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Acoustics of a Stratified Poroelastic Composite

R. P. Gilbert and A. Panchenko

Abstract. In this paper we discuss the acoustic boundary layer problem for a poroelastic
seabed abutting onto a liquid half space. The problem is addressed using the method of
homogenization where the microscopic equations are modelled after Burridge and Keller [5],
Levy [10], and Panasenko [13]. A difference in our approach is that we do not consider the
viscosity coefficients to be dependent on the pore size. To achieve continuity of displacement
and stress at the interface to an arbitrary asymptotic order, we introduce correctors of two
different types on each side. Then correctors of different types are matched across the interface.

Keywords: Homogenization, asymptotic expansions, boundary layers, composite
materials

AMS subject classification: 74 Q 10, 35Q 35

1. Introduction and Remarks

In this paper we discuss the vibrational motion of a porous medium whose pore space is
saturated with fluid. The porous medium we propose to study is formed by a periodic
arrangement of the pores into cells. The vibrational motion is assumed to be stimulated
acoustically by a signal whose wave length is A\. For an averaging procedure to work, we
need the wavelength to be large compared to a typical cell size £. Assuming in addition
that A is comparable to the characteristic macroscopic size L of the problem and the
fluid phase is incompressible, one can classify different homogenized models, as was done
in [2] heuristically, and justified rigorously in [7]. In these works, four different types of
possible macroscopic behavior are listed:

e Model I: The acoustics of a fluid in a rigid porous matrix regime. This case was
considered previously by Gilbert and Panasenko [6].

e Model II: Diphasic macroscopic behavior of the fluid and solid matrix. This case is
considered using the methods of two-scale convergence in [7].

e Model III: Monophasic elastic macroscopic behavior. This case is also discussed in
[7].

e Model IV: Monophasic viscoelastic macroscopic behavior.

Model II, the diphasic case corresponds to the Biot model [3, 4].
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In this paper, we allow the fluid to be compressible and do not assume that A is
comparable to L. Thus the model developed in the paper will also work for A large
compared to £ but small compared to L. The homogenized model obtained is close to
the 7slightly compressible” variant of model III as developed in [7]. The microscopic
equations we use are similar to the ones used in papers by Levy [10] and Burridge and
Keller [5]. The only, but essential difference is that we do not assume the viscosity
coefficients to be comparable to the pore size. We adopt a point of view according to
which viscosity characterizes properties of the fluid regardless of the pore geometry. The
immediate conclusion then is that the classical Biot model is an approximation valid
for pore size lying within a certain range. The latter is determined by the viscosity of
the fluid and by the geometric characteristics of the medium. Passing to the limit of
”infinitely small” pore size, one should expect to obtain a set of equations different from
(3, 5, 10].

Denote the ratio between £ and L is given by ¢, eL = £. The geometrical structure
inside the unit cell Q = (0,1)" has a solid part Q* which is a closed subset of ), and
a fluid part Qf = Q\Q?®. Now we assume Q?® is periodically repeated over R™ and set
Qi = Q° +k for k € Z". Obviously, the obtained closed set X° = (J,czn QF is a
closed subset of R™ and X/ = R™\X® in an open set in R”. We make the following
assumptions on Qf and X7:

(i) Q7 is an open connected set of strictly positive measure with a smooth boundary,
and Q° has strictly positive measure in () as well.
(ii) X/ and the interior of X* are open sets with boundary of class C°°, which are
locally situated on one side of their boundary. Moreover, X/ is connected.
Now we see that X = (0, L)™ is covered with a regular mesh of size €, each cell being a
cube QF, with 1 < ¢ < N(e) = | X|[(e) ™[1 + 0(1)]. Each cube Q% is homeomorphic to
Q, by a linear homeomorphism IIf, being composed of translation and an homothety of
ratio % We define

Qs, = (I5)71(Q")  and 7, = (1) ~(Q).
For sufficiently small € > 0 we consider the sets
T.={ke€Z"Q% C X} and  K.={k€Z" Q% capdX # 0}

and define
xi=JQs, S=0x;, Xj=X\X.
keT.

Obviously, 0X$ = 0X U S§¢. The domains X{ and X 7 represent, respectively, the solid
and fluid parts of a porous medium X. For simplicity we suppose % € N. Then K, = .

We construct a full asymptotic expansion for the system of two composites of the
above type, separated by a plane interface. The first part of the construction deals with
inner expansions. The development here is based on the general method proposed by
Panasenko [13]. Then we proceed to take care of the boundary layers at the interface.

The major part of this work is devoted to the investigation of interface effects
between two different composites. We consider the simplest model situation of a single
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plane interface. The goal is again to produce a full asymptotic expansion accurate
to an arbitrary power of the parameter, which normally is a difficult task. A simple
computation shows that the usual inner expansions can not be matched at the first level,
even after the introduction of boundary layer correctors of a type typically employed
in the literature. In classical works on homogenization such as [15] this problem is
discussed, but the only rigorous work known to the authors is the recent paper by
Avellaneda, Berlaynd, and Clouet [1], where the problem of interface matching is solved
under the assumption that wave propagation can be described by wave equations at
the microscopic level. The authors use the Floquet theory and operator perturbation
theory to obtain explicit asymptotics of the Dirichlet-to-Neumann map at the interface.

The main idea that makes matching possible is the introduction of two different cor-
rectors on each side. The first corrector is a usual one, so we call it ”old”. The second,
"new” corrector combines the fast variable part of the expansion on this side and the
slow variable part of the inner expansion from the opposite side. The matching is done
as follows: the old corrector from one side is matched with the new corrector from the
opposite side. This is the crucial part of the method. On the output, this ” microscopic”
matching produces two families of constant matrices used to obtain macroscopic match-
ing conditions. The constants can be determined explicitly from the formula contained
in Theorem 4.1, and also from the examination of the proof of Theorem 5.3. As an
example, we calculate homogenized transmission conditions for the main term of the
expansion. The result shows that the homogenized transmission conditions can be writ-
ten in terms of homogenized normal stress only. The conditions for subsequent terms
contain non-trivial corrections to the homogenized stress, which shows significance of
edge effects. The details can be found in Section 4.

