � ���-*

C∗(A)
5

C
N{ä
a, b ∈ R∗(A)

Î�Ú2Ô
c = id ∈ R∗(A)∩iR∗(A)

ß�Ð�Ë2Ó�Ú
(a+ib)c = ac+ibid = ac−bd ∈ R∗(A)

ë
M#Ì�ö�Ì�ÒèÎ�Ï�Ò�ê

(a+ib)c ∈ iR∗(A)
ß�Ì{ë�Ó�ë

(a+ib)c ∈ R∗(A)∩iR∗(A)
ë�M#Ì�Ú2Ñ�Ó

R∗(A)∩iR∗(A)
ÌDÍZã	Ú	Ìªä�Ö�Ï�ö�Ò�ê

Ñ�ÒDÖ�Í�Ó�ÔiÎ�Ú2Ô Ð�Ë2Ó!Í�Ó�ÐKÖ�ä�Ó�ÒDÓ�ö=Ó�Ú#Ð�Í[Ö�ä�é�Ì�Ú2Ô
a+ ib

ß
a, b ∈ A

ÌDÍUã	Ú	Ìªä�Ö�Ï�ö�Ò�ê Ô	Ó�Ú2Í�Ó�Ì�Ú
C∗(A)

ßFà�Ó!ËFÎ�Õ�Ó
R∗(A) ∩ iR∗(A)

ÌDÍwÎ!ÒDÓ�ä�Ð6ÌDÔ	Ó�Î�ÒÈÌ�Ú
C∗(A)

ë	O�êkÐ�Ë2Ó[Í�ê�ö�ö=Ó�Ð�Ï�ê
R∗(A) ∩ iR∗(A)

ÌDÍwÎ�Ï�Ì�Þ�Ë#Ð1ÌDÔ	Ó�Î�Ò{ë
B

Q�Ó�Ð
R
Ù7Ó�Î ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î'ß Rsa

Ù7ÓKÐ�Ë2Ó�Í�Ó�ÐIÖ�äLÎ�Ò�ÒbÍ�Ó�ÒªäoWPÎ�Ô�ð�Ö�Ì�Ú#ÐIÓ�ÒDÓ�ö=Ó�Ú#Ð�ÍUÖ�ä
R
ß'Ì{ë�Ó�ë

Rsa = {a ∈ R :
a∗ = a} ë

798;:=<�>?<A@B<�CD>FEBG-H�G�R T �LWPÎ�Ò�Þ�Ó�Ù	Ï�Î
A
ÌDÍ�Í�Î�ÌDÔkÐ�Ö�Ù7ÓIÏ�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓUÌªä

a1a2 . . . an + anan−1 . . . a1 ∈ Aä�Ö�ÏIÎ�Ò�Ò
a1, a2, . . . , an ∈ A

ë
M#Ì�ö�Ì�ÒèÎ�ÏwÐ�Ö=T�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Íwà�Ó[ËFÎ�Õ�Ó�Ð�Ë2ÓKä�Ö�Ò�ÒDÖ�à1Ì�Ú	ÞkÑ�Ï�Ì�Ð�Ó�Ï�ÌDÖ�Ú�ë
# ! # # $ � B � B �I* ���	��

� ��� � �"���

A
�(� � � 
 � �������"� � �-,J�'* 1 �K*�� � �-,

A = R∗(A)sa
5

C
NXÐ1ÌDÍwÑ�ÒDÓ�Î�ÏwÐ�ËFÎ�Ð�ß	Ìªä

A = R∗(A)sa
ß	Ð�Ë2Ó�Ú

A
ÌDÍ1Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�Í�Ì�Ú2Ñ�Ó

( n∏

i=1

ai +

1∏

i=n

ai

)∗
=

1∏

i=n

ai +

n∏

i=1

ai ∈ R∗(A)sa = A,

ä�Ö�ÏKÎ�Ò�Ò
a1, a2, . . . , an ∈ A

ë ��Ö�Ú#Õ�Ó�Ï�Í�Ó�Ò�ê�ß�ÒDÓ�Ð
A
Ù7Ó!Î=Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ!RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë7Ê6Ë2Ó!Ì�Ú2Ñ�Ò�ã2Í�ÌDÖ�Ú

