Vladikavkaz Mathematical Journal
2019, Volume 21, Issue 2, P. 18-26

VK 519.17
DOI 10.23671/VNC.2019.2.32113

RANDIC TYPE ADDITIVE CONNECTIVITY ENERGY OF A GRAPH

K. V. Madhusudhan', P. Siva Kota Reddy? and K. R. Rajanna?

! ATME College of Engineering, Mysore 570 028, Karnataka, India;
2 Siddaganga Institute of Technology, B. H. Road, Tumkur 572 103, Karnataka, India;
3 Acharya Institute of Technology, Bangalore 560 107, Karnataka, India

E-mail: E-mail: kvmadhul3@gmail.com; reddy_math@yahoo.com, pskreddy@sit.ac.in;

rajanna@acharya.ac.in

Abstract. The Randic type additive connectivity matrix of the graph G of order n and size m is defined
as RA(G) = (Ri;), where R;; = \/d; + +/d; if the vertices v; and v; are adjacent, and R;; = 0 if v; and v;
are not adjacent, where d; and d; be the degrees of vertices v; and v; respectively. The purpose of this
paper is to introduce and investigate the Randic type additive connectivity energy of a graph. In this
paper, we obtain new inequalities involving the Randic type additive connectivity energy and presented
upper and lower bounds for the Randic type additive connectivity energy of a graph. We also report results
on Randic type additive connectivity energy of generalized complements of a graph.
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1. Introduction

Let G be a simple, finite, undirected graph. The energy E(G) is defined as the sum of
the absolute values of the eigenvalues of its adjacency matrix. Basically energy of graph is
originated from chemistry. In For more details on energy of graphs (see [1, 2]).

In chemistry, we can represent the conjugated hydrocarbos by a molecular graph. Each
edge between the carbon-carbon atoms can be represented by an edge. Here we will neglect
the hydrogen atoms. Now a days energy of graph attracting more and more researchers due
its significant applications. The Randic type additive connectivity matrix RA(G) = (Rij)nxn
is given by

RA;; = (\)/d_i+\/d_j’ o

, otherwise.

The characteristic polynomial of RA(G) is denoted by ¢rA(G,\) = det(A] — RA(G)).
Since the Randic type additive connectivity matrix is real and symmetric, its eigenvalues are
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real numbers and we label them in non-increasing order Ay > Ao > --- > \,,. The minimum
dominating Randic energy is given by

n
RAE(G) = 3 |\, (1)
i=1
DEFINITION 1.1. The spectrum of a graph G is the list of distinct eigenvalues A; > Ay >
- > A\, with their multiplicities my, mo, ..., m,, and we write it as
(A A N
Spec(G) = <m1 My e m )

In [3, 4], the authors defined the minimum covering Randic energy of a graph and minimum
dominating Randic energy of a graph and presented the upper and lower bounds on these
new energies.

This paper is organized as follows. In the Section 3, we get some basic properties of
Randic type additive connectivity energy of a graph. In the Section 4, Randic type additive
connectivity energy of some standard graphs are obtained.

2. Some basic properties of Randic type
additive connectivity energy of a graph

Let us define the number K as
K=Y (Va4 V)
i<j
Then we have

Proposition 2.1. The first three coefficients of the polynomial ¢ra(G,\) are as follows:

(1) ag — 1
(i) a1 =0,
(iii) as = - K.

< (i) By the definition of ®r4(G,\) = det[A\] — RA(G)], we get ag = 1.
(ii) The sum of determinants of all 1 x 1 principal submatrices of RA(G) is equal to the
trace of RA(G) implying that
ay = (—1)! x the trace of RA(G) = 0.

