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Abstrat. The blok graph of a graph G, written B(G), is the graph whose verties are the bloks of G

and in whih two verties are adjaent whenever the orresponding bloks have a ut-vertex in ommon.

We study the properties of B(G) and present the haraterization of graphs whose B(G) are planar,

outerplanar, maximal outerplanar, minimally non-outerplanar, Eulerian, and Hamiltonian. A neessary

and su�ient ondition for B(G) to have rossing number one is also presented.
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1. Introdution

Notations and de�nitions not introdued here an be found in [1℄. There are many

graph operators (or graph valued funtions) with whih one an onstrut a new graph

from a given graph, suh as the line graph, the total graph, and their generalizations. One

suh generalization is the blok graph onept whose properties and haraterizations were

onsidered in [2℄. It is the objet of this paper to study some of the strutural properties

of the blok graph suh as the planarity, outer planarity, et.

We need some onepts and notations on graphs. A graph G = (V,E) is a pair, onsisting
of some set V , the so-alled vertex set, and some subset E of the set of all 2-element subsets

of V , the edge set. We write x = (p, q) and say that p and q are adjaent verties (sometimes

denoted p adj q).

A graph G is connected if between any two distint verties there is a path. A maximal

onneted subgraph of G is alled a component of G. A ut-vertex of a graph is one whose

removal inreases the number of omponents. A non-separable graph is onneted, nontrivial,

and has no ut-verties. A block of a graph is a maximal non-separable subgraph. If two distint

bloks B1 and B2 are inident with a ommon ut-vertex, then they are alled adjaent bloks.
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A graph G is planar if it has a drawing without rossings. For a planar graph G, the inner

vertex number i(G) is the minimum number of verties not belonging to the boundary of the

exterior region in any embedding of G in the plane.

If a planar graph G is embeddable in the plane so that all the verties are on the boundary

of the exterior region, then G is said to be outerplanar. An outerplanar graph G is maximal

outerplanar if no edge an be added without losing outerplanarity. A grap G is said to be

minimally non-outerplanar if i(G) = 1 [3℄. The least number of edge rossings of a graph G,

among all planar embeddings of G, is alled the rossing number of G and is denoted by cr(G).

A star graph K1,n (n > 3), is the omplete bipartite graph. The duth windmill graph D
(m)
3 ,

also alled a friendship graph, is the graph obtained by taking m opies of the yle graph C3

with a vertex in ommon and therefore orresponds to the usual windmill graph D
(m)
3 . It is

therefore natural to extend the de�nition to D
(m)
n , onsisting of m opies of Cn.

Definition 1.1. The line graph of a graph G, written L(G), is the graph whose verties

are the edges of G, with two verties of L(G) adjaent whenever the orresponding edges of G
have a ommon vertex.

Definition 1.2. The blok graph of a graph G, written B(G), is the graph whose verties

are the bloks of G and in whih two verties are adjaent whenever the orresponding bloks

have a ut-vertex in ommon.

Note that B(G) is de�ned only for graphs whih have at least one ut-vertex or (at least

two bloks). In Fig. 1, a graph G and its B(G) are shown.

B1

B1 B2

B3

B2 B3

B1 B2 B3 B4 B1 B2 B3 B4

Fig. 1.

2. Properties of Blok Graphs

In this setion we present some of the basi properties of B(G).

Property 2.1. If G is a tree of order n (n > 3), then L(G) ∼= B(G).

Property 2.2. There is no non-trivial graph G whih is isomorphi to its B(G).

Property 2.3. The blok graph B(G) of a graph G is a blok if G ontains exatly one

ut-vertex.

Property 2.4. If the number of ut-verties of a path Pn (n > 3) is α, then number

of ut-verties of the orresponding B(Pn) is α − 1. Clearly, the number of ut-verties of

B(K1,n) is zero.

Property 2.5. If G is a path Pn (n > 2), then the size of B(Pn) equals
1
2

∑n
i=1 d

2
i −n+1,

where di is the degree of the verties of Pn.

