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1. Introduction and Preliminaries

In 1946, D. Gabor [1] first initiated a technique for rebuilding signals using a family of
elementary signals. In 1952, Duffin and Schaeffer [2] abstracted the fundamental notion of
Gabor method for studying signal processing and they gave the formal definition of frame for
Hilbert space. Later on, in 1986, it was reintroduced, developed and popularized by Daubechies
et al. [3].

Frame for Hilbert space was defined as a sequence of basis-like elements in Hilbert space.
A sequence {f;}°; C H is called a frame for a separable Hilbert space (H,(-,-)), if there
exist positive constants 0 < A < B < oo such that

o
AFIP <SS £ 2 <BIFIP (Vf € H).

=1
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But, in Banach space, due to the absence of inner product, frame was completely defined as
a sequence of bounded linear functionals from the dual space of the Banach space. Before
the notion of Banach frame was be formalized, it emerged in the fundamental work of
Feichtinger and Groching [4, 5] related to the atomic decomposition for Banach spaces.
Grochenig [6] introduced Banach frame in more general way in Banach space. Thereafter,
further development of Banach frame was done by Casazza et al. [7]. P. K. Jain et al. [§]
introduced and studied retro Banach frame and it was further developed by Vashisht [9].
Stability theorems for Banach frames were studied by Christensen and Heil [10] and P. K. Jain
et al. [11]. S. Gahler [12] was the first to introduce the notion of linear 2-normed space.
A generalization of a linear 2-normed space for n > 2 was developed by H. Gunawan and
Mashadi [13]. P. Ghosh and T. K. Samanta [14-16] have studied the frames in n-Hilbert
spaces and in their tensor products.

In this paper, we present the retro Banach frame relative to bounded b-linear functional
in n-Banach space. A sufficient condition for the stability of retro Banach frame associated
to (ag,...,ay) in n-Banach space under some perturbations is discussed. We establish that
retro Banach frame associated to (ag,...,a,) is stable under perturbation of frame elements
by positively confined sequence of scalars. Also, we consider the finite sum of retro Banach
frame associated to (ag,...,ay) and establish a sufficient condition for the finite sum to be
a retro Banach frame associated to (ag,...,a,) in n-Banach space. Finally, retro Banach
frame associated to (ag,...,a,) in Cartesian product of two n-Banach spaces is presented.

Throughout this paper, E is considered to be a separable Banach space and E*, it’s
dual space. By #(FE) we denotes the space of all bounded linear operators on E. Let Ejy
be a sequence space, which is a Banach space and for which the co-ordinate functionals are
continuous. Let {g;}ic;r € E* and S : E; — FE be a bounded linear operator. Then the pair
({gi},S) is said to be a Banach frame for E with respect to Ey if

(1) {9:(f)} € Ea (Vf € E);

(73) there exist B > A > 0 such that A||f|lg < |[{9:(H)}HE, < Blflle (Vf € E);

(1i) SH{gi(f)}) = f (V[ € E).

The constants A, B are called Banach frame bounds and S is called the reconstruction
operator.

Let E be a Banach space of scalar-valued sequences associated with E* indexed by N.
Let {z} C F and T : Ej — E* be given. The pair ({x}},T) is called a retro Banach frame
for E* with respect to E if

(2) {f(x)} € Ej for each f € E;

(74) there exist positive constants A and B with 0 < A < B < oo such that
Allflle < I{f @)}y < Bllflle=, f € E™

(#4i) T is a bounded linear operator such that T({f(xx)}) = f, f € E*.

The constants A and B are called frame bounds. The operator T is called the reconstruction
operator or pre-frame operator.

A n-norm on a linear space X (over the field K of real or complex numbers) is a function
(X1, 22, ... 2p) — |21, @2, . &y, X1, T2,..., 2T € X,

from X™ to the set R of all real numbers such that
(i) ||z1,z2,...,zy| = 0 if and only if z1,...,z, are linearly dependent;
(79) ||z1,x2, ..., @y is invariant under permutations of x1, 3, ..., Zy;
(131) ||z, xoy .. x| = |al|zy, 2,y . .20l
() ||z 4+ y,z2, ..., 2| < ||z, 22, ..oy 20| + |y, 22, - - - 20|,
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for every x1,x9,...,2, € X and o € K. A linear space X, together with a n-norm || -,...,-|,
is called a linear n-normed space. A sequence {zy} in linear n-normed space X is said to be
convergent in X if there exists x € X such that

lim ||z — z,e9,...,e,]| =0 (Vea,...,e, € X),
k—o0
and it is called a Cauchy sequence if

lim |z; — xp,e2,...,en]| =0 (Vea,...,en € X).
l,k—o0
The space X is said to be complete or n-Banach space if every Cauchy sequence in this space
is convergent in X.

