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AHHOTaUsA. YTOYHEH JIOTUIECKUN MEXAHU3M, CTOANINHN 33 00bsiBJIeHHEM TUIIOTE3. B ToM 9uce, yaemeHo
BHUMAaHWE TUMIOTE3aM U 3aK/II0YUEHNAM, TIPEACTABAIONIM c000it 6eckonednsre Habopwl dopmys. IIpusee-
HbI (HOpMaAIBLHBIE OTIpeIe/eHns OyIeBO3IHATHOM aJIre0panvecKoil CUCTEMbI M MOJIEJIN TEOPUH, OTIPeIeIeHIe
CcUCTEMBI TEPMOB OyJIEBO3BHAYHON OIEHKU UCTUHHOCTH (HOPMYJI, TobemMa U nepememuBanug. Ouucanbl
JIOTMYeCKre B3auMOCBA3U MEXKJIy MPUHIMIIAME [I0/IbeMa, [IePEMeNIuBanns U Makcumyma. IlokazaHo, 4ro
TIepeMeIMBaHe C TTPOU3BOJIBHBIMIA BECAMHU MOYKET OBITh TTPeo0pPa30BaHO K TEPEMENTUBAHUIO C TTOCTOSH-
HBIM BECOM. BBEJIEHO U MCCIIe0OBAHO [IOHATHUE CYyXKEHUs dJIeMeHTa OyI1eBO3HAYHON ajaredpandecKkoii cucre-
MBI. YCTAHOBJIEHO, YTO BCAKasi Oy/I€BO3HAYHAS MO/I€JIb TEOPUU MHOMKECTB, YIOBIETBOPAIONIAs TTPUHITAITY
TMObeMa, UMEEeT MHOTOYPOBHEBYIO CTPYKTYPY, QHAJIOTUYHYIO KYyMYJISTUBHON nepapxun ¢pou Heiimana.

KuarodyeBrble ciioBa: Teopus MHOXKECTB, Oy/I€BO3HAYHAS MO/IE/Ib, YHUBEPCYM, KyMyJISTUBHAS HePAPXUS.

1. ®opmasiu3M 00'bSABIIEHUS TUIIOTES

B maremaTnueckux TEKCTaX 9acTO UCIOJIB3YIOTCS «00bABICHNS TUTIOTE3Y» — KOT/IA HA TIPO-
TskeHnn (pparMenTa paccy K aenuii (onpeenenuii n JOKa3aTeIbCTB) TPEINOIATalOTCS BBITIO -
HEHHBIMU OTIIpEJe/JIEHHbIE YC/JIOBUA WU 3ad KaKI/IMI/I—.HI/I6O TIEPEMEHHBIMU 3aKPETIAeTCA POJIb
00bEKTOB, V/IOBJIETBOPSIOININX OIPeIe/IEHHBIM ycaoBusM. [Ipumepom 00bsiB/IeHUsT TUTIOTE3bBI
cayRuT paza «BCcoay Hnke B — moaHas OyseBa anrebpas, ¢ KOTOPOH HATHHAETCS CJIETYTO-
muit naparpad gaHHOi crarhbu. B ompemesienHOM cMmbicye 3ta dpasza «pukcupyers 6ykBy B
n jobapiisier «BpemeHHyt0» akcuomy 7y (B), dopmanmsyroniyio yreepxaenne «B — mosHas
OyseBa ajnrebpay.

B nopassstoniem 6oabIuHCTBE CaydaeB 3peKT, Tpon3BOAUMbIN 00bABIECHIEM TUIIOTE-
3bI, BIIOJTHE TOHSTEH HA HeMOPMAJBLHOM YpPOBHE, HO WCIOIL30BAHWE DECKOHEYHBIX HAOOPOB
dopMyJs1 B KaUeCTBE TUIIOTE3 WU 3aKIIOUCHUH PUHYK/IAET K ONPEIeI€HHON aKKYpPaTHOCTH.

1.1. PaccmarpuBaemasi HaMu POOIEMATHKA XaPAKTEPHA, HAJTMINEM «OECKOHEUHBIX YTBED-
JKJTEHU», TPEJICTABIAIONINX cOD0il GecKoHeuHble MHOXKECTBA, (popMy/1. TaKOBBIMU ABJISIOTCH,
HaNpUMeEP, yTBEPXKIeHUs «cucrema X dABJISIETCS MOAEIbI0 Teopuu 1'» mim «cucrema X yio-
BJIETBOPSIET TPUHIIAILY MAKCUMyMay.
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Jlormueckue CBsI3KM «OECKOHEUHBIX YTBEPKIEHUY 00PETAIOT CMBIC] OJIarogaps MexaHu3-
My opMasbHOrO BbIBoZa. Hampumep, ecim xoTs Obl ogHO u3 yTBepxKaenmii I’ main A Gec-
KOHEYHO, TO0 mMmIiumKanus ['= A cama 1mo cebe cmbicia He uMmeet, HO (pasa «I' Bireder A
B Teopunu 1'» mommaerca dpopManmusanuu B Buge puisogumMoctu: 1,1 F A.