Property 2.6. If G is a star graph K1,n (n > 3), then the size of B(K1,n) =
n(n−1)

2 .
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3. Charaterization of B(G)

We now haraterize the graphs whose B(G) are planar.

Theorem 3.1. The blok graph B(G) of a graph G is planar if and only if G is either

a star graph K1,n (2 6 n 6 4) or a duth windmill graph D
(m)
n (2 6 m 6 4).

⊳ Suppose that B(G) is planar. Assume that G = K1,n (n > 5). If G = K1,5, then

B(G) = K5, whih is non-planar, a ontradition. Assume now that G = D
(m)
n (m > 5).

If G = D
(5)
n , then B(G) = K5, again a ontradition.

Conversely, suppose that G is either a star graph K1,n (2 6 n 6 4) or a duth windmill

graph D
(m)
n (2 6 m 6 4). We onsider the following ases.

Case 1: If G = K1,2, then B(G) = K2, whih is planar.

Case 2: If G = K1,3, then B(G) = K3, whih is planar.

Case 3: If G = K1,4, then B(G) = K4, whih is planar.

Case 4: If G = D
(2)
n , then B(G) = K2, whih is planar.

Case 5: If G = D
(3)
n , then B(G) = K3, whih is planar.

Case 6: If G = D
(4)
n , then B(G) = K4, whih is planar.

Therefore, by all the ases above, B(G) is planar. This ompletes the proof. ⊲

We now establish a haraterization of graphs whose B(G) are outerplanar; maximal

outerplanar; and minimally non-outerplanar.

Theorem 3.2. The blok graph B(G) of a graph G is outerplanar if and only if G is

either K1,3 or D
(3)
n .

⊳ Suppose that B(G) is outerplanar. Assume that G is either K1,n (n > 4) or D
(m)
n

(m > 4). If G = K1,4, then B(G) = K4. Clearly the inner vertex number of B(G) is one,

i. e., i(B(G)) = 1, a ontradition. Assume now that G = D
(m)
n (m > 4). If G = D

(4)
n , then

B(G) = K4, again a ontradition.

Conversely, suppose that G is either K1,3 or D
(3)
n . If G = K1,3, then B(G) = K3. Clearly

the inner vertex number of B(G) is zero, i. e., i(B(G)) = 0. If G = D
(3)
n , then B(G) = K3,

and thus i(B(G)) = 0. Therefore, B(G) is outerplanar. This ompletes the proof. ⊲

Theorem 3.3. The blok graph B(G) of a graph G is maximal outerplanar if and only if

G is either K1,3 or a path P3.

⊳ Suppose that B(G) is maximal outerplanar. Assume that G isK1,n (n > 4). IfG = K1,4,

then B(G) = K4, whih is non-outerplanar, a ontradition. Assume now that G is a path Pn

of order n (n > 4). By de�nition, B(G) is a path of order n − 1. Clearly, i(B(G)) = 0, and
the addition of an edge does not hange the inner vertex number of B(G). Clearly, B(G) is
not maximal outerplanar, again a ontradition.

Conversely, suppose that G is either K1,3 or a path P3. If G = K1,3, then B(G) = K3,

whih is maximal outerplanar. If G = P3, then B(G) = P2, whih is also maximal outerplanar.

This ompletes the proof. ⊲

Theorem 3.4. The blok graph B(G) is minimally non-outerplanar if and only if G is

either K1,4 or D
(4)
n .

⊳ Suppose B(G) is minimally non-outerplanar. Assume that G = K1,5. By de�nition,

B(G) = K5, whih is non-planar, a ontradition. On the other hand, if G = D
(5)
n , then

B(G) = K5, again a ontradition.
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Conversely, suppose that G is either K1,4 or D
(4)
n . By de�nition, B(G) = K4. Clearly,

i(B(G)) = 1. Hene B(G) is minimally non-outerplanar. This ompletes the proof. ⊲

Theorem 3.5. The blok graph B(G) of a graph G has rossing number one if and only

if G is either K1,5 or D
(5)
n .