In order to control decay of boundary layer correctors, one needs to estimate solu-
tions of the cell problem in unbounded domains. In the present case the cell problem
is a system of stationary viscoelasticity. The problem to solve is twofold. First, we
need to obtain sufficient conditions for the existence of solutions with derivatives which
do not grow too fast. Then, imposing some extra conditions, we show that derivatives
will decay exponentially, and the solution itself will stabilize to a constant vector with
exponential speed. This is the most difficult and technical part of the paper. It is
based on special a priori estimates of Saint-Venant type. Estimates of this kind for the
elasticity system were obtained by Oleinik and Yosifian [11]. In the paper, we obtain a
generalization of these estimates, since we need to deal with complex-valued coefficients.
Moreover, the estimates in [11] are written in a half-space. In order to control the decay
of solutions of the transmission problem, we need to estimate the decay of solutions on
both sides of the interface, rather than on just one. We point out, however, that most
of the technical arguments from [11] still works.

The paper is organized as follows. In Section 2 we discuss the system of equations
to be homogenized, and a certain transformation that leads to the elimination of the
pressure from the system. In Section 3, the inner expansion is obtained. Section 4
contains the details of the interface matching procedure. Finally, in the technical Section
5 we give proofs of the estimates needed in Section 4.
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2. System of equations for acoustics in a periodic porous
medium

Consider an infinite e-periodic medium composed of an elastic solid and a compress-
ible viscous fluid. Let X*® and X/ denote the domains occupied by the solid and fluid,
respectively. Their common boundary S is assumed to be a smooth manifold of codi-
mension one. The displacement vector u satisfies the system of equations (written
componentwise):

s Y4 f  in X° 2.1

8t2 al'j + f lIl ( )
FZ_t i , in X7, 2.2
Ve = g, T (2.2)

Moreover, on the interface S, the transmission conditions

[M:O} (2.3)

[o3jv;] =0

hold, where v; denote components of unit normal to S pointing inside of X*. In the
solid part, components of the stress tensor o* satisfy the Hooke law

1 8uk 8Ul
0j = ijkICki (u), ext(u) = 5 (8—xl + a—mk) (2.4)
with coefficients afj;; € C*°(X?) satisfying conditions of symmetry and positivity:
afjkl = aj'ikl = Gjilk = aZlij (2.5)
kieij(u)ei(u) = afjpeij(w)er (u) > kaeij(u)es;(u).
In the fluid part X7, the stress tensor satisfies the Navier-Stokes law
ou
O'lfj = —5,-jP + ()\5295;61 + 2,u<5ik5jl)ekl (a>, (26)
where the viscosity coefficients p and A satisfy
A 2
w> 0, p > —§k2, 0<ke<l. (2.7)

If the displacement is small, we can linearize the equation near the reference state
characterized by the known reference densities p® and pf. The linearized equation of
state relates pressure P to the perturbation of density p:

P = ?p, (2.8)
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where c is the speed of sound. Moreover, the linearized conservation of mass equation
. . . 0
gives a relation between p and the velocity %
dp
ot

ou
f 2
+ pldiv— 5t =0. (2.9)

Integrating, we obtain p + pfdive = 0. Combining this and (2.8) we have P =
—c?pfdivu, so that the pressure can be eliminated from (2.6):

O'ifj = a{jklekl(u), (2.10)

where

0
azfjkl =—c’p 5zg5kz + (A0 + 2u’52k5ﬂ)6t

Denote by a;;x; the components of thew symmetric fourth-order tensor equal to a3kl in

X? and to alfjkl in X7, and denote by o the corresponding ”unified” symmetric stress
tensor. Since e(u) is also symmetric, we can write

8ul

0ij = aijkla—xk-

Then

Oz o0z

where Mj; are n X n-matrix operators with components a;;x;. Using matrices My; we
can replace (1.1) and (2.2) by a single system:

82 9 ou
58 G (MkJa ):f, (2.11)

o )

where p° equals to p® in X*, and to pf in Xf. The components aijx of the matrices My;
satisfy (2.5) and (2.10) in X* and X7, respectively. On the interface S, the transmission
conditions (2.3) hold.

3. Inner expansion and homogenized system

The purpose of this section is to obtain a complete inner asymptotic expansion for a
solution of system (2.11). The word ”inner” means that at the moment we prescribe no
macroscopic boundary conditions and treat the medium as infinite in all directions. The
terms of the expansion will satisfy a chain of problems with coefficients independent of
the parameter. The first system in this chain provides the macroscopic homogenized
equations.

Consider system (2.11) together with the interface conditions (2.3). Assuming that
u is a time-harmonic vector with angular frequency w, and slightly abusing notation,
we replace u(x,t) by u(x,w)e’t. Then the amplitude u(z,w) satisfies

0 ou
—w?
w’pu (AkJ ) f, (3.1)
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where u(z) is an n-component vector function of x, Ax;(%,w) are periodic n xn matrices

with components A,(:;) given by

il
Agcg) = a’zgk:l (32)
in X*, and by .
A,(;Jl) = (—czpf + z’w)\)dijékl + 2iw,u5ik5jl (33)

in Xf. By assumption, Ay; are smooth everywhere in R™ except a smooth manifold S
of codimension one. On S, the transmission conditions

[u] =0
a2l 8ul
e
are satisfied, where v; are components of the unit normal to S. We look for an asymp-
totic in € solution of the form

U~ Z Pt Z NP () D(x). (3.4)

p,1=0 |7'|:l

[A ]—0 (i=1,2,...,n)