2. Main Results

In this section, the notion of retro Banach frame in n-Banach space X is introduced and
some stability theorems for retro Banach frame relative to bounded b-linear functional in
n-Banach space have been derived.

Now, we first define a bounded b-linear functional. Let (X, |-, ..., ||) be a linear n-normed
space and ag, ..., a, be fixed elements in X. Let W be a subspace of X and (a;) denote the
subspaces of X generated by a;, for i =2,3,...,n. Then amap T : W x (ag) X ... X {(a,) — K
is called a b-linear functional defined on W x (ag) X ... X (ay), if for every z,y € W and k € K,
the following conditions hold:

(i) T(x+y,a2,...,an) =T(x,a9,...,a,) +T(y,a2,...,an);

(13) T(kx,ag,...,an) = kT (x,a2,...,a,).

A b-linear functional is said to be bounded if there exists a real number M > 0 such that

IT(x,az,...,a,)| < M ||z, a9,...,a,| (VxeW).
The norm of the bounded b-linear functional T is defined by
|T|| =inf {M > 0:|T(2,az,...,a,)| < M ||z,a2,...,a,| (Vo € W)}.

The norm of T can be expressed by any one of the following equivalent formula:
(0) [|T|| = sup {|T(m,a2, consan)| |z, az, . an| < 1};
(i0) | T = sup {|T(z, a2, ..., an)| |z, a2, ..., an|| = 1};

(i) |7 = sup { Gzt | g, a| 0}

[€,a2,....an|

For more details on bounded b-linear functional defined on X x (ag) x ... x (a,) one can
go through the paper [17]. For the remaining part of this paper, X denotes the n-Banach
space with respect to the n-norm |-, ..., || and X} denotes the Banach space of all bounded
b-linear functional defined on X X (ag) X ... X (a,) with respect to the norm given by above.

DEFINITION 1. Let X be a n-Banach space and X be a Banach space of scalar-valued
sequences associated to X7, indexed by N. Let {z;} € X and S : X — X7}, be given. Then
the pair ({zx},S) is said to be a retro Banach frame associated to (ag,...,a,) for X} with
respect to X if

(i) {T(zg,az,...,an)} € X} for each T' € XF;

(79) there exist constants 0 < A < B < oo such that

A|Txy < I{T(zp, a2, ., an)}lx; < B|Tlx; (VT € XE); (1)
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(797) S is a bounded linear operator such that
SH{T(xg,a2,...,an)}) =T (VT € Xp).

The constants A, B are called frame bounds. If A = B, then ({z},5) is called tight

retro Banach frame associated to (ag,...,a,) and for A = B = 1, it is called normalized tight
retro Banach frame associated to (ag, ..., a;). The inequality (1) is called the frame inequality
for the retro Banach frame associated to (as,...,a,). The operator S : X — X7 is called

the reconstruction operator or the pre-frame operator.

DEFINITION 2. A sequence {x} C X is said to be a retro Banach Bessel sequence asso-
ciated to (ag,...,ay) for X}, with respect to X if

(1) {T(x, a2,...,an)} € X} for each T € Xj,;

(79) there exists a constant B > 0 such that

I{T (xk, a2, .. an)}lx; < B|Tlx; (VT € XF)

The constant B is called a retro Banach Bessel bound for the retro Banach Bessel sequence
{z1} associated to (ag,...,a,). Let Xp denotes the set of all retro Banach Bessel sequence
associated to (ag,...,an) for X}, with respect to X . For {z;} € Xp, define

Ry Xp— X] by Za(T)={T(xg,a2,...,a,)} (VT € Xp).

Then it is easy to verify that Z4 is a bounded linear operator. The operator %4 is called the
analysis operator.

Next, we verify that scalar combinations of two retro Banach frames associated to
(ag,...,an) becomes a retro Banach frame associated to (ag,...,an).

Theorem 1. Let ({z},S) and ({yx},S) be two retro Banach frames associated to
(ag,...,ay) for X3 with respect to X; having bounds A, B and C, D, respectively. Then
for any scalars «, (3, ({axk + Byk}, a—leﬁS) is a retro Banach frame associated to (ag, ..., ay)
for X}, with respect to X}.

