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Àííîòàöèÿ. �àññìîòðèì ïðîñòðàíñòâî ÕàðäèHp â åäèíè÷íîì êðóãå D, p > 1. Ïóñòü lω � ëèíåéíûé

�óíêöèîíàë íà Hp, îïðåäåëÿåìûé �óíêöèåé ω ∈ Lq(T ), ãäå T = ∂D è 1/p + 1/q = 1, à F � ýêñòðå-

ìàëüíàÿ �óíêöèÿ äëÿ lω. Íà X ∈ Hq ðåàëèçóåòñÿ íàèëó÷øåå ïðèáëèæåíèå ω̄ â Lq(T ) ýëåìåíòàìè
èç H0

q = {y ∈ Hq : y(0) = 0}. Ôóíêöèè F è X íàçûâàåì ýêñòðåìàëüíûìè ýëåìåíòàìè (ý. ý.) äëÿ lω.
Ý. ý. ñâÿçàíû ñîîòâåòñòâóþùèì ñîîòíîøåíèåì äâîéñòâåííîñòè. �àññìàòðèâàåòñÿ çàäà÷à î òîì, êàê

òå èëè èíûå ñâîéñòâà ω îòðàçÿòñÿ íà ñâîéñòâàõ ý. ý. Àíàëîãè÷íàÿ çàäà÷à èññëåäóåòñÿ è äëÿ ñëó÷àÿ

0 < p < 1. Â ñòàòüå Ë. Êàðëåñîíà è Ñ. Êîáñà (1972) áûëà èçó÷åíà çàäà÷à î ñâîéñòâàõ ýëåìåíòîâ, íà êî-

òîðûõ äîñòèãàåòñÿ íèæíÿÿ ãðàíü ‖ω̄−x‖L∞(T ) äëÿ çàäàííîãî ω ∈ Lq(T ) ïî x ∈ H0
∞. �èïîòåçà àâòîðîâ

î òîì, ÷òî ñâÿçü ìåæäó ý. ý. ïîäîáíà ñâÿçè ìåæäó ω è åãî ïðîåêöèåé íà Hq, ÷àñòè÷íî ïîäòâåðæäåíà â

ñòàòüå Â. �. �ÿáûõ (2006). Ñâîéñòâà ý. ý. äëÿ lω, êîãäà ω � ïîëèíîì, èçó÷åíû â ñòàòüå Õ. Õ. Áóð÷àåâà,

Â. �. �ÿáûõ è �. Þ. �ÿáûõ (2017). Â äàííîé ñòàòüå, îïèðàÿñü íà îñíîâíîé ðåçóëüòàò ïîñëåäíåé ñòà-

òüè è ïîëüçóÿñü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, äîêàçàíî: åñëè ω ∈ Lq∗(T ), q 6 q∗ < ∞,

òî F ∈ H(p−1)q∗ , X ∈ Hq∗ ; êîãäà ïðîèçâîäíàÿ ω(n−1) ∈ Lip(α, T ), 0 < α < 1, òî F = Bf , ãäå B �

ïðîèçâåäåíèå Áëÿøêå, f � âíåøíÿÿ �óíêöèÿ, ïðè ýòîì (|f(t)|p)(n−1) ∈ Lip(α, T ). Åñëè æå �óíêöèÿ
ω àíàëèòè÷íà âíå åäèíè÷íîãî êðóãà, òî ý. ý. àíàëèòè÷íû â òîì æå êðóãå. Ïåðå÷èñëåííûå ðåçóëü-

òàòû óòî÷íÿþò è äîïîëíÿþò ïîäîáíûå ðåçóëüòàòû, ïîëó÷åííûå â óïîìÿíóòîé ðàáîòå Â. �. �ÿáûõ

(2006). Äîêàçàíî òàêæå, ÷òî ýêñòðåìàëüíàÿ �óíêöèÿ äëÿ lω ∈ (Hq)
∗
, ãäå 1/(n + 1) < δ < 1/n,

ω ∈ H∞ ∩ Lip(β, T ), β = 1/δ − n + ν < 1 è ν > 0, ñóùåñòâóåò è îáëàäàåò òîé æå ãëàäêîñòüþ, ÷òî

è îáðàçóþùàÿ �óíêöèÿ ω.

Êëþ÷åâûå ñëîâà: ëèíåéíûé �óíêöèîíàë, ýêñòðåìàëüíûé ýëåìåíò, ìåòîä ïðèáëèæåíèÿ, ïðîèçâîä-

íàÿ.
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1. Ââåäåíèå

Ïóñòü D = {z ∈ C : |z| < 1}, T = ∂D, t = eiθ; 1 6 p <∞, q : 1/p + 1/q = 1. �àññìîò-
ðèì ëèíåéíûé (îãðàíè÷åííûé) �óíêöèîíàë íàä ïðîñòðàíñòâîì Õàðäè Hp, îáðàçîâàííûé

ω ∈ Hq, ò. å.
( ∫ 2π

0 (·) dθ =
∫

T (·) dθ
)

l(a) =
1

2π

∫

T

a(t)ω̄(t) dθ, a ∈ Hp. (1.1)

♯
�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé,
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Ïóñòü H0
q = {x ∈ Hq : x(0) = 0}. Ñîãëàñíî [1, ãë. IV℄ èìååò ìåñòî

Òåîðåìà A (î äâîéñòâåííîñòè). Åñëè â �óíêöèîíàëå (1.1) 1 < p < ∞ è ω ∈ Hq, òî

(‖ · ‖Lp(T ) = ‖ · ‖p)

‖l‖ = sup
‖a‖p61

∣

∣

∣

∣

∣

1

2π

∫

T

a ω̄ dθ

∣

∣

∣

∣

∣

= inf
x∈H0

q

‖ω̄ − x‖q = λ. (1.2)

Ñóùåñòâóþò åäèíñòâåííûå �óíêöèè F ∈ Hp, ‖F‖p = 1 è X ∈ H0
q , äëÿ êîòîðûõ

λ =
1

2π

∫

T

Fω̄ dθ = ‖ω̄ −X‖q. (1.3)

�àâåíñòâî (1.3) ðàâíîñèëüíî âûïîëíåíèþ ï. â. ñîîòíîøåíèÿ

|F (t)|p

F (t)
=
ω̄(t)

λ
−
X(t)

λ
. (1.4)

Áóäåì ãîâîðèòü, ÷òî �óíêöèÿ F ∈ Hp ýêñòðåìàëüíà (ý.�.) äëÿ �óíêöèîíàëà l, åñëè
l(F ) = ‖l‖ è ‖F‖p = 1.

Ôóíêöèþ X â (1.3), íà êîòîðîé ðåàëèçóåòñÿ íèæíÿÿ ãðàíü, íàçûâàåì ýëåìåíòîì

íàèëó÷øåãî ïðèáëèæåíèÿ (ý. í. ï.) äëÿ ω̄.

Ý.�. è ý. í. ï. íàçûâàåì ýêñòðåìàëüíûìè ýëåìåíòàìè (ý. ý.) äëÿ �óíêöèîíàëà l.

1.1. Â ïðåäëàãàåìîé ðàáîòå èññëåäóþòñÿ êà÷åñòâåííûå ñâîéñòâà ý. ý. äëÿ �óíêöè-

îíàëà (1.1). Ïîäîáíàÿ çàäà÷à èçó÷åíà îòíîñèòåëüíî ý.�. äëÿ ëèíåéíîãî �óíêöèîíàëà

íàä Hp, 0 < p < 1.

1.2. Â [2℄ (2006 ã.) óñòàíîâëåíî, ÷òî ñâîéñòâà ý. ý. çàâèñÿò îò ïðèíàäëåæíîñòè �óíê-

öèè ω â �óíêöèîíàëå (1.1) òîìó èëè èíîìó êëàññó. Âïåðâûå ïîäîáíàÿ çàäà÷à ïðè p = 1
èçó÷åíà â [3℄ (1972 ã.). Îäíîé èç ïîñëåäíèõ ïî ýòîìó âîïðîñó ÿâëÿåòñÿ ñòàòüÿ [4℄ (2017 ã.).