By the chain rule, the differential operator

L, = %(Akja%c)

corresponds to

02 02 0Ar; 0O 0?
—92 —1 J
L A ) —2 . (35
& hete [ %\ 9z,06, | w0, ) T ¢, 8xk] Hgpam )
Substituting (3.4) into system (3.1), and taking (3.5) into account, we obtain
Fro ) e —wpNPiD Wy + Y P2 N T L NP Dy
1,p=0 li|=1 1,p=0 lé|=1
ONP* 9D . 0D
I+p—1 A I+p—1 A NPt
T Z € Z KANTI TS Z Z 359 KN oz, (3.6)
L,p=0 |i]=t 1,p=0 |é|=t
02Dty
Ay NP :
+ Z Z kj Oz0z;
Lp=0  li|=l
Next, we shift indices in the sums above to get
Z gH-p Z _w2pr,iDi,U — Z €l+p—2 Z _w2pr—2,iDi,v
1,p=0 HE 1=0,p=2 l2|=l
ONP* 9D BNP R
Z ghtr—1 Z Apj—F— 3 3 U Z gltr—2 Z Agiy, ——=——D"
gk Zj
l,p=0 || l [=1,p=0 li|=l
Z gltp—1 Z (Ag; NP) dD% Z l+p—2 Z (A;, s NPoi21) Dy
1,p=0 ||l85 ’ 8mk 1=1,p=0 li|=t o

Z Z Ay; NP 8635%;: Z cpH—2 Z Ay 4, NP7t Dy
kUL

l,p=0 |i|=l 1=2,p=0 HE
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Then (3.6) transforms into
fro D MY HPHE) DM, (3.7)
where H?** depend on NP Ap; w and p. Since the left-hand side is of order €%, we

obtain
N0,0 — Nl,O =7

where I denotes the unit matrix. Also, we assume that NP* = ( if at least one of p and
1| is negative. Then, collecting terms in (3.7), we have for HP"* the expressions

H» =0
HYY =L:NYY =0 (3.8)
HP? = —w?pNP~20 4+ LeNPO (p > 2)
. A : ‘ ‘ OA, )
HO,“ — %1) +L N0,7,1 and Hl,ll — 11 +L Nl,zl
aE; ¢ a¢; ¢
and
GNPz i

HP' = —?pNP~20 + A,
P 0k
0

* 8—£j(Ai1ij’i2mil) + Ai1i2
If we require that HP* be constant, equations (3.8) and (3.9) can be used to determine
NP recursively.

(p=0,1i>1)  (3.9)
Npai?)""il _|_ Lngai.

All equations above are of the form
Lng’i — TPt _ Hp,i’
where
. ‘ ONP- iz o L L
TP = —w? NP2 4 Apjy o+ o (i NP2 o Ay, NP0

&k, 9&;
Note that TP* depends on the previously obtained NP with p’ + [if'| < p + |i]. We
specify the constants H?"* to be (T?*), and write

LeNPH = TP 4 (TP, (3.10)

This choice of HP* guarantees that each cell problem is uniquely solvable up to a
constant matrix. To show this, consider the variational formulation of cell problems
(3.10). Denote by V! and V° the spaces of 1-periodic vector functions

Vi={veH,,: (v)=0} and VP ={ve L : (v)=0}

loc

Consider a sesquilinear form b on V! given by

o Ou; 0V
b(u,v) = /B(u, v)dz, where B(u,v)(z) = A}clj 82;: 8—31;;
The variational formulation of a cell problem now reads: find v € V! such that
b(u,v) = (f,v) (3.11)

for some f € V% and all v € V1. Of course, the actual cell problem (3.10) is a matrix
one, so we have to solve several vector problems and determine columns of an unknown
matrix one by one.
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Theorem 3.1. There exists a unique solution of problem (3.11).

Proof. We note first that the symmetry conditions for Ay; remain the same as
in the real-valued case. This implies B(u,u) = e(u)*Ae(u), where A is the fourth

order tensor with components Al(jj) and e(u) = %(g;’; + %)' This and the ellipticity
condition for A implies |B(u,u)| > ¢ ||e(u)||%2(Q). By [13: Theorem 2.8], the second
Korn inequality [|ulm () < C |le(w)||r2(q) holds for all u € V. Hence, the form B is

coercive on V1, and by the Lax-Milgram lemma, problem (3.11) is uniquely solvable for

any f € Vo(Q) N

The asymptotic series for u now takes the form

2
U~ Hz’O’U(:E) 4+ Hiie 0 ’U(.’E) + Z El-i-p—2 Z HP D%y
Oxi Omiy S, li|=t
n .
ONO:e2 0%v(x)
2
= WX p)o(@) + D (Aki e+ Aiia )5y -
+ ) P2y HP D,
p+I>2 li|=l

Representing v as an asymptotic series v(z) ~ >  _,€%4(z) we obtain a chain of
averaged problems for successive determination of vy:

Loy = /o (3.12)
where
. - ONOi2 0%v(x)
Ly = —w? <A47 A-4>7
v= etk 3 (AT A ) g o,
and
Jo=f
fem ¥ Yo,
I+p=3 |i|=l
RIS 3 o
I+p=4 |i|=l 1+p=3 |i|=l

and, generally,
q—1
D Sl S
t=0 I+p=q—t+2 |i|=l
The first equation in chain (3.12) is the homogenized system

~ ONO2 0%v(x)
w2 Api A V2 g 3.13
w pu+z < ki1 & + 12>axilaxi2 f ( )
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The matrices N%%2 above are obtained as solutions of the cell problem

0

LeN%2 = — —
¢ 9€;

Ai2j (314)
satisfying the periodic boundary conditions and the transmission conditions [NO2] =0
and [Akj %VT:ZTL} = 0 on the interface hypersurface S.

