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Abstract. In the classical theory of approximation of functions on R", the modulus of smoothness are
basically built by means of the translation operators f — f(z +y). As the notion of translation operators
was extended to various contexts (see [2] and [3]), many generalized modulus of smoothness have been
discovered. Such generalized modulus of smoothness are often more convenient than the usual ones for the
study of the connection between the smoothness properties of a function and the best approximations
of this function in weight functional spaces (see [4] and [5]). In [1], Abilov et al. proved two useful
estimates for the Fourier transform in the space of square integrable functions on certain classes of functions
characterized by the generalized continuity modulus, using a translation operator. In this paper, we also
discuss this subject. More specifically, we prove some estimates (similar to those proved in [1]) in certain
classes of functions characterized by a generalized continuity modulus and connected with the generalized
Fourier transform associated with the differential-difference operator 7(*?) in Li, 5(R). For this purpose,
we use a generalized translation operator.
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1. Introduction

In [1], Abilov et al. proved two useful estimates for the Fourier transform in the space

of square integrable functions on certain classes of functions characterized by the generalized
continuity modulus, using a translation operator.
In this paper, we prove some estimates in certain classes of functions characterized by
a generalized continuity modulus and connected with the generalized Fourier transform
associated to T(®P) in Li,ﬁ (R) analogs of the statements proved in |1, 2—4|. For this purpose,
we use a generalized translation operator.

In section 2, we give some definitions and preliminaries concerning the generalized Fourier
transform. Some estimates are proved in section 3.

2. Preliminaries

In this section, we develop some results from harmonic analysis related to the differential-
difference operator T(#), Further details can be found in [5] and [6]. In the following we fix
parameters «, 8 subject to the constraints a > 8 > —% and a > —%.
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Let p = a+ B+ 1 and A € C. The Opdam hypergeometric functions GE\Q’B) on R are
eigenfunctions T(O"B)Gg\a’ﬁ ) (x) = z')\G(f’B ) (x) of the differential-difference operator

f(x) = f(=x)

TR f(x) = f'(x) + [(2ac+ 1) cothz + (23 + 1) tanh z | 5

—pf(—x)
that are normalized such that GE\Q’B ) (0) = 1. In the notation of Cherednik one would write
T @) as

2k, n 4ko
I4+e 22 1—e

Tl + 2 0) = /') + | b (@) = 1-0) = (b1 + 200 ),
with oo = k1 + ko —% and 8 = ko — % Here kq is the multiplicity of a simple positive root and ko
the (possibly vanishing) multiplicity of a multiple of this root. By [5] or [6], the eigenfunction
GE\Q’B) is given by

1 0 ap
p— A a7\

Gg\a,ﬁ) (:c) _ sO(j\[’ﬁ(l“) _ (:c) — spgf’ﬁ(x) + Sinh(2x)¢§f+1,5+1(a§)’

_r
4(a+1)
where goi"ﬁ(x) = (%; ,)—2_1‘/\; a + 1; — sinh? 3:) is the classical Jacobi function.

Lemma 2.1 [7]|. The following inequalities are valid for Jacobi functions gof\"ﬁ(x)

() 3" (@) <1
(i) 1— 037 () < 222 + p?).
Denote L? 5(R), the space of measurable functions f on R such that

1/2
1fll2,08 = (/!f(w)!2Aa,ﬁ($)dx> < +o0,
R

where
Ay p(x) = (sinh \x!)%‘ﬂ(cosh \x!)wﬂ.

The generalized Fourier transform of f € C.(R) (the space of continuous functions on R with
compact support) is defined by

HL(N) = / F@)GP () Ag s(x) d for all A€ C.
R

The inverse transform is given as
) dA

#70@) = [ e @ (1= ) g
R ,

here .
207 (o + 1T (3N)

F(i(p+iN))T(A(a—B+1+iN)
The corresponding Plancherel formula was established in [5], to the effect that

Ca,p(A) =

+oo

[15@PAus@)ds = [ (#50F +12F0)P) do),
R

0
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where f(z) := f(—z) and do is the measure given by

dA

do(\) = — 2
(M) 167|co (V)2

According to [6] there exists a family of signed measures ugj‘f ) such that the product
formula

G ()G (y /G (@) dule)(2),

holds for all z,y € R and A € C, where

%,5(1’, Y, Z)Aa,ﬁ(Z) dz, xy # 0;

and

Hap(,y,2) = My g|sinhz x sinhy x sinh 2|72 /g(:c,y,z,x)iﬁl
0

p
B+3

if z,y, z € R\{0} satisfy the triangular inequality ||z —yl|| <|z| <|z|+|y|, and J#, g(x,y,2) =0
otherwise. Here

cosh z+cosh y—cosh z cos x .
N has » ry #0;
7y z

X {1 0N yst Xy T 0%y o+ coth z x cothy x coth z(sin x)? | (sin x)** dy,

sinh z sinh y

(Vo,y,z € R, x €[0,1])
0, 2y =0

and

g(x,y,2,x) =1 — cosh?z — cosh?yy x cosh? z + 2 cosh z x coshy x cosh z x cos .