A ⊂
R∗(A)sa

ÌDÍwÓ�Õ�ÌDÔ	Ó�Ú#Ð�ëFN{ä
a =

∑n
i=1

∏mi
j=1 aij ∈ R∗(A)sa

ß'Ð�Ë2Ó�Ú

a =
1

2
(a+ a∗) =

1

2

n∑

i=1

( mi∏

j=1

aij +

1∏

j=mi

aij

)
∈ A.

!UÓ�Ú2Ñ�Ó[Ð�Ë2Ó[Ñ�Ö�Ú#Õ�Ó�Ï�Í�Ó�Ì�Ú2Ñ�Ò�ã2Í�ÌDÖ�Ú_Ë2Ö�ÒDÔ	Í�ß	Ì{ë�Ó�ë
R∗(A)sa = A

ë
B

# ! # # $ � B-L�BBM��'&
A

� � �'* ���	��

� ��� � �"���5�'* 1 � �'&
I
� � �N*����/.O
�0 ���'� �21 � 16� � ���K,

A
5 $ � � * & � � � �

�/P �(� & �I�O0 � * & ��� ��� � ��Q � 0 & ���K*
g
���R0 � & �	� & ⊥(⊥(Isa)+)+ = gA+

5

C
M#Ì�Ú2Ñ�Ó

A
ÌDÍIÎ�Ú RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î�Ð�Ë2Ó�Ï�Ó�Ó�÷'ÌDÍ�Ð�ÍIÎ!Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú

g
Ì�Ú
A
Í�ã2Ñ�Ë_Ð�ËFÎ�Ð

⊥(Isa)+ = U(1−g)(A+),
⊥(⊥(Isa)+)+ = Ug(A+),

à1Ë2Ó�Ï�Ó ⊥(S)+ = {x ∈ A+ : (∀ a ∈ S) Uax = 0} ä�Ö�Ï S ⊆ A
ë

Q�Ó�Ð
(uλ)

Ù7ÓwÎ�Ú�Î�Ü	Ü	Ï�Ö�÷'Ì�ökÎ�Ð�ÓIÌDÔ	Ó�Ú#Ð�Ì�ÐXêkÖ�äÈÐ�Ë2ÓwT�O�WXÍ�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î
I
Î�Ú2Ô

a
Ù7ÓIÎ�Ú�Î�Ï�Ù	Ì�Ð�Ï�Î�Ï�ê�Ü7Ö�Í�Ì�Ð�Ì�Õ�Ó

Ó�ÒDÓ�ö=Ó�Ú#Ð[Ì�Ú
I
ë�Ê6Ë2Ó�ÚiÐ�Ë2Ó�Ï�Ó�Ó�÷'ÌDÍ�Ð�Í[Î=ökÎ�÷'Ì�ökÎ�ÒLÎ�Í�Í�Ö�Ñ�ÌèÎ�Ð�Ì�Õ�Ó!Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î

Ao
Ö�ä
A
Ñ�Ö�Ú#Ð�Î�Ì�Ú	Ì�Ú	Þ

a
ë�Q�Ó�Ð
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vµ
Ù7ÓóÎ�ÚòÎ�Ü	Ü	Ï�Ö�÷'Ì�ökÎ�Ð�ÓóÌDÔ	Ó�Ú#Ð�Ì�ÐXêïÖ�ä