1.3. Â äàííîé ðàáîòå, îïèðàÿñü íà îñíîâíîé ðåçóëüòàò èç [4℄, óòî÷íÿþòñÿ è äîïîëíÿ-

þòñÿ íåêîòîðûå ñòàðûå ðåçóëüòàòû. Ïîëó÷åíû íîâûå ðåçóëüòàòû.

Êðàòêî èçëîæèì ñîäåðæàíèå ðàáîòû. Íèæå ïðèâîäÿòñÿ îáîçíà÷åíèÿ è ñâåäåíèÿ, èñ-

ïîëüçóåìûå â äàëüíåéøåì. Â � 2 ñ�îðìóëèðîâàíû îñíîâíûå ðåçóëüòàòû (òåîðåìû 1, 2

è 3, 4). Äîêàçàòåëüñòâà äàíû â �� 3, 4 è �� 5, 6. Ëåììà 1 ÿâëÿåòñÿ âñïîìîãàòåëüíîé äëÿ

òåîðåìû 2. Îáñóæäåíèå ñòàðûõ è íîâûõ ðåçóëüòàòîâ âûíåñåíî â çàìå÷àíèÿ 1 (� 3) è 2 (� 4).

Òåîðåìà 3 ′
(� 5) îáîáùàåò òåîðåìó 3 îòíîñèòåëüíî ëèíåéíîãî �óíêöèîíàëà íàä Hp,

0 < p < 1.

Íàñòîÿùóþ ðàáîòó ìîæíî ðàññìàòðèâàòü êàê ïðîäîëæåíèå ðàáîò [2℄ è [4℄.

1.4. ×åðåç A(A(R);A(C)) îáîçíà÷èì ìíîæåñòâî �óíêöèé, àíàëèòè÷åñêèõ

â D(|z| < R,R > 1;C); AC � ñîâîêóïíîñòü �óíêöèé èç A, íåïðåðûâíûõ íà D �

çàìûêàíèè êðóãà D.

Äëÿ 0 < α < 1, n > 1 îáîçíà÷èì Lip(n−1)(α, T ) = Lip(n−1)α � êëàññ �óíêöèé w,
íåïðåðûâíûõ íà T âìåñòå ñ ïðîèçâîäíûìè äî ïîðÿäêà n−1 âêëþ÷èòåëüíî, ïðè÷åì w(n−1)

ïðèíàäëåæèò êëàññó Ëèïøèöà ñ ïîêàçàòåëåì α:

∣

∣w(n−1)(t1)− w(n−1)(t2)
∣

∣ = O
(

|t1 − t2|
α
)

.

Åñëè n = 1, òî îáîçíà÷èì Lipα = Lip(0)α.
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Êëàññ L
(n−1)
∗ ñîñòîèò èç �óíêöèé ω, ïðèíàäëåæàùèõ Lip(n)β, 0 < β < 1, òàêèõ, ÷òî

w(n−1)
óäîâëåòâîðÿþò óñëîâèþ Çèãìóíäà:

∣

∣w(n−1)(teiϕ)− 2w(n−1)(t) + w(n−1)(te−iϕ)
∣

∣ = O(|ϕ|).

Ñîîòâåòñòâåííî, ïóñòü

Λ(n−1)
α A =

{

g ∈ A : ‖g‖α,n =
n−1
∑

j=0

∣

∣g(j)(0)
∣

∣ + sup
z∈D

(1− |z|)1−α
∣

∣g(n)(z)
∣

∣ <∞

}

,

Λ
(n−1)
∗ A =

{

g ∈ A : ‖g‖∗n =
n
∑

j=0

∣

∣g(j)(0)
∣

∣+ sup
z∈D

(1− |z|)
∣

∣g(n+1)(z)
∣

∣ <∞

}

.

Òåîðåìà B [4℄. Åñëè â �óíêöèîíàëå (1.1) 1 < p <∞ è ω � ïîëèíîì, òî F ∈ A(C).

Òåîðåìà C [5℄. Ïóñòü Ψ ∈ (Hδ)
∗
, 0 < δ < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ �óíêöèÿ

g ∈ AC òàêàÿ, ÷òî

Ψ(a) = lim
ρ→1

1

2π

∫

T

a(ρt)ḡ(t) dθ, a ∈ Hδ. (1.5)

Åñëè ïðè ýòîì 1/(n + 1) < δ < 1/n, n > 1, òî g ∈ Λ
(n−1)
α A, ãäå α = 1/δ − n.

Îáðàòíî, äëÿ g ∈ Λ
(n−1)
α A, α = 1/δ − n, ïðåäåë (1.5) ñóùåñòâóåò äëÿ âñåõ a ∈ Hδ è

îïðåäåëÿåò îãðàíè÷åííûé �óíêöèîíàë íàä Hδ.

Ïðè δ = 1/(n + 1) �óíêöèÿ g ∈ L
(n−1)
∗ . Ñîîòâåòñòâåííî, åñëè g ∈ L

(n−1)
∗ , òî îíà

îáðàçóåò íàä H1/(n+1) îãðàíè÷åííûé �óíêöèîíàë âèäà (1.5).

Îòìåòèì, ÷òî äëÿ δ = 1/(n + α) èìååò ìåñòî îöåíêà (ñì. [5℄)

c(δ) ‖g‖α,n 6 ‖Ψ‖ 6 C(δ) ‖g‖α,n. (1.6)

Ôóíêöèþ Φ ∈ Hδ íàçûâàåì ýêñòðåìàëüíîé äëÿ �óíêöèîíàëà (1.5), åñëè

‖Φ‖δ =



lim
ρ→1

1

2π

2π
∫

0

∣

∣Φ
(

ρeiθ
)∣

∣

δ
dθ





1/δ

= 1, Ψ(Φ) = ‖Ψ‖ = sup
a6=0

|Ψ(a)|

‖a‖δ
.

�îâîðèì, ÷òî g ∈ λαA, 0 < α < 1, åñëè (1− |z|)1−α|g′(z)| → 0 ïðè |z| → 1. Ìíîæåñòâî

ïîëèíîìîâ ïëîòíî â λαA (ñì. [5℄).

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Òåîðåìà 1. Ý.�. äëÿ �óíêöèîíàëà (1.1), â êîòîðîì 1 < p <∞ è ω ∈ Hq1, q 6 q1 <∞,

ïðèíàäëåæèò H(p−1)q1 òîãäà è òîëüêî òîãäà, êîãäà ω ∈ Hq1. Ïðè ýòîì ý. í. ï. X ∈ Hq1 .
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Äîêàçàòåëüñòâî îñíîâàíî íà èñïîëüçîâàíèè òåîðåìû B, òåîðåìû î �îðìå ýëåìåíòîâ

ïðîñòðàíñòâà (Lγ(T ))
∗
, 1 < γ <∞, è òåîðåìû î ïðîåêòèðîâàíèè èç Lγ(T ) â Hγ .

Òåîðåìà 2. Åñëè â �óíêöèîíàëå (1.1) 1 < p <∞ è ω ∈ Λ
(n−1)
α A, 0 < α < 1, n > 1, òî

F = Bf , ãäå f � âíåøíÿÿ �óíêöèÿ, |f(t)|p ∈ Lip(n−1)α, B � ïðîèçâåäåíèå Áëÿøêå.

Ñîîòâåòñòâåííî, åñëè ω ∈ Λ
(n−1)
∗ A, òî |f(t)|p ∈ L

(n−1)
∗ .

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ ïîìîùüþ òåîðåì 1 è C, òåîðåìû Àðöåëà � Àñêîëè

î êîìïàêòíîñòè è òåîðåìû î ãðàíè÷íûõ çíà÷åíèÿõ èíòåãðàëà Ïóàññîíà.

Òåîðåìà 3. Ïóñòü â �óíêöèîíàëå (1.5) 1/2 < δ < 1 è g ∈ Λα+νA, ãäå α =
1/δ − 1, ν > 0, 0 < α+ ν < 1. Òîãäà ý.�. ýòîãî �óíêöèîíàëà ñóùåñòâóåò (ìîæåò áûòü,

íå åäèíñòâåííàÿ) è ïðèíàäëåæèò Λα+νA.