⊳ Suppose G has rossing number one. Assume that G = K1,n (n > 6). If G = K1,6, then

B(G) = K6. Clearly, cr(B(G)) > 1, a ontradition. On the other hand, if G = D
(6)
n , then

B(G) = K6, a ontradition.

Conversely, suppose that G is either K1,5 or D
(5)
n . By de�nition, B(G) = K5. Sine the

rossing number of K5 is exatly one, cr(B(G)) = 1. This ompletes the proof. ⊲

Definition 3.1. An Eulerian yle in an undireted graph is a yle that uses eah edge

exatly one. If suh a yle exists, then the graph is alled Eulerian.

Theorem 3.6 (Harary [1]). A onneted graph G is said to be Eulerian if and only if the

degree of eah vertex of G is even.

Theorem 3.7. The blok graph B(G) of a graph G is Eulerian if and only if G is

either K1,2k+1 or D
(2k+1)
n (k > 1).

⊳ Suppose B(G) is Eulerian. Assume that G = K1,2k (k > 1). By de�nition, B(G) = K2k

in whih degree of eah vertex is 2k−1, whih is odd. Sine the degree of eah vertex of B(G)
is odd, Theorem 3.6 implies that B(G) is non-Eulerian, a ontradition. On the other hand,

if G = D
(2k)
n , then B(G) = K2k, again a ontradition.

Conversely, suppose that G is either K1,2k+1 or D
(2k+1)
n (k > 1). By de�nition, B(G) =

K2k+1, in whih the degree of eah vertex of B(G) is 2k, whih is even for every k > 1. Sine
the degree of eah vertex of B(G) is even, Theorem 3.6 implies that B(G) is Eulerian. This
ompletes the proof. ⊲

Definition 3.2. A Hamiltonian path is a path that visits eah vertex of the graph exatly

one. A graph is Hamiltonian if for every pair of verties there is a Hamiltonian path between

the two verties.

Theorem 3.8. The blok graph B(G) of K1,n (n > 3) or D
(m)
n (m > 3) is Hamiltonian.

⊳ Suppose thatG is eitherK1,n (n > 3) orD
(m)
n (m > 3). By de�nition, B(G) is a omplete

graph of order n or m. Sine every omplete graph is Hamiltonian, B(G) is Hamiltonian. This
ompletes the proof. ⊲

4. Open problems

4.1. One an naturally extend these onepts to the direted graph version. What an one

say about the properties of the direted version?

4.2. If the number of ut-verties of the graph G is β, then what is the number of ut-

verties of the orresponding B(G)?
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Àííîòàöèÿ. �ðà� áëîêîâ B(G) ãðà�à G � ãðà�, âåðøèíàìè êîòîðîãî ÿâëÿþòñÿ áëîêè ãðà�à G è

â êîòîðîì äâå âåðøèíû ñìåæíû òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì áëîêè èìåþò îáùóþ

òî÷êó ñî÷ëåíåíèÿ. Èçó÷àþòñÿ ðàçëè÷íûå ñâîéñòâà ãðà�à áëîêîâ B(G), â ÷àñòíîñòè, äàíû õàðàêòåðè-

ñòèêè ãðà�îâ, ó êîòîðûõ ãðà�û áëîêîâ B(G) ÿâëÿþòñÿ ïëîñêèìè (ïëàíàðíûìè), âíåøíåïëàíàðíûìè,

ìàêñèìàëüíûìè âíåøíåïëàíàðíûìè, ìèíèìàëüíûìè íåâíåøíåïëàíàðíûìè, ýéëåðîâûìè è ãàìèëüòîíî-

âûìè. Òàêæå ïðåäñòàâëåíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå, ÷òîáû ÷èñëî ïåðåñå÷åíèÿ ãðà�à áëîêîâ

B(G) ðàâíÿëîñü åäèíèöå.

Êëþ÷åâûå ñëîâà: ÷èñëî ïåðåñå÷åíèÿ, ÷èñëî âíóòðåííèõ âåðøèí, ãðà� ¾ãîëëàíäñêàÿ ìåëüíèöà¿,

ïîëíûé ãðà�.
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