1.2. ITycte T — kakas-mub0 Teopusi (MHOXKECTBO TPEIIOKEHNUiT) CUTHATYPBI X U MyCTh '
u A — npousBobHbIE MHOKeCTBA (hopmyn curaarypsl Y. (Muoxecrsa I' u A moryT 6BIThH
OEeCKOHEUHBIMU U COJIEPKAIINECT B HUX (DOPMYJIbI MOTYT UMETh BXOXKJIEHUsT CBOOOTHBIX TIE€pe-
MeHHBIX.) BeiBogmmocTs 3akmodenuss A u3 runoresst ' B pavkax Teopun T 3anuchbiBaeTcs
B Buge 1T, I' F A u oupenensiercss 1moCpeacTBOM HOHATUS (POPMaIbHOIO BBIBOJA B MCYUC-
JIEHUW TIPEINKATOR: It JI060i (PopMybl & € A CyIIEeCTBYeT MOCIeT0BATEILHOCTE (DOPMYJT
©1, - -+, Pp TAKASL, 9TO @, = § U Kaxkasa (popmya @; aubo npuaagaexur 1" UL, mubo noryda-
€TCsl W3 TPEIIECTBYIONUX (DOPMYI ©1, ..., Y;—1 C TOMOIIBI0 KJIACCUIECKNX MPABUI BBIBOJA,
3a MCKJIIOYEHUEM MPABUJI C KBAHTOPAME TI0 CBODOIHBIM ITEPEMEHHBIM, BXOadAmmM B 1.

1.3. Ilpusenennsiii Huke HakT HEIOCPEJCTBEHHO BBITEKAET W3 TEOPEMbI O MOJIHOTE.
Curestyromine yTBepKieHHsi PAaBHOCH/IbHBDI:

(1) T,T F A;

(2) T,T' F 6 ma Bcex 6 € A,

(3) mrst smroboii popmyser § € A cymiecTByer Takoii KOHEUHBIH HAOOD Yi,...,7Vn € T,
aro T F (Vo)(y1 A+ Ay = 0), 1J1e U — nepederb CBOOOJHBIX I1€DEMEHHBIX, BXOISIIHX
B Y1y« Yns 0

(4) mus mo6oii mogenn X reopun T' u smoboro ozuaunBanus v: V — X CBOOOJHBIX mepe-
mernbix V, Bxogsiux B TUA, nz ncruanocrn X F y[v] ast Bcex y € I BoITekaer HCTHHHOCTS
X E d[v] g Bcex § € A.

1.4. Mexanu3m o6bsiBIeHNsT KOHEUHOl runore3sl [' = {71,...,7,} moggaercs 6osee mpo-
croit popmamzarnmu. B 3T0M cirydae ¢ TOMOIIBIO 3aMEHbI CBOOOIHBIX TTEPEMEHHBIX (DOPMYJIBI
v = 9 A -+ Ay, Had KOHCTAHTBHl MOXKHO OOOUTHUCH (POPMAJHLHBIMHU BBIBOJAMHU, 3aJEHCTBY-
OIUMU UM Tipeioxkenns. Gopmanusam, crodmmit 3a «dukcarumeity 00beKTOB V1, . . . , Up,
YJOBJIETBOPSIOIINX YCIOBUIO Y(V1, ..., Uy, ), PACKPBIBAETCS CAEIYIOMUM (DAKTOM, JIETKO TIPO-
BEPAEMBIM C TIOMOIIBIO TEOPEMBI O TIOJTHOTE.

Hycre ¥ := vy,...,0y, — OEpedeHsp CBOOOJAHBIX IEPEMEHHBIX, BXOAANX B (hopmyry (V).
Paccmorpum curuatypy ¥, moydeHHYIO U3 3 g00aBJI€HHEM KOHCTAHT C = C1, ..., Cm, H TEO-
puto T* curnarypst X, nosydennyto n3z T nobasiennem akcuombl Y(C).

(1) [Lnst siro6oii popmysibt §(U) curnarTypbl
T"Fé(e) < T,v(0)Fd(v) & TH(Vo)(y(v) = 6(v)).

(2) Ecmm T+ (30)y(v), To T koncepparusuo pacmmpsier T', T. e. JIst 1106010 Ipeio-

JKEHHs ( CHTHATYPHI 2
Tk & TFop.

1.5. Hanpumep, B pamkax runore3nl «B — mosnas OysieBa aarebpay BbIparkKeHUe
ZFC F (VP E ZFC),

cumBomM3upytomiee jokazyemocth B ZFC Geckoneunoro yreepxaenust «V® gpisercsa moje-
sbio ZFC», bopmaibHO 3KBUBAJIEHTHO BBIBOJUMOCTH

ZFC, B — nosmas 6yesa anrebpa F (V® & ZFC),
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KOTODAsi, B CBOIO OYEPe/ib, O3HATAET UTO JJIsl BCSIKOTO IIPEIOKEHNUSs] , SIBJISIIOIEroCsl Teope-
moit ZFC, BoimosiHgeTcst Jiro60e U3 CJAYIOMUX TPeX PABHOCUIBHBIX YCIOBHIA:
) ZFC, B — nosnas 6ymnesa anrebpa = (V& kE p);

(1
(2) ZFC I (V B)(B — nonnas Gynesa anrebpa = V& E @);
(3) ZFC* | (V&) E ),

rne ZFC* — pacmmpenune ZFC xoncrantoit B m akcuomoii «B — nosinas Gynesa aarebpas.

2. ByneBo3HauHnble anredpanvieckre CUCTEMBI

Bcerogy auxke B — nosiras Oyiesa anredopa.

