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Abstra
t. In the 
lassi
al theory of approximation of fun
tions on R
+
, the modulus of smoothness are

basi
ally built by means of the translation operators f → f(x+ y). As the notion of translation operators

was extended to various 
ontexts (see [2℄ and [3℄), many generalized modulus of smoothness have been

dis
overed. Su
h generalized modulus of smoothness are often more 
onvenient than the usual ones for the

study of the 
onne
tion between the smoothness properties of a fun
tion and the best approximations

of this fun
tion in weight fun
tional spa
es (see [4℄ and [5℄). In [1℄, Abilov et al. proved two useful

estimates for the Fourier transform in the spa
e of square integrable fun
tions on 
ertain 
lasses of fun
tions


hara
terized by the generalized 
ontinuity modulus, using a translation operator. In this paper, we also

dis
uss this subje
t. More spe
i�
ally, we prove some estimates (similar to those proved in [1℄) in 
ertain


lasses of fun
tions 
hara
terized by a generalized 
ontinuity modulus and 
onne
ted with the generalized

Fourier transform asso
iated with the di�erential-di�eren
e operator T (α,β)
in L2

α,β(R). For this purpose,
we use a generalized translation operator.
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1. Introdu
tion

In [1℄, Abilov et al. proved two useful estimates for the Fourier transform in the spa
e

of square integrable fun
tions on 
ertain 
lasses of fun
tions 
hara
terized by the generalized


ontinuity modulus, using a translation operator.

In this paper, we prove some estimates in 
ertain 
lasses of fun
tions 
hara
terized by

a generalized 
ontinuity modulus and 
onne
ted with the generalized Fourier transform

asso
iated to T (α,β)
in L2

α,β(R) analogs of the statements proved in [1, 2�4℄. For this purpose,
we use a generalized translation operator.

In se
tion 2, we give some de�nitions and preliminaries 
on
erning the generalized Fourier

transform. Some estimates are proved in se
tion 3.

2. Preliminaries

In this se
tion, we develop some results from harmoni
 analysis related to the di�erential-

di�eren
e operator T (α,β)
. Further details 
an be found in [5℄ and [6℄. In the following we �x

parameters α, β subje
t to the 
onstraints α > β > −1
2 and α > −1

2 .
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Let ρ = α + β + 1 and λ ∈ C. The Opdam hypergeometri
 fun
tions G
(α,β)
λ on R are

eigenfun
tions T (α,β)G
(α,β)
λ (x) = iλG

(α,β)
λ (x) of the di�erential-di�eren
e operator

T (α,β)f(x) = f ′(x) +
[

(2α + 1) coth x+ (2β + 1) tanh x
]f(x)− f(−x)

2
− ρf(−x)

that are normalized su
h that G
(α,β)
λ (0) = 1. In the notation of Cherednik one would write

T (α,β)
as

T (k1 + k2)f(x) = f ′(x) +

{

2k1
1 + e−2x

+
4k2

1− e−4x

}

(

f(x)− f(−x)
)

− (k1 + 2k2)f(x),

with α = k1+k2− 1
2 and β = k2− 1

2 . Here k1 is the multipli
ity of a simple positive root and k2
the (possibly vanishing) multipli
ity of a multiple of this root. By [5℄ or [6℄, the eigenfun
tion

G
(α,β)
λ is given by

G
(α,β)
λ (x) = ϕα,β

λ (x)− 1

ρ− iλ

∂

∂x
ϕα,β
λ (x) = ϕα,β

λ (x) +
ρ

4(α + 1)
sinh(2x)ϕα+1,β+1

λ (x),

where ϕα,β
λ (x) =2 F1

(

ρ+iλ
2 ; ρ−iλ

2 ;α+ 1;− sinh2 x
)

is the 
lassi
al Ja
obi fun
tion.

Lemma 2.1 [7℄. The following inequalities are valid for Ja
obi fun
tions ϕα,β
λ (x)

(i) |ϕα,β
λ (x)| 6 1;

(ii) 1− ϕα,β
λ (x) 6 x2(λ2 + ρ2).