Òåîðåìà 3 äîêàçûâàåòñÿ ñâåäåíèåì åå ê àíàëîãè÷íîé òåîðåìå 4 èç [2℄ îòíîñèòåëüíî

�óíêöèîíàëà (1.1): åñëè â (1.1) 1 6 p < 2 è ω ∈ ΛαA, òî ý.�. îáëàäàåò òàêîé æå ãëàäêî-

ñòüþ.

Òåîðåìà 4. Åñëè â ðàâåíñòâå (1.3) ω ∈ A(R), òî ý. í. ï. X ∈ A(R).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìåòîäîì âëîæåíèÿ, ïðèìåíåííûì â [4℄.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Åñëè â óñëîâèè òåîðåìû q = q1, òî äîêàçàòåëüñòâî ñðàçó âûòåêàåò èç òåîðåìû A.

Ïóñòü â �óíêöèîíàëå (1.1) q < q1 è ω := ωN � ÷àñòè÷íàÿ ñóììà ðàçëîæåíèÿ ω â ðÿä

Òåéëîðà, lN � ëèíåéíûé �óíêöèîíàë íàä Hp, îáðàçîâàííûé ïîëèíîìîì ωN , FN è XN �

ñîîòâåòñòâóþùèå ý. ý., λN = ‖lN‖. Òîãäà ñîãëàñíî ñîîòîøåíèþ (1.4) ï. â.

|FN (t)|
p

FN (t)
=
ω̄N (t)

λN
−
XN (t)

λN
, (3.1)

ãäå XN ∈ H0
q . Óìíîæèì îáå ÷àñòè (3.1) íà FN (t)h(t), ãäå h � ïîëèíîì, è ïðîèíòåãðèðóåì

ïî θ. Ïîëó÷èì

1

2π

∫

T

|FN |
phdθ =

1

λN





1

2π

∫

T

ω̄NFNhdθ



 . (3.2)

Ïóñòü p1 = (p− 1)q1, p2 = p1/(p1 − p). Òîãäà p1 > p > 1, p2 > 1. Ïðè ýòîì

1

q1
+

1

p1
+

1

p2
=

1

q1

(

1 +
1

p− 1
+

(p − 1)q1 − p

p− 1

)

= 1.

Ïðàâóþ ÷àñòü (3.2) îöåíèì ñ ïîìîùüþ íåðàâåíñòâà ��åëüäåðà. Ñ ó÷åòîì FN ∈ A(C) ïî
òåîðåìå B, ωN ∈ Hq1 , h ∈ Hp2, ïîëó÷èì

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
phdθ

∣

∣

∣

∣

∣

6

(

‖ωN‖q1
λN

)

‖FN‖p1‖h‖p2 .

Òîãäà, òåì áîëåå, áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
pRe(h) dθ

∣

∣

∣

∣

∣

6

(

‖ωN‖q1
λN

)

‖FN‖p1‖h‖p2 .



Ñâîéñòâà ýêñòðåìàëüíûõ ýëåìåíòîâ â ñîîòíîøåíèè äâîéñòâåííîñòè 9

Âîñïîëüçîâàâøèñü îöåíêîé

∥

∥h
∥

∥

p2
6
∥

∥Re(h)
∥

∥

p2
+
∥

∥Im(h)
∥

∥

p2
6
(

1 + C1(p2)
)∥

∥Re(h)
∥

∥

p2
,

ãäå C1 = O(p2/(p2 − 1)) (ñì. [6, ãë. 9℄), ïðåäûäóùåå íåðàâåíñòâî ñâîäèì ê íåðàâåíñòâó

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
pRe(h) dθ

∣

∣

∣

∣

∣

6 C2(N, q1, p1)‖FN‖p1‖Re(h)‖p2 , (3.3)

ãäå C2(N, q1, p1) îãðàíè÷åíû â ñîâîêóïíîñòè â ñèëó ωN → ω â Hq1, λN = ‖lN‖ → ‖l‖ ïðè
N → ∞ (ñì. [7, çàìå÷àíèå℄).

Ìíîæåñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ïëîòíî â Lp2(T ), p2 > 1. Ïîýòîìó ëèíåé-
íûé �óíêöèîíàë èç ëåâîé ÷àñòè (3.3) ìîæíî ñ ñîõðàíåíèåì íîðìû ïðîäîëæèòü íà âñå

ïðîñòðàíñòâî Lp2(T ), ò. å.

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
py dθ

∣

∣

∣

∣

∣

6 C(q1, p1)‖FN‖p1‖y‖p2

äëÿ âñåõ y ∈ Lp2(T ). Èç ïðåäûäóùåãî ïî òåîðåìå îá îáùåì âèäå ëèíåéíîãî �óíêöèîíàëà

íàä Lp2(T ) (ñì. [8, ãë. VI, � 2℄) ñëåäóåò íåðàâåíñòâî
(

1/p2 + 1/p′2 = 1
)

(

1

2π

∫

T

|FN |
p

p′
2 dθ

)
1
p′
2

6 C

(

1

2π

∫

T

|FN |
p1dθ

)
1
p1

.

Îòñþäà, èìåÿ ââèäó pp′2 = p1, 1/p
′
2 = p/p1, ïîñëå ñîêðàùåíèÿ ïîëó÷èì

(

1

2π

∫

T

|FN |
p1dθ

)
p−1
p1

6 C. (3.4)

Òàê êàê ωN → ω â Hq, q 6 q1, ïðè N → ∞, ïðîñòðàíñòâî Hp, p > 1, � ðàâíîìåðíî

âûïóêëîå, òî FN → F â Hp (ñì. [7℄), çíà÷èò, FN (z) → F (z) ðàâíîìåðíî âíóòðè D.
Èç (3.4) ñëåäóåò

(

1

2π

∫

T

|FN (ρt)|
p1dθ

) 1
p1

6 C
1

p−1 .

Â ïîñëåäíåì íåðàâåíñòâå ïåðåéäåì ê ïðåäåëó ïðè N → ∞. Ïîëó÷èì

(

1

2π

∫

T

|F (ρt)|p1dθ

) 1
p1

6 C
1

p−1 ,

ò. å. F ∈ Hp1 , p1 = (p− 1)q1.
Îáðàòíî, ïóñòü ý.�. F ∈ H(p−1)q1 . Òîãäà �óíêöèÿ |F |p/F ∈ Lq1(T ) è íà îñíîâà-

íèè ðàçëîæåíèÿ Lγ(T ) = Hγ ⊕ H0
γ , γ > 1 (òåîðåìà î ïðîåêòèðîâàíèè èç Lγ(T ) â Hγ

(ñì. [6, ãë. 9℄)), îíà åäèíñòâåííûì îáðàçîì ïðåäñòàâèìà â âèäå

|F (t)|p

F (t)
= ϕ1(t) + ϕ̄0(t),
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ãäå ϕ1 ∈ Hq1 , ϕ0 ∈ H0
q1. Îòñþäà è èç (1.4) ñëåäóåò, ÷òî ï. â.

ϕ1(t) + ϕ̄0(t) =
ω̄(t)

λ
−
X(t)

λ
.

Ñëåäîâàòåëüíî, ïî åäèíñòâåííîñòè ω = λ(ϕ0 + ϕ̄1(0)) ∈ Hq1 , X = −λ(ϕ1 − ϕ1(0)) ∈ Hq1 .

Òåîðåìà 1 äîêàçàíà.

Çàìå÷àíèå 1. Òåîðåìà 1 óòî÷íÿåò òåîðåìó 2 èç [2℄: â ïîñëåäíåé óñòàíîâëåíî, ÷òî

â óñëîâèÿõ òåîðåìû 1 ý.í.ï. X ∈
⋂

γ<q1

Hγ (â òåîðåìå 1 ý.í.ï. X ∈ Hq1).

1

2π

2π
∫

0

| log(G(eiθ) + µ)|dθ 6 sup
N

1

2π

2π
∫

0

| log(|FN (e
iθ)|p + 1) + p| log(|FN (e

iθ)|) dθ.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Ëåììà 1. Åñëè â �óíêöèîíàëå (1.1) 1 < p < ∞ è ω ∈ ΛαA, 0 < α < 1, òî
|FN (t)|

p → G(t) â C(T ), ãäå G ∈ Lipα.