2.1. Ilycrs X, [=]x, [€]x — ompenensievmbie B ZFC Tepmbl nim kjaccel. [oBopgar, |9To
(X, [=]x, [€]x) aBasiercst byaesosnaunot (tounee, B-snaunol) anzebpauveckol cucmemots
cuznamypu Y := {=, €} unu, 60/ee KOPOTKO, B-cucmemoti, umest B BUY KOHBIOHKIHIO CJI€-
aytormx hopMyII:

X #@, [=]x: X? = B, [€]x: X*— B,
[_]X(x7x) = 1p,

[=lx(@,y) = [=]x (v, 2),

(=lx (@, y) As [=lx (v, 2) <s [=]x (2, 2),
[€lx(z,y) Ne [=]x (¥, 2) <g [E]x (2, 2),
[€lx (@, y) As [=lx (2, 2) <p [€]x(2,y)

1t Beex x,y, 2z € X. Buecro (X, [=]x, [€]x) mumyT mpocto X.

2.2. Ilpeanosnoxum, uro X — B-cucrema. st kax10it bopmysisl ¢(Z) curHaTypbl X, rj1e
T =x1,...,%, — HOJHbIN CINCOK CBOOOJHBIX IIEPEMEHHBIX (, BBEJEM N-MECTHBIH (QyHKIMO-
HAJIBHBIN CUMBOJL [p(Z)]x, yCa0BUMCs 3anuceiBaTh TepM [¢(Z)]x (Z) B Buje [¢]x u pacumpum
TEOPHIO OIPE/IeTICHUSIMU

[z =ylx = Flx(z,y), eyl = [Ex(zy),

[eVYlx = [@lx Ve Wlx, (e AYx = [elx As [¥]x, [Pelx = -6 lelx,
(Bz)plx = supg{lply sz € X}, [(Va)glx = infp{lply:z € X},

re @ U Y — HOpPMYJIbl CUTHATYPHI Y., -z — OTepalus JOIMoJiHeHus: B OysieBoit anrebpe B.

DopMaTbHO TOBOPsI, TMPUBEJEHHDBIE BHIMIE (DOPMYJIbI KOPPEKTHO OMPEIesioT (DYHKITHO-
HaJIbHbIE CUMBOJIBI [p(Z)]x B pamkax reopum, mnoiydennoit u3z ZFC poGasiennem rumores
«B — moimas OyneBa anarebpay m «X — B-cucremay. OmupemesieHns 3TUX CHMBOJIOB, B CBOIO
0v€epesib, PACHIMPSIOT CUTHATYPY W AaKCMOMATHWKY, TIPWUBOAS K KOHCEPBATWBHOMY pacCIImpe-
o ZFC* ucxomuoii reopun. (CoorBercrByromuii hopmaimsm 6osee mopodHO pACCMOTpPEH
B [1].) Ipu srom g s060it dbopmyisl ¢(z) curnarypsr ¥ B ZFC* BoiBoguva dopmysia
(Vz € X) [¢(T)]x € B. B ganpueitmiem Mp1 6ynem nncats ZFC Bmecro ZFC*, HesBrO mpuco-
€INHAA K aKCUOMATHUKE BCE C(i)OpMy.HI/IpOBaHHbIe TUTIOTE3bI 1 OIIPpEeJCJICHUA.

2.3. ToBopgar, uro dhopmyna ¢(Z) curaarypbl ¥ ucmunnae 6 X, u mumyt X F o(Z), ecan
[0(Z)]x = 1p. (Ilpu s3T0M TOIPa3yMeBaeTcs BKIOUeHne T € X.)

Cucremy X mazwBaior 6yaec03naunol (B-3naunoli) modeavto mroocecmea ® npeaoxe-
Huit curHaTypbl 2, u mumyT X F ®, ecoim X F ¢ g Bcex ¢ € ®. Ilon 6yaesoznawnod
(B-31aunoti) M00eAbt0 Meopuu TIOHNUMAETCA MOJIE/Ib MHOXKECTBA BCEX TEOPEM 3TOH Teopuu.
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OrmernM, 9T0 B caydae 6eckoredHoro MHOKecTBA P yemosne X F @ apiasiercst 6eCKOHETHBIM
yrBepxaenuem (cM. § 1), mpeacrasisiionmm coboit Habop dopmyn {X F ¢ : ¢ € O}

KaK M3BECTHO, B 6yﬂeB03Ha“IHOﬁ CHUCTEME MCTUHHBI BCE TABTOJIOTHUH, & TIPaBHJIa BBIBOJA
COXPaHAIT UCTHUHHOCTL. TOUHEe ToBOps, B MPEINOJOKeHUH, 4To X sBjsgeTcs B-cucremoii,
CIIPABE/IMBBI CJIeAyIoNme (hakThi:

(1) ZFCF (X E @), rge ® — COBOKYMHOCTD BCEX TABTOJIOTHH CHTHATYDBI 3;

(2) ecnmn muOM)ecTBa mpeanoxkennii I' m A curmatypsr ¥ taxkossr, uro ZFC F (X E T)
uI'FA, o ZFCF (X F A).

Takum obpazom, B 3amucu X F ZFC mog ZFC M0XKHO MOHUMATH KaK COBOKYITHOCTH CITe-
nuraapHbIX akcnoMm ZFC, Tak u coBokymHOCTE Beex Teopem ZFC.