(iii) By the definition, we have

2
(—1) ag = E E Qi Q55 — QjiQi5 = E QiG55 — E ;i = -K. >

1<i<yi<n 1<i<g<n 1<i<yi<n 1<i<g<n

Qi Ay

Aji  Qjj

Proposition 2.2. If A\1, Ao, ..., \, are the Randic type additive connectivity eigenvalues
of RA(G), then
n
> -
i=1



20 Madhusudhan, K. V., Reddy, P. S. K. and Rajanna, K. R.

< It follows as

n n n n
Z)‘?:ZZG’UG’W 22 a” Zam —22 aij) 2=92pP >
i=1 i=1

=1 j=1 1<j 1<j

Using this result, we now obtain lower and upper bounds for the Randic type additive
connectivity energy of a graph:

Theorem 2.1. Let G be a graph with n vertices. Then
RA(G) < V2nK.

< Let A1, Mg, ..., A, be the eigenvalues of RA(G). By the Cauchy—Schwartz inequality we

(5] «(5) ()

Let a; = 1, bl :| )\z | Then
n 2 n n
() (50 (5
1=1 =1 i=1

implying that

[RAE)?> <n 2K
and hence we get
[RAE] < V2nK

as an upper bound. >
Theorem 2.2. Let G be a graph with n vertices. If R= det RA(G), then

RAE(G) > \/21( +n(n—1)Rx.
<1 By definition, we have
(RAE(G <Z|)\|> Z|)‘i|2|)‘j|:<Z|)\i|2>+2|)‘i||)‘j|-
i=1 j=1 i=1 i#]

Using arithmetic-geometric mean inequality, we have

Qo=
ZM A1 = (TTIA I
z;ﬁ] i#]
Therefore,
1
n(n—1)
[RA(G) > ZIAI +nn—1) | T2 1A |
i#]

1

n(n—1)
> Zu 1 +n(n—1) (Hu |2 1)

= Z | A 2 4n(n— 1)Rn = 2K +n(n— 1)Rx.
=1
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Thus,

RAE(G) > \/2[( +n(n—1)Rn. >

Let A, and A; are the minimum and maximum values of all A/s. Then the following results
can easily be proven by means of the above results:

Theorem 2.3. For a graph G of order n,

2
RAE(G) > \/QKn - %()\1 )2

Theorem 2.4. For a graph G of order n with non-zero eigenvalues, we have

2V M A V2Kn

RAE(G) >
( ) ()\1 + )\n)Q

Theorem 2.5. Let G be a graph of order n. Let A\1 = Ao = A3 = ... > A\, be the
eigenvalues in increasing order. Then

[A1][An|n 4+ 2K

RAE(G) >
@)= T

3. Randic type additive connectivity energy of Some Standard Graphs

Theorem 3.1. Tlge Randic type additive connectivity energy of a complete graph K, is
REP(K,) =4(n —1)2.

< Let K, be the complete graph with vertex set V = {vy,vs,...,v,}. The Randic type
additive connectivity matrix is

[ 1 2vn—1 2vn—-1 2vn—1 2vn—-1
2v/n —1 0 2v/n —1 2vn—1 2yn—1

RA(K,) = 2\/n.—1 2\/n.—1 O 2\/n.—1 2\/n'—1

2vn—1 2vn—-1 2v/n —1 0 2v/n —1
2vn—1 2yn—1 2vn—1 2yn—1 0

Hence, the characteristic equation is
A +2vn—1)""'(A=2(n—1)7) =0

and the spectrum is

Spech (K,) = ( 2(n—1)7 —2/n—1 >

1 n—1

Therefore, we get RAE(K,,) = 4(n — 1)% >
Theorem 3.2. The Randic type additive connectivity energy of star graph Ki ,,_1 Is

RAE(Kypn-1)=2[Vn—1+ (n—1)].
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< Let Kj,—1 be the star graph with vertex set V' = {vp,v1,...,v,-1}. Here vy be the
center. Randic type additive connectivity matrix is

i 1 Vn—1+41 Vn—1+41 ... Vn—1+1 Vn—1+1]
vVn—1+1 0 0 0 0
Vn—1+1 0 0 0 0
RA(Kyn—1) = : : : . : :
Vn—1+1 0 0 0 0
Vn—1+1 0 0 0 0 |

The characteristic equation is
AN2A+vVn—1+n-1))A—-(Vn—-1+(n-1))) =0
and the spectrum would be

Speck (K1 1) = ( vn -1 ‘f (n—=1) 0 —vn- 11+ (n—1) > .

n—2

Therefore, RAE(Ky 1) =2[vVn—1+(n—1)]. >
Theorem 3.3. The Randic type additive connectivity energy of Crown graph SO is

RAE(S") = 8(n — 1)2.