4. Interface matching and boundary layers

In the previous section we did not consider boundary conditions, so the construction
above applies only locally in R™. To investigate the nature of the changes needed to
incorporate boundary effects, consider the following model problem. Suppose that the
plane interface {z : z,, = 0} separates two different periodic media. We assume that
equations (3.1) together with the constitutive relations (3.2) with possibly different 1-
periodic matrices A,jc:j are valid in the halfspaces K™ = {z : z,, > 0} and K~ = {z :
zn < 0}, respectively. A particular case of this is acoustics in a two-layer media of
the type homogeneous fluid above, fluid-saturated sediment below. At this point we
prescribe no conditions on u as |z,| — co. Our primary interest is to investigate how
the presence of the interface affects homogenization.

For any z = (21, ...2,) € R™, let Z denote the vector (21, ...2,—1,0). In what follows,
we use the notations

w(a,b) = {z:a <z, <b}
@(a,b)={r:0<z;<1(j=1,...,n—1)and a < z, < b}
I‘t:{x:xn:t}

with I'; modified accordingly. We also denote

Q={r:2;€(0,1)(j=1,...,n)}
Q={:L‘::Ej€(0,1) G=1,...,n—-1) andxnzﬂ}.

Denote by H'(w(a,b)) the space of locally H'-functions 1-periodic in . We recall that
L denotes the differential operator in equations (3.1). A function u € H'(w(a, b)) is a
weak periodic in Z solution of the problem:

Lu=f

in w(a, b) if for any v € H'(w(a, b)) such that v = 0 on T’y U T the relation

/( )(Ahkaku,ahv)da::/ (f,v)dz
w(a,b

@(a,b)

holds.
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Below quantities with sub- or superscript + are defined in K+, and similarly —
refers to a quantity defined in K—. In K, we look for asymptotic expansions of the
form

wp ~ Y Y (VD + MEY) () Do (2) + S5 Do (a), (4.1)

p,l=0 |i|=t
where vy are asymptotic series formed by (so far) arbitrary solutions of the chain of
homogenized problems (3.12) in K*. In K~ we look for a similar expansion with all
pluses replaced by minuses and vice versa. The matrices NP** are as above, and Mi’i
and SP* are matrices 1-periodic in . Substituting (4.1) into the original equations (3.1)
and repeating the calculations of Section 3, we obtain the identical equations for M ﬁ’i
and S%*, written explicitly only for M

LMY = MM? (4.2)

in K*, where MM ﬁ’i are of the form

. . OMMPE
77/ 7/L +7
MM = MMy, + — 5 i
where
MMYY = —w?pME~ % + A;';ZZM””?’

MM_?_’ A+ Mp,h -1 —{—A+ Mpﬂz

i1

To start the chain, we set Mg’o = Mi’o = Si’o = S}go = 0. On the interface z,, = 0 we
impose the transmission conditions

ut =u" (4.3)
ct(wHp=0"(u")n .
where 5
0, + nj 9 &
o (uF), =A axju

These conditions arise due to requirements of continuity of displacements and stresses.
Differentiating u* and shifting indices in the sums in the same fashion as in Section 3,
we obtain

o0

ot (ut)y = Z eptHi-1

p,l1=0
<D [ i pe VB MY+ AL, (N M+>] Div*
J

||l

b 3 et 3 [ B g s oo

p,l=0 li]=l
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and a similar expression for o~ (u7),. Substituting into the second equation in (4.3),
collecting terms and combining with equations (4.2) we obtain the following transmission
problems for determination of the pair of matrices M?* and S¥*:

LIMP = MM?*  in K (4
) ) 4.4
LgS’i’Z = 58P in K™
with the interface conditions
Ni” + Mﬁ” = S§P* 4 k’j_” (4.5)
and
AT 9 y 2 D)t At P25 P2t _ A~ 85])’ A Pyi2-ig
"Jaﬁj(N +M )+ m’l(N—i— -i-]w+ )— nj 353 + mlS_ +t

where ki"i and tﬂ’i are constant matrices. We look for solution of this problem in the
class of 1-periodic in { matrices which decay exponentially as |€n| — 00. Similarly, the
pair M*"*, S%* should be a solution to the problem

Lng’i = MMP* in K~
L-i—sp,i _ Sspﬂ' in K+ (4'6)
EP+ T P9+ n
with the interface conditions
NP+ MP* = S8 4 P (4.7)
and
9 4 P Pyia-et Pyia--i + asp’ + Qpyiz.-i D
A (NP MPP) + Ay, (NP0 Py = 4 +Af ShE 4 g

nj 853 nj 663 niy

at the interface. Let us define the operator L to be LT in K+ and L~ in K~. Then
the problems above can be written in the common form

Lu=f in KTUK~
[u] = ®() at x, =0 (4.8)
[o(u)n] =V (2) +1 at x, = 0.
In order to formulate the solvability theorem, we first introduce some definitions.

Definition 4.1. Let u(Z,z,) € L} be a vector function 1-periodic in £. We say
that u has one-sided exponential decay, if the estimate

[ul| £2(q,) < Ceal*! (4.9)

holds either for s € ZT or s € Z~, with constants C' > 0 and a > 0 independent of s. If
(4.9) holds for all s € Z, we will say that u has two-sided exponential decay.

To describe the behavior at infinity we will use
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Definition 4.2. A vector function u will be called one-sided exponentially stabi-
lizing if there exist a constant vector w such that the function u — w satisfies estimate
(4.9) either for s € ZT or s € Z~. If there is a pair of constant vectors w™ and w™
such that one-sided estimates (4.9) hold for both respective differences, we will call u
two-sided exponentially stabilizing to w* and w™.