⊳ Óìíîæèì îáå ÷àñòè ðàâåíñòâà (3.1) íà FN (t)/(1 − tz) è ïðîèíòåãðèðóåì ïî θ. Ïî-
ëó÷èì

1

2π

∫

T

|FN |
p

1− tz
dθ =

1

λN

(

1

2π

∫

T

FN (t)

1− tz
ω̄N (t) dθ

)

=
1

λN

(

lim
ρ→1

1

2π

∫

T

FN (ρt)

1− ρtz
ω̄N (t) dθ

)

. (4.1)

Ïóñòü 0 < β < α. Òîãäà ωN → ω â ΛβA (ñì. [5℄). Ïîýòîìó ïîñëåäîâàòåëüíîñòü {ωN}
îãðàíè÷åíà â H∞. Ñëåäîâàòåëüíî, ïî òåîðåìå 1 ïîñëåäîâàòåëüíîñòü {FN} îãðàíè÷åíà â
Hγ äëÿ êàæäîãî 0 < γ < ∞. Ïî òåîðåìå C ïðåäåë â ïðàâîé ÷àñòè (4.1) âîñïðèíèìàåì

êàê çíà÷åíèå ëèíåéíîãî �óíêöèîíàëà ΨN íàä H1/(1+β) íà FN (t)/(1 − tz). Òîãäà

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
p

1− tz
dθ

∣

∣

∣

∣

∣

6

(

‖ΨN‖

λN

)∥

∥

∥

∥

FN (t)

1− tz

∥

∥

∥

∥

1/(1+β)

,

ãäå ‖ΨN‖ îãðàíè÷åíû â ñîâîêóïíîñòè â ñèëó îöåíêè (1.6) è îãðàíè÷åííîñòè {ωN}
â ΛβA. Íîðìó â ïðàâîé ÷àñòè ïðåäûäóùåãî íåðàâåíñòâà îöåíèì ñ ïîìîùüþ íåðàâåí-

ñòâà ��åëüäåðà, γ > 1, 1γ′ + 1/γ = 1. Ïîëó÷èì

∣

∣

∣

∣

∣

1

2π

∫

T

|FN |
p

1− tz
dθ

∣

∣

∣

∣

∣

6 C∗

∥

∥FN
∥

∥

1+β

γ′/(1+β)

(

1

2π

∫

T

dθ

|1− tz|γ/(1+β)

)
1+β
γ

.

×èñëî γ ïîäáåðåì òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå γ/(1 + β) < 1. Òîãäà èíòåãðàë â

ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà ñõîäèòñÿ. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü èç

ëåâîé ÷àñòè îãðàíè÷åíà â D. Ïîýòîìó ïîñëåäîâàòåëüíîñòè

{

1

2π

∫

T

|FN |
p

1− tz̄
dθ

}

,

{

1

2π

∫

T

|FN |
pt̄z

1− t̄z
dθ

}
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îãðàíè÷åíû â D. Ñ ó÷åòîì ýòîãî, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì ÿäðà Ïóàññîíà

(z = reiϕ)

P (r, θ − ϕ) =
1− r2

1− 2 r cos(θ − ϕ) + r2
=

1

1− tz̄
+

t̄z

1− t̄z
(4.2)

è íåðàâåíñòâîì òðåóãîëüíèêà, çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü

1

2π

2π
∫

0

∣

∣FN
(

eiθ
)∣

∣

p
P (r, θ − ϕ) dθ =

(

Pr ∗ |FN |
p
)

(ϕ)

îãðàíè÷åíà â D. Îòêóäà, |FN |
p ∈ C(T ) â ñèëó FN ∈ A(C) ïî òåîðåìå B, ïåðåõîäÿ ê ïðåäå-

ëó ïðè r → 1, ïîëüçóÿñü òåîðåìîé î ãðàíè÷íûõ çíà÷åíèÿõ èíòåãðàëà Ïóàññîíà [6, ãë. 3℄,
çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü {FN (z)} îãðàíè÷åíà â D. Ïîýòîìó F (z) îãðàíè÷åíà
â D â ñèëó FN (z) → F (z) â D.

Ïðîäè��åðåíöèðîâàâ îáå ÷àñòè (4.1) ïî ϕ, ïîëó÷èì

∂

∂ϕ

(

1

2π

∫

T

|FN |
p

1− tz
dθ

)

=
iz

λN

(

1

2π

∫

T

FN (t)t

(1− tz)2
ω̄N (t) dθ

)

.

Êàê è âûøå, âûðàæåíèå â êðóãëûõ ñêîáêàõ â ïðàâîé ÷àñòè ñ÷èòàåì çíà÷åíèåì �óíêöè-

îíàëà ΨN íàä H1/(1+β) íà �óíêöèè FN (t)t/(1 − tz)2. Ñîîòâåòñòâåííî èìååì

∣

∣

∣

∣

∣

∂

∂ϕ

(

1

2π

∫

T

|FN |
p

1− tz
dθ

)∣

∣

∣

∣

∣

6

(

‖ΨN‖

λN

)

‖FN‖∞

(

1

2π

∫

T

dθ

|1− tz|2/(1+β)
dθ

)1+β

,

ãäå ïîñëåäîâàòåëüíîñòè {‖ΨN‖} è {λN} îãðàíè÷åíû.
Ê èíòåãðàëó â ïðàâîé ÷àñòè ïðèìåíèì îöåíêó (z = reiϕ) [5℄

1

2π

∫

T

dθ

|1− tz|1+µ
6

Cµ
(1− r)µ

, µ > 0. (4.3)

Â ðåçóëüòàòå ïîëó÷èì

∣

∣

∣

∣

∣

∂

∂ϕ

(

1

2π

∫

T

|FN |
p

1− tz
dθ

)∣

∣

∣

∣

∣

6
C(β)

(1− r)1−β
.

Îòñþäà, ïîëüçóÿñü ïðåäñòàâëåíèåì (4.2),

∂
∂ϕ ψ(z) = izψ′(z) äëÿ ψ ∈ A, ðàññóæäàÿ êàê

â ïåðâîé ÷àñòè äîêàçàòåëüñòâà, çàêëþ÷àåì, ÷òî

∣

∣

∣

∣

∣

∂

∂ϕ

(

1

2π

2π
∫

0

∣

∣FN
(

eiθ
)∣

∣

p
P (r, θ − ϕ) dθ

)∣

∣

∣

∣

∣

6
A(β)

(1− r)1−β
.

Âîñïîëüçóåìñÿ òåîðåìîé C èç [2℄: ¾äëÿ òîãî ÷òîáû 2π-ïåðèîäè÷åñêàÿ �óíêöèÿ w èìåëà

íà T ïðîèçâîäíóþ ïîðÿäêà n − 1, óäîâëåòâîðÿþùóþ óñëîâèþ Ëèïøèöà ñ ïîêàçàòåëåì

0 < α < 1, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü

∣

∣

∣

∣

∣

∂n

∂ϕn

2π
∫

0

w(θ)P (r, θ − ϕ) dθ

∣

∣

∣

∣

∣

6
A∗(α)

(1− r)1−α
.¿
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Ïî ïðîöèòèðîâàííîé òåîðåìå ïîñëåäîâàòåëüíîñòü {|FN (t)|p} îãðàíè÷åíà â Lip β. Ïî-
ýòîìó íàéäåòñÿ M(β) > 0 òàêîå, ÷òî

∣

∣|FN (t1)|
p − |FN (t2)|

p
∣

∣ 6M(β)|t1 − t2|
β . (4.4)

Òàêèì îáðàçîì, îãðàíè÷åííàÿ â C(T ) ïîñëåäîâàòåëüíîñòü {|FN (t)|p} ðàâíîñòåïåííî

íåïðåðûâíà. Ñëåäîâàòåëüíî, ïî òåîðåìå Àðöåëà � Àñêîëè ïîñëåäîâàòåëüíîñòü {|FN (t)|p}
êîìïàêòíà â C(T ) (ñì. [8, ãë. I, � 5℄). Èç |FN |

p → |F |p â L1(T ) ñëåäóåò, ÷òî ïðåäåë

(Pr ∗ |FN |
p)(ϕ) ïðè N → ∞ ñóùåñòâóåò. Åñëè {|FN (t)|

p} èìååò â C(T ) ïðåäåëüíûå òî÷êè
G1(t) è G2(t), òî â ñèëó åäèíñòâåííîñòè ïðåäåëà (Pr ∗G1)(ϕ) = (Pr ∗G2)(ϕ). Îòêóäà ïðè
r → 1 ïîëó÷èì, ÷òî G1(t) = G2(t). È â ñèëó (4.4) |FN (t)|

p → G(t) ∈ Lip β. Ïåðåéäåì â

ðàâåíñòâå (4.1) ê ïðåäåëó ïðè N → ∞. Ïîëó÷èì

1

2π

∫

T

G

1− tz
dθ =

1

2π

∫

T

F

1− tz
ω̄ dθ,

ãäå F ∈ H∞. Îòíîñèòåëüíî ýòîãî ðàâåíñòâà ïîâòîðèì ðàññóæäåíèÿ, ïðîâåäåííûå âûøå.