< Let S be a crown graph of order 2n with vertex set {u1,us, - ,Up, V1,02, ,Vp}.
The Randic type additive connectivity matrix is
0 0 0 0 2v/n —1 2v/n — 1]
0 0 0 2v/n—1 0 2v/n—1
0 0 0 Wn—1 ... o2/n—1 2yn—1
0 0 0 2v/n—1 2v/n —1 0
0y _
RAE(Sy) = 0 2yn—1 ... 2¢y/n—1 1 0 0
2v/n —1 0 ... 2vyn—1 0 0 0
0Wn—1 2Vn—1 ... 2yn—1 0 0 0
_2\/n—1 2vn—1 ... 0 0 0 (U

Hence, the characteristic equation is
A+2vn=1)" (A =2va =) (A2 - 1)F) (A2 - 1)F) =0

and spectrum is

Njw
jw

Specpa (52) = ( 2(n I 1) _2(”1_ 1) 2\/nn_—1 1 —21;/111T1 ) .

3
2

Therefore, RAE(SY) = 8(n — 1)2. >
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Theorem 3.4. The Randic type additive connectivity energy of complete bipartite graph
K, nof order 2n with vertex set {ui,us,- -+ ,Up, V1,02, -+ ,Up} IS

RAE(Km,n) = 2(%)(\/5 + \/ﬁ)

< Let K, , be the complete bipartite graph of order 2n with vertex set

{u1,ug, - ,up,v1,v2, -+ ,v,}. The Randic type additive connectivity matrix is
0 0 0 oo mAn m+ i m+ /]
0 0 0 VM4 YmA o Jm4 i
0 0 0 oo AmAn m+n m+/n
RO () 0 0 0 oVmAVR YmA v Jm4 i
vm+yn o ym+yn o Jm+no ... 0 0 0
vm+yn o ym+yn o Jm+n ... 0 0 0
Vm+yn o ym+yn o m+no 0 0 0 |

Hence, the characteristic equation is

AN = (Vimn) (Vim + V)X + (Vimn) (vVim + V)] = 0.

Hence, spectrum is

Speca (Kinn) = ( <W)(¢1ﬁ+ﬁ) 0 (] >

m+n—2 1

Therefore, RAE(K, ) = 2(v/mn)(y/m + /n). >
Theorem 3.5. The Randic type additive connectivity energy of Cocktail party graph
Knx2 is
dn — 6

RAB(Kpxa) = ——.

<& Let K,x2 be a Cocktail party graph of order 2n with vertex set
{uy,ug, ..., up,v1,v9,...,v,}. The Randic type additive connectivity matrix is

0 22 —2 22n—-2 ... 0 W2 —2 22n—2 2\2n—2]
2v/2n — 2 0 22 —2 ... 2\/2n—2 0 2W2n—2 2v2n -2
20/2n—2 2/2n—2 0 o 2V2n—2 22n—2 0 2v/2n — 2
W2 —2 22n—2 22n—2 ... 22n—2 22n—2 22n—2 0

0 22 —2 22n—-2 ... 0 2W2n—2 22n—2 22n—2
2v/2n — 2 0 22 —2 ... 2\/2n—2 0 2V2n—2 2v2n -2
20/2n—2 2/2n—2 0 L 2V2n—2 22n—2 0 2v/2n — 2

W2 —2 22n—2 22n—2 ... 22n—2 22n—2 22n—2 0

Hence, the characteristic equation is
N (A +4v2n —2)" T (A —4(n—1)v2n —2) =0
and the spectrum is

Specga (Knxa) = ( 4n—1)v2n—-2 0 —4\/21117_2 >

1 n n —

Therefore, RAE(K,x2) = 8(n —1)y/2n — 2. >
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4. Randic type additive connectivity energy of complements

DEFINITION 4.1 [5]. Let G be a graph and P, = {V1,Va,...,Vi} be a partition of its
vertex set V. Then the k-complement of G is denoted by (G), and obtained as follows: For
all V; and V; in P, i # j, remove the edges between V; and V; and add the edges between
the vertices of V; and V; which are not in G.