Denote L2
α,β(R), the spa
e of measurable fun
tions f on R su
h that

‖f‖2,α,β =

(

∫

R

|f(x)|2Aα,β(x) dx

)1/2

< +∞,

where

Aα,β(x) = (sinh |x|)2α+1(cosh |x|)2β+1.

The generalized Fourier transform of f ∈ Cc(R) (the spa
e of 
ontinuous fun
tions on R with


ompa
t support) is de�ned by

H f(λ) =

∫

R

f(x)G
(α,β)
λ (−x)Aα,β(x) dx for all λ ∈ C.

The inverse transform is given as

H
−1g(x) =

∫

R

g(λ)G
(α,β)
λ (x)

(

1− ρ

iλ

) dλ

8π|cα,β(λ)|2
,

here

cα,β(λ) =
2ρ−iλΓ(α+ 1)Γ(iλ)

Γ
(

1
2 (ρ+ iλ)

)

Γ
(

1
2(α− β + 1 + iλ)

) .

The 
orresponding Plan
herel formula was established in [5℄, to the e�e
t that

∫

R

|f(x)|2Aα,β(x) dx =

+∞
∫

0

(

|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ),
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where f̌(x) := f(−x) and dσ is the measure given by

dσ(λ) =
dλ

16π|cα,β(λ)|2
.

A

ording to [6℄ there exists a family of signed measures µ
(α,β)
x,y su
h that the produ
t

formula

G
(α,β)
λ (x)G

(α,β)
λ (y) =

∫

R

G
(α,β)
λ (z) dµ(α,β)

x,y (z),

holds for all x, y ∈ R and λ ∈ C, where

dµ(α,β)
x,y (z) =























Kα,β(x, y, z)Aα,β(z) dz, xy 6= 0;

dδx(z), y = 0;

dδy(z), x = 0

and

Kα,β(x, y, z) = Mα,β| sinhx× sinh y × sinh z|−2α

π
∫

0

g(x, y, z, χ)α−β−1
+

×
[

1− σχ
x,y,z + σχ

x,z,y + σχ
z,y,x +

ρ

β + 1
2

coth x× coth y × coth z(sinχ)2
]

(sinχ)2βdχ,

if x, y, z ∈ R\{0} satisfy the triangular inequality ‖x−y‖< |z|< |x|+ |y|, and Kα,β(x, y, z) = 0
otherwise. Here

σχ
x,y,z =

{

coshx+cosh y−cosh z cosχ
sinhx sinh y , xy 6= 0;

0, xy = 0
(∀x, y, z ∈ R, χ ∈ [0, 1])

and

g(x, y, z, χ) = 1− cosh2 x− cosh2 y × cosh2 z + 2cosh x× cosh y × cosh z × cosχ.

Lemma 2.2 [6℄. For all x, y ∈ R, we have

(i) Kα,β(x, y, z) = Kα,β(y, x, z);

(ii) Kα,β(x, y, z) = Kα,β(−x, z, y);

(iii) Kα,β(x, y, z) = Kα,β(−z, y,−x).

The produ
t formula is used to obtain expli
it estimates for the generalized translation

operators

τ (α,β)x f(y) =

∫

R

f(z) dµ(α,β)
x,y (z).

It is known from [6℄ that

H τ (α,β)x f(λ) = G
(α,β)
λ (x)H f(λ), (1)

for f ∈ Cc(R).
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For α > −1
2 , we introdu
e the Bessel normalized fun
tion of the �rst kind jα de�ned by

jα(x) = Γ(α+ 1)

∞
∑

n=0

(−1)n
(

x
2

)2n

n!Γ(n+ α+ 1)
, x ∈ R.

