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 ¢¡	£Z¤'¥�¦�§6¥j¨�¡	©�¦�ª#«���z�¬���{�­�~�®�|����pz�����y�z��[®�~�{�������~���z�|�������y�~�{}|���­��������U�������¢�¯�u��~�����­p{����2�	�°xBz�������±²u��{}{}��y�z�­��h��y��������Z~���~����U��y�y�~�³�~¢{´������³}z��
µO¶�·2¸Z¹pº�»�¼�½�¾'¿À¶�Á!Âpº�Ã�½�¼�Ä a ¹pº�Á	¼�Å�Æ�»�·p½�Ç�Å	¾�»�È#½�É2Å2Ê,½�»�¼�Å!Ç¢»�Â2¶�É2¹2¶�Ê�Â#¾�Ép½�Ç \ Æ�Â	¸�¶ aRYKË ½�Ã�Å�Ì

Í_Æ�»�¼�¸
f(x) ∼ a0

2
+

∞∑

ν=1

aν cos νx+ bν sin νx (1)

aRÎ ½�Â2ÊUº�·2¸�¹2½�¶�Âpº�Ï�·p½�Ð!¶�¹	Å2¶6¹2¶ Ë ½�¼�½�Â2½�Á Î Æ�¹ Ë	Ñ Å	Å
f ∈ Lr

2π Ò {Sn(f ;x)} aÔÓ ½�»�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½�»�¼�¸Õ º�»�¼�Å Õ ¹	Ä6È�»�Æ'Ê,ÊbÂ#¾�É�º�Ö}×�Ø Ò ‖f‖r a ¹2½�Â2ÊUº Î Æ�¹ Ë	Ñ Å	Å
f ∈ Lr

2π,

‖f‖r =
( π∫

−π

|f(x)|r dx
) 1

r

<∞, 1 6 r <∞.

Ù�½�Ç�½�Â#¾'¼ Ò Õ ¼�½[Â#¾�ÉÚÖ}×�Ø6»�È#½�É2Å	¼�»�¾jÇ>»�Â2¶�É2¹2¶�ÊRÖÛ» Ó ½ Ë º�Ï�º�¼�¶�·p¶�Ê r
Ø Ò ¶�»�·2Å

lim
n→∞

‖f − Sn(f)‖r = 0. (2)

N Ì S Å2»�»>ÜÝ×�Þ�ß�É	·2¾ Î Æ�¹ Ë	Ñ Å	Á
f ∈ Lr

2π

Ó Â	Å
1 < r <∞ Æ�»�¼�º�¹2½�Ç�Å'·�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½

‖Sn(f)‖r 6 Cr‖f‖r, n = 0, 1, . . . ,

Ç Ë ½�¼�½�Â2½�Ê
Cr

Ï�º�Ç�Å2»�Å	¼�¼�½�·2¸ Ë ½à½�¼
r. á ¼�½�¼ Î º Ë ¼jâ Ë Ç�Å	Ç#º�·p¶�¹	¼�¶�¹b¼�½�ÊuÆ Ò Õ ¼�½ Ó Â	Å 1 < r < ∞Å2Ê,¶�¶�¼ãÊ,¶�»�¼�½jÖ´ä�Ø Ò ¼�Ì2¶�Ì'¼�Â	Å	å�½�¹2½�Ê,¶�¼�Â	Å Õ ¶�» Ë º�¾à»�Å2»�¼�¶�ÊUº>½�Ã�Âpº�Ï�Æ�¶�¼æÃ�º�Ï�Å2»OÇ Lr

2π.ç º�¼�¶�ÊXè@º�Æ�Ép¶�Â Ò Í_â�·2Å Ò d º�¼�½�¹éÅ J Å'·	·p¶ Ò d ½�Ã�¶�ÂêÉp½ Ë º�Ï�º�·2Å Ò Õ ¼�½]¾'Ç�·2¾'ëK¼�»�¾éÃ�º�Ï�Å2»�º�ÊuÅ
Ç
Lr(0, 1)

»�Å2»�¼�¶�ÊUº J º�º�ÂpºbÜ ä�ä�ß Ó Â	Å
1 6 r < ∞ Åk»�Å2»�¼�¶�ÊUº ^ ½�·2ì[ºíÜÝ×�î�ß Ó Â	Å

1 < r < ∞,º¢Ç
Lr(−∞,∞), 1 < r <∞,

a »�Å2»�¼�¶�ÊUº Ó Â2¶�½�Ã�Âpº�Ï�½�Ç#º�¹	Å	Á \ Æ�Â	¸�¶1Êu¹2½�å�½ Õ ·p¶�¹2½�Ç�ï�º�å�¶�Â	Âpº[Ü î Òpð ß�ÌQ Âpº�Ã�½�¼�¶æÜÝ×�ñ�ß,Ù�ÌBò!Ì \ ½�ÊuÅ	¹�Æ Ë º�Ï�º�· Ë ½�â Î�Î Å Ñ Å2¶�¹	¼�¹	ÄZ¶!Æ�»�·p½�Ç�Å	¾ Ò Ó Â	Å Ë ½�¼�½�Â	Ä6È�Å2Ê,¶�¶�¼nÊ,¶�ó»�¼�½jÖ´ä�Ø Ó Â	Å
r = 1.^ É2Å	Ç�Å	¼�¶�·2¸�¹	ÄZÊ Î º Ë ¼�½�Ê Ó ½�»�·p¶6â�¼�½�å�½�½ Ë º�Ï�º�·p»�¾>Â2¶�Ï�Æ�·2¸�¼�º�¼�Ù�Ì�ÍO½�·	·�º�Â�É�º>ÜÝ×�ä Ò ×�ô�ßp½K¼�½�Ê Ò Õ ¼�½»�Å2»�¼�¶�ÊUºÀÊu¹2½�å�½ Õ ·p¶�¹2½�Ç>ï�¶�ÐÀº�¹'É2Âpº Lr(−1, 1)

¾'Ç�·2¾	¶�¼�»�¾nÃ�º�Ï�Å2»�½�Ê Ó Â	Å 4
3 < r < 4

Åõ¹2¶K¾'Ç�·2¾	¶�¼�»�¾
Ã�º�Ï�Å2»�½�Ê Ò Ë ½�å�É�º r ∈ [1, 43) ∪ (4,∞).

Q É�º�·2¸�¹2¶�Á	ìÀ¶�Ê L Ð�Ì W ¶�Á2ÊUº�¹öÅ ^ Ì S Æ�É2Å	¹°Ü ñ�ß Ó ½ Ë º�Ï�º�·2Å ÒÕ ¼�½ Ó Â	Å r = 4
3

Å
r = 4

»�Å2»�¼�¶�ÊUº>Êu¹2½�å�½ Õ ·p¶�¹2½�Çãï�¶�ÐÀº�¹'É2Âpº>¼�º Ë Ð!¶�¹2¶_¾'Ç�·2¾	¶�¼�»�¾jÃ�º�Ï�Å2»�½�ÊbÇ Lr.
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Q Ì	Í[Ì N ½�¼�½�Â	¹	Ä1ÁöÜ ��ß�Æ Ë º�Ï�º�·�Æ�»�·p½�Ç�Å	¾n¹pº Î Æ�¹ Ë	Ñ Å	ë

f Ò Ó Â	Å Ë ½�¼�½�Â	Ä6ÈnÅ2Ê,¶�¶�¼>Ê,¶�»�¼�½jÖ´ä�Ø Ó Â	ÅÇ�»�¶�È
r ∈ [1, 43 )

⋃
(4,∞),

¼�Ì ¶�ÌBÇ�»�·2Æ Õ º�¾�È Ò Ë ½�å�É�ºnÊu¹2½�å�½ Õ ·p¶�¹	Ä@ï�¶�ÐÀº�¹'É2Âpºn¹2¶À½�Ã�Âpº�Ï�Æ�ëK¼jÃ�º�Ï�Å2»
Ç
Lr(−1, 1)

¼�º Ë Ò Õ ¼�½ Ó ½�»�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½�»�¼�¸ Ë ½�¹2»�¼�º�¹	¼�ï�¶�Ã�¶�å�ºà»�Æ'Ê,Ê \ Æ�Â	¸�¶ a ï�¶�ÐÀº�¹'É2Âpº�¹2¶
½�å�Âpº�¹	Å Õ ¶�¹pº'Ì6Í_Â	Å Õ ¶�Ê Ó ½�Â#¾�É Ë Å Ó Â	Å2Ã�·2Å	Ð!¶�¹	Å	Á Õ º�»�¼�¹	ÄZÊuÅ »�Æ'Ê,ÊUº�ÊuÅ°Ç Lr(1 < r 6