2.4. IIycte X — B-cucrema u myctb p(x,§) — IPOU3BOJIbHAS (POPMYJIA CHTHATYDBI 3, TJ1€
J=Y1,--.,Yn. Torma B ZFC morazyemo, aro g obbix x1,22,y € X nbe B

(1= 2 b = [p(z1, )] Ab = [p(x2,7)] A D.
< Cornacuo 2.3 (1) cupaBeyIIBO COOTHOIIEHNE
[o(x,9) A(w=1i) & (i, §) A (x=)] = 15.
CremoBarebHO,

[p(z1, Y] A [21=22] = [p(22,7)] A [11 = 32],

a BHAYNT, B CJAydae [r1 =2 > b MBI nMeem
(o, IAb = [pler, YA [zr =22 Ab = [p(x2, Y] A [z1=22] Ab = [p(22,7)] Ab. >

2.5. B caiyaae ZFC - (X F ZFC) zamucu [p(Z)]x 1 X F ¢(Z) 06peTaioT cMBICT HE TOTBKO
it HOPMYJI ¢ CUTHATYPBI X, HO U 7 (DOPMYJI, COAEPIKAIINX BXOKIEHUs JIOOBIX OIpese-
nsembix B ZFC mpemnkaTHBIX W (QYyHKIMOHATHHBIX CHMBOJIOB. Ecan ¢ — Takas ¢gpopmyia, To
1oz [p(Z)]x nounmaercs [(Z)]x, re 1 — pe3yubTar JAUMUHALUL OTIPEEIIeMbIX CUMBOJIOB,
T. e. Takas ¢dopmynaa i curatypsl 3, uro ZFC F (¢ < 9). B uwacraocTHn, paccmarpupas
OysepozHauHyi0 Mozeb X Teopun ZFC, MBI nMeeM BO3MOXKHOCTH yIOTPEDISITH TAKHE TEPMBbI
u dopmynbl, Kak [z Ny = )x wm X E(f: 2 — y).

Kpowme Toro, B KoHCTPYKImMsX Buga [---]x u X F (--+) gomyckaercst HedpopMaibHOe yIo-
TpebJIeHne «BHEITHUX» TepMOB, onpejensgembix B ZFC. Hampumep, B xouTekcre f: A— X
sanuck [f(a1) = f(ag)]x = b cayxur cokpamennem GbopmyJIbl

(3 X, 2?2)(:61 = f(al) N XTo = f(CLQ) VAN [1‘1 :1?2])( = b)
2.6. Cucrema X HasbiBaercst omdeaumoti, eciu

Va,ye X)([=lx(zy) =1 = z=y).

B cayuae 2-cucremsr, rie 2 := {0, 1} — mpocreiimas OGyseBa aarebpa, OTIeINMOCTb O3HAYAET
CTAHJIAPTHOCTH MHTEpIpeTanny paBeHcrBa: [=|x(z,y) =1 < =z =1y.
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3. IlpuHiunbsl noagbeMa, NePEMENINBAHUSA U MaKCUMyMa

Bceroay mauxke B — mosras OyieBa ayiredbpa, X — ormesmmas B-3nadnas aarebpamdeckast
cucTeMa CUrHATYphl % := {=, €}, npudueMm B X HCTUHHA AKCHOMAa SKCTEHCUOHATHHOCTH:

XEWVz,y)(Ve)(zezezey) = z=y).

Cpa3sy oTMeTnM, 9TO 3JIEMEHTBI T TAKOi cucTeMbl X OJHO3HAYHO OIMPEIE/ISIIOTCS 3HAUCHU-
savu [z€z]x (2 € X):ecm x,y € X u [z€x]x = [2€y|x mnst Becex z € X, 10 2 =Y.

Yro6bl 3amucu ObLIM MeHee TPOMO3IKUMME, YCJIOBUMCS OMYyCKAaTh WHIEKCH B 1 X B cuM-
BOJIAX SUPg, Ag, [...|x, ascx, Ty, MiXx ¥ T. L.

3.1. Ilycts C' — mogmuoKecTBO B X X. Dyement x € X HA3BIBAIOT NOJGEMOM COOMBEM-
cmeusa C u obo3HavaT cuMmBoioM asc C', eciin

[z€z] = sup (bA[z=y]) muaBeex z € X.
(by)eC

B cayuae coorercrBusi, 3azannoro napoit cemeiicre (b;)ier C B, (x;)ier C X, BMecTo

asc{(b;,x;) : i € I} ncnonp3yercs Goiee KOMIAKTHAS 3aMHCh asc b;x;. Takum o6paszom, BBIpa-
el
JKeHre ¥ = asc b;x; o3Hadaer
iel
[z€a] = sup (b A[z=u;]) nas Beex z € X.
el

Hna b e BuY C X nogbem asc({b} x Y) nazwiBaercst nodsemom mmooicecmsa Y ¢ gecom b
u obozHauaercst cuMBOJIOM DY 1. Duiement x = DY onpejensercs COOTHOIEHUSIMT

[z€x] = bAsup [z=y] maaBeex z € X.
yey

B ciyuae b = 15 moabem bY T obozuauaoT Y1 u HA3BIBAIOT nodsemom muooicecmsa Y .
3.2. ToBopsiT, uT0 X yIOBIETBOPSIET NPUHUUNY NOIGEMA, €CITH
(VCCBxX)3zeX)(z=ascC),
(Vz e X)(3C C Bx X)(z=ascC).
3.3. Ilycrs Y — nopmuoxkectso mim nogkiace X. Cuvponom Prt(B,Y) ycaosumcest 06o-

3HAYATDH Kjaacc Bcex dpyukmumit P: D — Y, onpeeneHHbIX Ha Pa3bueHusIX eIMHUIIBI Oy/IeBOil
anrebpsl B, T. e. Ha Takux moaMHOXKecTBax D C B, 910

sup D = 15, (\V/dl,dz € D)(d1 75 do = di Ndo = OB).