In the terms of jα(x), we have (see [8℄)
√
hxJα(hx) = O(1), hx > 0, (2)

where Jα(x) is Bessel fun
tion of the �rst kind, whi
h is related to jα(x) by the formula

jα(x) =
2αΓ(α+ 1)

xα
Jα(x). (3)

Lemma 2.3 [9℄. Let α > β >
−1
2 , α 6= −1

2 . Then for |ν| 6 ρ, there exists a positive


onstant c0 su
h that

∣

∣1− ϕα,β
λ+iν(x)

∣

∣ > c0|1− jα(λx)|.
For f ∈ L2

α,β(R), we de�ne the �nite di�eren
es of �rst and higher order as follows:

∆1
hf = ∆hf =

(

τ
(α,β)
h + τ

(α,β)
−h − 2I

)

f,

∆k
hf = ∆h

(

∆k−1
h f

)

=
(

τ
(α,β)
h + τ

(α,β)
−h − 2I

)k
f, k = 2, 3, . . . ,

where I is the unit operator in the spa
e L2
α,β(R).

The generalized modulus of 
ontinuity of a fun
tion f ∈ L2
α,β(R) is de�ned by

ω(f, δ)2,α,β = sup
0<h6δ

∥

∥∆k
hf
∥

∥

2,α,β
, δ > 0.

3. Main Result

The goal of this work is to prove some estimates for the integral

J2
N (f) =

+∞
∫

N

(

|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ),

in 
ertain 
lasses of fun
tions in L2
α,β(R).

Lemma 3.1. If f ∈ Cc(R), then

H τ̌ (α,β)x f(λ) = G
(α,β)
λ (−x)H f̌(λ). (4)

⊳ For f ∈ Cc(R), we have

H τ̌ (α,β)x f(λ) =

∫

R

τ (α,β)x f(−y)G
(α,β)
λ (−y)Aα,β(y) dy =

∫

R

τ (α,β)x f(y)G
(α,β)
λ (y)Aα,β(y) dy

=

∫

R





∫

R

f(z)Kα,β(x, y, z)Aα,β(z) dz



G
(α,β)
λ (y)Aα,β(y) dy

=

∫

R

f(z)





∫

R

G
(α,β)
λ (y)Kα,β(x, y, z)Aα,β(y) dy



Aα,β(z) dz.
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Sin
e Kα,β(x, y, z) = Kα,β(−x, z, y), it follows from the produ
t formula that

H τ̌ (α,β)x f(λ) = G
(α,β)
λ (−x)

∫

R

f(z)G
(α,β)
λ (z)Aα,β(z) dz

= G
(α,β)
λ (−x)

∫

R

f(−z)G
(α,β)
λ (−z)Aα,β(z) dz = G

(α,β)
λ (−x)H f̌(λ). ✄

Lemma 3.2. For f ∈ L2
α,β(R), then

∥

∥∆k
hf
∥

∥

2

2,α,β
= 22k

+∞
∫

0

∣

∣ϕα,β
λ (h)− 1

∣

∣

2k (|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ).

⊳ From formulas (1) and (4), we have

H
(

∆k
hf
)

(λ) =
(

G
(α,β)
λ (h) +G

(α,β)
λ (−h)− 2

)k
H (f)(λ)

and

H (∆̌k
hf)(λ) =

(

G
(α,β)
λ (−h) +G

(α,β)
λ (h)− 2

)k
H (f̌)(λ).

Sin
e

G
(α,β)
λ (h) = ϕα,β

λ (h) +
ρ

4(α+ 1)
sinh(2h)ϕα+1,β+1

λ (h),

and ϕα,β
λ is even, then

H
(

∆k
hf
)

(λ) = 2k
(

ϕα,β
λ (h)− 1

)k
H (f)(λ)

and

H
(

∆̌k
hf
)

(λ) = 2k
(

ϕα,β
λ (h)− 1

)k
H (f̌)(λ). ✄

Now by Plan
herel Theorem, we have the result.

Theorem 3.1. Given k and f ∈ L2
α,β(R). Then there exist a 
onstant c > 0 su
h that,

for all N > 0,
JN (f) = O

(

ω
(

f, cN−1
)

2,α,β

)

.