4
3)
»�½�Ç�ó

Ó º�É�º�ëK¼n»!¹pº�Å'·2Æ Õ ì!Å2ÊuÅà¹pº Ë ·�º�»�»�º�È Î Æ�¹ Ë	Ñ Å	Áà»�Ép½�»�¼�º�¼�½ Õ ¹2½õÈ#½�Â2½�ì!Å2ÊuÅ�É2Å Î�Î ¶�Â2¶�¹ Ñ Åpº�·2¸�¹2½�óÂpº�Ï�¹2½�»�¼�¹	ÄZÊuÅà»�Ç�½�Á2»�¼�Ç#º�ÊuÅ�Ì
Q Ì N Ì e º�É Ë ½�ÇnÜÝ×�ßBÅ2»�»�·p¶�Ép½�Ç#º�· Ó ½�Â#¾�É Ë Å Ó Â	Å2Ã�·2Å	Ð!¶�¹	Å	Á�»�Æ'Ê,ÊUº�ÊuÅ \ Æ�Â	¸�¶ a ï�¶�ÐÀº�¹'É2Âpº Ó Â	Å

Æ�»�·p½�Ç�Å	Å Ò Õ ¼�½ f ∈ Hm+α
r Ò r ∈ [1, 43

]⋃
[4,∞),

¼�Ì2¶�Ì

( 1∫

−1

∣∣∣f (m)(x+ h)− f (m)(x)
∣∣∣
r
dx

) 1
r

6 C · hα, 0 < α 6 1,

Å�Å	Ï�Æ Õ Å'· Ó ½�Â#¾�Ép½ Ë Â2½�»�¼�º>½�Ã�½�Ã�¿À¶�¹	¹	Ä6È Ë ½�¹2»�¼�º�¹	¼æï�¶�Ã�¶�å�º (r′ = r/(r − 1))

Ln(r, γ) = sup
‖f‖r′61

∥∥∥∥
(√

1− x2 +
1

n

)γ

S(0,0)
n (f ;x)

∥∥∥∥
r

, γ > 0.

G ¼�Ê,¶�¼�Å2Êí¼�º Ë Ð!¶�»�·p¶�É2Æ�ëK¿!Å	Á�Â2¶�Ï�Æ�·2¸�¼�º�¼ Ò º�¹2½�¹2»�Å	Â2½�Ç#º�¹	¹	Ä1ÁàÙ�Ì2ÍO½�·�º�Â�Ép½�Ê°Ç�ÜÝ×�ä�ß�Ì H Å2»�¼�¶�ÊUº
{
(1− x)

α
2 (1 + x)

β
2 P̂ (α,β)

n (x)
} (

α > −1

2
, β > −1

2

)

¾'Ç�·2¾	¶�¼�»�¾°Ã�º�Ï�Å2»�½�Ê@Ç
Lr(−1, 1)( 43 < r < 4);

Ó Â	Å
a > 0 Ò β > 0

â�¼�º�»�Å2»�¼�¶�ÊUº�¹2¶n¾'Ç�·2¾	¶�¼�»�¾
Ã�º�Ï�Å2»�½�ÊíÇ

Lr(−1, 1),
¶�»�·2Å

r ∈ [1, 43) ∪ (4,∞).G Ã�½�Ï�¹pº Õ Å2Ê
Lr
M =

{
f : M

1
r f ∈ Lr

}
, (QL)r =

{
f : Qf ∈ Lr

}
,

å�Ép¶
M(x) = (1− x)α(1 + x)β (−1 6 x 6 1, α, β > −1),

Q(x) = (1− x)A(1 + x)B (−1 6 x 6 1, A,B ∈ R),
º

Sn(f) = S(α,β)
n (f ;x) =

n∑

ν=0

Cν(f)P̂
(α, β)
ν (x)

a Õ º�»�¼�¹pº�¾�»�Æ'Ê,ÊUº!Â#¾�É�º \ Æ�Â	¸�¶ Ó ½[½�Â	¼�½�¹2½�Â2ÊuÅ	Â2½�Ç#º�¹	¹	ÄZÊk»KÇ�¶�»�½�Ê M(x)
Êu¹2½�å�½ Õ ·p¶�¹pº�Ê YKË ½�Ã�Å

P̂
(α,β)
ν (x) Ò

Ln,r(M,Q) = sup
{
‖Sn(f)Q‖r : f ∈ (QL)r, ‖fQ‖r 6 1

}
.

Q ×�ñ�Þ�ñÀå�Ì e Ì N º Ë	Ë ¶�¹'È#½�Æ Ó ¼�Ü ��ß Ó ½ Ë º�Ï�º�· Ò Õ ¼�½ Ó Â	Å 1 < r <∞ Æ�»�·p½�Ç�Å	¾
∣∣∣∣A+

1

r
− α+ 1

2

∣∣∣∣ < min

(
1

4
,
α+ 1

2

)
,

∣∣∣∣B +
1

r
− β + 1

2

∣∣∣∣ < min

(
1

4
,
β + 1

2

) (3)

¹2¶�½�Ã�È#½�É2Å2ÊuÄÔÅãÉp½�»�¼�º�¼�½ Õ ¹	Ä É	·2¾æ½�å�Âpº�¹	Å Õ ¶�¹	¹2½�»�¼�Å Ë ½�¹2»�¼�º�¹	¼[ï�¶�Ã�¶�å�º Ln,r(M,Q),
¼�Ì'¶�Ì�»�Å2»�¼�¶�ÊUº

{
(1 − x)α(1 + x)βP̂

(α,β)
n (x)

}
(α, β > −1)

½�Ã�Âpº�Ï�Æ�¶�¼íÃ�º�Ï�Å2»�Ç
Lr(−1, 1)

Ó Â	Å
1 < r < ∞.ï>Ì e Ì J ½�É�º Ë Ü ä'×�ß,É�º�·�½ Ñ ¶�¹ Ë Å�Æ Ë ·p½�¹2¶�¹	Å	¾ Î Æ�¹ Ë	Ñ Å	Å

f
½�¼ Õ º�»�¼�Å Õ ¹	Ä6È�»�Æ'Ê,ÊkÂ#¾�Ép½�Ç \ Æ�Â	¸�¶ a
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YKË ½�Ã�ÅÔÇ

Lr[−1, 1]
Ó Â	Å Æ�»�·p½�Ç�Å	Å Ò Õ ¼�½ È#½�¼�¾ÔÃ�Ä ½�É2¹2½bÅ	Ï�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç¯Ö´ô�Øã¹2¶àÇ�Ä Ó ½�·2¹	¾	¶�¼�»�¾ ÒÓ Â	Å Õ ¶�Ê f ∈ Hγ+α

r .Q Âpº�Ã�½�¼�¶�Ü Þ�ß W Ì N Ì d º�Ï�º Ë ½�Ç#ºOÉ�º�¶�¼ Ó ½�Â#¾�Ép½ ËæË ½�¹2»�¼�º�¹	¼!ï�¶�Ã�¶�å�º
Ln,r(M,Q)

Ç Ó Â2½�»�¼�Âpº�¹2»�¼�Ç�¶
(QL)r.G Ã�½�Ï�¹pº Õ Å2Ê Õ ¶�Â2¶�Ï Bν+µ

r
Ö
0 < r <∞ Ò 0 < µ 6 1 Ò ν = 0, 1, . . .)

a Ë ·�º�»�» Î Æ�¹ Ë	Ñ Å	Á e ¶�»�½�Ç#º ÒÏ�º�É�º�¹	¹	Ä6Èn¹pº
[−1, 1] Ò É	·2¾ Ë ½�¼�½�Â	Ä6È f (ν) ∈ Lr Å Ë ½�¹2¶ Õ ¶�¹à»�·p¶�É2Æ�ëK¿!Å	ÁnÅ	¹	¼�¶�å�Âpº�·

1∫

0

h−1−µr
∥∥∥f (ν)(x+ h)− f (ν)(x)

∥∥∥
r

r[−1,1−h]
dh 6 C.

H ÌUÙ�Ì W ¶�¿[º�É2Å2Ê ÜÝ×�
�ß¢Æ Ë º�Ï�º�·°Ép½�»�¼�º�¼�½ Õ ¹	ÄZ¶jÆ�»�·p½�Ç�Å	¾í¹pº Î Æ�¹ Ë	Ñ Å	ë Ò ½�¼�·2Å Õ ¹	ÄZ¶�½�¼ Ó Â	Å	Ç�¶�óÉp¶�¹	¹	Ä6ÈíÇ°Ü ��ß Ò Ó Â	Å Ë ½�¼�½�Â	Ä6È°Å2Ê,¶�¶�¼ Ê,¶�»�¼�½kÖ´ä�Ø Ò ºà¼�º Ë Ð!¶ Ó Â	Å	Ç�¶�· ½ Ñ ¶�¹ Ë Å »�Ç�¶�Â�È'Æ f ∈ Bν+µ
rÕ º�»�¼�¹	ÄZÊuÅ�»�Æ'Ê,ÊUº�ÊuÅ�Â#¾�Ép½�Ç \ Æ�Â	¸�¶ acYKË ½�Ã�ÅjÇ