Ao
ëuÊ6Ë2Ó�Ú

(vµ) ⊆ (uλ)
Î�Ú2Ô ‖avµ − a‖ → 0

ë,Q�Ó�Ð
b ∈ A+Î�Ú2Ô

Uvµb = 0
ä�Ö�ÏñÓ�Õ�Ó�Ï�ê

µ
ë�Ê6Ë2Ó�Ú

UaUvµb = Uavµb = 0
Î�Ú2Ô

UcUavµb = 0
ß�à1Ë2Ó�Ï�Ó

c
ÌDÍóÎ�Ú

Ó�ÒDÓ�ö=Ó�Ú#ÐóÌ�Ú
A
Í�ã2Ñ�ËØÐ�ËFÎ�Ð

b = c2
ë !UÓ�Ú2Ñ�Ó

UcUavµc
2 = 0

ß
(Uc(avµ))

2 = 0
ß
Uc(avµ) = 0

Î�Ú2Ô
UcUc(avµ) = Ub(avµ) = 0

ä�Ö�ÏwÓ�Õ�Ó�Ï�ê
µ
ë'VÝÓKËFÎ�Õ�Ó

‖Ub(avµ)− Uba‖ = ‖Ub(avµ)− a)‖ → 0
Ù7Ó�Ñ�Î�ã2Í�Ó ‖avµ − a‖ → 0

Î�Ú2ÔìÐ�Ë2Ó�Ö�Ü7Ó�Ï�Î�Ð�Ö�Ï
Ub

ÌDÍ�Ú2Ö�Ï�ö�WXÑ�Ö�Ú#Ð�Ì�Ú#ã2Ö�ã2Í�ë !UÓ�Ú2Ñ�Ó
Uba = 0

ëbVÝÓkökÎ�ê
Î�Í�Í�ã	ö=Ó[Ð�ËFÎ�Ð

a = d2
ä�Ö�ÏwÍ�Ö�ö=Ó[Ó�ÒDÓ�ö=Ó�Ú#Ð

d ∈ A
ë	Ê6Ë2Ó�Ú

UdUba = UdUbd
2 = (Udb)

2 = 0, Udb = 0.
Ê6Ë#ã2Í

UdUdb = Ud2b = Uab = 0
ëIÊ6Ë2Ó�Ï�Ó�ä�Ö�Ï�Ó�ßUÌªä

b ∈⊥ ((uλ))+
Ð�Ë2Ó�Ú

b ∈⊥ (Isa)+
ëI!UÓ�Ú2Ñ�Ó

⊥((uλ))+ ⊆⊥ (Isa)+
ë2NXÐ6ÌDÍwÑ�ÒDÓ�Î�ÏwÐ�ËFÎ�Ð ⊥(Isa)+ ⊆⊥ ((uλ))+

Î�Ú2Ô

⊥(Isa)+ =⊥ ((uλ))+.
Ê6Ë	ÌDÍwÌ�ö�Ü	Ò�ÌDÓ�Í1Ð�ËFÎ�Ð ⊥((uλ))+ = U(1−g)(A+)

Î�Ú2Ô

sup
λ
uλ = g.

Q�Ó�Ð�ã2Í�Ü	Ï�Ö�Õ�ÓIÐ�ËFÎ�Ð
Ug(A)

ÌDÍ6Î�ÚkÌDÔ	Ó�Î�Ò7Ö�ä
A
ë#NXÚ2Ô	Ó�Ó�ÔÈß#ÒDÓ�Ð

x
Ù7ÓUÎ�ÚñÎ�Ï�Ù	Ì�Ð�Ï�Î�Ï�êkÓ�ÒDÓ�ö=Ó�Ú#Ð6Ì�Ú

A
ë�Ê6Ë2Ó�Ú

Uxuλ ∈ Isa
ß�Ì{ë�Ó�ë

Uxuλ ∈ Ug(A)
ë�O�ê�û *'ß��,Ï�Ö�Ü7Ö�Í�Ì�Ð�ÌDÖ�Ú�ü'ë ü'ë 
�þ�Î�Ú2ÔiÐ�Ë2Ó�Ü	Ï�Ö�Ö�ä6Ö�äKû *	ß7Q�Ó�ö�ökÎñý2ë�î�ë ��þ

à�Ó[ËFÎ�Õ�Ó
Ux

ÌDÍIÎ!Ú2Ö�Ï�ökÎ�ÒbÖ�Ü7Ó�Ï�Î�Ð�Ö�ÏIÌ�Ú
A
ë6!UÓ�Ú2Ñ�Ó

sup
λ
Uxuλ = Ux(sup

λ
uλ) = Uxg.