Dnement r € X HaswiBaercs nepemewusanuem dynkuun P € Prt(B, X) u obosnauaercs
cuMBOJIOM mix P, ecan
[t=P(d)] >d nnsBeex d € D.

Wuorma nos pasbuenneM eIUHUIBI yI0OHO MOHUMATH ceMeiicTBo (d;);c; C B Takoe, 94To

supd; =1z, (Vi,jel)(i#j = d; Ndj = 05).
i€l
Hns pasbuennst equannpl (d;)ier C B u cemeiicrsa (x;);e;r C X cumposiom mi;( d;x; obo3Ha-
1€
qaeTcsd 3eMeHT £ € X, yI0BJIeTBOPAIONIHIL YCIOBIIO

[t=wx;] > d; nnsBeex i€ 1.

Kax Jierko Bujiers, mi;( dix; = mix{(d;, x;) : i € I, d; # 0}.
1€
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CoBokynHoCTh TiepemernBanuii BceBo3MoxkHbIX bynkiuit P € Prt(B,Y) nasbiBaercs
yuraueckol oboroukoti monmuoKectBa Y C X u 0603HAYAETCS CUMBOJIOM CyC Y .

3.4. T'oBopgar, uro X yIOBIETBOPAET NPUHUUNY NEPEMEUUBAHUSA, €CTTI
(VP ePrt(B,X))(Jz € X)(z = mix P).

3.5. Ilycrb ¢(x, y) — dbopmysa curHaTyphl X, Bce CBOOOIHBIE TIEPEMEHHBIE KOTOPOIi COiep-
JKATCsT B CIUACKE X, Y, TIE § = Y1,---,Ypn. Cucrema X yIOBIETBOPSIET NPUHUUNY MAKCUMYME
o hopmyavs @, ecan

(Vg € X)(Bxo € X) [B2)p(z, )] = [p(z0, 7).

Kaxk sterko Bumers, eciiu X yHOBJIETBOPSIET MPUHIIAITY MAKCUMyMa, JJIsI (0, TO
(Vy e X)(X F(@x)e(x,y) = BreX)XE (p(ac,g)).

T'oBopaT, uTo X ymOBIETBOPSET NPUHUUNY MakKCUuMYMa, ecan X yIOBIETBOPAET TPUHIIHAILY
MakcuMyMa Jist 1060t popmysbl curaarypsl L. (31€Ch MBI IMEEM JIeJ10 ¢ OUePETHbIM «6ec-
KOHEYHBIM YTBEPKIeHNeM», cM. § 1.)

3.6. Cormacuo |2, 1.10, 1.11] (cum. Takxe |3, 6.1.7, 6.1.8]) B ZFC nokasyemsl ciieyionime
COOTHOIIEHUST MEXKIY CPOPMYJIUPOBAHHBIMU BBIIE TTPUHITUTIAMH.

Ilycte X — mpomsBosibHasg B-crucrema cHTHATYDHI Y.

(1) Ecim cucrema X ymoBieTBOpsieT NMPHHIHILY MOJbEMAa U B Heli HCTHHHA AKCHOMA 9KC-
TEHCHOHAJIbHOCTH, TO X YJIOBJIETBOPSIET IPHHIAILY MEePEMEITHBAHUISI.

(2) Ecim X ynoBieTBOpSIeT NPUHIAITY MOAbEMA M MPHHIHILY MAKCHMYMa JIIs (POPMYJIBI
x €y, 70 X YJIOBIETBOPSIET NPHHITHITY MEPEMEITHBAHUSI.

(3) IIycre X ynoaerBopsier npunnuiy nepemerinpanus. Toryga X ymoBieTBopser mpuH-
MUY MAKCHMYMA.

3.7. Jlemma. Ecim B-cucrema X ynoBiaeTBOpsieT NPHHIIUILY T€PEMEITHBAHHUS, TO JJIS
o0b1x (b;)ier C B u (;)ie; C X maidigyres b € B u (y;)ier C cyc{z; : i € I} Takme, uro

sup (b A[z==z;]) = bAsup[z=y,;] . Beex z € X.
il il

< B cinyuae I = @ yrBep:kenne jeMMbl oueBUIHO. [lycth [ # .

IMosnoxum b = sup;er b, I* = I U{I}, df = —b u paccMOTpUM IPOU3BOJILHBIH /1€MEHT
xr € {z; : i € I'}. Cormacuo npuniuny ucdepnsiBarust (cM. [3, 2.1.10 (1)]) cymecrsyer Takoe
paszbuenue eauauns! (d;)icr- C B, aro d; < b; ansa Beex ¢ € I*. Bamernm, urto sup;c;d; = b.
Baarogaps npunmuny mepemermuBanus B X WMEETCS JIEMEHT & = MiX;cr+ d;T;, XapaKTepu-
3YIOLIUANCA COOTHOIIIEHUAMU

[x=mx;] > d; nnsBeex i€ I (1)

ITo Toii ke npuunne s kaxgoro ¢ € I B X wumeercs snement y; = mix{(b;,x;), (—b;,x)},
YIOBJIETBOPSIONTHI HEPABEHCTBAM

lyi=x) = bi,  [yi=x] = —b;. (2)