L1
Å \ Æ�Â	¸�¶ a ï�¶�ÐÀº�¹'É2Âpº[Ç

Lr (1 < r <∞).G Ã�½�Ï�¹pº Õ Å2Ê Õ ¶�Â2¶�Ï Lp,µ[−1, 1] (1 6 p < ∞)
a Ó Â2½�»�¼�Âpº�¹2»�¼�Ç�½ Î Æ�¹ Ë	Ñ Å	Áö»�Æ'Ê,ÊuÅ	Â	Æ�¶�ÊuÄ6È »

p
ó�½�Á°»�¼�¶ Ó ¶�¹	¸�ë »nÇ�¶�»�½�Ê

µ(x) = (1 − x)α(1 + x)−
1
2 dx (−1

2 < α < 1
2),

º ‖f‖p,µ
a ¹2½�Â2ÊuÆ Ò

f ∈ Lp,µ[−1, 1],

‖f‖p,µ =

(
C(α)

1∫

−1

|f(x)|pdµ(x)
) 1

p

<∞,

å�Ép¶
C(α) = Γ(α+ 3/2)/2α+3/2Γ(α+ 1)Γ

(
1

2

)
,

dµ(x) = (1− x)α(1 + x)−
1
2 dx.Í_Æ�»�¼�¸

f(x) ∼
∞∑

ν=0

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (x), (4)

å�Ép¶

a
(α,− 1

2
)

ν (f) =

1∫

1

f(x)P
(α,− 1

2
)

ν (x) dµ(x)

aêÎ ½�Â2ÊUº�·2¸�¹2½�¶_Âpº�Ï�·p½�Ð!¶�¹	Å2¶�ÇÀÂ#¾�É \ Æ�Â	¸�¶ Î Æ�¹ Ë	Ñ Å	Å
f ∈ Lp,µ[−1, 1]

Ó ½ÀÊu¹2½�å�½ Õ ·p¶�¹pº�Ê YKË ½�Ã�Å Ò½�Ã�Âpº�Ï�Æ�ëK¿!Å'Èn½�Â	¼�½�å�½�¹pº�·2¸�¹	Æ�ëI»�Å2»�¼�¶�ÊuÆõ¹pº[½�¼�Â2¶�Ï Ë ¶
[−1, 1]

»OÇ�¶�»�½�Ê
µ(x),

¼�Ì2¶�Ì
1∫

−1

P
(α,− 1

2
)

n (x)P
(α,− 1

2
)

k (x) dµ(x) =

{
0, k 6= n,

hn(α), k = n,

å�Ép¶
hn(α) =

2α+
1
2Γ(n+ α+ 1)Γ

(
n+ 1

2

)
(
2n+ α+ 1

2

)
Γ(n+ 1)Γ

(
n+ α+ 1

2

) .

G Ã�½�Ï�¹pº Õ Å2Ê Õ ¶�Â2¶�Ï S
(
α,− 1

2

)
n (f ;x) Õ º�»�¼�Å Õ ¹	Æ�ë »�Æ'Ê,ÊuÆæÂ#¾�É�º�Ö î�Ø�Ì

Q ¹pº�»�¼�½�¾'¿À¶�Á »�¼�º�¼�¸�¶�¹pº�Á'Ép¶�¹	Ä Ë ½�â Î�Î Å Ñ Å2¶�¹	¼�¹	ÄZ¶�Æ�»�·p½�Ç�Å	¾íÉ	·2¾°»�È#½�É2Å2Ê,½�»�¼�Å Ç »�Â2¶�É2¹2¶�Ê
Â#¾�Ép½�Ç \ Æ�Â	¸�¶ acYKË ½�Ã�ÅÚÖ î�Ø Ò ¼�Ì2¶�Ì	Ç�Ä Ó ½�·2¹2¶�¹	Å	¾j»�½�½�¼�¹2½�ìÀ¶�¹	Å	¾

lim
n→∞

‖f − S

(
α,− 1

2

)
n (f)‖p,µ = 0, 1 6 p <∞. (5)
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H ·p¶�É2Æ�¾ ÜÝ×�ñ�ß Ò Ë º�ÐÀÉ2Æ�ë Ó ½�»�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½�»�¼�¸ {mn}

¹pº�¼�Æ�Âpº�·2¸�¹	Ä6È Õ Å2»�¶�· mn (n = 1, 2, . . .)Ã�Æ�Ép¶�Êb¹pº�Ï�Ä1Ç#º�¼�¸��������	��

����������É	·2¾ Î Æ�¹ Ë	Ñ Å	Å
f,
¶�»�·2Å

lim
n→∞

(
n

mn

)α+ 1
2

En(f)p,µ = 0, 1 6 p <∞, (6)

å�Ép¶
En(f) = inf

Pn∈Hn

‖f − Pn‖p,µ
a ¹pº�Å'·2Æ Õ ìÀ¶�¶ Ó Â	Å2Ã�·2Å	Ð!¶�¹	Å2¶õÇ�Ê,¶�¼�Â	Å Ë ¶ Lp,µ

Î Æ�¹ Ë	Ñ Å	Å
f
º�·2å�¶�Ã�Âpº�Å Õ ¶�» Ë Å2ÊuÅíÊu¹2½�å�½ Õ ·p¶�¹pº�ÊuÅ»�¼�¶ Ó ¶�¹	Å�Ê,¶�¹	¸�ìÀ¶OÅ'·2ÅnÂpº�Ç�¹2½

n.G ¼�Ê,¶�¼�Å2Ê Ò Õ ¼�½>»�Â2¶�É2Åj½ Ó ¼�Å2ÊUº�·2¸�¹	Ä6ÈnÉ	·2¾ f Ó ½�»�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½�»�¼�¶�ÁàÅ2Ê,¶�ëK¼�»�¾nÅ�¼�º Ë Å2¶ Ò Õ ¼�½

lim
n→∞

mn

n
= 0. (7)

á ¼�½!»�·p¶�É2Æ�¶�¼!Å	ÏÀÖ´Þ�Ø Ò ¶�»�·2ÅæÆ Õ ¶�»�¼�¸ Ò Õ ¼�½�É	·2¾[·2ë_Ã�½�å�½ f ∈ Lp,µ
Å
En(f)p,µ → 0

Ó Â	Å
n→ ∞ ÖÛ»�Ê1Ì Ò¹pº Ó Â	Å2Ê,¶�Â Ò ÜÝ× � Ò »�Ì'î2×�ßÛØ�Ì����t_tKqíAöÜ ô�ß�D��Z"������ � - � −1

2 < α < 1
2

��0#"���
'�����	�	
 - "���
'��$B����
 -

S
(α,− 1

2
)

n (f ;x) =

1∫

−1

(τuf)(x)Kn(u) dµ(u),

�}�h�
Kn(u) =

n∑

ν=0

(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)

2α+
1
2Γ(α+ 1)Γ

(
ν + 1

2

) P

(
α,− 1

2

)
ν (u),

�

(τu)f(x) =
Γ(α+ 1)

Γ
(
1
2

)
Γ(α+ 1

2 )

1∫

−1

(1− r2)α−
1
2 f(x, t, r) dr,

�}�h�
f(x, t, r) = f

(
xt+ r

√
1− x2

√
1− t2 − 1

2
(1− r2)(1− x)(1 − t)

)

���������1 	$	���	��� - � - �
�ã��$	$ - � - �´��
�� ���
[15]

5
S º�»�»�Ê,½�¼�Â	Å2Êk½�Ã�½�Ã�¿À¶�¹	¹	ÄZ¶�»�Æ'Ê,ÊuÄ Q º�·	·p¶�ó�Í_Æ�»�»�¶�¹pº

V
(α,− 1

2)
mn

(f ;x) =
1

mn + 1

n+mn∑

ν=n

S
(α,− 1

2
)

ν (f ;x) (n = 1, 2, . . .).

����t_tKq��BD��Z"�� −1
2 < α < 1

2

��0#"���
'�����	�	
 - � -�- ��$ -
� ��$	�B�
∥∥∥∥f − V

(α,− 1
2
)

mn
(f)

∥∥∥∥
p,µ

= O(1)

((
n+mn

mn + 1

)α+ 1
2

+ 1

)
En(f)p,µ, 1 6 p <∞.

C
Í_Æ�»�¼�¸

Qn(x)
a º�·2å�¶�Ã�Âpº�Å Õ ¶�» Ë Å	Á�Êu¹2½�å�½ Õ ·p¶�¹j»�¼�¶ Ó ¶�¹	Å�Ê,¶�¹	¸�ìÀ¶KÅ'·2ÅnÂpº�Ç�¹2½�Á n ¹pº�Å2Ê,¶�¹2¶�¶Æ Ë ·p½�¹	¾'ëK¿!Å	Á2»�¾nÇã»�Â2¶�É2¹2¶�Êí½�¼

f
Ì P º ËjË º Ë

S
(α,− 1

2)
ν {Qn(x)} = Qn(x), ν = n, n+ 1, . . . ,



� ��� - ���2� - ������
n��"h����$B���ö"���� - 
��1 #"��'�
	��K� - ��� î �
¼�½

∥∥∥∥f − V
(α,− 1

2
)

mn
(f)

∥∥∥∥
p,µ

=
1

mn + 1

∥∥∥∥∥
n+mn∑

ν=n

{
S
(α,− 1

2
)

ν (f)− f

}∥∥∥∥∥
p,µ

6
1

mn + 1

∥∥∥∥∥
n+mn∑

ν=n

S
(α,− 1

2
)

ν (f −Qn)

∥∥∥∥∥
p,µ

+En(f)p,µ.