R6ÐwÐ�Ë2Ó[Í�Î�ö=Ó[Ð�Ì�ö=Ó
sup
λ
Uxuλ ∈ Ug(A).

!UÓ�Ú2Ñ�Ó
Uxg ∈ Ug(A)

ë2O�êiû *'ß2õ'ë ('ë�î���þZà�Ó[ËFÎ�Õ�Ó

4(xg)2 = 2gUxg + Uxg
2 + Ugx

2 = 2gUxg + Uxg + Ugx
2.

Ê6Ë2Ó�Ï�Ó�ä�Ö�Ï�Ó
(xg)2 ∈ Ug(A)

Î�Ú2Ô
xg ∈ Ug(A)

ë
�UÖ�à�ß	ÒDÓ�Ð

y
Ù7Ó�Î�Ú Î�Ï�Ù	Ì�Ð�Ï�Î�Ï�ê_Ó�ÒDÓ�ö=Ó�Ú#ÐIÌ�Ú

UgA
ë2Ê6Ë2Ó�Ú

y = Ugy
Î�Ú2Ô

xy =
(
Ugx+ {gx(1 − g)} + U1−gx

)
Ugy = UgxUgy +

{
gx(1 − g)

}
Ugy ∈ UgA

Í�Ì�Ú2Ñ�Ó {gx(1−g)} ∈ UgA
ë !UÓ�Ú2Ñ�Ó

UgA
ÌDÍ�ÎUÚ2Ö�Ï�ö�WXÑ�ÒDÖ�Í�Ó�Ô=ÌDÔ	Ó�Î�Ò�Ö�ä

A
ë�Ê6Ë2Ó�Ï�Ó�ä�Ö�Ï�Ó {gA(1−g)} = {0}Î�Ú2Ô

A = UgA⊕ U1−gA.
Ê6Ë	ÌDÍwÌ�ö�Ü	Ò�ÌDÓ�Í1Ð�ËFÎ�Ð

g
ÌDÍIÎ�Ñ�Ó�Ú#Ð�Ï�Î�ÒbÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú Ì�Ú

A
Î�Ú2Ô ⊥(⊥(Isa)+)+ = gA+
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e
*
f
�-*
A

�'* 1 � *����/.O
�0 ���'� �21 &�4 � ��� 16�21 � 16� � �
I
�K,
C∗(A)

���R0 � & �	� &

e+ f = 1
*
eA = ⊥(⊥(Isa)+)+

�'* 1
R∗(fA) ∩ iR∗(fA) = {0} 5
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Q�Ó�Ð

I = R∗(A) ∩ iR∗(A)
ëLM#Ì�Ú2Ñ�Ó

A
ÌDÍ!Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓkÙ#ê��,Ï�Ö�Ü7Ö�Í�Ì�Ð�ÌDÖ�Úòü'ë ü_à�Ó�ËFÎ�Õ�Ó

Isa ⊆ A
ë

O�ê û ��ß�ü'ë�î�þ
I
ÌDÍ�ÎiÐXà�ÖìÍ�ÌDÔ	Ó�ÔïÌDÔ	Ó�Î�ÒUÖ�ä

C∗(A)
ë !UÓ�Ú2Ñ�Ó

Isa
ÌDÍkÎ�ÚSÌDÔ	Ó�Î�ÒIÖ�ä[Ð�Ë2Ó_RUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î

A
ë

O�ê��,Ï�Ö�Ü7Ö�Í�Ì�Ð�ÌDÖ�Ú_ü'ë ý�à�ÓUËFÎ�Õ�ÓUÐ�Ë2Ó�Ï�ÓKÓ�÷'ÌDÍ�Ð�Í1Î�Ñ�Ó�Ú#Ð�Ï�Î�ÒÈÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú
g
Í�ã2Ñ�ËñÐ�ËFÎ�Ð ⊥(⊥(Isa)+)+ = gA+