Theorem 4.1. Suppose that f in (4.8) has two-sided exponential decay.Then there
exist constant vectors t,w™,w™ such that problem (4.8) has a 1-periodic in & solution u
such that e(u) has two-sided exponential decay, and u is two-sided exponentially stabi-
lizing to wT and w=. Moreover,

b= [ @) [ f@)ds-— / U (3) di. (4.10)

K- K+ Q

Proof. First, we prove the theorem under the assumption that A% f &, ¥ are

smooth functions of their arguments. Consider a vector function U defined in KT and
satisfying the following conditions:

1) U(%,0) = —0(z).
ii) o(U)n(£,0) = —U(Z) — ¢.
iii) U and e(U) have one-sided exponential decay.

The existence of U follows from Borel’s theorem (see, for instance, [8: Theorem 1.2.6]).
Next, consider the function v = uw — U, and let F' denote the function equal to f — F' in
KT, and equal to f in K~. The function v is a solution to the problem

Lv=F in KYUK~
[v] =0 when z, =0 (4.11)
[o(v)n] =0 when z, = 0.

In other words, v must be a global solution of the system of equations in (4.11). By
Theorem 5.4 from Section 5, for any constant vector ¢ this system has a solution v such
that P(v,0) = ¢, where P(v,0) denotes a generalized moment of v at z,, = 0. For the
definition and properties of momenta, we refer to Section 5 below, and to [12]. Theorem
5.4 also implies that v satisfies the a priori estimate

)

Now apply Theorem 5.3 from Section 5. We see that v is exponentially stabilizing
in Kt if P(v,0) = — | - f(x)dx. Also, v will be exponentially stabilizing in K~
provided P(v,0) = — f - (a: d:v Combined, these equalities imply that v will be
two-sided exponentlally stabilizing if we set

)@ < C(Me<A I H e

P(v,0) = — . f(z)dx = — f(z)dz.

K-
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Hence we obtain that
/ F(z)dx = f(x)dx — f(x)dx. (4.12)
K+ K+ K-

Consider the left-hand side separately. Since F' = div (6(U)), we can integrate by parts.
Due to periodicity, contributions of the derivatives with respect to £; vanish. Hence,

/K+ F(x) dx:/OOO aw/Qa(U)ndf:dxn.

The choice of U makes the contribution of the upper limit in the x,-integral zero, and

e obtain [ r@ae=— [ a0~ [ @

Combining this with (4.12) we obtain (4.10). The existence of the constant vectors w™
and w~ as well as two-sided exponential decay of e(v) follow from Theorem 5.3. Now,
using condition iii) for U we find that u is two-sided exponentially stabilizing to w™* and
w~, and that e(u) has two-sided exponential decay.

Finally, since constants in the estimates depend only on dimension and bounds for
coefficient matrices, we can approximate the actual A7% f & and U by sequences of
smooth functions and pass to the limit in the estimates il

Once MP* and SP** are found, we can obtain a sequence of macroscopic transmission
problems. We use the notation v,(z)*, L* and so on to refer to vectors and operators
defined in KT and K, respectively. Using these notations and the above transmission
conditions for MP»* and SP**, we can write

o0

[w] ~ Y TN " B Dl (z) — KD Dio_(a). (4.13)

Similarly, the jump of the normal stress at the interface can be written as

Z ePT=1 N " R Diy, (x) — 7' Div_(x). (4.14)

p,l=0 li|=l

In order to satisfy the original continuity requirements, we need expressions on the right
of these equations to be zero. Now, representing v(z) as an asymptotic series v = ) e%v,
and collecting terms in (4.13) and (4.14) we obtain the chain of transmission problems

Lt =fF (4.15)

in K*, where the homogenized operators L and the right-hand sides f,; are defined as
in Section 3. On the interface z,, = 0 the transmission conditions

%)= Y Y EEDivi(x) - kP Div_(x)

I+p+k=q,k<q |i|=l

[tO,'h D ’Uq] _ Z Z tpﬂDz tp’ZDZU (x)

I4+p+k—1=q,k<q |i|=l

(4.16)
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are fulfilled.

Let us now compute explicitly transmission conditions for the first two problems in
this chain. Recall that N0 = I and M%0 = §90 = (. This, together with (4.5) and
(4.7) immediately gives

0,0 _ 70,0 _ 0,0 _ ,0,0 1,0 _
kW =k>2" =1 and ty =t- —tJr =t 0.

Next, consider equations (4.15), (4.16) for p = 0 and some fixed | = i;. The first
observation is that MM%# = §§%1 = ( which yields k2™ = 0 after applications of
Theorem 5.3. Next, we apply the formula for ¢ from Theorem 4.1 to get

. GNP
0,21 -
t+1_/Q<A;;J o +A;1>dx. (4.17)

Let flnj denote the homogenized matrices

A ONOi1
Am'1 = / (AHJT —+ A’ni1) d./L'
Q €

~ ONO:i1 o
Ani1 = Anj 7(96 —+ Ani1 — Anil-
J

Moreover, denote

Now we can write (4.17) as

Y = Ak + / AY, di. (4.18)
Q

We want to show that the integral is zero. Note that the cell system for N_?_’il can be

written as T AjL = 0. If Ag; are smooth, we can integrate this equation from zero to

t < 1 with respect to z,, and then integrate over Q The integrals containing A,“:il with
k # n vanish because of periodicity, and we get

/ At (t, a:)da:—/ A%, (0,4) dé
o o

for all ¢ € [0,1]. In other words, the integral on the right of (4.18) is a constant.
Integrating this constant on the interval (0, 1), we will obtain the average of A;Z.l which
is zero by the definition of A:{il. Hence the original constant must be zero. In the case

of a general fl:{il the same conclusion is obtained by approximating fl:[il by a sequence
of smooth matrices and passing to the limit. Putting everything together we obtain

Proposition 4.1. The first non-trivial homogenized problem in the chain has the
form Lvg = f in Kt UK~ , with the transmission conditions [vo] = 0 and [Ap;, D vg] =
0 at the interface r,, = 0.