(8)

ç º�Ê,¶�¼�Å2Ê Ò Õ ¼�½

Jn =
1

mn + 1

∥∥∥∥∥
n+mn∑

ν=n

S
(α,− 1

2
)

ν (f −Qn)

∥∥∥∥∥
p,µ

=
1

mn + 1



C(α)

1∫

−1

∥∥∥∥∥
n+mn∑

ν=n

S
(α,− 1

2
)

ν (f −Qn;x)

∥∥∥∥∥

p

dµ(x)





1
p

=
1

mn + 1

{
C(α)

1∫

−1

∣∣∣∣
n+mn∑

ν=n

1∫

−1

τu(f −Qn)(x)

×
ν∑

i=0

(2i+ α+ 1
2)Γ(i+ α+ 1

2)

2α+
1
2Γ(i+ 1

2)Γ(α+ 1)
P

(α,− 1
2
)

i (u)dµ(u)

∣∣∣∣
p

dµ(x)

} 1
p

.

M » Ó ½�·2¸�Ï�Æ�¾[¼�¶�½�Â2¶�ÊuÆ \ Æ'Ã�Å	¹	ÅjÜÝ×�× Ò »�Ì�ô � ð ß Ó Â	Å p = 1,
º Ó Â	Å

p > 1
½�Ã�½�Ã�¿À¶�¹	¹2½�¶1¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½

N Å	¹ Ë ½�Ç�» Ë ½�å�½�Ü ä 
 Ò »�Ì ×���ñ�ß Ò Ó ½�·2Æ Õ Å2Ê

Jn 6
C(α)

mn + 1

1∫

−1

‖τu(f −Qn)‖p,µ
∣∣∣∣
n+mn∑

ν=n

ν∑

i=0

(2i + α+ 1
2)Γ(i+ α+ 1

2)

2α+
1
2Γ(i+ 1

2)Γ(α + 1)
P

(α,− 1
2
)

i (u)

∣∣∣∣ dµ(u).

M ¼�º ËjË º Ë Ü ô�ß
‖τuf‖p,µ 6 ‖f‖p,µ,¼�½

Jn 6
C(α)

mn + 1
En(f)p,µ

1∫

−1

∣∣∣∣∣
n+mn∑

ν=n

ν∑

i=0

(
2i+ α+ 1

2

)
Γ
(
i+ α+ 1

2

)

2α+
1
2Γ

(
i+ 1

2

)
Γ(α+ 1)

P
(α,− 1

2
)

i (u)

∣∣∣∣∣ dµ(u)

=
2α+

1
2C(α)

mn + 1
En(f)p,µ

π∫

0

(
sin

t

2

)2α+1
∣∣∣∣∣
n+mn∑

ν=n

ν∑

i=0

(2i+ α+ 1
2 )Γ(i+ α+ 1

2)

2α+
1
2Γ(i+ 1

2)Γ(α+ 1)
P

(α,− 1
2
)

i (cos t)

∣∣∣∣∣ dt

=
2α+

1
2C(α)

mn + 1
En(f)p,µ

( π
mn+1∫

0

+

π∫

π
mn+1

)
=

2α+
1
2C(α)

mn + 1
En(f)p,µ(Jn.1 + Jn.2).

(9)L ·2¾�½ Ñ ¶�¹ Ë Å
Jn.1

Ç�½�» Ó ½�·2¸�Ï�Æ�¶�Ê,»�¾�»�½�½�¼�¹2½�ìÀ¶�¹	Å2¶�ÊRÜ ä�ä Ò »�Ì ��ô�ß

Kn(x) =
n∑

ν=0

(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)

2α+
1
2Γ
(
ν + 1

2

)
Γ(α+ 1)

P

(
α,− 1

2

)
ν (x) =

Γ
(
n+ α+ 3

2

)

2α+
1
2Γ
(
ν + 1

2

)
Γ(α+ 1)

P

(
α+1,− 1

2

)
n (x).
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G ¼ Ë Æ�É�º[»OÆ Õ ¶�¼�½�ÊÚ¹2¶�Âpº�Ç�¶�¹2»�¼�Ç#º�ÖÛ»�Ê1Ì�ÜÝ×�� Ò »�Ìpä�Þ�î�ßÛØ

(
sin

t

2

)γ+ 1
2
(
cos

t

2

)β+ 1
2

|P (γ,β)
n (cos t)| 6Mn−

1
2 , γ, β > −1

2
, t ∈ [0, π], (10)

Ó Â	Å
γ = α+1

Å
β = − 1

2 ,
ºO¼�º Ë Ð!¶_»�½�½�¼�¹2½�ìÀ¶�¹	Å	¾�ÖÛ»�Ê1Ì�Ü ä Ò »�Ì'ñ ð ×�ßÛØ Γ(n+α) ∼ nαΓ(n), n→ ∞,Ó ½�·2Æ Õ Å2Ê Ò Õ ¼�½

Kn(cos t) ∼
nα+1

2α+
1
2Γ(α+ 1)

P

(
α+1,− 1

2

)
n (cos t) = O

(
nα+

1
2

)(
sin

t

2

)−α− 3
2

, n→ ∞. (11)

M ÏæÖ´ñ�Ø6»_Æ Õ ¶�¼�½�ÊRÖ}×�×�Ø6Ã�Æ�Ép¶�ÊÚÅ2Ê,¶�¼�¸

Jn.1 =

π
mn+1∫

0

(
sin

t

2

)2α+1∣∣∣∣
n+mn∑

ν=n

Kν(cos t)

∣∣∣∣ dt

= O(1)

n+mn∑

ν=n

να+
1
2

π
mn+1∫

0

(
sin

t

2

)α− 1
2

dt = O(1)(n+mn)
α+ 1

2 (mn + 1)

π
mn+1∫

0

tα−
1
2 dt

= O(1)

(
n+mn

mn + 1

)α+ 1
2

(mn + 1).

(12)

L ·2¾�½ Ñ ¶�¹ Ë Å
Jn.2

Å2» Ó ½�·2¸�Ï�Æ�¶�Ê Î ½�Â2ÊuÆ�·2Æ d Â	Å2»�¼�½ Î�Î ¶�·2¾ a@L º�Â2Ã�Æ�ÜÝ×�Þ Ò »�Ì ��ô�ß

Kn(x) =
2

1
2
−αΓ

(
n+ α+ 3

2

){
(n+ α+ 1)P

(α,− 1
2
)

n (x)− (n+ 1)P
(α,− 1

2
)

n+1 (x)
}

(
2n+ α+ 3

2

)
Γ
(
n+ 1

2

)
Γ(α+ 1)(1 − x)

.

P ½�å�É�º Ó ½�·2Æ Õ Å2Ê

Jn.2 = C1(α)

π∫

π
mn+1

(
sin

t

2

)2α−1∣∣∣∣
n+mn∑

ν=n

Γ
(
ν + α+ 3

2

)

(
2ν + α+ 3

2

)
Γ
(
ν + 1

2

)

×
{
(ν + α+ 1)P

(α,− 1
2
)

ν (cos t)− (ν + 1)P
(α,− 1

2
)

ν+1 (cos t)

}∣∣∣∣ dt.

(13)

ç Ép¶�»�¸ÀÅæÇ�É�º�·2¸�¹2¶�Á	ìÀ¶�Ê
C1(α), C2(α), . . .

Ã�Æ�É2Æ�¼!½�Ã�½�Ï�¹pº Õ º�¼�¸ Ó ½�·p½�Ð[Å	¼�¶�·2¸�¹	ÄZ¶ Ó ½�»�¼�½�¾'¹	¹	ÄZ¶Ï�º�Ç�Å2»�¾'¿!Å2¶�½�¼
α.Í_Â	Å2Ê,¶�¹	¾'¾ Ó Â2¶�½�Ã�Âpº�Ï�½�Ç#º�¹	Å2¶!òKÃ�¶�·2¾ Ò Ó ½�·2Æ Õ Å2Ê

n+mn∑

ν=n

Γ(ν + α+ 3
2 )

(2ν + α+ 3
2 )Γ(ν +

1
2)

{
(ν + α+ 1)P

(α,− 1
2
)

ν (x)− (ν + 1)P
(α,− 1

2
)

ν+1 (x)

}

=

n+mn−1∑

ν=n

{
Γ(ν + α+ 3

2)

(2ν + α+ 3
2)Γ(ν +

1
2 )

− Γ(ν + α+ 5
2)

(2ν + α+ 7
2)Γ(ν + 3

2)

}

×
{

ν∑

i=0

(iP
(α,− 1

2
)

i (x)− (i+ 1)P
(α,− 1

2
)

i+1 (x)) + (α+ 1)

ν∑

i=0

P
(α,− 1

2
)

i (x)

}

+
Γ
(
n+mn + α+ 3

2

)
(
2n+ 2mn + α+ 3

2

)
Γ
(
n+mn + 1

2

)