DEFINITION 4.2 [5]. Let G be a graph and P, = {Vi1,Va,...,Vi} be a partition of its
vertex set V. Then the k(i)-complement of G is denoted by (G), ;) and obtained as follows:
For each set V,. in Py, remove the edges of G joining the vertices within V,. and add the edges
of G (complement of G) joining the vertices of V.

Here we investigate the relation between some special graph classes and their complements
in terms of the Randic type additive connectivity energy.

Theorem 4.1. The Randic type additive connectivity energy of the complement K,
of the complete graph K, is

RAE(K,) = 0.

< Let K, be the complete graph with vertex set V' = {v1,vs,...,v,}. The Randic type
additive connectivity matrix of the complement of the complete graph K, is

000 ... 00
000 ... 00
_ 000 ... 00
RA(K,) = .
0 00 00
0 0 0 0 0]
Characteristic polynomial is
A0 0 0 0
0 A0 0 0
_ 0 0 A 0 0
RA(K,) = -
000 ... 20
00 0 ... 0 A

Clearly, the characteristic equation is A™ = 0 implying

RAE(K,)=0. >

Theorem 4.2. The Randic type additive connectivity energy of the complement K, 2
of the cocktail party graph K, o of order 2n is

RAE(Kpx2) = 4n.

<1 Let K,x2 be the cocktail party graph of order 2n having the vertex set
{u1,ug, - ,up,v1,v2, -+ ,v,}. The corresponding Randic type additive connectivity matrix
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is

0000 2000

0 00O 0200

0000 00 20

0000 0 0 0 2

RA(Knx2) = L L

2 000 0 00O

0200 00 00

0020 0 00O

0 002 ... 00 0 0f

Characteristic polynomial is

A 0 0 O -2 0 0 0
0O X 0 O 0 -2 0 0
0O 0 X O 0 0 -2 0
0O 0 0 X 0 0 0 -2

RA(Knx2) = : : D
-2 0 0 0 A 0 0 O
0 -2 0 O 0O X 0 O
0 0 -2 0 0 0 X O
0o 0 0 -2 0O 0 0 A

and the characteristic equation becomes
(A+2)"(A—2)" =0

implying that the spectrum would be

E— 2 =2
Specys (Knnz) = ( ) .

n n

Therefore,

RAE(K,x3) = 4n. >
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Awunoranusi. Marpuna aJjauTuBHON CBI3HOCTH TUA Pamanka RA(G) = (Rij)n xm 3/IaeTCS PABEHCTBA-
vu Rij = \/d; + +/d;, ecrm Bepummbr v; 1 v; cMexHbI, Ri; = 0, B IPOTHBHOM Ciydae, rae d; u dj — CTemeHn
BEPIIVH V; U U COOTBETCTBEHHO. 11e/Ibi0 JAHHON CTaThU SBIISAETCS UCCIIeI0BaHIe SHEPIUH &/ TNTUBHON CBSI3HO-
cru tuna Pangnka. B manHOM cTaThe MBI MOJTYYNH/IN HOBbIE HEPABEHCTBA, BK/IOYAIONINE SHEPTUIO U TUBHOMN
cBa3HOCTH THa Pannka, u npeacTaBuin ee BEPXHIO U HUKHIOO IPAHUIbl. Mbl TaKkKe [0y YUIU Pe3yIbTaThl
110 HEPTHUH AJIAUTUBHON CBA3HOCTH Tua Pananka 0000IIEHHBIX TOMOJHEHWH rpada.

KuroueBble cjioBa: HEPrus aJJINTUBHON CBA3HOCTH THUIIA PaHauKa, COOCTBEHHbIE 3HAYEHUS A IUTUBHOMN
cBsi3HOCTH THMa PaHanka.
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