Lemma 2.2 [6]. For all x,y € R, we have

(1) Hap(x,y,2) = Hap(y, o, 2);

(11) %ﬁ(ﬁ,y, Z) = %,B(_:Ca Zay);

(111) %,B(xa Y, Z) = %,5(_'2’ Y, _:C)'

The product formula is used to obtain explicit estimates for the generalized translation
operators

It is known from [6] that

for f € C.(R).
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For a > —5, we introduce the Bessel normalized function of the first kind j, defined by

. B 00 (_1)71(&)271
jalz) =T(a+ 1)§Wé+l)’ z € R.

In the terms of j,(z), we have (see [8])

VhzJy(hz) = O(1), hz >0, (2)

where J,(x) is Bessel function of the first kind, which is related to j,(z) by the formula

) 2T (x + 1
jolz) = %Ja@). )
Lemma 2.3 [9]. Let a« > 8 > _71, a # St. Then for |v| < p, there exists a positive

constant cq such that
11—l (@)] = coll — ja(A2)].
For f € Li 5(R), we define the finite differences of first and higher order as follows:
A}llf = Ahf = (T}(lavﬁ) + Tio;_iﬁ) — 2.[) f,
k
ARf = An(AFT ) = (AP + 75D —ar) g k=23,

where [ is the unit operator in the space L? 5(R).
The generalized modulus of continuity of a function f € Li’ B(R) is defined by

w(fa 6)2,&,5 = Oil}llgé HAZfHQ,a,ﬁ’ 0 >0.

3. Main Result

The goal of this work is to prove some estimates for the integral

“+00

R0 = [ (500 +12F0)) do(),

N

in certain classes of functions in L? 5(R).
Lemma 3.1. If f € C.(R), then

A F(A) = G (—a) A f (). (4)

< For f € C.(R), we have

/ 7! (OB () A ) dy = / 7P Fy) G () Aas () dy
R R

= [ | [ 100 Hastan. ) 40(2) 2| G5 ) Awstw) dy
R

R

- / 1) / G (y) H (2, 2) A (y) dy | Aap(2) d.
R R
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Since J, g(x,y,2) = Ko g(—x,2,y), it follows from the product formula that
AP f(A) = GP) (—a) / F(2)GP (2) Ag 5(2) d2
R

— G0 (- / e D Aap(x)dz = GO (—a) A FON). >
Lemma 3.2. For f € Li,B(R): then
AL g =2 [ 1687 = 1P* (S5O + 12 F0P) do().
0

< From formulas (1) and (4), we have

A = (65D (0) + G (-h) — 2) A ()

and
ABENM) = (607 (h) + G5 () —2) A ().

Since

Gg\a,ﬁ) (h) gpi B(h) + smh(?h) QHLAFL (h)7

p
4(a+1)

and (p?\"ﬁ is even, then

k
HDBLF) =2 (57 () = 1) 2 (5
and N
H DL =25 (37 () = 1) (P &
Now by Plancherel Theorem, we have the result.

Theorem 3.1. Given k and f € Liﬁ(R). Then there exist a constant ¢ > 0 such that,
for all N > 0,

IN(f) = O(w(f, CN*l)za,B)'

< Firstly, we have

/ua (B dja( /|1—Ja AR dju(N), (5)

with du(X\) = (|22 f(N)[2+]f(V)|?)do()\). The parameter h > 0 will be chosen in an instant.
In view of formulas (2) and (3), there exist a constant ¢; > 0 such that

lJa(AR)| < e1(AR)™ 72
Then

+oo
/ aOW) di(N) < e1 (hN) =2 73 (f).
N
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1
2

Choose a constant ¢y such that the number ¢3 =1 — clc;a is positive.

Setting h = c2/N in the inequality (5), we have

“+00

e T3 (f) < / 11— ju(AB)| da(N).

N

By Holder inequality and Lemma 2.3 the second term in (6) satisfies

/\1—ga AR) | dps(A /rl—yauh)rxldum

+oo 1/2k , +oo 1-1/2k
< ( / \1—ja<Ah>r2kdu<A>> ( / duw)
N
+oo

N

From Lemma 3.2, we conclude that

+oo
[ =P ) < |84

Therefore

[ L= g dia3) < AL FIEE SOn ()

For h = ¢y /N, we obtain

1/k

alt(5) < (1), P

Consequently by raising both sides to the power k and simplifying by (Jn(f))?*

obtain
C
debin(h) <o(f.5),.

for all N > 0. The theorem is proved with ¢ = c3. >
Theorem 3.3. Let f € Liﬁ(R). Then, for all N > 0,

N

1/2
W(f,N)yuy=0 N (Z(l + 1)4k_1Jl2(f)>

=0

we finally
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<1 From Lemma 3.2, we have

|k = 2 / [70) 1% (A OO + | FOIP) do().