This shows that microstructure does not affect homogenized transmission conditions
at this level.
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5. A priori estimates of Saint-Venant type

In this section the technical results needed to construct boundary layers are collected.
The most important part here is an a priori estimate of Saint-Venant type obtained
in Theorem 5.2. The importance of estimates of this type for investigation of behav-
ior of solutions at infinity and proving existence theorems in unbounded domains has
been recognized by Oleinik and Yosifian [11] in the context of linear elasticity. The
development here follows closely that in the book [12: Chapter II/Sections 7 and 8]. In
the present case, we need estimates for the system of viscoelasticity ( complex-valued
coefficients are allowed). Moreover, we need to treat the transmission problem rather
than Dirichlet or Neumann ones. This makes it necessary to derive estimates valid on
both sides of the interface.

Recall that a function u € H(w(a, b)) is a weak periodic in # solution of the problem
Lu=f in w(a,b)

if for any v € H'(w(a, b)) such that v = 0 on T'y U T the relation

/ (A" O, Opv) do = / (f,v)dz
@(a,b)

@(a,b)

holds. Next, we introduce generalized momenta P(t,u) defined by

P(t,u) = lim A"k O da.

s—=0F Jo (¢ t+s)

The existence of momenta is proved in [12]. Moreover, we have
P(tlau)_P(t2au):/ fd.T
@(t2,t1)
for b > t, > to > b, and if A"* and f are sufficiently smooth, then
P(t,u) = / A" O di.
Iy

The following theorem is a basic version of the Saint-Venant principle slightly modified
from [12].

Theorem 5.1. Let s > h > 0 be integers, and let u be a periodic in & solution of
Lu=0 inw(s—h,s+ h+1). Suppose that P(s —1,u) = 0. Then

/ |B(u,u)| dz < e_Ah/ |B(u, u)| dz, (5.1)
@(s,s+1) w(s—h,s+h+1)

where A is a positive constant independent of s and h.
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Proof. Denote
g=w(s—hs+1+h), g =a(s—hs), g =a(s+1Ls+1+h)

Pick a sequence u™ of smooth functions converging to u. Then define a function ®(z,,)
by

exp(Alz, — (s — h)] for z € gt
O(z,) =< exp(A[s+1+h —x,]) for x € g2
exp(Ah) for all other z € g.

Here A is a positive constant to be specified. Then choose a test function v = (& —1)u™
and plug into the integral identity. We obtain

/ (Ahk8ku, (@ — 1)8hum)da: = —/ (Ahk(?ku, 8h¢'um)daz

g g

__ / (A™* B, 0, Du™) daz.
glug?

Next, we write
h—1
g' = de where wd:{xzs—h+d<a:n<s—h+d+1}.
d=0

Fix d temporarily and choose a constant vector C' such that fwd (u™+C) dz = 0. Then,
using the second Korn inequality and the estimate

le()llz2(we) < el B, )l L2 (w,)s

we obtain
[ (™ + O L2 ey < MIIBW™, ™) 22 (wy,)

where M is independent of m and d. Next we observe that
/ (A" u, 9, 8C) dz = / On® / (A" Ou, C) didx, =0,
wy,
since P(s+ 1,u) = 0 implies P(t,u) =0 for all s — h <t < s+ 1+ h. Hence,

‘/ (A”k(‘)ku,anq)um) dx
Wi

/ (A", 0,2 (u™ + C)) dw
wh,

/ (A" Opu, A®(u™ + C))dx
W,

< cantacte 40 ([ uiae) ([ mon, i)
wi W
§C2MAeA/ |B(u, u)|®dz 4+ Ry,

W

1
2
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where R,, — 0 as m — oco. Summing over all w; we obtain

‘/ (A"k(?ku,an@um) dx
gl

< CgMAeA/ |B(u, u)|®dx + hR,,.
gl

Repeating the argument we obtain a similar estimate for g2. Finally, let m — co. Then
/ B(u, u)|(® — 1) do < C4MAeA/ | B(u, u)|® da.
g gtug?

Choose A so that the constant on the right is equal to one. Then

/ \B(u,u)@dmg/w(u,u)\dx.
g\(g'Ug?) g

Ak we obtain the estimate desired B

Multiplying by e~

Next, we need to generalize this to the case when f and P(s — h,u) are non-zero.
The prototype of the main estimate is given by the

Lemma 5.1. Let N be a positive integer. The system

LU = fo+ 0i f; in w(—N,N) (5.2)
with boundary conditions
+fi onl_
o(U)n = { ;’Z i J}Z on FNN (5.3)
satisfying the compatibility condition
@ der [ @) di= / F(x) dz (5.4)
Y 'n @(—N,N)

has a unique solution U satisfying the estimate

n N
||e<U>||%2@<_N,N))sc[ann%m(_N,N)w 3 ||wm||%2<rm)} (5.5)
=0

m=—N
where
_N=1¢
= / f@dr— [ w@E)di  (m=-N+1,.,N—1) (5.6)
@(m,N) I'n
YN = —.
Proof. Consider the problem
Lvm=f in w(m—1,m)
o(V™) = =, on Ty, (5.7)

o(V™) = ¥m—1 on I'y,_;.
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By [12: Theorem 6.3] modified slightly for the case of complex-valued coefficients, prob-
lem (5.7) is uniquely solvable if and only if the compatibility condition

Aml lpm—l(ii') dzx — /Fm wm(i') dz = /w(m_l,m) f(:l?) dx (58)

is satisfied. Let us check these conditions for problem (5.7). Using (5.6) we have
| @ di- [ pn(@)aa
| AV I'm
—~ [ @i+ [ w@d+ [ f@)do— [ (@) di
I' N

&(m—1,N) IV
= / f(z)dz.
@(m—1,m)

Also, for m = —N + 1 we get

s@di- [ (@)
I' n ' Ny

I'n

- qs(ae)dgs—/ f@)det [ () de
fon &(—N+1,N)

I'n

= () dz + . Y(2)ds — /(;(_MN) flz)dz + /w f(z)dz

I N (-N,—N+1)