ITokarkeMm, 4T0 cemeiicTBO (Y;)ies siBasiercss nckombiM. OuesununHo, (y;)ier C cyc{z; : i € I}.
Hanee, nig Besikoro sementa z € X ¢ yuerom (2) u 2.4 Mbl nmeeM

sup (bi A [z::l:,]) = sup (bi A [z:yi]) < bAsup[z=y.
i€l i€l il
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C npyroii croponst, 6aarogapst (1) n 2.4 cnpaseIMBbI COOTHOIIEHUST
bA[z=x] = sup (di A [z:x]) = sup (di A [z:xi]) < sup (bi A [z:xi]),
el el el
oTkyma ¢ yuerom (2) u 2.4 ciemyer, 9to s Beex i € [

bA[z=vyi] = (bi A [z:yi]) Vv (b/\ =b; A [z:yi])
= (biN[z=zi]) V (bA—b; A [z=1])
< (biAN[z=a]) V sup (b A[z=1;]) = sup (b A[z=u1;]),
Jel iel
u mosToMy b A supicr [z =ui] = supjc; (bA [z=yi]) < sup;e; (i A [z=1]). >
3.8. CaeacrBue. Ilycte X — ornenumvasi B-cucrema, B KOTOPOH HCTHHHA AKCHOMa 5KC-
TEHCHOHAJIbHOCTH.

(1) Ecin X yjmoBjaeTBopsieT HpUHIHAILY TIepeMeIuBaHusI, TO Jiist Jiioboro coorserctust C' C
B x X naiinyrca b € B u'Y C cycC|[B] rakune, uro B X cymecrsoBanne asc C' paBHOCH/IBHO
cymecrBoBanuto bY T, npuuem asc C' = bY' 1.

(2) Ecin X ynosserBopsier NIpHHIHILY 110J4beMa, TO s ioboro x € X cymecrByror b € B
nY C X rakme, uro x = bY 1. Ilpu stom b = [z # S| u [y€x] = b qia Bcex y €Y.

4. Nepapxuveckasi CTPYKTypa O0y/JI€BO3HAYHOM CUCTEMbI

Bcerony uuxke B — mosinas OyseBa anrebpa, X — otnenumMas B-3HauHas ajredpamdeckas
CUCTEMaA CUTHATYPBI E = {:, e}, npuYdeM CucreMa X YAOBJIETBOPSAET TIPUHIUITY TOAbEMa U
B Hell ICTUHHA aKCHOMAa SKCTEHCUOHAIBHOCTH. OTMETHM, 9TO B 3TOM cjiydae X yI0BIETBOPSIET
TaKKe€ TIPUHOUTIAM TIEPEMEIINBAHNA U MaKCUMYMa (CM. 36)

4.1. Ob6o3HAYNM CHEMBOJIOM Dy MOAbEM asCy & MycTOro coorBercTBua & C B X X. Die-
MeHT @y € X urpaer BHyTpu B-cucrembl X posib mycroro MHOXKecCTBa, T. €. X F (@x = 0)
win, 4ro 1o ke camoe, X F (Vy) —(y € @x).

Hnsa x € X u b € B nepemenmmanue mix{(b, z), (—b, Ix)} ycaoBumecsa 0603HaAIATE CHMBO-
JIOM |, W Ha3BIBATH CYotCceruem T Ha b:

[$|b:$] > b, [$|b:@] > —b.

4.2. Jlemma. [Lis srobeix a,b,b; € B, x,z;,y,y; € X, Y C X cupaseqmBbsl cOOTHOIITEHUS:

(D) [e(x1y - s Tny Y1y - - Ym) | Ab = [(T1]by - - s Tnlos Y1y - -+ Ym)] A D, D16 © — IpPOH3BOJIB-
Has popMysIa CUTHATYDBI ;

(2) [yezl] =[yea] Ab;
(3) (33|a){b = Z|anb;

(4) zlp=yly & [x=y] = b;
(5) (aSCiEI bixi) ,
(6) (@¥ D]y = (anD)YT.

< Vreepxaenue (1) caeayer u3 2.4 G1arogapss HepaBeHCTBAM [T; = x;|p] = b.
PasencTBo (2) BbITEKAET U3 CJIEAYIOMINX OTEHOK:

= asCjer (bl VAN b)xz = asCjer (bz AN b)xilb;

lyexlp] = [yea]Az=xl)] > [y€x] Ab;
[y € zlp) < [z]p # D] = —[z]p = 2] < ==b =b;
lyex|] =[yezfp] ANb< [yexp] Afzly=2] < [y €a].
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(3) U3 (2) cneayer, aTo [ye (x\a)‘b] =lyczlJAb=lyex]NaAb=[yEx|un)
(4) Ecmm x|y = ylp, TO Gmaromaps (1) mer mmeem [x=y] A b = [z|p=y|ps) A b = b, oTKyzna
[z =y] > b. Haobopor, uz [x =y| > b ciexnyer

(=] Az =yl Aly=yls] = b;
[2]p = 2] A [ylo = 2] > —b,

[]p=yls]
[]p=yls]

AVARY

a sHaunT, (2|, =ylp) = 1 u Tem cambiv x|, = y|p Gaaroxapst oTgeMMOCTH.
(5) C yuerom (1) u (2) mua Bcex y € X MBI HMeeM

{y € (asc b,x,)‘ } = {y € ascbixi] ANb =suply=z;] AbiAb
el b el icl

- [y e asc(b; /\b)xl} = suply=xils] A b Ab = [y € asc (b AD)zils |-
i€l el i€l
Pagenctro (6) sBsiercss wactabiv caydaem (5). >

4.3. C momormmpio TpanchuanTHOH pekypceun (cm. [3, 1.5.9, 1.6.1]) ompemenmmm kacc-
PYHKIINIO, COMOCTABJISIONIYIO KaXKJI0My opanHaTy « € On mogaMuOkecTBO X, C X, moJsiaras

Xo={ascC : CC Bx Uﬁ<an}.