ë
NXÐ1ÌDÍwÑ�ÒDÓ�Î�ÏwÐ�ËFÎ�Ð

g
ÌDÍIÎ�Ñ�Ó�Ú#Ð�Ï�Î�ÒbÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú�Î�ÒDÍ�Ö�Ì�Ú

C∗(A)
ë

O�ê�Ð�Ë2Ó�Ô	Ó �2Ú	Ì�Ð�ÌDÖ�Ú2ÍIÖ�ä
I
Î�Ú2Ô

g
à�Ó[ËFÎ�Õ�Ó

R∗((1− g)A) ∩ iR∗((1 − g)A) = {0}. �
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� ��� � �"�����'* 1 � �'&
J

� � & � � � �'& �K, � � � . � * & �
a ∈ A

���R0 �
& �	� &

bac+ c∗ab∗ ∈ A
, ����� ���

b, c ∈ C∗(A)
5 $ � � *

J
�(�N�5*����/.O
�0 ���'� �21 � 16� � �)�-*

A
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 � �

J
�(�
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a, b ∈ J ß s, t ∈ C∗(A)
ë2Ê6Ë2Ó�Ú

s(a+ b)t+ t∗(a+ b)s∗ = (sat+ t∗as∗) + (sbt+ t∗bs∗) ∈ A,

Ì{ë�Ó�ë
J
ÌDÍIÎ!Ò�Ì�Ú2Ó�Î�ÏIÍ�ã	Ù2Í�ÜFÎ�Ñ�Ó�Ö�ä

A
ë �UÖ�à�ß	Ìªä

a ∈ J ß b ∈ A
ß
s, t ∈ C∗(A)

ß	Ð�Ë2Ó�Ú

s(ab+ ba)t+ t∗(ab+ ba)s∗ = (sa(bt) + (bt)∗as∗) + ((sb)at+ t∗a(sb)∗) ∈ A,

Ì{ë�Ó�ë
J
ÌDÍIÎ!Ú2Ö�Ï�ö�WXÑ�ÒDÖ�Í�Ó�Ô_ÌDÔ	Ó�Î�ÒbÖ�ä

A
ë

Q�Ó�Ð
a1 ∈ J

ß
a2, . . . , an ∈ A

Î�Ú2Ô
a =

∏n
i=2 ai

ë2Ê6Ë2Ó�Ú
a1a+ a∗a1 ∈ A

Ù#êñÐ�Ë2Ó�Ô	Ó �2Ú	Ì�Ð�ÌDÖ�Ú�Ö�ä
J
ë

Q�Ó�ÐKã2Í[Í�Ë2Ö�àÛÐ�ËFÎ�Ð
a1a + a∗a1 ∈ J

ô�Ð�Ë2Ó�Ú�ß7Ì�ÚiÜFÎ�Ï�Ð�ÌDÑ�ã	ÒèÎ�Ï�ßÈÌ�ÚiÐ�Ë2Ó�Ñ�Î�Í�Ó�Ö�ä
a2, . . . , an ∈ J

Ð�Ë	ÌDÍKà1Ì�Ò�Ò
Ì�ö�Ü	Ò�ê�Ð�ËFÎ�Ð

J
ÌDÍ1Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�ë �2Ö�ÏUÎ�Ò�Ò

b
ß
c ∈ C∗(A)

à�Ó[ËFÎ�Õ�Ó

b(a1a+ a∗a1)c+ c∗(a1a+ a∗a1)b
∗ = (ba1(ac) + (ac)∗a1b

∗) + ((ba∗)a1c+ c∗a1(ba
∗)∗) ∈ A,

Ì{ë�Ó�ë
a1a+ a∗a1 ∈ J

ë
B

798;:=<�>?<A@B<�CD> EBG���G RIÚiRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î
A
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Ì�Ú