⊳ Firstly, we have

J2
N (f) 6

+∞
∫

N

|jα(λh)| dµ(λ) +
+∞
∫

N

|1− jα(λh)| dµ(λ), (5)

with dµ(λ) = (|H f(λ)|2+|H f̌(λ)|2)dσ(λ). The parameter h > 0 will be 
hosen in an instant.
In view of formulas (2) and (3), there exist a 
onstant c1 > 0 su
h that

|jα(λh)| 6 c1(λh)
−α− 1

2 .

Then

+∞
∫

N

|jα(λh)| dµ(λ) 6 c1(hN)−α− 1
2J2

N (f).
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Choose a 
onstant c2 su
h that the number c3 = 1− c1c
−α− 1

2
2 is positive.

Setting h = c2/N in the inequality (5), we have

c3J
2
N (f) 6

+∞
∫

N

|1− jα(λh)| dµ(λ). (6)

By H�older inequality and Lemma 2.3 the se
ond term in (6) satis�es

+∞
∫

N

|1− jα(λh)| dµ(λ) =
+∞
∫

N

|1− jα(λh)| × 1 dµ(λ)

6

( +∞
∫

N

|1− jα(λh)|2k dµ(λ)
)1/2k( +∞

∫

N

dµ(λ)

)1−1/2k

6

( +∞
∫

N

|1− jα(λh)|2k dµ(λ)
)1/2k

(JN (f))2−1/k

6
1

c0

( +∞
∫

N

|1− ϕα,β
λ (h)|2k dµ(λ)

)1/2k

(JN (f))2−1/k.

From Lemma 3.2, we 
on
lude that

+∞
∫

N

∣

∣1− ϕα,β
λ (h)

∣

∣

2k
dµ(λ) 6

∥

∥∆k
hf
∥

∥

2

2,α,β
.

Therefore

+∞
∫

N

∣

∣1− jα(λh)
∣

∣ dµ(λ) 6
1

c0

∥

∥∆k
hf
∥

∥

1/k

2,α,β
(JN (f))2−1/k.

For h = c2/N , we obtain

c3J
2
N (f) 6

1

c0
ω
(

f,
c2
N

)1/k

2,α,β
(JN (f))2−1/k.

Consequently by raising both sides to the power k and simplifying by (JN (f))2k we �nally

obtain

ck0c
k
3JN (f) 6 ω

(

f,
c

N

)

2,α,β

for all N > 0. The theorem is proved with c = c2. ⊲

Theorem 3.3. Let f ∈ L2
α,β(R). Then, for all N > 0,

ω
(

f,N−1
)

2,α,β
= O



N−2k

(

N
∑

l=0

(l + 1)4k−1J2
l (f)

)1/2


 .
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⊳ From Lemma 3.2, we have

∥

∥∆k
hf
∥

∥

2

2,α,β
= 22k

+∞
∫

0

∣

∣ϕα,β
λ (h)− 1

∣

∣

2k (|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ).

This integral is divided into two

+∞
∫

0

=

N
∫

0

+

+∞
∫

N

= I1 + I2,

where N = [h−1]. We estimate them separately.

From (i) of Lemma 2.1, we have the estimate

I2 6 c4

+∞
∫

N

(

|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ) = c4J
2
N (f).

Now, we estimate I1. From formula (ii) of Lemma 2.1, we have

I1 6 h4k
N
∫

0

(λ+ ρ)4k
(

|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ)

= h4k
N−1
∑

l=0

l+1
∫

l

(λ+ ρ)4k
(

|H f(λ)|2 + |H f̌(λ)|2
)

dσ(λ)

6 h4k
N−1
∑

l=0

(l + ρ+ 1)4k
(

J2
l (f)− J2

l+1(f)
)

.

From the inequality l + ρ+ 1 6 (ρ+ 1)(l + 1) we 
on
lude

I1 6 (ρ+ 1)4kh4k
N−1
∑

l=0

al
(

J2
l (f)− J2

l+1(f)
)

with al = (l + 1)4k.