< For each T € X%, we have
I{T (azy, + Byx, as, . .. ,an)}HX; = |{aT(zk, az,. .., an) + BT (yk, az, . .. ,an)}HX;

< o] {T@x, a2, -, an)} |, + BT (s 0, an) Ml < (0] B+1BID)|| T, -

On the other hand,
I{T (axk +5yk,a2,...,an)}HX3 > |al H{T(mk,ag,...,an)}Hxs
— 8] |HT (yw; az, - .., an)} \X; > (|olA = BIO)IT] x5, T e Xp.
Also, for T € X}, we have
ST (xk,az,...,an)}) =T and S({T(yk,a2,...,an)}) =T.

Then for T' € X7, we have

Ociﬂ S({T(aﬂzk —|—ﬁyk,a2,...,an)}) = Ociﬁ {aS({T(mk,ag,...,an)})
+BS (T2, an)})| = aiﬁ (aT + BT) = T.
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Hence, the family ({a:ck + Bk}, O%'_BS) is a retro Banach frame associated to (ag,...,an)
for X7, with respect to X having bounds (|a|A —|3|C) and (|a|B + |B|D). >

In the next theorem, we will see that the sum of two retro Banach frames associated to
(ag,...,a,) with different reconstructions operators is also a retro Banach frame associated
to (ag,...,an).

Theorem 2. Let ({x},S) and ({yx}, P) be two retro Banach frames associated to
(ag,...,an) for X3} with respect to X having bounds A, B and C, D, respectively. Let
R: X; — X be a linear homeomorphism such that

R{T(zk,a2,...,an)}) ={T(yg,a2,...,a,)}, T € Xp.

Then there exists a reconstruction operator Q : X; — X} such that the family ({z +yi}, Q)
is a retro Banach frame associated to (as,...,a,) for X}, with respect to X.

< Let U, V be the corresponding coefficient mappings for the retro Banach Bessel
sequences {x;} and {yx}, respectively and I denotes the identity mapping on Xj. Now,
for each T' € X}, we have

T (zk + yi, ag, ... 7%)}ng = |HT (x, az, ..., an)} + {T(yx, a2, . .. van)}HX;;

‘{T(xlma% ce aan)} + R({T(xk‘v az, ... 7a")})HX§
< |7+ BII{T@xs a2, an)| oy < BT+ R[], -

Similarly, for each T' € X3, we have
{7 @k + a2, an)}| o < D 17+ BT .
Thus, for each T € X%, we get
HT(@n + yi,az, . an)}| o < min {BII+R|.D |1+ R}|T] .
On the other hand, for each T € X%, we have
HT g + v az, - an)
> [{T @k a2, an)} e = [{T (ks 02, an)} iy = AT = BT |,
Also, for each T € X}, we have
KT G+ yesaz,- s an)ll, = CIRTT = TY[[|T]],
Therefore, for each T € X}, we get
HT @x +ynsaz,.an)}|| i, > max {A T = RILC R = 1|} .-

Now, for T' € X}, we have

R{T(zk + yg,a2,...,an)}) = R{T (z,a2,...,an)}) + R{T (yg,a2,...,an)})
= (I + R){T(yx, az,...,a,)} = (I + R)P'T.

Therefore, if we take @ = ((I + R)P~!)~!, then @ : X; — X} is a bounded linear operator
such that

QUT(zk +yk,a2,...,an)}) =T (VT € XF).
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Hence, ({zx + yx}, @) is a retro Banach frame associated to (ag,...,a,) for X} with respect
to XJ. >

Now, we start with a necessary and sufficient condition for the stability of a retro Banach
frame associated to (ag,...,an).

Theorem 3. Let ({x},S) be a retro Banach frame associated to (as,...,a,) for X},
with respect to X having bounds A, B. Let {y,} be a sequence in X such that
{T(yg,a2,...,an)} € X;, T € X}.. Suppose R : X; — X be a bounded linear operator
such that

R({T(yk,a2,...,an)}) = {T(xk,a2,...,an)}, T € Xp.

Then there exists a bounded linear operator P : X; — X}, such that ({y;}, P) is a retro
Banach frame associated to (ag, ..., ay,) for X}, with respect to X if and only if there exists
a constant K > 1 such that

{T (zk — yr, az, . .. ,Cbn)}HX;2

2
g Kmin{H{T(xk,ag,. .. ,an)}HX;, \{T(yk,ag,. .. ,an)}HX;} ( )

< First we suppose that ({yx}, P) is a retro Banach frame associated to (ag, .. .,a,). Then
there exist constants C, D > 0 such that

ATy < |{T(raz. o)y, < BITIx; (VT € X, 3)
ClTx: < H{T(yk7a27---7an)}HX; <D|T|x; (VT € Xp). (4)
Therefore, for each T' € X7, we have
H{T(wk - yk7a27---7an)}HXg; S H{T(wk,a27---7an)}Hx; + H{T(yk’@’ T ’an)}HXg;

(4) 3) D
< [T (waz,....an) |, + DITlx; < (1 n Z)H{T(xk,ag,...,an)}HX;.