Â ðåçóëüòàòå çàêëþ÷àåì, ÷òî |FN |
p → G ∈ Lipα â C(T ). ⊲

Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíîé ÷àñòè òåîðåìû 2. Èç îãðàíè÷åííîñòè {FN (z)}
è F (z) â D ñëåäóþò ïðåäñòàâëåíèÿ FN = BNfN è F = Bf , ãäå BN è B � ïðîèçâåäåíèÿ

Áëÿøêå, fN è f � �óíêöèè, îãðàíè÷åííûå â D è áåç íóëåé [6, ãë. 5℄. Ïðîèçâåäåíèå

Áëÿøêå îäíîçíà÷íî îïðåäåëÿåòñÿ íóëÿìè äàííîé �óíêöèè. Ïîýòîìó BN → B, fN → f
â D. Ïîñêîëüêó ïîñëåäîâàòåëüíîñòü {FN (t)} îãðàíè÷åíà â H∞, òî ïîñëåäîâàòåëüíîñòü

{log |FN (t)|} îãðàíè÷åíà â L1(T ) (ñì. [6, ãë. 4℄). Òàê êàê |FN (t)| → G(t) ∈ Lipα ïî ëåììå 1,
òî | log(|FN (t)|

p + µ)| → | log(G(t) + µ)| äëÿ ëþáîãî 0 < µ < 1. Ïîýòîìó

1

2π

2π
∫

0

∣

∣ log
(

G
(

eiθ
)

+ µ
)∣

∣ dθ 6 sup
N

1

2π

2π
∫

0

∣

∣ log
(∣

∣FN (e
iθ)
∣

∣

p
+ 1
)

+ p
∣

∣ log
(∣

∣FN (e
iθ)
∣

∣

)

dθ.

Îòñþäà â ñèëó ïðîèçâîëüíîñòè µ, 0 < µ < 1, çàêëþ÷àåì, ÷òî logG(t) ñóììèðóåì.
Òîãäà ï. â. G(t) = |G∗(t)|, ãäå G∗ ∈ H∞ (ñì. [6, ãë. 4℄). Ñëåäîâàòåëüíî, ï. â. G(t) > 0.

Ïóñòü t0 = eiθ0 , G(t0) > 0. Òîãäà ïî íåïðåðûâíîñòè G(t) > 0 â íåêîòîðîé îòêðûòîé

îêðåñòíîñòè òî÷êè θ0. Îïèðàÿñü íà îöåíêó (4.4), ïîëó÷èì

|FN (t)|
p = G(t) +

(

|FN (t)|
p − |FN (t0)|

pv
)

+
(

|FN (t0)|
p −G(t0)

)

> G(t0)−
(

M |θ − θ0|
β +

∣

∣|FN (t0)|
p −G(t0)

∣

∣

)

.

Îòñþäà, |FN (t0)|
p → G(t0), çàêëþ÷àåì, ÷òî íàéäóòñÿ δ0, 0 < δ0 < π, è íîìåð N0 = N(δ0)

òàêèå, ÷òî ïðè θ ∈ l0 = {θ : |θ − θ0| < δ0} çíà÷åíèÿ G(t) > 0 è |FN (t)|
p > 0. Òîãäà

log |FN (t)| è logG(t) íåïðåðûâíû ïðè θ ∈ l0. È ïî ε > 0 ìîæíî âûáðàòü δ, 0 < δ < δ0,
òàêîå, ÷òî ïðè θ ∈ l1 = {θ : |θ − θ0| < δ} áóäåò

∣

∣ logG(t)− logG(t0)
∣

∣ = p lim
N→∞

∣

∣ log |FN (t)| − log |FN (t0)|
∣

∣ < ε. (4.5)

Òàê êàê FN ∈ A(C), òî fN � âíåøíÿÿ �óíêöèÿ �óíêöèè fN (ñì. [6, ãë. 5℄). Òîãäà

|fN (t)| = |FN (t)| ï. â., ïðè÷åì

log
∣

∣fN
(

ρeiθ0
)∣

∣ =
1

2π

2π
∫

0

log
∣

∣FN
(

eiθ
)∣

∣P (ρ, θ − θ0) dθ.
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Îòñþäà, ñ ó÷åòîì

1 =
1

2π

π
∫

−π

P (ρ, θ − θ0) dθ =
1− ρ2

2π

π
∫

−π

dθ

1− 2ρ cos(θ − θ0) + ρ2
,

|FN (t0)|
p → G(t0), ñëåäóåò, ÷òî

log |f(ρt0)| −
1

p
logG(t0) = lim

N→∞

π
∫

−π

(

log
∣

∣FN
(

eiθ
)∣

∣− log
∣

∣FN
(

eiθ0
)∣

∣

)

P (ρ, θ − θ0) dθ. (4.6)

Ïóñòü l = {θ : |θ − θ0| < δ/2}. Èíòåãðàë â ïðàâîé ÷àñòè (4.6) ïðåäñòàâèì êàê ñóììó

èíòåãðàëîâ I1,N (ρ) è I2,N (ρ) ñîîòâåòñòâåííî ïî l è l∗ = [−π, π] \ l. Îòíîñèòåëüíî ïåðâîãî
ñëàãàåìîãî, èìåÿ ââèäó îöåíêó (4.5), ïîëó÷èì

I1,N (ρ) < ε, N > N0. (4.7)

Íà l∗ èìååì, ÷òî |θ − θ0| < δ/2, ãäå 0 < δ < π, òîãäà cos(θ − θ0) 6 cos(δ/2) < 1. Ñëåäîâà-
òåëüíî, äëÿ âòîðîãî ñëàãàåìîãî èìååì

∣

∣I2,N (ρ)
∣

∣ 6
1− ρ2

1− 2ρ cos(δ/2) + ρ2
1

2π

π
∫

−π

(∣

∣ log |FN (t)|
∣

∣+
∣

∣ log |FN (t0)|
∣

∣

)

dθ.

Îòêóäà âûòåêàåò, ÷òî supN |I2,N (ρ)| → 0 ïðè ρ → 1 â ñèëó îãðàíè÷åííîñòè {log |FN (t)|}
â L1(T ) è |FN (t0)| → G1/p(t0) > 0. Âñëåäñòâèå ïîñëåäíåãî, (4.6) è (4.7) ïîëó÷èì

lim
ρ→1

∣

∣ log |f(ρt0)|
p − logG(t0)

∣

∣ 6 pε,

êàê òîëüêî G(t0) > 0. Ñëåäîâàòåëüíî, |f(t)|p = G(t) ï. â. â ñèëó ïðîèçâîëüíîñòè ε > 0.
Åñëè G(t0) = 0, òî èç íåðàâåíñòâà (�îðìóëà Ïóàññîíà)

0 6 |f(ρt0)|
p
6 (Pρ ∗G)(θ0)

ïðè ρ → 1 âûòåêàåò, ÷òî f(t0) = 0. Ýòî âìåñòå ñ ïðåäûäóùèì óñòàíàâëèâàåò, ÷òî

|f(t)|p = G(t) ∈ Lipα, êîãäà â �óíêöèîíàëå (1.1) ω ∈ ΛαA.

