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Initial-Boundary Value Problem
for Some Coupled Nonlinear
Parabolic System of Partial Differential Equations
Appearing in Thermodiffusion in Solid Body

J. Gawinecki, P. Kacprzyk and P. Bar-Yoseph

Abstract. We prove a theorem about existence, uniqueness and regularity of the solution to

an initial-boundary value problem for a nonlinear coupled parabolic system consisting of two

equations. Such a system appears in the thermodiffusion in solid body. In our proof we use

an energy method, methods of Sobolev spaces, semigroup theory and the Banach fixed point

theorem.
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1. Introduction

We consider the initial-boundary value problem for the nonlinear coupled parabolic
system of partial differential equations

90 Bl
c(01,02)0:01 — als(01, 02, Vo1, vez)m + d(6y, 02, Vb, v92)8—t2 =Q. (1.1)
(01, 02)8,05 — a2 5(61, 02, VO ve)&m(e 02, V0 VG)%—Q (1.2)
n\vi1,02)0tv2 aaﬂ 1,V2, 1 2 8.’Eaaﬂfﬂ 1,V2, 1 2 ot — 2 .

with initial conditions

0,(0,z) = 0%(x) } (1.3)

02(0, z) = 65(x)
and boundary conditions (Dirichlet Type
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where 0; = 0y(t,x) and 6 = 0(t,z) are unknown scalar functions denoting the
temperature and the chemical potential of the body, respectively, both depending on
t € Ry and z € Q, Q C R® being a bounded domain with smooth boundary 052,
Vb, = (0101, 0201, 0361) and VO = (01602, 0202, 0502) are the gradients of the functions
61 and 65, respectively, with 0; = % (j = 1,2,3) (analogously, 0; = %). Further,
Q1 = Q1(t,z) and Q2 = Q2(t,z) denote scalar functions depending on ¢ € Ry and
x € (), which describe the source intensities of the heat and of the diffusing mass,
respectively. At last, ¢ and n are nonlinear coefficients depending on the unknown func-
tions #1 and 65, d and a(lx 8 aiﬁ are nonlinear coefficients depending additionally on the

gradients V#; and V6.

For 0 < m < oo we denote by H™(2) and HJ*(€2) the usual Sobolev spaces with
norm || - ||, [1]. For 1 < p < co we denote by LP(£2) the Lebesgue function space on €2
with norm || - ||1»; the norm and inner product in L?(Q2) are denoted by || - || and (-, ),
respectively.

We shall use the notation 03 = 07" 05205° (|| = a1 + @2 + a3) and denote for any

integer N>0
(8’8‘% j+a=N)

DNu— (aﬂaau j+a<N)
Dyu=(0gu: |a| = N)

’chvu— (8;’ : o] < N).
The inclusion f € X for a space X with norm || - ||x means that each component
Jfi,-- faof fisin X and || fl|x = ||fillx + .-+ ||fnllx.- For any 0 < m < oo and
T > 0 we also use the notation |u|n, 7 = supg<i<p||t(t)||m where || - ||o denotes || - ||

The aim of our paper is to prove existence and uniqueness (local in time) of the
solution to the initial-boundary value problem (1.1) - (1.4) using methods of Sobolev
spaces (cf. [6 - 8, 11, 12]). In Section 2 we present the related main theorem. In Section
3 we present a theorem about existence, uniqueness and regularity of the solution to
the linearized problem associated with problem (1.1) - (1.4). Section 4 is devoted to the
proof of an energy estimate for that linearized system. Finally, in Section 5 we prove
the main theorem using the Banach fixed point theorem.

2. The main theorem

In this section we formulate the theorem about existence and uniqueness (local in time)
of the solution to initial-boundary value problems to the nonlinear system (1.1) - (1.2).
Before starting to formulate the main theorem we notice that under the condition

en —d* >0 (2.1)
we can convert system (1.1) - (1.2) into the form

020, 020,
0z,0zg 0z,0zg
= g1(01,02, Vb1, Vbs) (2.2)

8t9]_ - aé}@(el, 927 Vela V92) - _12 (017 927 Vel; VGZ)
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8,05 — a25 (61,05, V1, V,) %6 — a2 (6y, 05, V01, VO,) 026,
tV2 ap\V1, V2, 1 2 8:Ca81:5 ap\YV1, V2, 1, 2 8.’13'(185[35
= Gq(61,02,V0,,V05) (2.3)
where @l = %als, aL = —%a25 and
g = Lot @2 = —daly, Al = §ang, Gp = S5 f=cn—d’.  (24)

With system (2.2) - (2.3) we associate initial conditions

61(0,z) = 6%(x
02(0, ) = 05(z)
and boundary conditions (Dirichlet type)
01(t, - =0
1(t,-)lag (2.6)
02(t7 )|6Q =0

Now, we formulate the main theorem.