Kak serxo Buzers, X, C Xg npn o < 3, Xog = {@x}, Xoy1 = {ascC : C C B x X,}
g Beex o € On.

4.4. O6oznaunm kiacc |J X, cavmBonom X .

a€On
Jlemma. daement x € X npunajie;kut X, TOraa U TOJABKO Torja, korga x = asc C misa
nexkoroporo C C B X X.

<1 HeobxoammocTsh obecreamBaeTcst OnpeaeseHneM Kaacca Xqso. IIOSCHUM J0CTATOIHOCTD.
Eciu ¢ = ascC, tne C' C B X X4, TO BeIOUpasi /ijist Kaxk0ro sjaementa y € Y = im C op-
suHAT (Y ), YAOBIETBOPSIONTHIT yCioBuio Y € Xy (), 3aKmodaeM, o Y C Uer Xa(y) € Xa;
e 0 = SUPycy a(y), a saaunt, C' C B X X, u Tem camMbiM & € X411 C Xoo. >

4.5. Onpenennm kiiacc-pyuknno w u3 X B B, nojaras
w(x)=sup{be B:z|, € X}, z€X.

Jlemmva. JLnst mr06pix b € B, x € X mMeer MecTo 3KBHBAJEHTHOCTH

zlp € Xoo & b<w().

< Pacemorpny niponssostbablii 3mement x € X u nosoxuMm (z) ={b€ B : x| € Xoo}-
[Tokazkem, uTo MHOXKeCTBO 2(z) HacwimeHo Buu3: ecan a € Q(x) u b < a, 10 b € Q(z).
HeiictBurenbho, mycth a € Q(z), T. €. x|, € Xoo. Cornacuo 4.4 cipaBeyInBO MpeICTABICHNE
x|, = asc C' st Hekoroporo C' C B x X . Torpa B cayuae b < a ¢ yuerom 4.2 (3),(5) u 4.4
MBI FIMeeM
x|y = x|app = (x\a){b = (asc C)|, = asc Cp,

e C, = {(c A b,y) : (¢,y) € C} C B X Xo, a 3naunt, x|y € Xoo-

Ocraerca noxazath, uto w(r) € Q(z), T. €. T|yz) € Xooo s Besxoro b € Q(z) us
BKJIOUeHNS |y € Xo ¢ yuerom 4.4 cremyer, uro x|, = asc Cp mug nexkoroporo Cp, C B X X.
IMosoxum C = UbEQ(x) Cyp. Acuo, uro C C B X X4, a 30290, B cu1y 4.4 st 000CHOBAHUSI
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BKJIOUEHUS T y(5) € Xoo JOCTATOUHO MOKA3aTh, 4T asc C' = T|(,). JeiicTBurensno, ais Beex
z € X c yaerom 4.2 (2) Mbl nMeeM

[z€ascC] = sup (aA[z=y]) = sup sup (aA[z=y]) = sup [z€ ascCh]
(a,y)eC b€Q(2) (a,y)€Ch beQ(x)
= sup [z€xzfp] = sup ([z€x]Ab) = [z€z]A supb = [z€x]Aw(z) = [2€x[4yw)],
beQ(x) beQ(x) beQ(x)

OTKYa ascC = ac]w(x) Osarogapst OTAEIMMOCTH CUCTeMBbl X W MCTWHHOCTH B HEM aKCHOMBI
SKCTEHCUOHAJHbHOCTHU. >

4.6. Jlemma. s jroboro x € X cyiiectByer z € X Takoi, 4T0
[zez] =2 ~w(r), —w(z)>=>-wx).

< Pacemorpum npomsBosibHbIit 91ement x € X. Cormacuo 3.8 (2) maiigyreas b € BuY C X
takue, 410 r = bY 1, npuduem b = [z # D] u [y€x] =b s Becex y € Y.

ITonoxum ¢ = inf ey w(y). B cuny 4.5 qnis Bcex y € Y cnpaseuBo BKIouenne Y| € Xoo.
Kpowme Toro, u3 4.2 (5) cienyer, aro z|. = ascyey (b A ¢)yle, otkyna x|, € Xo cormacuo 4.4,
a sHaunt, ¢ < w(z). Takum obpasom, sup,cy —w(y) = ~w(x).

ITo mpunnumy BcuepnsBanus B Oys1eBoil aarebpe B cymectByer anTHIEND (dy)ycy TaKad,

9TO SUPyey dy = —w(z) m dy < —w(y) ana seex y € Y. Toxaxkem, 90 2 = miXyey dyy
SIBJISIETCST ICKOMBIM 371eMeHTOM X, T. €. [z € x] 2> ~w(z) 1 ~w(z) = ~w(x).
Jnst Bcex y € Y vt umeem [z =y| > dy n [y €] =[x # ] > ~w(z), orkyga ¢ yderom 2.4

CJIeJIyeT, 9To
zexz|Ndy = [yex] Ndy = —w(x) Ady.