Q�Ó�ö�ökÎ=ü'ë 
�ÌDÍwÓ�ÿ#ãFÎ�Ò�Ð�Ö {0} ß2Ì{ë�Ó�ë J = {0} ë
� ] !#dFj"! # � BDEÈB M��'&
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e, f, g ∈ A
*
e+ f + g = 1

���R0 � & �	� &

(1) J = (e+ f)A
*
J
�(� & � � � 16� � �?, � �K. M�� . . �

3.6;
(2) eA

�(� � � 
 � �������"� � �'* 1 & � � � � �/P �(� & �)�9*����/.O
�0 ���'� �21 &�4 � ��� 16�21 � 16� � �
I
�K,
C∗(eA)

���R0 � & �	� &

eA = ⊥(⊥(Isa)+)+;
(3) fA
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 � �������"� � �'* 1
R∗(fA) ∩ iR∗(fA) = {0};

(4) gA
�(�)� & � & � ��� � *��K*�� � 
 � �������"� � ���	��

� ��� � �"���O�'* 1

gA =
∑

ω∈Ω
C(Qω,R⊕Hω),

4 � � � �
Ω

�(� ��� �'& �K, �-* 1 � 0 � � * {Qω}ω∈Ω
�(� �'* � ��� � � � ����� & � ,
�'. ��� � �K, �/PB& � � . � � 0��K. �?� 0 & � �'* 1

{Hω}ω∈Ω
�(�)�5,
�'. ��� � �K, ������� � � & � �?� 0 � � 5
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VÝÓKËFÎ�Õ�Ó

A = A1 ⊕A2 ⊕ · · · ⊕AI∞ ⊕AII1 ⊕AII∞ ⊕AIII

Î�Ú2ÔóÐ�Ë2Ó[Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î åoà1Ì�Ð�Ë2Ö�ã	ÐwÐ�Ë2Ó[ÜFÎ�Ï�Ð
A2
æ

A1 ⊕A3 ⊕A4 ⊕ · · · ⊕AI∞ ⊕AII1 ⊕AII∞ ⊕AIII

ÌDÍ!Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�ëuÊ6Ë2Ó�ÒèÎ�Í�Ð�Í�Ð�Î�Ð�Ó�ö=Ó�Ú#Ð=Ñ�Î�ÚâÙ7ÓkÜ	Ï�Ö�Õ�Ó�ÚïÍ�Ì�ö�Ì�ÒèÎ�Ï�Ð�Öâû *'ßZÊ6Ë2Ó�Ö�Ï�Ó�ö �'ë ü'ë�î���þXëuO�êSû�î���þ6Ð�Ë2Ó
Í�ã	ÙFÎ�Ò�Þ�Ó�Ù	Ï�Î

A2
Ñ�Î�Ú_Ù7ÓKÏ�Ó�Ü	Ï�Ó�Í�Ó�Ú#Ð�Ó�Ô�Î�Í6ä�Ö�Ò�ÒDÖ�àwÍ

A2 =
∑

i∈Ξ
C(Xi,R⊕Hi),

à1Ë2Ó�Ï�Ó
Ξ
ÌDÍwÎ!Í�Ó�Ð1Ö�äZÌ�Ú2Ô'ÌDÑ�Ó�Í�ß {Xi}i∈Ξ

ÌDÍwÎ�ä{Î�ö�Ì�Ò�ê�Ö�äuÓ�÷'Ð�Ï�Ó�ökÎ�Ò�Ñ�Ö�ö�ÜFÎ�Ñ�Ð�ÍIÎ�Ú2Ô {Hi}i∈Ξ
ÌDÍwÎ�ä{Î�ö�Ì�Ò�ê