×
{

n+mn∑

ν=0

(
νP

(α,− 1
2
)

ν (x)− (ν + 1)P
(α,− 1

2
)

ν+1 (x)

)
+ (α+ 1)

n+mn∑

ν=0

P
(α,− 1

2
)

ν (x)

}
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− Γ(n+ α+ 3
2)

(2n+ α+ 3
2)Γ(n+ 1

2)

{
n−1∑

ν=0

(
νP

(α,− 1
2
)

ν (x)− (ν + 1)P
(α,− 1

2
)

ν+1 (x)

)
+ (α+ 1)

n∑

ν=0

P
(α,− 1

2
)

ν (x)

}

×
n+mn+1∑

ν=0

(
2ν + α+ 7

2

)(
ν + 1

2

)
Γ
(
ν + α+ 3

2

)
−
(
2ν + α+ 3

2

)
Γ
(
ν + α+ 5

2

)
(
2ν + α+ 3

2

)(
2ν + α+ 7

2

)
Γ
(
ν + 3

2

)

×
{
(α+ 1)

ν∑

i=0

P

(
α,− 1

2

)
i (x)− (ν + 1)P

(
α,− 1

2

)
ν+1 (x)

}
+

Γ
(
n+mn + α+ 3

2

)

(2n+ 2mn + α+ 3
2)Γ(n+mn + 1

2 )

×
{
(α+ 1)

n+mn∑

i=0

(
P

(α,− 1
2
)

i (x)− (n+mn + 1)P
(α,− 1

2
)

n+mn+1(x)

)}

+
Γ
(
n+ α+ 3

2

)
(
2n+ α+ 3

2

)
Γ
(
n+ 1

2

)
{
nP

α,− 1
2

n (x)− (α+ 1)

n∑

ν=0

P
(α,− 1

2
)

ν (x)

}

=

n+mn−1∑

ν=0

{
(α+ 1)

(
2ν + α+ 3

2

)
− (2ν + 1)

}
Γ
(
ν + α+ 3

2

)
(
2ν + α+ 7

2

)(
2ν + α+ 3

2

)
Γ
(
ν + 3

2

)

×
{
(ν + 1)P

(α,− 1
2
)

ν (x)− (α+ 1)

ν∑

i=0

P
(α,− 1

2
)

i (x)

}
+

Γ
(
n+mn + α+ 3

2

)
(
2n+ 2mn + α+ 3

2

)
Γ
(
n+mn + 1

2

)

×
{
(α+ 1)

n+mn∑

ν=0

(
P

α,− 1
2

ν (x)− (n+mn + 1)P
(α,− 1

2
)

n+mn+1(x)

)}

+
Γ
(
n+ α+ 3

2

)
(
2n+ α+ 3

2

)
Γ
(
n+ 1

2

)
{
nP

(α,− 1
2
)

n (x)− (α+ 1)
n∑

ν=0

P
(α,− 1

2
)

ν (x)

}
.

(14)^ Õ Å	¼�Ä1Ç#º�¾öÖ}×�î�Ø�ÇjÖ}×�ô�Ø Ò Ó ½�·2Æ Õ º�¶�Ê

Jn.2 = J
(1)
n.2 + J

(2)
n.2 + J

(3)
n.2. (15)

G¢Ñ ¶�¹	Å2Ê Ë º�ÐÀÉ2Ä1Á[Å	Ï�â�¼�Å'È�Å	¹	¼�¶�å�Âpº�·p½�Ç2Ì M » Ó ½�·2¸�Ï�Æ�¾À¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½>Ö}×�
�Ø Ó Â	Å
γ = α

Å
β = − 1

2 ,Ó ½�·2Æ Õ º�¶�Ê

J
(1)
n.2 = C1(α)

π∫

π
mn+1

(
sin

t

2

)2α−1
∣∣∣∣∣
n+mn−1∑

ν=0

{
(α+ 1)

(
2ν + α+ 3

2

)
− (2ν + 1)

}
(
2ν + α+ 7

2

)(
2ν + α+ 3

2

)
Γ
(
ν + 3

2

)

×Γ

(
ν + α+

3

2

){
(ν + 1)P

(α,− 1
2
)

ν+1 (cos t)− (α+ 1)
ν∑

i=0

P
(α,− 1

2
)

i (cos t)

}∣∣∣∣∣dt

6 C2(α)

n+mn−1∑

ν=n

να−1

π∫

π
mn+1

t2α−1

{
(ν + 1)

∣∣∣P (α,− 1
2
)

ν+1 (cos t)
∣∣∣+ (α+ 1)

ν∑

i=0

∣∣∣P (α,− 1
2
)

i (cos t)
∣∣∣
}
dt

6 C3(α)

n+mn−1∑

ν=n

να−1

π∫

π
mn+1

t2α−1

{
(ν + 1)

1
2 + (α+ 1)

ν∑

i=0

i−
1
2

}
dt

6 C4(α)

n+mn−1∑

ν=n

να−
1
2

π∫

π
mn+1

t2α−1dt 6 C5(α)
(n+mn)

α+ 1
2

(mn + 1)α−
1
2

.

(16)
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J
(3)
n.2 = C1(α)

Γ
(
n+ α+ 3

2

)
(
2n+ α+ 3

2

)
Γ
(
n+ 1

2

)
π∫

π
mn+1

(
sin

t

2

)2α−1∣∣∣∣nP
(α,− 1

2
)

n (cos t)

−(α+ 1)

n∑

ν=0

P
(α,− 1

2
)

ν (cos t)

∣∣∣∣ dt 6 C6(α)n
α

π∫

π
mn+1

(
sin

t

2

)2α−1

×
{
n
∣∣∣P (α,− 1

2
)

ν (cos t)
∣∣∣+ (α+ 1)

n∑

ν=0

∣∣∣P (α,− 1
2
)

ν (cos t)
∣∣∣
}
dt

6 C7(α)n
n+ 1

2

π∫

π
mn+1

tα−
3
2dt 6 C8(α)

nα+
1
2

(mn + 1)α−
1
2

.

(17)

ò¢¹pº�·p½�å�Å Õ ¹2½[É	·2¾ J (2)
n.2

Ó ½�·2Æ Õ º�¶�Ê°½ Ñ ¶�¹ Ë Æ

J
(2)
n.2 6 C9(α)(n+mn)

α+ 1
2 (mn + 1)

1
2
−α. (18)

P ¶ Ó ¶�Â	¸ Ò Æ Õ Å	¼�Ä1Ç#º�¾öÖ}×�Þ�Ø��BÖ}× ��Ø6Ç�Ö}× ð Ø Ò Ó ½�·2Æ Õ º�¶�Ê

Jn.2 6 C10(α)(n+mn)
α+ 1

2 (mn + 1)
1
2
−α. (19)

òRÆ Õ Å	¼�Ä1Ç#º�¾öÖ}×�Þ�Ø�Å Ö}×�ñ�Ø�Ç�Ö´ñ�Ø Ò Å2Ê,¶�¶�Ê

Jn 6 C11(α)

(
n+mn

mn + 1

)α+ 1
2

En(f)p,µ. (20)

^ ¼�Ç�¶�Â#ÐÀÉp¶�¹	Å2¶�·p¶�Ê,ÊuÄR»�·p¶�É2Æ�¶�¼ãÅ	ÏãÖ ��Ø�ÅöÖ´ä 
�Ø�Ì
����t_tKq�� D�<[��� ��� � - � - 0B���2��������$ - � ����� �1 	$	���	�	�

f(x)
0 - ���B��� - 
�����������$ - ����� {mn}��0#"���
'�����	�	
 - � -�- ��$ -
� ��$	�B�

lim
n→∞

‖f − Vmn(f)‖p,µ = 0, 1 6 p <∞.

C á ¼�½>»�Âpº�Ï�Æn»�·p¶�É2Æ�¶�¼>Å	ÏO·p¶�Ê,ÊuÄ]ä'Ì
BP ¶ Ó ¶�Â	¸ Ò Ó ½�·p½�Ð[Å2Ê

dmn(f ;x) =
1

mn + 1

n+mn∑

ν=n+1

{
S
(α,− 1

2
)

ν (f ;x)− S
(α,− 1

2
)

n (f ;x)

}

=

mn∑

ν=1

mn + 1− ν

mn + 1
a
(α,− 1

2
)

ν+n (f)P
(α,− 1

2
)

ν+n (x), n = 1, 2, . . .