Similarly, it can be shown that

B
T (zr — yi, az, ... ,an)}HX; < (1 + E) {7 (yk, az, - .. ,an)}HX; VT e X7).
Thus, for each T' € X7}, we get
H{T("Ek; — Yk, a2, ... ’an)}HX; < KmlH{H{T(,Ik, az, ... aan)}HX:;? H{T(yk;a az, ... aan)}HX:; }a

where K = max{(l + %), (1 + g)}
Conversely, suppose that there exists K > 1 such that (2) holds. Now, for each T' € X7,
we have

AHTHX} < H{T(mk,ag,...,an)}HX; g H{T(.%’k — Yk,0a2, ... ’an)}HX‘;

(2
+ H{T(ykaa%---aan)}”)(; < (K+1)H{T(ykaa2aaan)}HXl;

This implies that
A

K+D) ITlx; < [{T (ks a2, an) | s
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On the other hand, for each T' € X7, we have

H{T(yk,ag, . ,an)}HX; < H{T(xk; — Yk, az,... aan)}HX; + “{T(xk’QQ" e ’an)}HX;
<K +1) [{T(@x, s, an)} |y < BIE + DT x;.

Now, take P = SR. Then P : X; — X7}, is a bounded linear operator such that

P{T(yg,a2,...,an)}) = SRU{T (yk, a2,...,an)}) = S{T(xk,a9,...,a,)} =T, T € Xr.

Thus, ({yx}, P) is a retro Banach frame associated to (as, ..., a,) for X} with respect to X7.
This completes the proof. >

The Theorem 3 shows that the stability of retro Banach frame associated to (ag,...,ay)
depends on the value of K. For large value of K, the retro Banach frame inequality is lost.
Therefore, to get optimal frame bounds, we still need to modify the stability conditions.
In the following theorem, we give a sufficient conditions for the stability of a retro Banach
frame associated to (aqg,...,ay).

Theorem 4. Let ({zy},S) be a retro Banach frame associated to (as,...,a,) for X},
with respect to X;. Let {yx} C X be such that {T(yx,az,...,an)} € X}, T € X} and let
U: X5 — X be the coefficient mapping given by

U(T) = {T(wp,a.....,an)}, T € X

If there exist positive constants «, 3 (< 1) and p such that

. ISII2+a=B)Ull + 1 .
(1) ax{ 1=5) ,ﬁ}<1,

(i) H{T($k — Yk, A2, . . . ,an)}HX; <« H{T(Sﬂk,(ZQ, .. ’a”)}HX;

+8 {T (e a2, an)}| s I Ty, T € X,

then there exists a reconstruction operator P : X; — X}, such that ({y;}, P) is a retro Banach
frame associated to (as, ..., ay) for X}, with respect to X}.

< Let V' : X7 — X be an operator defined by
V(T) ={T(yk,a2,...,an)}, T € Xp.
Using the operators U and V, condition (i7) can be written as
[UT = VT| x5 < a|lUT|xs +BIVT|lxz + plTlxz, T € Xp.
Thus, for T' € X7}, we have

(1 + o)||U]| + p

I{T(yx, az; - -+ an)Hix; = VTl x; < |UT = VT[x; + |UT|lx; < -3

1T x5 -

Therefore, V' is a bounded linear operator such that

2+a—p)U] +p
1-p

IUT = VT||x; < ITllx; (VT € XF).

Now,

SN2 + o = B)|U]] + p]
1-8

Hr =SV < ISV -V < <1
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This shows that SV is an invertible operator with satisfying

1
1 — ISHEC+a=p)UlI+4] -

ItsV)~H| <

Now, take P = (SV)~1S. Then PV = Ip, where I is the identity operator on X}. Thus,
P: X}; — X% is a bounded linear operator such that

P({T(yk,QQ,"'aan)}) :T, TEX;
Now, for T' € X}, we have

15]]
1 _ IS[[C+a=B)[U]+x
=3

IT|lxz = 1PV xz < IPIIVTx; < 7 VTl

This implies that
_ 2+a-0)|U| + ul||S
15)-! (1 K U + S]]

)ITlcs < T aaeoanlly, (9T € X

1-p
Hence, ({yx}, P) is a retro Banach frame associated to (as, ..., a,) for X} with respect to X.
This completes the proof. >
Next, we give a stability condition of a retro Banach frame associated to (aq,..., a,) by
using a given retro Banach Bessel sequence associated to (ag,...,ay).
Theorem 5. Let ({x},S) be a retro Banach frame associated to (as,...,a,) for X},

with respect to X having bounds A,B. Let {y.} be a sequence in X such that
{T (yk,a2,...,an)} € X)), T € X}, and for some constant K > 0

H{T(yk’a%’an)}”x; gKHTHX;} (VTGX;)

Then for any non-zero constant A with |A| < ”51”;1, there exists a reconstruction operator
P : X — X}, such that ({xy + A\yx}, P) is a retro Banach frame associated to (as, ..., ap)
for X} with respect to X} having frame bounds (||S||™' — [\|K) and (B + |\ K).