For all integers m > 1, the Abel transformation shows

m
∑

l=0

al
(

J2
l (f)− J2

l+1(f)
)

= a0J
2
0 (f) +

m
∑

l=1

(al − al−1)J
2
l (f)− amJ2

m+1(f)

6 a0J
2
0 (f) +

m
∑

l=1

(al − al−1)J
2
l (f),

be
ause amJ2
m+1(f) > 0.

Hen
e

I1 6 (ρ+ 1)4kN−4k

(

J2
0 (f) +

N−1
∑

l=1

(

(l + 1)4k − l4k
)

J2
l (f)

)

,
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sin
e N 6 1/h. Moreover by the �nite in
rements theorem, we have (l + 1)4k − l4k 6 4k(l +
1)4k−1. Then

I1 6 (ρ+ 1)4kN−4k

(

J2
0 (f) + 4k

N−1
∑

l=1

(l + 1)4k−1J2
l (f)

)

.

Combining the estimates for I1 and I2 gives

∥

∥∆k
hf
∥

∥

2

2,α,β
= O

(

N−4k
N
∑

l=0

(l + 1)4k−1J2
l (f)

)

,

whi
h implies

ω(f,N−1)2,α,β = O



N−2k

(

N
∑

l=0

(l + 1)4k−1J2
l (f)

)1/2


 ,

and this ends the proof. ⊲
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Àííîòàöèÿ. Â êëàññè÷åñêîé òåîðèè ïðèáëèæåíèÿ �óíêöèé íà R
+
, ìîäóëü ãëàäêîñòè â îñíîâíîì

ñòðîèòñÿ ïîñðåäñòâîì îïåðàòîðîâ ñäâèãà f(·) 7→ f(·+ y). Ïîñêîëüêó ïîíÿòèå îïåðàòîðà ñäâèãà áûëî
ðàñøèðåíî â ðàçëè÷íûõ íàïðàâëåíèÿõ (ñì. [2℄ è [3℄), áûëè îáíàðóæåíî ìíîãî äðóãèõ îáîáùåííûõ

ìîäóëåé ãëàäêîñòè. ×àñòî ïðè èçó÷åíèÿ âçàèìîñâÿçè ñâîéñòâ ãëàäêîñòè �óíêöèè è íàèëó÷øåãî

ïðèáëèæåíèÿ ýòîé �óíêöèè â âåñîâûõ �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ òàêèå îáîáùåííûå ìîäóëè

ãëàäêîñòè îêàçûâàþòñÿ áîëåå óäîáíûìè, ÷åì îáû÷íûå (ñì. [4℄ è [5℄). Â ðàáîòå [1℄ Àáèëîâ è äð. äëÿ

ïðåîáðàçîâàíèÿ Ôóðüå â ïðîñòðàíñòâå êâàäðàòè÷íî èíòåãðèðóåìûõ �óíêöèé äîêàçàëè ñ èñïîëüçî-

âàíèåì îïåðàòîðà ñäâèãà äâå ïîëåçíûå îöåíêè íà íåêîòîðûõ êëàññàõ �óíêöèé, õàðàêòåðèçóåìûõ

îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè. Â äàííîé ñòàòüå ìû òàêæå îáñóæäàåì ýòîò âîïðîñ. Áîëåå

êîíêðåòíî, ìû äîêàçûâàåì íåêîòîðûå îöåíêè (àíàëîãè÷íûå äîêàçàííûì â [1℄) â êëàññàõ �óíêöèé,

õàðàêòåðèçóåìûõ îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè è ñâÿçàííûõ ñ îáîáùåííûì ïðåîáðàçîâàíèå

Ôóðüå, àññîöèèðîâàííîå ñ äè��åðåíöèàëüíî-ðàçíîñòíûì îïåðàòîðîì T (α,β)
â ïðîñòðàíñòâå L2

α,β(R).
Äëÿ ýòîé öåëè ìû èñïîëüçóåì îáîáùåííûé îïåðàòîð ñäâèãà.

Êëþ÷åâûå ñëîâà: îïåðàòîð ×åðåäíèêà � Îïäàìà, îáîáùåííîå ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûé

ñäâèã.
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