Theorem 2.1 (Local existence in time). Let the following assumptions be satisfied:

1° s > [3] 4+ 4 =5 is an arbitrary but fized integer.

2° 9FQ1,0FQ2 € C°([0,T), H*~27%(Q)) fork =0,1,...,5—2 and ;7' Q1,0;"'Q> €
L%([0,T], L*(2)).

8° There ezists a constant v > 0 such that (aapalpn,n) > v[€3n1? (n € R%,¢ €
R?) where ang = [ag] (4,5 = 1,2), ajy = a},, with afs,d € C*71(R%), c,n €
C*~Y(R?) and cn — d? > 0.

4° 09,09 € H*(QQ) N H(Q), 08,05 ¢ HSF Q) NH}Q) (1 <k <s—2) and
0;71, 0571 € L2(Q) where 6F = 946:(0,1) (i = 1,2) are calculated formally from system

otk
(1.1) — (1.2) and expressed with the initial data 02 and 69.

Then there exists a unique solution (61, 02) to problem (2.2)—(2.6) with the properties

0; € MZ3CH (10,7, H4(Q) N H} ()
9;710; € C°([0,T), L*(2)) (i=1,2).
0;'vo; € L2 ([0, T], L*())
The proof of Theorem 2.1 is divided into the following three steps:

Step 1°: Proof of existence, uniqueness and regularity of the solution to the initial-
boundary value problem for the linearized system of equations associated with system
(2.2) - (2.6).

Step 2°: Proof of an energy estimate for the linearized initial-boundary value prob-
lem (2.2) - (2.6).

Step 3°: Proof of existence and uniqueness of the solution of the nonlinear initial-
boundary value problem (2.2) - (2.6) using the Banach fixed point theorem.
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3. Existence, uniqueness and regularity of the solution to
the linearized problem associated with problem (2.2) - (2.6)

In this section we consider the linearized problem associated with (2.2) - (2.6)

8,01 — aly(t, z) 00 _ 2 (t,z) 06, _ (t,z) (3.1)
tU1 ap\b 07,075 ap\l; 07,075 = 913, .
026, 020
Ol = a3 (t,0) 5, B0 g = 0alt ) (32
with initial conditions o
0:(0,2) =07 (x
10.2) = 68(e) 653
02(0, ) = 63()

and boundary conditions

01(t, ) o0 = 0
1t lon . (3.4)
02(t,-)|oq =
We consider the solvability of problem (3.1) - (3.4). At first, introducing the vector
V = (61,02)*, we can write problem (3.1) - (3.4) in the equivalent matrix form
0%V
8,V — ans(t, — G(t, 3.5
V= aoplt,2) 515 = Gl a) (35)
V(0,2) =V°(x), V(t,-)laa =0 (3.6)
where
allL(t,r) al%4(t,x)
i af\ =
st = (( D) W) @o=129 D

and G(ta 'T) = (gl (ta .17), g2(ta 'T))*
Before proving an energy estimate to problem (3.1) - (3.4), we present two theorems.

Theorem 3.1. Let the assumptions

\

D'a; € C°([0,T] x ) N L=([0, T], L=(2))
0:Vaily € L°([0,T], L=(R))
G € C°([0,T], L*(Q))

8,G € L([0,T), H~(Q)) e (i=12) (3.8)
VO e Hi(Q)
V! = aqp(0) il + G(0) € L*()

0z,0zg )

and

aly(t,z) = all,(t, ) for (t,x) € [0,T] x ﬁ} (i,7=1,2)

(aapbalpn,n) > V€N for £ € R, neR?



be satisfied where v > 0 is some constant.
(3.4) with

(01,02)* to problem (3.1) —

6, € C°
040, € C°
2, Vo, € L?
6y € C°
0,05 € C°
0, V0, € L?

Initial-Boundary Value Problem

[0, T, H*()) N H () )
[0, T, L*(%2))
[0, T, L*($2))
[0, T, H*(Q) N Hp (%))
[0, T, L*(2))

TN AN /N T /N /S

125

Then there exists a unique solution V =

(3.9)

[0, T, L*(%2))

7

Proof. It can be done by using semigroup theory and it follows directly from con-

siderations in [3] I

Now we present a higher regularity theorem connected with the solution to problem
(3.1) - (3.4). The existence result is a special case of a classical theorem on local existence

for parabolic systems (cf. [9]).

Theorem 3.2 (Existence, Uniqueness and Regularity). Let the following assump-

tions be satisfied:

1° a¥y € C([0, T xQ)NL®([0, T], L=(R)), D aijﬂ € L=([0,T], H*~2(Q)), 0faly €
L=([0,T], H*178(Q)) (1 <k <s—2) and 07 aly € L2([0,T], L2(Q)).

2° For 61,05 € H3(Q) and all t € [0, T)] the inequality ||01]12 + ||02]]? < y2{(a

axﬂ) + [|61]1% + [|02]]*} s satzsﬁed for a constant v > 0.