< Let V: X7 — X be a bounded linear operator defined by

V(T) = {T(ykaa%-"’an)}? T e X;,
and U : X — X be a bounded linear operator given by
U(T) :{T(xk,@,...,an)}, ’_Z—je)(jf7

Then it is easy to verify that {T'(z + Ayk, ag,...,a,)} € X, for all T' € X}.. Now, for each
T € X}, we have

|UT + AVT |y = [{T (e + Ay az, - an)} |
< [{T s, @)} s+ N TG, 0], < (B + AEIT ] x
On the other hand, for each T' € X}, we have
(ISI7H = INE) T x5 < [{T 2k, az, - .- ,an)}HX; — X |{T (yk, az, - - . ,an)}HX;
< |{T (w0 —|—)\yk,a2,...,an)}HX;.
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Define, L : X3 — X by L(T) = {T(xr, + A\yg,a2,...,a,)}, T € Xj. Then L is a bounded
linear operator such that

HUT — LTHX; = H{T(.%’k,ag, R ,an)} — {T(.%'k + Ayg,as, - .. ,an)}HX;
= H{)‘T(yk7a27 s 7an)}HX* < ‘)“KHTHX}7 T e X;
d

This verifies that |[U — L|| < |A|K. Since SU = Ip, Ip is the identity operator on X}, we
have
Hp = SL|| = ISU = SLI| < [SIIU = L] < 1.

Thus SL is invertible. Take P = (SL)~!S. Then P : X} — X} is a bounded linear operator
such that

P{T(wk + Mgty s - an)}) =T, T € Xp.

Hence, ({zf + Ayi}, P) is a retro Banach frame associated to (ag, ..., ay) for X}, with respect
to X having frame bounds (||S||~! — |A\|K) and (B + |A\|K). >
Theorem 6. Let ({x}},S) be a retro Banach frame associated to (ag, ..., ay) for X, with

respect to Xj. Let {yx} € X and {oy,} C R be any positively confined sequence such that
{T(aryr,as,...,an)} € X, T € X5, If V : X}, — X} defined by

V(T) =A{T(yg,az,...,a)}, T € Xp,

-1
such that ||V < __UISIZ_"then there exists a reconstruction operator P : X* — X% such
SUP1< k< oo Ok d F

that ({x + aryr}, P) is a retro Banach frame associated to (as, ..., ay) for X}, with respect
to X.
< Let U : X7 — X be a bounded linear operator defined by
U(T) :{T('Ik’a%""an)}’ TGX}

It is easy to verify that {T'(zy + owyg,a2,...,an)} € X, for all T € X7. Now, for each
T € X7, we have

T e+ atian o]y < T @ran o)} s + oxT (o)}

up Oék> H{T(ylma% e ’an)}HX;

S
<k<oo

< (T s ), + <

<[Ivl+ uvn( sup ak)]uTuxg.

1<k<oo

On the other hand, for each T' € X7, we have
{7 (x, +04kyk7027---7an)}HX; > H{T(xk,GQ,---ﬂn)}HX; — |{arT (yk, az, - - - an)}| x

> [nsnl - uvn( sup akﬂuTnxg.

1<k<oo

Define, L : X7, — X by

L(T) = {T(z + wy, az, ... ,an)}, T € Xp.



On stability of retro Banach frame in n-Banach space 57

Following the lines of proof of the Theorem 5, L is a bounded linear operator on X7 such that
|U = L|| < supj<peoo ||V | and SL is invertible. Take P = (SL)~'S. Then P : X} — X}, is
a bounded linear operator such that

P{T(wx + s az, - an)}) =T, T € X5

Hence, ({zr+axyr}, P) is a retro Banach frame associated to (ag, ..., ay) for X} with respect
to XJ. >
In the next theorem, we establish that retro Banach frame associated to (ag,...,a,) is

stable under perturbation of frame elements by positively confined sequence of scalars.