This integral is divided into two

+o0 N +o00

/:/+/=h+h

0 0 N

where N = [h~!]. We estimate them separately.
From (i) of Lemma 2.1, we have the estimate

+o0

B<e [ (SO + 1 FNP) doh) = eaTi (1),

N

Now, we estimate I;. From formula (ii) of Lemma 2.1, we have

L < [ (X +p)** (| FNP + [ F (V) do(N)

1
A+ )" (|2 F NP+ [ F(N)?) do(N)

N—
h4k;

=0

,_.

T—~—7F

N-—1
S U+ p+ D™ (JP() = Joa(h)
1=0

From the inequality [+ p+ 1 < (p+ 1)(l + 1) we conclude

=

L < (p+ 1)*Fpt ar (JE(f) = J2a(f))
1

I
o

with a; = (I + 1)**.
For all integers m > 1, the Abel transformation shows

S ar (JE) = TR () = a0 () + D (ar = 1) JH(F) = am o1 (f)
=1

gaoJO +Z a; — aj_1 Jl (f)
=1

because amJ2 1 (f) = 0.

Hence
N—1

L < (p+ )N <J0 + Y (@+1) l‘““)ﬁ(f)) ,

=1
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since N < 1/h. Moreover by the finite increments theorem, we have (I + 1) — [*F < 4k(l +
1)*=1 Then
N-1
Lo (ptk DENTR GO + 4k (4 )L
=1

Combining the estimates for I; and I gives

N

1Ak F|l5 s =O [ N30+ D)™ IR )
[=0

which implies

1/2

N
W(f,N Do =0 | N[> 1+ D)™ 172(f) ;
1=0

and this ends the proof. >
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Annoramus. B xrmaccmdeckoit Teopun mpubmmkenns bymakmmit ma RY, MOIyas ragkocTE B OCHOBHOM
crponTca mocpeacTsom oneparopos capura f(-) — f(- + y). Ilockonbky moraTHE OMEpaTOpa. CABUTA OBLIO
PaCIINPEHO B PA3JIMUHBIX HampasieHusix (cM. [2] u [3]), Gbuim o6HAPYKEHO MHOTrO ApPYruX OGOOIIEHHBIX
MOJyJIel TIaJKOCTH. JacTo Npy M3ydeHus B3aUMOCBSA3U CBONCTB TUIAJAKOCTH (DYHKIUU U HAWJLYYIIETrO
MpUOIMKEHNsT 3TOW (PYHKIMU B BECOBBIX (DYHKIMOHAJIBHBIX IMPOCTPAHCTBAX TaKre OOOOIMEHHBIE MOy I
[VIAZIKOCTH OKa3bIBAIOTCS Oojiee ymoGHBIME, ueM oObranbe (cM. [4] u [5]). B pa6ore [1] AGumos u ap. st
npeobpasoBanusg Pypbe B MPOCTPAHCTBE KBAAPATUIHO WHTEIPUPYEMbIX (DyHKIUH HOKA3aIU C UCIIOIH30-
BaHMEM OIEPATOpa CABWUra JBe MOJE3HBIE OIEHKM HAa HEKOTOPBHIX KJIACCaX (DYHKIWIA, XapaKTepu3yeMbIX
00OOIIEHHBIM MO/IYJIEM HEIMPEepBIBHOCTH. B maHHOI cTaThe MBI TakXkKe ODCY’KIaeM 3TOT Bompoc. Bostee
KOHKPETHO, MBI JJOKQ3bIBAEM HEKOTODBIE OIEHKU (AHAJIOTWYHBIE MOKa3aHHBIM B [1]) B kmaccax dyrkmmii,
XapaKTepU3yeMbIX 0O0OIIEHHBIM MOYJIEM HEIPEPHIBHOCTH U CBSI3AHHBIX C 000OUIEHHBIM IIPeobpa3oBaHne
Dypoe, accomuupoBaHmHoe ¢ Aud hepeHaIbHO- pasHocTHEM omeparopoM T(%#) 8 mpocrpancrse Liy s(R).
115t 9TOH e MBI UCIIOIb3yeM ODODMIEHHBIN OTIepaTop CIABUTA.

KimroueBbie ciioBa: oneparop Yepenunka — Omnmama, 0606merHoe mpeodbpasoBanne Pypne 06001eHHBIIT
CIBUT.
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