� �#vpo ��tKqíApD��6���	� {mn}−
- 0B���2��������$�� �õ�����

f
0 - ���B��� - 
�����������$ - ����� * � - 0#"��

1 6 p <∞��0#"���
'�����	�	
 - � -�- ��$ -
� ��$	�B�

‖f − S
(α, 1

2
)

n (f)‖p,µ = o(1) → ‖dmn(f)‖p,µ = o(1), n→ ∞.
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n��"h����$B���ö"���� - 
��1 #"��'�
	��K� - ��� ð ×

C á ¼�½>»�·p¶�É2Æ�¶�¼>Å	Ï�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç

‖dmn(f)‖p,µ =
∥∥∥V (α,− 1

2
)

mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
p,µ

6

∥∥∥f − V
(α,− 1

2
)

mn
(f)
∥∥∥
p,µ

+
∥∥∥f − S

(α,− 1
2
)

n (f)
∥∥∥
p,µ
,

∥∥∥f − S
(α,− 1

2
)

n (f)
∥∥∥
p,µ

6

∥∥∥f − V
(α,− 1

2
)

mn
(f)
∥∥∥
p,µ

+
∥∥∥dmn(f)

∥∥∥
p,µÅõ·p¶�Ê,ÊuÄ¯ô'Ì

B
� �#vpo ��tKq �BD6<[���k� - � -�* ��� - ��/@"����

(4)
��� - ���	�B� �í
Ú��"h����$B��� * $B� - � � - ���2� - �ö� - ������� - ���

$ -�* ��� - ��/ ��������� � - � 0 - ���B��� - 
�����������$ - ����� {mn}
$����� #"�������$	/ � ���B����� *  �� - 
��B����
 - "�� � �!� �

 2��� - 
����
lim
n→∞

mn

n
= 0, (21)


�/10 - �	$��'� - � ��� -�- ��$ -
� ��$	�B�

lim
n→∞

∥∥∥S(α,− 1
2
)

n+mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
p,µ

= 0, 1 6 p <∞. (22)

C
��� ��������	��	����
 ���ã»�·p¶�É2Æ�¶�¼>Å	Ï�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç#º
∥∥∥S(α,− 1

2
)

n+mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
p,µ

6

∥∥∥f − S
(α,− 1

2
)

n+mn
(f)
∥∥∥
p,µ

+
∥∥∥f − S

(α,− 1
2
)

n (f)
∥∥∥
p,µ
.

� ��
 ��
 �����	����
 ���#Ì#Í_Æ�»�¼�¸!Å2Ê,¶�ëK¼ÀÊ,¶�»�¼�½æÖ´ä'×�Ø,ÅàÖ´ä�ä�Ø�Ì P ½�å�É�º�¹pº�Á'Ép¶�¼�»�¾õ½ Ó ¼�Å2ÊUº�·2¸�¹pº�¾ãÉ	·2¾
fÓ ½�»�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½�»�¼�¸ {mn},

Æ�Ép½�Ç�·p¶�¼�Ç�½�Â#¾'ëK¿[º�¾�»�½�½�¼�¹2½�ìÀ¶�¹	Å	ë Ö ��Ø Ò ÅõÉ	·2¾n¹2¶�¶

∥∥∥dmn(f)
∥∥∥
p,µ

=
1

mn + 1

∥∥∥∥
n+mn∑

ν=n+1

{
S
(α,− 1

2
)

ν (f)− S
(α,− 1

2
)

n (f)
}∥∥∥∥

p,µ

6
1

mn + 1

mn∑

ν=1

∥∥∥S(α,− 1
2
)

ν+ν (f)− S
(α,− 1

2
)

n (f)
∥∥∥
p,µ

= o(1).

P ¶�½�Â2¶�ÊUºãä�Ép½ Ë º�Ï�º�¹pº'Ì
B


�� �������'wps �ÚApD �6���	�n�����j�	����� - �à0 - ���B��� - 
�����������$ - ����� {mn},
 �� - 
��B����
 - "�� � �ã���j 2��� - �


����
(21)

* 
�/10 - �	$�� ����� ��� -�- ��$ -
� ��$	�����
1.
0#"�� (

α+ 1
2

)
p > 1

lim
n→∞

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣να− 1

2 = 0, (23)

2.
0#"�� (

α+ 1
2

)
p = 1

lim
n→∞

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣
(
ln ν

ν

) 1
2

= 0, (24)

3.
0#"��

(α+ 1
2) p < 1

lim
n→∞

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣ν− 1

2 = 0, (25)

� - "����
(4)

��� - ���B��� �j
õ��"h����$B��� 5
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C
Í_Â	Å2Ê,¶�¹	¾'¾�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½ N Å	¹ Ë ½�Ç�» Ë ½�å�½ Ò º!¼�º Ë Ð!¶�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½�ÖÛ»�Ê1Ì�ÜÝ×�� Ò ·p¶�Ê,ÊUº[î2Ì ô�ßÛØ

∥∥∥P (α,− 1
2
)

n (·)
∥∥∥
p,µ

= O(1)





nα−
1
p ,

(
α+ 1

2

)
p > 1,

(
lnn
n

) 1
2 ,

(
α+ 1

2

)
p = 1,

n−
1
2 ,

(
α+ 1

2

)
p < 1,Ó ½�·2Æ Õ º�¶�Ê

∥∥∥S(α,− 1
2
)

n+mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
p,µ

=

(
C(α)

1∫

−1

∣∣∣∣
n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (x)

∣∣∣∣
p

dµ(x)

) 1
p

6

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣
∥∥∥P (α,− 1

2
)

n (·)
∥∥∥
p,µ

= O(1)

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣





n
α− 1

p , (α+ 1
2) p > 1,

(
lnn
n

) 1
2 , (α+ 1

2) p = 1,

n−
1
2 , (α+ 1

2) p < 1.

(26)G ¼ Ë Æ�É�ºãÅ�»�·p¶�É2Æ�¶�¼n¹pº�ìÀ¶�Æ�¼�Ç�¶�Â#ÐÀÉp¶�¹	Å2¶ Ò Å2Ã�½æÇ�Ä Ó ½�·2¹2¶�¹	Å2¶jÖ´ä�ô�Ø��BÖ´ä ð Ø¢Ç�·p¶ Õ ¶�¼õÏ�ºæ»�½�Ã�½�ÁàÇ�Ä Ó ½�·	ó¹2¶�¹	Å2¶OÆ�»�·p½�Ç�Å	¾ Ö´ä�ä�Ø�¼�¶�½�Â2¶�ÊuÄ]ä'Ì
BW Å	Ð!¶ Ò C a ¹2¶ Ë ½�¼�½�Â	ÄZ¶ Ò Ç�½�½�Ã�¿À¶Oå�½�Ç�½�Â#¾ Ò Âpº�Ï�·2Å Õ ¹	ÄZ¶ Ó ½�·p½�Ð[Å	¼�¶�·2¸�¹	ÄZ¶ Ó ½�»�¼�½�¾'¹	¹	ÄZ¶�Ì
�� �������'wps � �BD��6���	�ã�����õ�	����� - �j0 - ���B��� - 
�����������$ - ������$����� #"�������$	/ �����B����� {mn},

 �� - �

��B����
 - "�� � �ã���n 2��� - 
����

(21)
* 
�/10 - �	$�� ����� ��� -�- ��$ -
� ��$	���

1.
0#"��

(α+ 1
2) p > 1

|a(α,−
1
2
)

ν (f)| 6 C · ν
1
p
−1−α, (27)

2.
0#"��

(α+ 1
2) p = 1

|a(α,−
1
2
)

ν (f)| 6 C · (ν ln ν)− 1
2 , (28)

3.
0#"��

(α+ 1
2) p < 1

|a(α,−
1
2
)

ν (f)| 6 C · ν 1
2 , (29)� - "����

(4)
��� - ���B��� �j
õ��"h����$B��� 5

C
L ¶�Á2»�¼�Ç�Å	¼�¶�·2¸�¹2½ Ò Ó Â	Å�Ç�Ä Ó ½�·2¹2¶�¹	Å	ÅjÆ�»�·p½�Ç�Å	ÁÚÖ´ä ��Ø��BÖ´ä�ñ�Ø�Å	ÏæÖ´ä�Þ�Ø�Å2Ê,¶�¶�Ê

∥∥∥S(α,− 1
2
)

n+mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
p,µ

= O(1) ln
n+mn

n+ 1
= o(1), n→ ∞. �

Q É�º�·2¸�¹2¶�Á	ìÀ¶�Ê Ò αn � βn → C1βn 6 αn 6 C2βn
Ó Â	Å

n → ∞,
å�Ép¶

C1
Å
C2

a ¹2¶ Ë ½�¼�½�Â	ÄZ¶
Ó ½�·p½�Ð[Å	¼�¶�·2¸�¹	ÄZ¶ Ó ½�»�¼�½�¾'¹	¹	ÄZ¶�Ì

����t_tKq���D��Z"�� −1
2 < α < 1

2

��0#"���
'�����	�	
 - � -�- ��$ -
� ��$	�B�
π∫

0

∣∣∣P (α+1,− 1
2
)

n (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt � n−
1
2 , n→ ∞.

C
S º�Ï�½�Ã�¸�¶�Ê°Å	¹	¼�¶�å�Âpº�· Ó ½>»�È#¶�Ê,¶

J =

π
n∫

0

+

π−π
n∫

π
n

+

π∫

π−π
n

= J1 + J2 + J3. (30)



� ��� - ���2� - ������
n��"h����$B���ö"���� - 
��1 #"��'�
	��K� - ��� ð ô
^ Õ Å	¼�Ä1Ç#º�¾n¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½�Ö}×�
�Ø Ò Ó ½�·2Æ Õ Å2Ê

J1 =

π
n∫

0

∣∣∣P (α+1,− 1
2
)

n (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt

= O(n−
1
2 )

π
n∫

0

(
sin

t

2

)α− 1
2

dt = O(n−
1
2 )

π
n∫

0

tα−
1
2 dt = O(n−α−1).