Ïóñòü â �óíêöèîíàëå (1.1) ω ∈ Λ
(n−1)
α A, n > 2. Òîãäà, òåì áîëåå, ω ∈ ΛαA, è ïî

äîêàçàííîìó âûøå |FN (t)|
p → |f(t)|p ∈ C(T ). Ïåðåéäåì â ðàâåíñòâå (4.1) ê ïðåäåëó ïðè

N → ∞, â íîâîì ðàâåíñòâå îò îáåèõ ÷àñòåé âîçüìåì ïðîèçâîäíóþ ïîðÿäêà n. Ïîëó÷èì

(

1

2π

∫

T

|f(t)|p

1− tz
dθ

)(n)

=
n!

‖l‖

(

1

2π

∫

T

F (t)tnω̄(t)

(1− tz)n+1
dθ

)

.

Êàê è ðàíåå, ïî òåîðåìå C âûðàæåíèå â êðóãëûõ ñêîáêàõ â ïðàâîé ÷àñòè âîñïðèíèìàåì

êàê çíà÷åíèå ëèíåéíîãî �óíêöèîíàëà Ψ íàä H1/(n+α) íà �óíêöèè F (t)tn/(1 − tz)n+1
.

Òîãäà

∣

∣

∣

∣

∣

(

1

2π

∫

T

|f(t)|p

1− tz
dθ

)(n)∣
∣

∣

∣

∣

6
n!‖Ψ‖‖F‖∞

‖l‖

(

1

2π

∫

T

dθ

|1− tz|(n+1)/(n+α)

)n+α

.
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Ê èíòåãðàëó ïðàâîé ÷àñòè ïðèìåíèì îöåíêó (4.3). Â ëåâîé ÷àñòè ïåðåéäåì ê ïðîèçâîäíîé

ïî ϕ. Ïîñëå ïðîñòûõ ïðîìåæóòî÷íûõ îöåíîê ïîëó÷èì îöåíêó (z = reiϕ)
∣

∣

∣

∣

∣

∂n

∂ϕn

(

1

2π

∫

T

|f(t)|p

1− tz
dθ

)∣

∣

∣

∣

∣

6
C(α)

(1− r)1−α
,

êîòîðóþ, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì (4.2), ñâîäèì ê îöåíêå

∣

∣

∣

∣

∂n

∂ϕn
(

Pr ∗ |f |
p
)

(ϕ)

∣

∣

∣

∣

6
A(α)

(1− r)1−α
.

Îòñþäà ïî ïðîöèòèðîâàííîé âûøå òåîðåìå C èç [2℄ çàêëþ÷àåì, ÷òî |f |p ∈ Lip(n−1)α.

Ïóñòü òåïåðü â �óíêöèîíàëå (1.1) ω ∈ Λ
(n−1)
∗ A, n > 1. Òîãäà ω ∈ Λ

(n−1)
ν A, ãäå ν,

òàêîå, ÷òî 0 < ν < 1. Ïî äîêàçàííîìó âûøå ñîîòâåòñòâóþùèé |f |p ∈ Lip(n−1)ν. Óìíîæèì
îáå ÷àñòè (1.4) íà F (t)h(ρt), ãäå h � ïîëèíîì, è ïðîèíòåãðèðóåì ïî θ. Ñ ó÷åòîì |F (t)|p =
|f(t)|p ï. â., F (ρt) → F (t) â H1, ïîëó÷èì

lim
ρ→1

1

2π

∫

T

h(ρt)|f(t)|p dθ = lim
ρ→1

1

2π

∫

T

h(ρt)F (ρt)ω̄(t) dθ. (4.8)

Ìíîæåñòâî ïîëèíîìîâ ïëîòíî â H1/(n+1), hF ∈ H1/(n+1) â ñèëó F ∈ F∞. Ïî òåîðåìå C

ëèíåéíûé �óíêöèîíàë íàä H1/(n+1) èç ïðàâîé ÷àñòè (4.8) ìîæíî ïðîäîëæèòü ñ ñîõðà-

íåíèåì íîðìû íà âñå ïðîñòðàíñòâî H1/(n+1). Çíà÷èò, òàêîå æå ïðîäîëæåíèå äîïóñêàåò

�óíêöèîíàë èç ëåâîé ÷àñòè (4.8). Äàëåå, ïîëüçóÿñü ðàçëîæåíèåì Lγ(T ) = Hγ⊕H0
γ , èìåÿ

ââèäó |f |p ∈ C(T ), ïî òåîðåìå C, δ = 1/(n + 1), çàêëþ÷àåì, ÷òî |f |p ∈ L
(n−1)
∗ .

Òåîðåìà 2 äîêàçàíà.

Òàê êàê �óíêöèÿ FN ∈ A(C), òî â åå �àêòîðèçàöèè ñèíãóëÿðíàÿ ÷àñòü ðàâíà åäèíèöå.
Ïîýòîìó â ïðåäñòàâëåíèè FN = BNfN �óíêöèÿ

fN (z) = exp

[

1

2π

π
∫

−π

eiθ + z

eiθ − z
log
∣

∣fN
(

eiθ
)∣

∣ dθ

]

(4.9)

ñ òî÷íîñòüþ äî ìíîæèòåëÿ ñ ìîäóëåì, ðàâíûì 1 (ñì. [6, ãë. 5℄). Ïåðåéäåì â ýòîì ïðåä-

ñòàâëåíèè ê ïðåäåëó ïðè N → ∞. Ñëåäóÿ ïåðâîé ÷àñòè äîêàçàòåëüñòâà òåîðåìû 2 è (4.9),

çàêëþ÷àåì, ÷òî

f(z) = exp

[

1

2π

π
∫

−π

eiθ + z

eiθ − z
logG

1
p
(

eiθ
)

dθ

]

ñ òî÷íîñòüþ äî ìíîæèòåëÿ ñ ìîäóëåì, ðàâíûì 1.
Ñîîòâåòñòâåííî, ý.�.

F (z) = lim
N→∞

BN (z)fN (z) = B(z)f(z), (4.10)

ãäå f � âíåøíÿÿ �óíêöèÿ �óíêöèè F .

Çàìå÷àíèå 2. Òåîðåìà 2 äîïîëíÿåò [2, òåîðåìà 3℄. Èìåííî, â îäèíàêîâûõ óñëî-

âèÿõ ýòèõ òåîðåì â òåîðåìå 2 äîïîëíèòåëüíî óñòàíîâëåíî, ÷òî ý.�. F ïðåäñòàâèìà

â âèäå (4.10), ãäå f ïîä÷èíÿåòñÿ óñëîâèÿì, êîòîðûå óêàçàíû â çàêëþ÷åíèè òåîðåìû 2

(â [2, òåîðåìà 3℄ íå çàòðàãèâàåòñÿ âîïðîñ î ñèíãóëÿðíîé ÷àñòè ý.�. F ).
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5. Äîêàçàòåëüñòâî òåîðåìû 3

Ëåììà 2. Åñëè â �óíêöèîíàëå (1.5) 1/2 < δ < 1 è g ∈ λαA, α = 1/δ − 1, òî ý.�.

äëÿ (1.5) ñóùåñòâóåò (ìîæåò áûòü, íå åäèíñòâåííàÿ).

⊳ Ñ ïîìîùüþ òåéëîðîâûõ ðÿäîâ �óíêöèé a è g ïîëó÷èì (aρ(ζ) = a(ρζ))

1

2π

∫

T

aρḡ dθ =
1

π

∫

D

aρ
(

ζ̄ ḡ ′+ ḡ
)

dσ =
1

π

∫

D

aρζ̄ ḡ
′dσ+

1

π

∫

D

aρḡ dσ =M1(a, ρ)+M2(a, ρ). (5.1)

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ïðåäñòàâèì êàê ñóììó èíòåãðàëîâ

I1(a, ρ) è I2(a, ρ) ñîîòâåòñòâåííî, ïî D(r) = {|ζ| < r < 1} è K(r) = D \D(r). Ñ ó÷åòîì

òîãî, ÷òî (1− |ζ|)1−α|g′(ζ)| 6 C(α), 1− α = 2− 1/δ, áóäåò

∣

∣I2(a, r)
∣

∣ =

∣

∣

∣

∣

∣

1

π

∫

K(r)

aζ̄ ḡ ′dσ

∣

∣

∣

∣

∣

6
C(α)

π

∫

K(r)

(

1− |ζ|
)1/δ−2∣

∣a(ζ)
∣

∣

(

(1− |ζ|)1−α|g′(ζ)|
)

dσ. (5.2)

Òàê êàê g ∈ λαA â ñèëó g ∈ Λα+νA, òî ïî ε > 0 íàéäåòñÿ 0 < rε < 1 òàêîå, ÷òî

(1− |ζ|)1−α|g′(ζ)| < ε, êàê òîëüêî ζ ∈ K(rε). Ýòî ïîçâîëÿåò ñâåñòè (5.2) ê îöåíêå

∣

∣I2(a, rε)
∣

∣ 6 εC(α)

(

1

π

∫

D

(

1− |ζ|
)1/δ−2

|a| dσ

)

.