Theorem 7. Let ({zy},S) be a retro Banach frame associated to (as,...,ay) for X},
with respect to X;. Let {yx} C X be such that {T(yg,a2,...,a,)} € X}, T € X}.. Let
R: X; — X be a bounded linear operator such that

R{T (yg,a2,...,an)}) = {T(xk,ae,...,a,)}, T € X5

Suppose {ay} and {fx} are two positively confined sequences in R. If there exist constants A,
w0 < A\, p < 1) and v such that

. o —1 : .
()7 < @-N0s(,nf o)

(i) [[{enT (wrs az, - an)} = (BT (ks a2,y an)} | o < A{enT (s az, - an)} |

+:U'H{5kT(yk7a277an)}HX§ +7”THX;}7 TGX;'

Then there exists a reconstruction operator P : X; — X}, such that ({yx}, P) is a retro
Banach frame associated to (as, ..., a,) for X}, with respect to X.

< Let U : X7 — X be a bounded linear operator defined by
U(T) =A{T(zk,a2,...,an)}, T € XF.
Since the operator SU : X7 — X7 is an identity operator, for T' € X},
ITlx; = ISUD)llx; < ISHHT (@xs @, - an) ] -
Now, for each T' € X7, we have

[{BKT (yx az, . .. 7an)}HX2
< [HowT(@r az, . an)}| o + [HonT (@r,az, .. an)y = {8 (e az, - an)}
<14 H{akT(xk,aQ,...,an)}HX; + 1 |[{BeT (Y, as, - . -, an)}|

Thus,

(1= 1) AT sy < |4 0101 (s an) +9] 1T
This implies that
=0 dnt ) TGz andly < [+ NI sup_an) 49 I

1<k<oo 1<k<oo
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On the other hand, by condition (i7), we get
(14 ) [{BT (g a2, - an)} |y = (1= N) [{enT (@, 0, an)}| o = 7 IT
> _ —1 : _ % *
> a=nisi (nt o) <5t T i

Therefore, for each T' € X7, we have

(1 +M)< sup ﬁk) H{T(yk,a%---,an)}”x; > (1+p) H{ﬁkT(yk,@,---,an)}HX;

1<k<oo
> - -1 — ..
> = nisi (nt o) =il

Thus, for each T' € X7, we have

- M (it o) <o
1<k<oo > T x5 < H{T(yk,ag,.--,an)}HX;

(1 +M)< sup B

1<k<oo

(s ax) +9

1<k<oo

< ITlx;.
- apt o)
Now, take P = SV. Then P : Xj — X7, is a bounded linear operator such that
P({T(yk,az,...,an)}) =T, T e Xp.
Hence, ({yx},P) is a retro Banach frame associated to (as,...,a,) for X} with respect

to X7. >

DEFINITION 3. A sequence {z} in X is said to be total over X7, if
{T S X;v : T(.%'k,ag,. .. ,an) =0 (Vk)} = {6},

where 6 € X7 is the null operator.

In the following two theorems, some sufficient condition will be describe under which the
finite sum of retro Banach frame associated to (ag,...,a,) is again a retro Banach frame
associated to (ag,...,ap).

Theorem 8. Fori € E,, = {1,2,...,m}, let ({x,}, S;) be retro Banach frames associated
to (ag,..., an) for Xy, with respect to X;. Then there exists a reconstruction operator P :
X% — X such that ({d_", xx}, P) is a tight retro Banach frame associated to (as, ..., a,)
for X7, with respect to X, provided

(T (ks a2, - an)}| . < H{T(imaz%)}‘

forT' € X}, for some j € E,,.

)

X3
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< For T' € X7, we have

HTHX;; — “Si({T(xk,jaa2a""an)})HX} < ||SiHH{T(xk7j’a2"“ ’CLTL)}HX;F

{T(ixk,i,ag,...,an> }
i=1

Thus, {T'(>°% Tk, a2,...,an)} is total over Xj. Therefore, by Remark 7.1 in [18], there
exists an associated Banach space

m
Xg = {{T(me,ag,...,an)} : TEX}}
=1

equipped with the norm

m
H{T<Z$k,z7a2, e 7an> }
i=1

and a bounded linear operator P : X — X defined by

m
P({T(me,ag,...,an) }) =T, TeX},
i=1

such that ({1, .}, P) is a tight retro Banach frame associated to (ag, ..., a,) for X}
with respect to X. >

Theorem 9. Let ({xy},Si), i € Ep, = {1,2,...,m} be retro Banach frames associated to
(ag,...,an) for X7, with respect to X}. Let {yx;} C X be such that {T(yx;, a2, ... ,an)} € X},
T € Xj.. Suppose R : X — X be a bounded linear operator such that

R<{T(Zyk7i,a2,...,an> }) = {T(mk,p,ag,...,an)}, Te X5,
i=1

for some p € Ey, and for each i € E,,, let U; : X}, — X be an operator defined by

< [1Sil]

X3

=|T|xz, Te€Xp,
X,

Ui(T) = {T(zk4 a2,...,an)}, T € Xp.