(31)

L º�·p¶�¶ Ò
J3

π∫

π−π
n

∣∣∣P (α+1,− 1
2
)

n (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt

= O(n−
1
2 )

π∫

π−π
n

tα−
1
2 dt = O

(
n−

1
2
)(
πα+

1
2 −

(
π − π

n

)α+ 1
2
)

= O(n−α−1).

(32)

M Ï!º�»�Å2Ê Ó ¼�½�¼�Å Õ ¶�» Ë ½�Á Î ½�Â2ÊuÆ�·2Ä@ÜÝ×�Þ Ò »�Ìpä 
 ð ß

P
(α+1,− 1

2
)

n (cos t) = (πn)−
1
2

(
sin

t

2

)α− 3
2

×
{
cos

[(
n+

2α+ 3

4

)
t−

(
α+

3

2

)
π

2

]
+O(1)(n sin t)−1

}
,

c

n
6 t 6 π − c

n
,

Å2Ê,¶�¶�Ê

J2 =

π−π
n∫

π
n

∣∣∣P (α+1,− 1
2
)

n (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt

6 (πn)−
1
2

π−π
n∫

π
n

{(
sin

t

2

)α− 1
2

+O(1)

(
sin t

2

)α− 1
2

n · 2 sin t
2 cos

t
2

}
dt

= O(n−
1
2 )

( π−π
n∫

π
n

tα−
1
2 dt+

1

n

π−π
n∫

π
n

(
sin t

2

)α− 3
2

(sin2 t
2 + cos2 t

2)

cos t
2

dt

)

= O

(
n−

1
2

)(
1 +

1

n

π−π
n∫

π
n

sin
t

2

)α+ 1
2(

cos
t

2

)−1

dt+
1

n

π−π
n∫

π
n

(
sin

t

2

)α+ 3
2

cos
t

2
dt

)

= O

(
n−

1
2

)(
1 +

1

n

π−π
n∫

π
n

(sin t
2)

α+ 1
2

sin π
2n

dt+
1

n

(
sin t

2

)α− 1
2

α− 1
2

∣∣∣∣∣

π−π
n

π
n

)

= O

(
n−

1
2

)(
1 +

O(1)

n sin π
2n

+
O(1)

n

(
sin

π

2n

)α− 1
2

)

= O

(
n−

1
2

)(
1 +O(1) +O

(
n−α− 1

2

))
= O

(
n−

1
2

)
(1 +O(1)).

(33)
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�Ø Ò Ó ½�·2Æ Õ º�¶�Ê

π∫

0

∣∣∣∣P
(
α+1,− 1

2

)
n (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt = O
(
n−

1
2

)
(1 +O(1)), n→ ∞,

Õ ¼�½[Âpº�Ç�¹2½�»�Å'·2¸�¹2½>Æ�¼�Ç�¶�Â#ÐÀÉp¶�¹	Å	ë¯·p¶�Ê,ÊuÄ�Ì
B


�� �������'wps � � D��Z"�� −1
2 < α < 1

2

��0#"���
'�����	�	
 - � -�- ��$ -
� ��$	�B�
0∫

π

|Kn(cos t)|
(
sin

t

2

)2α+1

dt � nα+
1
2 , n→ ∞.

C
Q Ä1¼�¶ Ë º�¶�¼ãÅ	Ï

(11)
Åõ·p¶�Ê,ÊuÄ

4
Ì
BG ¼�»�ë6É�ºà»�·p¶�É2Æ�¶�¼ Ò Õ ¼�½ Ë ½�¹2»�¼�º�¹	¼�Äcï�¶�Ã�¶�å�ºàÇ

L1,µ
¹2¶õ½�å�Âpº�¹	Å Õ ¶�¹	ÄcÅ Ò »�·p¶�Ép½�Ç#º�¼�¶�·2¸�¹2½ Ò »�Å'ó»�¼�¶�ÊUº {

P

(
α,− 1

2

)
n (α)(1 − x)α(1 + x)−

1
2

} ¹2¶O½�Ã�Âpº�Ï�Æ�¶�¼æÃ�º�Ï�Å2»�ºÀÇ
L1,µ.

Q »�Ç�¾'Ï�Åj»_â�¼�Å2Ê Î º Ë ¼�½�Ê
Å	¹	¼�¶�Â2¶�»�¶�¹�»�·p¶�É2Æ�ëK¿!Å	Á�Â2¶�Ï�Æ�·2¸�¼�º�¼�Ì

� �#vpo ��tKq � D �6���	�n��������� � - ��0 - ���B��� - 
�����������$ - ����� {m}n
$����� #"�������$	/ �Ú���B����� *  �� - 
��B� �

��
 - "�� � �ã���n 2��� - 
����
(21)

* 
�/10 - �	$�������� �æ"���
'��$B����
 -

lim
n→∞

mn−1∑

ν=1

|∆an+ν |√
n+ ν

= 0, (34)

� - ‖f − S
(α,− 1

2
)

n (f)‖1,µ = o(1)
*
n→ ∞.

C
H ½�å�·�º�»�¹2½>¼�¶�½�Â2¶�Ê,¶�ä�Ép½�»�¼�º�¼�½ Õ ¹2½[Ép½ Ë º�Ï�º�¼�¸ Ò Õ ¼�½ÀÅ	ÏãÖ´ô�î�Ø�»�·p¶�É2Æ�¶�¼�Ö´ä�ä�Ø�Ì L ¶�Á2»�¼�Ç�Å	¼�¶�·2¸�¹2½ Ò

∥∥∥S(α,− 1
2
)

n+mn
(f)− S

(α,− 1
2
)

n (f)
∥∥∥
1,µ

= C(α)

π∫

0

∣∣∣∣
n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt

= C(α)

( π
n+mn∫

0

+

π− π
n+mn∫

π
n+mn

+

π∫

π− π
n+mn

)
= C(α)(A+B + C).

(35)

M » Ó ½�·2¸�Ï�Æ�¾�¹2¶�Âpº�Ç�¶�¹2»�¼�Ç�½�Ö}×�
�Ø Ò Ó Â	Å γ = α
Å
β = − 1

2

Ó ½�·2Æ Õ º�¶�Ê

A =

π
n+mn∫

0

∣∣∣∣
n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt

6

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

π
n+mn∫

0

∣∣∣∣P
(α,− 1

2
)

ν (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt

= O(1)

n+mn∑

ν=n+1

ν−
1
2

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

π
n+mn∫

0

(
sin

t

2

)2α+1

dt



� ��� - ���2� - ������
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	��K� - ��� ð�ð

= O(1)

n+mn∑

ν=n+1

ν−
1
2

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

π
n+mn∫

0

tα+
1
2 dt = O(1)

n+mn∑

ν=n+1

ν−
1
2

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣(n+mn)

α− 3
2

= O(1)
1

mn

n+mn∑

ν=n+1

ν−
1
2

∣∣a(α,−
1
2
)

ν (f)
∣∣

√
ν

= o(1), n→ ∞,

(36)

¼�º Ë�Ë º Ë »�½�å�·�º�»�¹2½ã¼�¶�½�Â2¶�Ê,¶ ð Ì äÀÅ	Ï>Ü ô�ß

lim
n→∞

∣∣a(α,−
1
2
)

ν (f)
∣∣

√
ν

= 0. (37)

S º�»�»�Ê,½�¼�Â	Å2Ê°Å	¹	¼�¶�å�Âpº�·

C =

π∫

π− π
n+mn

∣∣∣∣
n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt

6

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

π∫

π− π
n+mn

∣∣∣P (α,− 1
2
)

ν (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt

= O(1)

n+mn∑

ν=n+1

ν−
1
2

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

π∫

π− π
n+mn

tα+
1
2 dt

= O(1)
1

mn

n+mn∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣

√
ν

= o(1), n→ ∞.

(38)

L ·2¾�½ Ñ ¶�¹ Ë Å�Å	¹	¼�¶�å�Âpº�·�º
B
Âpº�»�»�Ê,½�¼�Â	Å2ÊíÇ�Ä1Âpº�Ð!¶�¹	Å2¶

Jn(x) =

n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (x)

=
n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)

(
2ν + α+ 1

2

)
Γ
(
ν + 1

2

)
Γ
(
ν + α+ 1

2

)
(
2ν + α+ 1

2

)
Γ
(
ν + 1

2

)
Γ
(
ν + α+ 1

2

)P (α,− 1
2
)

ν (x).

Í_Â2¶�½�Ã�Âpº�Ï�½�Ç#º�¹	Å2¶!òKÃ�¶�·2¾æÉ�º�¶�¼

Jn(x) =

n+mn−1∑

ν=n+1

∆
Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)
ν∑

i=0

(
2i+ α+ 1

2

)
Γ
(
i+ α+ 1

2

)

Γ
(
i+ 1

2

) P
(α,− 1

2
)

ν (x).