Âîñïîëüçóåìñÿ îöåíêîé: åñëè b ∈ Hγ , 1/2 < γ < 1, òî [1, ãë. IV, óïðàæíåíèå 5(d)℄

1

π

∫

D

(

1− |ζ|
)1/δ−2

|b| dσ 6 C1(γ)‖b‖γ .

Ïîëó÷èì

∣

∣I2(a, rε)
∣

∣ 6 εC2(δ)‖a‖δ . (5.3)

Ïî îïðåäåëåíèþ íîðìû �óíêöèîíàëà Ψ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {am} ∈ Hδ,

‖am‖δ 6 1, òàêàÿ, ÷òî Ψ(am) → ‖Ψ‖ ïðèm → ∞. Èç îãðàíè÷åííîñòè {am} âHδ ñëåäóåò åå

êîìïàêòíîñòü îòíîñèòåëüíî ðàâíîìåðíîé ñõîäèìîñòè âíóòðè D (ýòî âûòåêàåò èç îöåíêè

ðîñòà �óíêöèé èç Hp, 0 < p < ∞, è ïðèíöèïà êîìïàêòíîñòè àíàëèòè÷åñêèõ �óíêöèé).

Ïóñòü ñàìà ïîñëåäîâàòåëüíîñòü am → Φ âíóòðè D. Òîãäà ‖Φ‖δ 6 1. Èç îöåíêè (5.3) è

ïðîèçâîëüíîñòè ε > 0 çàêëþ÷àåì, ÷òî

lim
m→∞

lim
ρ→1

M1(am, ρ) =
1

π

∫

D

Φζ̄ ḡ ′dσ. (5.4)

Ïðîñòðàíñòâà Hδ âëîæåíû â ïðîñòðàíñòâà Áåðãìàíà A2δ , 2δ > 1. Ôóíêöèÿ g ∈ AC, ïîýòî-
ìó îãðàíè÷åíà â D, ïóñòü |g(ζ)| 6 M . Ïðèìåíÿÿ íåðàâåíñòâî ��åëüäåðà, 1/2δ + 1/δ′ = 1,
èìååì, ÷òî

∣

∣

∣

∣

∣

1

π

∫

K(r)

amḡ dσ

∣

∣

∣

∣

∣

6M‖am‖A2δ

(

1

π

∫

K(r)

dσ

)1/δ′

→ 0

ïðè r → 1 ðàâíîìåðíî îòíîñèòåëüíî am. Ñîîòâåòñòâåííî,

lim
m→∞

lim
ρ→1

M2(am, ρ) =
1

π

∫

D

Φḡ dσ.



16 Áóð÷àåâ Õ. Õ., �ÿáûõ �. Þ.

Îòñþäà, èç (5.1) è (5.4) âûòåêàåò ðàâåíñòâî

‖Ψ‖ = lim
ρ→1

1

2π

∫

T

Φρḡ dθ,

ãäå, êàê îòìå÷àëîñü, ‖Φ‖δ 6 1. Ïîñëåäíåå âìåñòå ñ ïðåäûäóùèì âîçìîæíî òîëüêî â ñëó-

÷àå ‖Φ‖δ = 1. Ñëåäîâàòåëüíî, �óíêöèÿ Φ ýêñòðåìàëüíàÿ äëÿ �óíêöèîíàëà (1.5) (ìîæåò

áûòü, íå åäèíñòâåííàÿ [9, òåîðåìà 7℄). ⊲

Ïóñòü Φ = bh, ãäå b � ïðîèçâåäåíèå Áëÿøêå, �óíêöèÿ h ∈ Hδ è áåç íóëåé

â D. Íà îñíîâàíèè Ls(T ) = Hs ⊕ H0
s , s > 1, äëÿ γ, 0 < γ < 1, èìååì, ÷òî

bρ(t)h
γ
ρ(t)ḡ(t) = w(t̄, ρ, γ) + w0(t, ρ, γ), w ∈ Hs, w0 ∈ H0

s (ρ è γ ÿâëÿþòñÿ ïàðàìåòðàìè).

Ïðè ýòîì �óíêöèÿ (τ = eiψ)

w(z, ρ, γ) =
1

2π

∫

T

hγρ(τ)bρ(τ)ḡ(τ)

1− τz
dψ. (5.5)

Íà îñíîâàíèè òåîðåìû C, g ∈ ΛβA, ïðàâóþ ÷àñòü (5.5) ðàññìàòðèâàåì êàê çíà÷åíèå

ëèíåéíîãî �óíêöèîíàëà Ψ∗ íàä Hµ, µ = 1/(1 + α + ν) íà hγρbρ/(1 − τz). Ñ ó÷åòîì

|b(τ)| = 1 ï. â., ‖h‖δ = 1, ïîëó÷èì (íåðàâåíñòâî ��åëüäåðà: δ = 1/(1 + α) > µ, p1 = δ/γµ,
q1 = δ/(δ − γµ))

∣

∣w(z, ρ, γ)
∣

∣6‖Ψ∗‖

(

1

2π

∫

T

|hρ|
γµ

|1− τz|µ
dψ

)1/µ

6‖Ψ∗‖

(

1

2π

∫

T

dψ

|1− τz|µδ/(δ−γµ)

)(δ−γµ)/δ

. (5.6)

Òàê êàê µ < δ, òî γ ìîæíî âûáðàòü òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå 1− δ < γ < δ/µ− δ.
Òîãäà µδ/(δ − γµ) < 1 è èíòåãðàë â ïðàâîé ÷àñòè (5.6) îãðàíè÷åí. Ñîîòâåòñòâåííî, èìåÿ
ââèäó γ < δ, hγρbρ → hγb â H1 ïðè ρ→ 1, çàêëþ÷àåì, ÷òî

w(z, ρ, γ) → w∗(z) =
1

2π

∫

T

hγbḡ

1− τz
dψ, (5.7)

ïðè÷åì w∗ ∈ H∞. Ñëåäîâàòåëüíî, w(t, ρ, γ) → w∗(t) ñëàáî â Hs, 1 < s <∞.

Èç ïðåäûäóùèõ ðàññóæäåíèé ðàâåíñòâà

‖Ψ‖ = lim
ρ→1

∫

T

Φρḡ dθ = lim
ρ→1

1

2π

∫

T

h1−γρ

(

hγρbρḡ
)

dθ (5.8)

è h1−γ ∈ Hp∗, p∗ = δ/(1 − γ) > 1, ñëåäóåò, ÷òî

‖Ψ‖ =
1

2π

∫

T

h1−γ(t)w∗(t̄ ) dθ. (5.9)

Ïðè÷åì �óíêöèÿ h1−γ ÿâëÿåòñÿ ýêñòðåìàëüíîé äëÿ �óíêöèîíàëà L íàä Hp∗, çàäàííîãî

�îðìóëîé

L (a) =
1

2π

∫

T

a(t)w∗(t̄ ) dθ, a ∈ Hp∗.
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Äåéñòâèòåëüíî, ïóñòü �óíêöèÿ ϕ ýêñòðåìàëüíà äëÿ L . Ïîñêîëüêó ðàâåíñòâà (5.8) è (5.9)

ðàâíîñèëüíû, òî

‖Ψ‖ 6 lim
ρ→1

1

2π

∫

T

(

ϕρh
γ
ρbρ
)

ḡ dθ = ‖L ‖. (5.10)

Ñ ïîìîùüþ íåðàâåíñòâà ��åëüäåðà, ‖ϕ‖p∗ = ‖h‖δ = 1, îïðåäåëÿåì, ÷òî

∥

∥ϕ(hγb)
∥

∥

δ
=

(

1

2π

∫

T

|ϕ|δ |h|γδdθ

)1/δ

6 ‖ϕ‖p∗‖h‖
1−γ
δ = 1.