_ / f(z) dz,
@(—N,—N+1)

and similarly, the condition also checks for m = N. By [12: Theorem 6.3] cited problems
(5.7) are uniquely solvable. Moreover, the estimate

”e(Vm)”%z(dz(m—l,m))

n
(5.9)
< | S U atm 1 + Wl + il
i=0
holds. Next, consider the sesquilinear forms
I, = _/ B(V™,U) dx
@w(m—1,m)
-/ (o Oydo= [ (5,00) ds (5.10)
@w(m—1,m) @w(m—1,m)

- (W, U) di - | Gnav)as

m—1

Summing up we obtain

N
[

/ (£, U) da:—/ (., :U) da
@(—N,N) @w(m—1,m)

+ / @) di— [ (,U)ds,
T'_n I'n
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which shows that

N
- > Im:/ B(U,U) dz.
m=—N w

(_N’N)

Estimating the left-hand side in the last equation we get

/ B(U,U) dzx
&(—N,N)

N
<y / BV™, U)| da
m=—N @(m—1,m)
N 3 3
< Y (/ B(V’",V’")daz) (/ B(U,U)dm)
m=—N @w(m—1,m) @w(m—1,m)
S 2

N ;
< >y / B(V’",V’”’)dm) .
_nyJ@(m—1,m)

m=

( / B(U,U) dm)
&(—N,N)
This implies

( /w o BOD) da:)% < ( i}v /w L BTV dm)

m=—

N[

N

§01< - ||6(Vm)||%2(w(m—1,m))>

m=—N

N|=

Applying estimates (5.9) we see that the sum above is bounded by

N

C2<||f||_2[,2(d)(m—1,m))+ Z ||¢m||i2(fm)> :

m=—N
Estimating the left-hand side from below by the norm of e(U) we finish the proof
Using the lemma above we prove the following

Theorem 5.2. Let u be a periodic in T solution of
Lu = fo + 0;fi

in w(ty,ta), where ty > t1 + 2 for integers t1 < 0 and to > 0. Then for any integer
s,h > 0 such that s — h > t; and s+ 1+ h < t; the estimate

/ le(u) dz
w(s,s+1)
2h+1

—Ah 2 , o
< C’[e /d;(s—h,s+1+h) le(u)|*dz + mzzo +/a; (Ifol2 + (i, f3)) d=

(s—h,s—h+m)

+ ‘P(s — hyu) + /w fodx — / fidis 2}

(s—h,s—h+m) T._pn
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holds with C independent of s and h. Here A is the constant from Theorem 1.
Proof . Let U be a periodic in Z solution to the problem
LU = fo+ 0; fi in w(s—h,s+h+1)
o(U)=¢+ fn on ['s_p
o(U)=1v— fn on Tsipyq
where ¢ and ¢ are constant vectors chosen as

| v hdi=Perrei
Lotntr Potntr

_/mh¢+/nh fadi = P(s — h,u).

These equations yield

v=PlrhrLw- [ fudi

Fotnta (5.11)
= —P(s — h,u) + / f..di.

Ps_n

With this choice of ¢ and v the solvability condition from Lemma 5.1 is satisfied, so
there exists a unique U satisfying the a priori estimate

e 2(@(s—h,sthr1)
2h+1

2 . .
< C[ /w i (Ifol® + (fi, f3)) dz + n;) /F

with C independent of s and h. The functions v,, are defined by

¢m = / fodaf — / ’l/)d.’fi',
&(s—h,s+h+1) s him
where m = 0,1,...,2h + 1. Using (5.11) together with the formula

P<s+h+1,u)=P(s—h,u)+/ foda:+/ fndfz—/ fadi
d}(s—h,s+h+1) fs+h+1 fs—h

we get

|¢m|2d@]

s—h+m

Ym = —/ fodz — P(s — h,u) — / fndZ.
&(s—h,s+h+1) D n

Moreover, u — U is a solution of the viscoelasticity system satisfying conditions of
Theorem 5.1. Hence,

/ \B(u—U,u—U)|da;§e—Ah/ |B(u—U,u—U)|dz.
@(s,s+1) @(s—h,s+h+1)

Estimating B(u — U,u — U) from below by cle(u — U)|? and then using the triangle
inequality we get

/ le(u)*dz < C [e‘Ah/ le(u) |*dz +/ le(U)|?dz|.
w(s,s+1) @(s—h,s+h+1) @w(s—h,s+h+1)

Application of the apriori estimate for e(U) from Lemma 5.1 completes the proof B
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As a consequence, we derive

Theorem 5.3. Let f; be vector function satisfying the inequality
n
S fillz2@ssrry + I fall o, <ce™® (s €N) (5.12)
i=0

where ¢ and a are positive constants independent of s. Let u be a periodic solution of
the system Lu = fo + 0; f; in w(0,00) such that P(0,u) = — fw(o o) JodZ + ffo frs

(A—4§)s
le()llzaao,252)) < ce 2

(s € N) (5.13)

where ¢ is a constant independent of s, A is the constant from Theorem 5.1, and 0 is a
constant such that 0 < § < A. Then there exist constants C1,Csy and a1, as independent
of s and a constant vector w such that

le(w)lr2@(s,s41)) < Cre”*** (5.14)
lu — wlL2(@(s,641)) < C2e™ " (5.15)

Proof. Integrating by parts, we have

Plsvu) = PO+ [ fodo— [ fudi+ [ fudo
@(0,s) o r,

—_ / Fdz + / Fodi.
@(s,00) rs

Hence, by virtue of (5.12), |P(s,u)| < ce™%. Using the apriori estimate from Theorem
5.2, (5.12) and (5.13), we obtain (5.14).

Let xs denote a characteristic function fo the set S. Consider a periodic in & solution
of the system

Lv = Xo(s,541) = Xa(s+1,5+2) i w(s,s+2) } (5.16)

o(v)=0 on Odw(s,s+ 2).