+a
(α,− 1

2
)

n+mn
(f)

Γ
(
n+mn + 1

2

)
(
2n+ 2mn + α+ 1

2

)
Γ
(
n+mn + α+ 1

2

)
n+mn∑

ν=0

Γ
(
ν + α+ 1

2

)
P

(α,− 1
2
)

ν (x)
(
2ν + α+ 1

2

)−1
Γ
(
ν + 1

2

)

−a(α,−
1
2
)

n+1 (f)
Γ
(
n+ 3

2

)
(
2n+ α+ 5

2

)
Γ
(
n+ α+ 3

2

)
n∑

ν=0

(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)

Γ
(
ν + 1

2

) P
(α,− 1

2
)

ν (x).
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Jn(x) =

n+mn−1∑

ν=n+1

(
∆

Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)
)
Γ
(
ν + α+ 3

2

)

Γ
(
ν + 1

2

) P
(α+1,− 1

2
)

ν (x)

+ a
(α,− 1

2
)

n+mn

Γ
(
n+mn + α1

2

)
(
2n+ 2mn + α+ 1

2

)
Γ
(
n+mn + α+ 1

2

)P (α+1,− 1
2
)

n+mn
(x)

−a(α,−
1
2
)

n+1

n+ 1
2

2n+ α+ 5
2

P
(α+1,− 1

2
)

n (x).

(39)

P º ËjË º Ë

∆
Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

) =
Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

)

−
Γ
(
ν + 3

2

)
a
(α,− 1

2
)

ν+1 (f)(
2ν + α+ 5

2

)
Γ
(
ν + α+ 3

2

) =
Γ
(
ν + 3

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 5

2

)
Γ
(
ν + α+ 3

2

)

+
Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 1

2

)
Γ
(
ν + α+ 1

2

) − Γ
(
ν + 3

2

)
a
(α,− 1

2
)

ν (f)(
2ν + α+ 5

2

)
Γ
(
ν + α+ 3

2

)

=
Γ
(
ν + 3

2

)
∆a

(α,− 1
2
)

ν (f)(
2ν + α+ 5

2

)
Γ
(
ν + α+ 3

2

) + Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)

Γ
(
ν + α+ 1

2

)

×
(

1

2ν + α+ 1
2

− ν + 1
2(

2ν + α+ 5
2

)(
ν + α+ 1

2

)
)

=
Γ
(
ν + 3

2

)
∆a

(α,− 1
2
)

ν (f)(
2ν + α+ 5

2

)
Γ
(
ν + α+ 3

2

)

+
Γ
(
ν + 1

2

)
a
(α,− 1

2
)

ν (f)

Γ
(
ν + α+ 1

2

) × 2(α+ 1)ν +
(
α+ 1

2

)
(α+ 2)(

2ν + α+ 1
2

)(
2ν + α+ 5

2

)(
ν + α+ 1

2

) ,

(40)
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Jn(x) =

n+mn∑

ν=n+1

a
(α,− 1

2
)

ν (f)P
(α,− 1

2
)

ν (x) =

n+mn−1∑

ν=n+1

(
ν + 1

2

)
∆a

(
α,− 1

2

)
ν (f)

2ν + α+ 5
2

P

(
α+1,− 1

2

)
ν (x)

+

n+mn−1∑

ν=n+1

a

(
α,− 1

2

)
ν (f)

2(α+ 1)ν +
(
α+ 1

2

)
(α+ 2)(

2ν + α+ 1
2

)(
2ν + α+ 5

2

) P
(
α+1,− 1

2

)
ν (x)

a

(
α,− 1

2

)
n+mn

(f)
n+mn + α+ 1

2

2n+ 2mn + α+ 1
2

P

(
α+1,− 1

2

)
n+mn

(x)− a

(
α,− 1

2

)
n+1 (f)

n+ 1
2

2n+ α+ 5
2

P

(
α+1,− 1

2

)
n (x)

=

n+mn−1∑

ν=n

(
ν + 1

2

)
∆a

(
α,− 1

2

)
ν (f)

2ν + α+ 5
2

P

(
α+1,− 1

2

)
ν (x)

n+mn−1∑

ν=n+1

a

(
α,− 1

2

)
ν+1 (f)

(2α+ 2)ν + (α+ 2)
(
α+ 1

2

)
(
2ν + α+ 1

2

)(
2ν + α+ 5

2

) P
(
α+1,− 1

2

)
ν (x)

+a

(
α,− 1

2

)
n+mn

(f)
n+mn + α+ 1

2

2n+ 2mn + α+ 1
2

P

(
α+1,− 1

2

)
n+mn

(x)− a

(
α,− 1

2

)
n+1 (f)

n+ 1
2

2n+ α+ 5
2

P

(
α+1,− 1

2

)
n (x).

(41)
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B =

π− π
n+mn∫

π
n+mn

∣∣∣∣
n+mn∑

ν=n+1

a

(
α,− 1

2

)
ν (f)P

(
α,− 1

2

)
ν (cos t)

∣∣∣∣
(
sin

t

2

)2α+1

dt

6

n+mn−1∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν (f)
∣∣∣
π− π

n+mn∫

π
n+mn

P
(α+1,− 1

2
)

ν (cos t)

(
sin

t

2

)2α+1

dt

+

n+mn−1∑

ν=n+1

∣∣∣a(α,−
1
2
)

ν+1 (f)
∣∣∣

ν + 1

π− π
n+mn∫

π
n+mn

∣∣∣P (α+1,− 1
2
)

ν (cos t)
∣∣∣
(
sin

t

2

)2α+1

dt

+
∣∣∣a(α,−

1
2
)

n+mn
(f)
∣∣∣
π− π

n+mn∫

π
n+mn

∣∣∣P (α+1,− 1
2
)

n+mn
(cos t)

∣∣∣
(
sin

t

2

)2α+1

dt

+
∣∣∣a
(
α,− 1

2

)
n (f)

∣∣∣
π− π

n+mn∫

π
n+mn

∣∣∣P
(
α+1,− 1

2

)
n (cos t)

∣∣∣
(
sin

t

2

)2α+1

dt.

G ¼ Ë Æ�É�º[»_Æ Õ ¶�¼�½�ÊÚ·p¶�Ê,ÊuÄÔî Ó ½�·2Æ Õ Å2Ê

B = O(1)




n+mn−1∑

ν=n+1

∣∣∣∆a
(
α,− 1

2

)
ν (f)

∣∣∣
√
ν

+

∣∣∣a
(
α,− 1

2

)
n+mn

(f)
∣∣∣

√
n+mn

+
1

mn

n+mn−1∑

ν=n+1

∣∣∣∆a
(
α,− 1

2

)
ν+1 (f)

∣∣∣
√
ν + 1

+

∣∣∣a
(
α,− 1

2

)
n (f)

∣∣∣
√
n


 . (42)

P º Ë�Ë º Ë »�½�å�·�º�»�¹2½�Ö´ä'×�Ø

lim
n→∞

|a(α,−
1
2
)

n+mn
(f)|√

n+mn
= lim

n→∞

|a(α,−
1
2
)

n(1+mn
n

)
(f)|

√
n(1 + mn

n )
= lim

n→∞
|a(α,−

1
2
)

n (f)|√
n

,

¼�½ÀÆ Õ Å	¼�Ä1Ç#º�¾öÖ´ô�Þ�Ø Ò Ö´ô ��Ø�Å Ö´ô�î�Ø�ÇjÖ î#ä�Ø Ò Ã�Æ�Ép¶�ÊbÅ2Ê,¶�¼�¸

lim
n→∞

π− π
n+mn∫

π
n+mn

∣∣∣∣
n+mn∑

ν=n+1

a

(
α,− 1

2

)
ν (f)P

(
α,− 1

2

)
ν (cos t)

∣∣∣∣
(
sin

1

2

)2α+1

dt = 0.
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lim
n→∞

mn
n = 0,

∣∣∆a(α,−
1
2
)

n (f)
∣∣ 6 c√

n
,
� -

∥∥∥f − S

(
α,− 1

2

)
n (f)

∥∥∥
1,µ

= o(1), n→ ∞.
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n+mn−1∑

ν=n+1

∣∣∣∆a
(
α,− 1

2

)
ν (f)

∣∣∣
√
n

6 c

n+mn−1∑

ν=n+1

1

ν
= O(1) ln

n+mn

n
= o(1), n→ ∞. �


�� �������'wps �à?BD �6���	�
lim
n→∞

mn
n = 0,

∣∣∆a(α,−
1
2
)

n

∣∣ 6 c

n
1
2+γ

0#"��
γ > 0

* � -
∥∥∥f − S

(α,− 1
2
)

n (f)
∥∥∥
1,µ

= 0, n→ ∞.

C
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n+mn−1∑

ν=n+1

∣∣∣∆a
(
α,− 1

2

)
ν (f)

∣∣∣
√
n

6 c

n+mn−1∑

ν=n+1

1

νγ+1
6

c

nγ
= o(1), n→ ∞. �
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