Bags cynpemywm mo y € Y, monyuaem [z € z] > —w(x).

s jokazaresbcrBa HepaseHcTBa —w(z) = —w(z) mosmoxuM a = w(z) A —w(z) u go-
MYCTHM BOTIPEKH JIOKazbiBaeMoMy, 9To a 7# Op. Ilockomeky Op # a < —w(x) < supyey dy,
Halijiercss Taxoit sjement y € Y, uro dy A a # 0p. Cornacno 4.5 nepaBencTBo dy A a < w(2)
obecrieunBaer BKjHOUeHNE z|g, na € Xoo- C 2pyroit croponsr, u3 0p # dy Aa < —w(y) ciexnyer,
9TO HEepaBeHCTBO dy A a < w(y) He mMeeT MecTa, a 3HAIAT, Y|g,na & Xoo- g momydenma
IIPOTUBOPEYNs OCTAETCs 3aMeTHTh, 4To B cuiay 4.2 (4) m3 [z=y] > d, BHITeKaeT paBeHCTBO
Z|dy/\a = y|dy/\a- >

Ornenumyio B-cucremy Ha3bIBAIOT 6yae603nayunvim (B-snaunovim) yrusepcymom (em. [4]),
€C/TM OHA yJIOBJIETBOPSET MPUHINITY MObeMa W B HEll HCTUHHBI AaKCHOMa SKCTEHCUOHATLHOCTH
U akcuoma peryagpHocTu ((byHAupOBaHUs ):

(Vm)((ﬂy)(y cxr) = Fyex)(Vz)~(z€xNnz€ y))

umm, uTo 1o xe camoe, (Va)(z # @ = Ay e x)(yNa = 2)).

Kaxk uzsecrro (cM. [3, 4]), mast s1060ii osiHoi# GysieBoii anre6psl B cymectByer B-3HadqHbIii
yuusepcyM. Tounee, nmerorcs rakue onpejensgembie ¢ napamerpoM B kaacest V&, [=] u [€],
9TO0

ZFC + (V B)(B — nosmas 6ynesa anre6pa = (V*, [=], [€]) — B-snaunsiii yausepcym ).
Bouiee Toro, kinaccuveckuit B-znaunbiii ynusepcym V& okaswipaerca mogennsio ZFC:

ZFC, B — nonnag 6Gynesa anreépa F (V® E ZFC).

4.7. Teopema. Ecin X — 6yneposnaunsiii yuusepcym, 1o X = Xa.

a€On
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< Paccmorpum B-3naunbiit yausepcymM X U MPEIIOI0KUM BOIIPEKN JOKA3BIBAEMOMY, 9TO
cymecTByer sjeMeHT Yy € X, He npunaexanmii Xoo. [Homoxum b = —w(yy). U3 4.5 cie-
ayer, ato b # 0g. Cornacno 4.6 nmeercst snement yo € X, yJI0BIETBOPAIONINI HEPABEHCTBAM
[y2 €y1] = bu ~w(y2) = b. «repupysi» 5Tu paccyxjaenus (a CTpOro roBOps, TPUMEHSIST Pe-
KYPCHIO U aKCHOMY BbIOOpA), T10JIy9aeM I0CIeA0BATeIbHOCTD (Y )neN 1eMenToB X Takyio,
ITO [Ynt1 € Yn| = b 111 Bcex n € N.

Paccmorpum mogbem z := {y,, : n € N}1. Baarogaps nucruaaoctn B X aKCHOMBI PETyJIsp-
HoCTH U3 [T # @] = 1 cnenyer [(y € z)(yNe = &)] = 15, a3HAYAT, 10 IPUHIUITY MAKCHMYMA
CYIIECTBYeT 3jeMeHT y € X, yIOBIETBOPSIONNIl paBeHcTBaM [y € x| = [y Nz = O] = 15.

ITockombKy SUp,en|y =yn] = [y € ] = 1, cormacno MpUHIHUITY WCYePHbIBAHNS B Oy1eBoii
anrebpe B wmaiierca pasouenue eauHunbl (dy)neN Takoe, 9t0 d, < [y =1yp,] 11 Bcex n € N,
T. €. Y = MiXpeN dpYpn. [onokum 2z = mix,en dpynt1- Toraa ¢ yaerom 2.4 Mbl nmeem

[zey] = sup dn A [ZEy] = sup d, A [yn—l—leyn] Z sup d, ANb =b
neN neN neN

[z€x] =supd, AN][z€x] = sup dy A [Yynt1€2] = sup d, = 1z > b,
neN neN neN

otkyJa [yNx # @] > [z € yNzx] = b > 0p, uro nporusopeunt paseHcrry [yNx = & = 1. >
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Abstract. The logical machinery is clarified which justifies declaration of hypotheses. In particular,
attention is paid to hypotheses and conclusions constituted by infinitely many formulas. The formal
definitions are presented for a Boolean-valued algebraic system and model of a theory, for the system
of terms of the Boolean-valued truth value of formulas, for ascent and mixing. Logical interrelations
are described between the ascent, mixing, and maximum principles. It is shown that every mixing with
arbitrary weights can be transformed into a mixing with constant weight. The notion of restriction of an
element of a Boolean-valued algebraic system is introduced and studied. It is proven that every Boolean-
valued model of Set theory which meets the ascent principle has some multilevel structure analogous to
von Neumann’s cumulative hierarchy.
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