Also, set

Ws = / u dx.
w(s,s+1)

Choosing v as test function in the basic integral identity and using the Schwarz inequal-
ity, we have

|lws — wsy1| = ‘/ B(u,v)dz
w(s,s+2)

< (/ \B(U,v)|dx) (/ |B(u,u)\da:> .
@(s,s+2) @(s,s+2)

[
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The application of the second Korn inequality yields || B(v,v)||z2(@(s,s+2)) < C where C

is independent of s. Then

|ws - ws+1| S ce *°

where aq is positive and independent of s. This implies the existence of wy, = limg_, .

Also, we have

|ws - ws-l—t‘ S ke40®

where k, ag are independent of s,¢. Therefore, we can let ¢ — oo and obtain

[ws — Weo| < ke™ %,

Now

||U - woo||L2(dJ(s,s-|-1)) < ||’U, - ws||L2(dJ(s,s+1)) + ”ws - woo||L2(d)(s,s+1))
< ka[lle(u) |2 @(s,s41)) + €77

where k7 is independent of s. Now application of (5.14) yields (5.15) i

The next result is an existence theorem of the type needed for the construction of
the boundary layer. Consider the problem

Lu = fo +0if; (5.17)

in w(—o00,00). We assume that f; € L?(&(ta, 1) for all t; < 0 and t5 > 0, and periodic
in Z.

Theorem 5.4. Suppose
S Aoy WfalZagey + Ul 2, < MEA=DH (seN)  (5.18)
i=0

where M and 0 are constants from Theorem, 0 < § < A. Then for any constant vector
q there exists a solution of problem (5.17) such that P(0,u) = q and the estimate

2
e oy < C(MEAM s bl [ futil)  GeN) (519
1)

holds where C is independent of k and 61 € (0,0).

Proof. Let v" be a solution to the Neumann problem (5.3) with

¢=q+/ fodo — [ fads
&(0,N) o

¢ = —q—i—/ fodx + R fndz.
@(0,—N) To
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The vectors 9, from Lemma 5.1 are determined by

Y_N=¢
Um :/ Jodz — | di = —q+/ Jodz + | fndZ
@(m,N) I'n @(m,0) T'o
YN =Y
where m = —N 4+ 1,...,n — 1. By Lemma, 5.1, there exists a unique v"V satisfying the

estimate

n N
et ooy S| S ilez, D Ja- [ gt [ o
=0 m=—N w

Fo (m,O)

2]
N+k+1 _ , N

The function v vVtF satisfies the conditions of Theorem 5.1. Hence, we have

an estimate [ Nkal12
Je(u™FEFE — o™ )HL2(<:;(—k,k))

n
< (1 —AN ,
<ce [§||fz||L3(_N_k_1,N+k+n (5.20)
N+k+1 2
+ > la— | fnd:%—/ fodz ]
m=—N—k—1 To @(m,0)

Let us estimate the last sum separately:

N+k+1 2
> o[ fudi- [ fots
m=—N—k—1 To w(m,0)
2 N+k+1
<o+ k+va— [ i +2 Y Ol [ (nf
Ty m=—N—k—1 @(0,m)
2 N+k+1
<2N+k+1)|g— [ fadd| +2 > cmMeAOIm
To m=—N—k—1
2
<2N+k+1)|g— [ fad2| +2CMeA-00)NTEFD),
To

The constant d; above is any number from the interval (0, §). To obtain the last inequal-

ity, we used the estimates for f; from the statement of the theorem, and the fact that

|&(0,m)| < ¢m where ¢ depends only on the dimension of the space. Then substitution
into (5.20) yields

N+k N+k

le(v R N )||%2(a(—k,k))

2 (5.21)
SM2 MeAke—51(N-|-k)_I_e—AN(k_I_N_}_l)‘q_/ fndif’,' :|
1)
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The constant Ms is independent of N and k.

Next, we use this inequality to show that e(v**?) for any fixed k is a Cauchy sequence
in L2(&(—k, k)). For any ¢t > 0 and any s > 0 consider

HB(UHS - "’HSH)”;(Q(—k,k))

t—1
< ; He(”kJrHl - ”k+s+l+1)||2m(a(—k,k))

t—1

< Z [M2M6Ake—51(s+l+k) +6_A(S+l)(k +s+1+ 1)‘q _[ fndflf
To

=0
q—/ frdz
To

This shows that the sequence in question is of Cauchy type.

2} 3 (5.22)

A—6q

(o]
E 6_ 2(s+1) .

< (MpM)3eA-05e 08 N e=0s 4 Mkt
1=0 =0

Next we note that all v*t¢ for k fixed are solutions to the Neumann problems.
Hence, they are orthogonal to all rigid displacements. For such functions, the second
Korn inequality can be written in the form (see, for instance, [12: Theorem 2.9))

||’Uk+s||H1(¢2;(—k:,k)) < Ck”e(vk-l-s')||L2(a;(—k,k)).

Together, the last two inequalities imply the existence of a function u such that v¥ — u
in H'(&(—k, k)) for any fixed k as s — co. Substituting v* into the integral identity
and taking the limit as s — co we obtain that u is a solution to the original problem.
Setting s = 0 in (5.22) and taking the limit as ¢ — oo we obtain estimate (5.19).
Finally, integrate o(u — v®) over a thin slab w(—7, 1) including the plane z,, = 0. Then
we use the second Korn inequality to estimate this integral in terms of e(u — v*®). Next,
divide both sides by the measure of the slab wish equals to c% with ¢ depending only
on the dimension of the space. Finally, applying diagonal argument and the Lebesgue

differentiation theorem, we select a subsequence v*¢ such that

1
— o(u—v*)dz — 0 as s,t — oo.

ct Jo(=1/¢,1/t)

By definition of the momenta, this yields P(0,u) = ¢}l
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