If there exist constants «, 3 > 0 such that

() a X Ul +mB<|S17 = X Ui, for some j € En
1€EEm 1€Em,
i#]
(id) |{T (@i —yr,ir az. - - - ,an)}HX; < a|{T(zk, az, ... ,an)}HX;-i-ﬂ IT|xz,T € Xp,i € B,
then there exists a bounded linear operator P : Xj — X} such that the family
({> ieE,, Yk}, P) is a retro Banach frame associated to (az,...,a,) for X with respect
to X.
< For each i € E,,, S;U; is an identity operator on X7,. Therefore, for each T' € X}, we
have

1T x5 = 1S:UT ||xz < ISill [{T (w4, a2, - .- ,an)}HX;- (5)
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Also, for T' € X7,, we have

Now, for each T' € X7, we have

H{T< > ykiraz, .. 7an) }
i€Em

Z {T(xM, as, ... ,an)}

1€EEm

< Z UG T | .-

X; 1€E,
(6)

X3

Z {T(xp,a9,...,00) — T(Th; — Ypir a2, .-, an)}

x:  licEm X;
> Z {T(xrs a2,...,a0)}| — Z {T(xr; — Y a2,...,an)}
i€Em x:  |li€Em X;
= {T('Ik,j,a%""an)} +Z {T(xk,i’aaa---aan)} - Z{T(xk,l _yk,i,QQ,---,an)}
i€Em, x: llicEn X;
i#]
CYCI
> IS = o D0 U+ Do Ul + mB| 1T llx
i€Em i<En,
i#j

On the other hand, using (6), for each T' € X7, we get

H{r( S moon ) S (@+a) X 1wl +5) il

1€EEm 1€Em

Now, we take P = S,R, where p is fixed. Then P : X] — X7, is a bounded linear operator

such that
P({T< Z yk7i,a2,...,an> }) =T, TeX;.
i€Em

Hence, ({>_;cp, Yk}, P) is a retro Banach frame associated to (az,...,a,) for Xj with
respect to Xj. >

We end this section by discussing retro Banach frame associated to (ag,...,a,) in
Cartesian product of two n-Banach spaces.
Let (X,]-,..., |lx) and (Y,||-,...,-|ly) be two n-Banach spaces. Then the Cartesian

product of X and Y is denoted by X @Y and defined to be an n-Banach space with respect
to the n-norm

lz1 @y, 22 B Y2, ..., 2n B Yn| = |lz1, 22, ..., Tullx + Y1, ¥2, -, Unlly,

for all z1®y1, 22Dy, ...,y PY, € XBY,and z1,x2,...,2, € X; Y1,Y2,...,Yn € Y. Consider
Y¢: as the Banach space of all bounded b-linear functional defined on Y x (ba) x ... x (by,) and
Z}seq s the Banach space of all bounded b-linear functional defined on X @Y x (ag @ ba) x

. X {an @ by), where by, ... b, € Y and ag ® be,...,a, ® b, € X @Y are fixed elements.
Now, if T'e Xp and U € Y, forallz @y € X @Y, we define T ® U € Zf o by

(ToU)(zx®y,as®bay...,an Dby)=T(x,a2,...,a,) DU(y,ba,...,b,) VzeX, VyeY).

Let us consider Y; and Z) as the Banach spaces of scalar-valued sequences associated
with Y and Z%.. 4, respectively.
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Theorem 10. Let ({zx}, Sx) be a retro Banach frame associated to (as, ..., a,) for X3,
with respect to X having bounds A, B and ({y},Sy) be a retro Banach frame associated
to (ba,...,by) for Y7 with respect to Y; having bounds C,D. Then ({x} @ yi}, Sx ® Sy) is

a retro Banach frame associated to (az © ba, ..., an ® by) for Zj, . with respect to Z.
< Since ({z}, Sx) is a retro Banach frame associated to (as, ..., ay) for X7, with respect
to X and ({yx}, Sy) is a retro Banach frame associated to (ba,...,b,) for Y with respect

to Y, we have
AT )x; < [{T(2r, 02, an)} |y < BlITllx; (T € Xp), (7)
CllRllvg < [{RGr:b2. - ba)} ]y, < DIRIx; (VREYE). (8)
Adding (7) and (8), we get