Îòêóäà è èç (5.10) ñëåäóåò, ÷òî ‖Ψ‖ = ‖L ‖. Íî L (h1−γ) = ‖L ‖, ñòàëî áûòü, ϕ = h1−γ ïî
åäèíñòâåííîñòè ý.�. â Hp∗. Òîãäà ïî òåîðåìå 1 ý.�. äëÿ �óíêöèîíàëà L , w∗ ∈ H∞, ïðè-

íàäëåæèò

⋂

1<sHs, çíà÷èò, h ∈
⋂

1<sHs. Îòñþäà è (5.7) ïî ñëîæèâøåéñÿ ñõåìå âûâîäèì,

÷òî w∗ ∈ ΛβA, β = α+ ν.
Ïîâòîðèì ïîñëåäíèå ðàññóæäåíèÿ îòíîñèòåëüíî ðàâåíñòâà

‖Ψ‖ = lim
ρ→1

1

2π

∫

T

h1/2ρ

(

h1/2ρ bρḡ
)

dθ = lim
ρ→1

1

2π

∫

T

h1/2ρ bρ
(

h1/2ḡ
)

dθ.

Â ðåçóëüòàòå çàêëþ÷àåì, ÷òî h1/2 ýêñòðåìàëüíà äëÿ �óíêöèîíàëà

1

2π

∫

T

a(t)w∗(t̄ ) dθ

íàä H2δ, ãäå, ñ ó÷åòîì h ∈
⋂

1<sHs, �óíêöèÿ w
∗(z) = 1

2π

∫

T
h1/2bḡ
1−τz dψ ∈ ΛβA. Òîãäà íà

îñíîâàíèè òåîðåìû 4 èç [2℄, 1 < 2δ < 2, �óíêöèÿ h1/2 ∈ ΛβA. Àíàëîãè÷íî îïðåäåëÿåì,
÷òî h1/2b ∈ ΛβA. Ñëåäîâàòåëüíî, Φ = h1/2(h1/2b) ∈ ΛβA. Òåîðåìà 3 äîêàçàíà.

Îáîáùåíèåì òåîðåìû 3 ÿâëÿåòñÿ

Òåîðåìà 3

′
. Åñëè â �óíêöèîíàëå (1.5) 1/n < δ < 1/(n + 1) è g ∈ λα+νA, ãäå

α = 1/δ − n, ν > 0, α+ ν < 1, òî ý.�. ñóùóñòâóþò è îáëàäàþò òîé æå ãëàäêîñòüþ.

Äîêàçàòåëüñòâî íå ïðèâîäèì ïî òåõíè÷åñêîé ïðè÷èíå.

6. Äîêàçàòåëüñòâî òåîðåìû 4

Äëÿ 1 < q < 2 äîêàçàòåëüñòâî äàíî â [4, ñëåäñòâèå 3.1℄. Â îáùåì ñëó÷àå 1 < q < ∞
è ω ∈ A(R) äîêàçàòåëüñòâî îñíîâàíî íà èäåå äîêàçàòåëüñòâà òåîðåìû 3.2 èç [4℄.

Îãðàíè÷èìñÿ äîêàçàòåëüñòâîì òåîðåìû 4 äëÿ ñëó÷àÿ, êîãäà â ðàâåíñòâå (1.3)

1 < q <∞ è ω � ïîëèíîì, ò. å. äîêàæåì, ÷òî ïðè óêàçàííûõ óñëîâèÿõ X ∈ A(C).
Ïóñòü fN(t) = C0 + · · · + CN t

N
� ïðîèçâîëüíûé ïîëèíîì ïîðÿäêà íå âû-

øå N , w̄N (t) = t̄NfN (t) = CN + · · · + C0t̄
N
, EN = {Q ∈ Hp : Q(z) =

∑∞
j=N+1 qjz

j , qj � òåéëîðîâû êîý��èöèåíòû}. Ñëåäóÿ õîäó äîêàçàòåëüñòâà òåîðåìû 3.1

èç [4℄, çàêëþ÷àåì, ÷òî

µN = min
Q∈EN

∥

∥fN +Q
∥

∥

p
=
∥

∥fN +QN
∥

∥

p
, (6.1)

ãäå QN ∈ EN . Ïî óïîìÿíóòîé òåîðåìå 3.1 �óíêöèÿ f
N +QN ∈ A(C), çíà÷èò, QN ∈ A(C).

Ñ ó÷åòîì t̄NQ(t) =
∑∞

j=N+1 qjt
j−N

, |t̄N | = 1, (6.1) ðàâíîñèëüíî

µN = min
Q∈EN

∥

∥t̄NfN + t̄NQ
∥

∥

p
=
∥

∥fN +QN
∥

∥

p
= min

y∈H0
p

∥

∥w̄ + y
∥

∥

p
=
∥

∥w̄N + YN
∥

∥

p
,

ãäå ïî åäèíñòâåííîñòè ý. í. ï. YN = t̄NQN ∈ H0
p . Ïðè ýòîì YN ∈ A(C) â ñèëó QN ∈ A(C).
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Ïóñòü ω(z) = a0 + · · · + aNz
N
. Îòíîñèòåëüíî gN (t) = −(aN + · · · + a0t

N ) ïîâòîðèì
ðàññóæäåíèÿ, ïðîâåäåííûå âûøå. Äëÿ p òàêîãî, ÷òî 1 < p <∞ ïîëó÷èì

min
x∈H0

p

∥

∥ω̄ − x
∥

∥

p
=
∥

∥ω̄ −X
∥

∥

p
= min

Q∈EN

∥

∥tN ḡN +Q
∥

∥

p
,

ãäå X ∈ A(C). Òåîðåìà 4 äîêàçàíà.
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Abstra
t. Consider a Hardy spa
e Hp in the unit disk D, p > 1. Let lω be a linear fun
tional on Hp

determined by ω ∈ Lq (T = ∂D, 1/p + 1/q = 1) and let F be an extremal fun
tion for lω. Let X ∈ Hq

implements the best approximation of ω̄ in Lq(T ) by fun
tions fromH0
q = {y ∈ Hq : y(0) = 0}. The fun
tions F

and X are 
alled extremal elements (e. e.) for lω. E. e. are related by the 
orresponding duality relation.
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We 
onsider the problem of how 
ertain properties of ω will a�e
t e. e. A similar problem is investigated in the


ase of 0 < p < 1. An arti
le by L. Carleson and S. Ja
obs (1972), investigated the problem of the properties of

elements on whi
h the in�mum inf{‖ω̄−x‖L∞(T ) : x ∈ H0
∞} for a given ω ∈ Lq(T ) is attained. The hypothesis

of the authors that the relationship between extremal elements is similar to that of the fun
tion ω and its

proje
tion onto Hq is partially 
on�rmed in a paper by V.G. Ryabykh (2006). Some properties of e. e. for lω,
when ω is a polynomial, were studied in a paper by Kh. Kh Bur
haev, G.Yu. Ryabykh V.G. Ryabykh (2017).

In this paper, relying on the main result of the last arti
le and using the method of su

essive approximations,

the following is proved: if ω ∈ Lq∗(T ) and q 6 q∗ < ∞, then F ∈ H(p−1)q∗ and X ∈ Hq∗ ; if the derivative

ω(n−1) ∈ Lip(α, T ) with 0 < α < 1, then F = Bf , where B is the Blas
hke produ
t, f is an external fun
tion,

with (|f(t)|p)(n−1) ∈ Lip(α, T ). If the fun
tion ω is analyti
 outside the unit 
ir
le, then e. e is analyti
 in the

same 
ir
le. The listed results 
larify and 
omplement similar results obtained in an above mentioned paper by

V.G. Ryabykh. It is also proved that the extremal fun
tion for lω ∈ (Hq)
∗
exists and has the same smoothness

as the generator fun
tion ω, whenever 1/(n + 1) < δ < 1/n, ω ∈ H∞

⋂
Lip(β, T ), β = 1/δ − n + ν < 1, and

ν > 0.

Key words: linear fun
tional, extremal element, approximation method, derivative.
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