Ö�ä !IÌ�Ò�Ù7Ó�Ï�ÐKÍ�ÜFÎ�Ñ�Ó�Í�ë	!UÓ�Ú2Ñ�Ó!Ù#êìû *'ß�Ê6Ë2Ó�Ö�Ï�Ó�ö 
'ë õ'ë ��þ,Ð�Ë2Ó�Ï�Ó�Ó�÷'ÌDÍ�ÐUÑ�Ó�Ú#Ð�Ï�Î�Ò,Ü	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í
h
ß
g
Í�ã2Ñ�ËiÐ�ËFÎ�Ð

A = hA⊕ gA
ß
hA

ÌDÍ�Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ[Î�Ú2Ô
gA

ÌDÍ�Ð�Ö�Ð�Î�Ò�Ò�êkÚ2Ö�Ú	Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�ë �2Ö�ÏwÎ�Ò�Ò
a
ß
b1, . . . , bn, c1, . . . , cmÌ�Ú

hA
à�Ó[ËFÎ�Õ�Ó

b1 . . . bnac1 . . . cm + cmcm−1 . . . c1abnbn−1 . . . b1 ∈ hA
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hA

ÌDÍ1Ï�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓ�ë7M#Ì�ö�Ì�ÒèÎ�Ï�Ò�ê�ä�Ö�ÏIÎ�Ò�Ò
b, c ∈ R∗(hA)

ß
a ∈ hA à�Ó[ËFÎ�Õ�Ó

bac+ c∗ab∗ ∈ hA.

!UÓ�Ú2Ñ�Ó
hA = J

ë
O�ê �,Ï�Ö�Ü7Ö�Í�Ì�Ð�ÌDÖ�ÚÝü'ë �=Ð�Ë2Ó�Ï�Ó!Ó�÷'ÌDÍ�ÐUÐXà�ÖñÑ�Ó�Ú#Ð�Ï�Î�ÒuÜ	Ï�Ö�ð�Ó�Ñ�Ð�ÌDÖ�Ú2Í

e
ß
f
Ì�Ú
hA

Î�Ú2ÔiÎ=Ú2Ö�Ï�ö�WXÑ�ÒDÖ�Í�Ó�Ô�ÐXà�Ö
Í�ÌDÔ	Ó�ÔÝÌDÔ	Ó�Î�Ò

I
Ö�ä
C∗(hA)

Í�ã2Ñ�ËìÐ�ËFÎ�Ð
e + f = h

ß
eA = ⊥(⊥(Isa)+)+

ß
fA

ÌDÍ!ÎñÏ�Ó�Õ�Ó�Ï�Í�Ì�Ù	ÒDÓkRUT�VSW
Î�Ò�Þ�Ó�Ù	Ï�ÎkÎ�Ú2Ô

R∗(fA) ∩ iR∗(fA) = {0} ë2Ê6Ë	ÌDÍIÑ�Ö�ö�Ü	ÒDÓ�Ð�Ó�ÍwÐ�Ë2Ó[Ü	Ï�Ö�Ö�ä�ë B
Q�Ó�Ð

A
Ù7ÓkÎóÍ�Ü7Ó�Ñ�ÌèÎ�ÒLRUT�VSWPÎ�Ò�Þ�Ó�Ù	Ï�Î'ë��KÓ�Í�Ü	Ì�Ð�Ó�Ð�Ë2Ó�ä{Î�Ñ�Ð�Ð�ËFÎ�Ð�ä�Ö�Ï�Ð�Ë2Ó�Ï�Ó�Î�Ò�RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î R∗(A)Ð�Ë2Ó � ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î M = R∗(A) + iR∗(A)

ÌDÍ1Ú2Ö�ÐwÚ2Ó�Ñ�Ó�Í�Í�Î�Ï�Ì�Ò�ê_Î�Ñ�Ö�ö�Ü	ÒDÓ�÷_RbV ∗ WPÎ�Ò�Þ�Ó�Ù	Ï�Î�à�Ó�Ñ�Ö�Ú2Í�ÌDÔ	Ó�Ï�ß
Ð�ËFÎ�Ð
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B'�EC � ½PDC�º�»��
º�º��
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