AT\ x4+ CllRllvg < [{T (e, a2, - an) M|t [[{R (g, b, - b}

v SBITx; +DIRlly.
This implies that

min(A, C){HTHX} + || R|

vi} < |{T(zk, az,. .. an)} & {R(ys, ba, . .., bn)}| 7z
< max(B, D){||T|[xz + | Rllvz }-

Thus,

min(A, O)||T & Rz, < (T @ R)(zr © yp, a2 D ba, ..., an @ by)}|
<max(B,D)|T & R|

z;
(YT & R € Zpog)-

Zrga
Also, we have

SX({T(‘T]C)GJ??""GTL)}) :T’ TGX;’ and SY({R(yk‘,b2aabn)}) :R’ RGYG*
Now,

(Sx ® Sy)({(T @ R)(wk @ Y, a2 D ba, ..., ap, ® by)})
= (SX D Sy)({T(.%’k, as, ... ,an)} D {R(yk, ba, ... ,bn)})
= Sx({T(.%'k,ag, AN ,an)}) ® SY({R(ylme; s 7bn)}) =T®R (VT@ R e Z;@G)'

Hence, the family ({zx @ yx}, Sx @ Sy) is a retro Banach frame associated to (az @ b, ...,
an @ by) for Zj., o with respect to Z7. >
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OB YCTONYMUBOCTU PETPO BAHAXOBA ®PENMA OTHOCUTEJ/ILHO
b-INHENHOT'O ®YHKIMOHAJIA B n-BAHAXOBOM IIPOCTPAHCTBE
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AnHoTauusa. Beojgurcs nonstre perpo 6aHaxoBa (peiiMa OTHOCHUTEJIHLHO OIPpaHUYEeHHOro b-JIMHEHHOro
dyHKIMOHAJIA B N-0aHAXOBOM IIPOCTPAHCTBE M YCTAHABIMBAETCs, YTO CYMMa JBYX peTpo HGaHAXOBBIX (peii-
MOB B M-0aHAXOBOM IIPOCTPAHCTBE C PA3HBLIMHU OIIEPATOPAMU PEKOHCTPYKIIUU TaKYKe SIBJISIETCA PETPO OaHa-
XOBBIM (DpeiiMoM B n-0aHaxXOBOM IIpocTpaHcTBe. Takzke OInpejessieTcs peTpo 6aHaxoBa MOCJIEI0BATEIbLHOCTh
Beccemnst orHOCHTENIBHO OrpaHntueHHOro b-mHeiiHOro yHKImoHa a B n-6aHaxoBoM mpocrpaHcTse. Ilosyueno
HEOOXOIMMOE U JIOCTATOYHOE YCJIOBUE YyCTOHYMBOCTH peTpo HGanaxoBa dpeiiMa OTHOCUTEIHLHO OIPAHUYEHHOIO
b-nmuueitnoro dyHKIMoOHAaIA B n-0aHaxoBOM mpocTpancTse. [lasee, mokazano, 9To peTpo 6aHaxoB ppeitM OTHO-
CUTEJIbHO OTPAHUYEHHOrO b-JIMHEHOro (pyHKITMOHAIA B N-6aHAXOBOM ITPOCTPAHCTBE YCTOWYHUB 10 OTHOIIEHUIO
K BO3MYIIEHUIO 3JIEMEHTOB (bpefiMa IOJI0KUTEIBHO OMPAHUYEHHON II0CJIEI0BATEIbHOCTHIO CKAJIAPOB. V3yde-
HBI HEKOTOpbIE CBONCTBa BO3MYINEHUM perpo HGaHaxoBa dpeiiMa B n-6aHAXOBOM IIPOCTPAHCTBE C MIOMOIILIO
OTPAHUYEHHOrO b-JIMHEHOro (byHKIMOHANA. HaKoHel, 1aroTcsi JTOCTATOYHOE YCJIOBHE TOr0, YTOObI KOHEYHAST
cyMMa peTpo 6aHAXOBBIX (ppeiiMOB OblIa peTpo OaHaXOBbIM (hpeiiMOM B n-6aHAXOBOM HpOCTpaHCcTBe. B 3akito-
YEeHNM PACCMATPUBAETCS PeTPO OaHAXOB (peifM OTHOCUTEIBHO OIPAHUYEHHOrO b-THHEHHOro (OyHKIIMOHAJIA B
JIEKapTOBOM IIPOM3BEJIEHUN JBYX N-6aHAXOBBIX MTPOCTPAHCTB.

KuroueBnie cioBa: dpeiim, 6anaxoB dpeiiM, perpo 6anaxoB dpeiiM, yCTORINBOCTE, N-6aHAXOBO IIPO-
CTPAHCTBO, b-IMHENHBIA (DyHKIMOHAL.
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