8° Fort € [0,T], —aZy(t) 0%

H**2(Q) and ||V ||k+2 < 73(||—
and v3 > 0 is some constant.

4° 9Fg; € C°([0,T], H*=27%(Q)) (0 < k < 5—2) and 07 'g; € L%([0,T], H~

8m 8w5

ij 86;
af 8z, ?

€ Hk(Q) with 01,0, € HL(Q) implis that 01,0, €
(t) a%awﬁ Ik +1|V||) whereV =

(01,92),0:§ kjS s—2

HQ) (@

=1,2), where s > [g] + 4 =5 is an arbitrary but fixed fixed integer.

Then there exists a unique solution V =

lem (3.1) — (3.4) with the properties

(01,02)* to the initial-boundary value prob-

070; € C°([0, T), H**7M(Q) N H;(Q2)) (0<k <s-2)

05710, € C°([0, T, L*(Q))
0571V, € L2([0,T], L*(Q))

(i=1,2). (3.10)

Proof. It is based on Theorem 2.1, the assumption of Theorem 2.2 and mathemat-

ical induction

Remark 3.1. In order to obtain the solution of problem (3.1) - (3.4) with regularity
(3.10) the initial data must satisfy the compatibility conditions

VE = (6F,05) €

where £k =0,1,...,s — 2 and

VS

(H*M(Q) N Hg () x

L= (0571057 € LA(Q) x L*(Q).

(H*~*(Q) N Hy (2))

(3.11)
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We define V* successively by

k—1
k—1 §*Vk-1-d
k _ J k—1
% _Jgo( ] )0laap(0) 5 — — 40760 (k2

4. An energy estimate for problem (3.1) - (3.4)

We start with the formulation of the following

Theorem 4.1 (Energy estimate). Let the conditions of Theorem 2.2 be fulfilled.
Then the solution V = (01,02) to the initial-boundary value problem (3.1) — (3.4) estab-
lished in Theorem 3.2 satisfies the inequality

CIJ
M

‘8t013 k,T
0

>
Il

+ Z 08 0a|?_ o + 105 012 + 10710213 7 (4.1)

t
+/ 185V 01 (1) + (197~ V6a(7) 2] dr < K Moe s
0

where )
—
My = (1+ T){ > (1651125, + 1165112 _5) + 116512
k=0
_ —s5-2 —s—2
+16572+ 1D " allg 7+ 1ID° " g2lld 7 (4.2)

T
+/0 108~ g ()17 +||3f_192(T)||?1—1}dT}

and K3 = K3(Po,v2,73), K4 = K4(P,y2,73) are positive constants depending continu-
ously on Py, P, 2,73 are constants defined in the assumption of Theorem 3.1,

= sup Z las ()] L + Z 1Dzadglls—o.7

O<t<T

1,5=1
33 bl k+/ > 017y ) P
k=14,j=1 3,7=1
2 ..
Po= Y [aZ5(0)]lp= + Z D55 (0)]]5—3
'i,j:l 7.7 1
and
n(T)=T(1+T). (4.3)

Proof. It can be found in [7]
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5. Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the Banach fixed point theorem. At first, we
define Z(N,T) as the set of functions (61, 62) which satisfy

oF0; € L®([0,T], H*5(Q)) (0<k < s—2)
05710, € L ([0, T], L*(Q)) (i=1,2) (5.1)
0571V, € L2([0,T], L*(Q))

(s > [3] + 4 = 5) with boundary and initial conditions of the form

Oiloa =0

i=1,20<k<s—2
0F0;(0,z) = 0F () } ( )

and the inequality
s—2
Z 0801120 + 072010 7
1=0
s—2
+ Z 0802|310 + 107 20a[5 1 (5.2)
1=0

T
4 / 1185 V0, ()2 + 118, Vos(r)|2]dr < N
0

for N large enough. Now, we consider the system of equations

_on 0%, 9%
P or,drs P Ox,0zs

040 — a’} — = 5.4
£z “aﬂaxaaxﬁ aaﬁaxaaazg 92 (5-4)

with initial and boundary conditions (2.5) and (2.6) where

Cl,élﬁ = _élﬁ (51,52, V@l, V§2) aéfﬂ = _é%(gl, 52, V@l, VEQ)
ai}; = 6353 (51,52, V@l, Vgg) ai?ﬁ; = _225(51, 52, V@l, V§2)

and

G,(01,65,V01,V0,,t,
g1 91(01,02 1 2 l’)}. (5.5)

ga 1= Gy(01,02,V01,V0s,t, 1)

Applying Theorem 3.2 to problem (5.3) - (5.5), (2.3) - (2.4) we can see that there exists
a mapping o such that

o Z(N, T) ) (51,52) — 0’(51,52) = (01,02).
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Next we prove that o maps Z (N, T) into itself under the conditions that N is large
and T small enough. For this we introduce the notation

s—2 s—2
Eo =Y 0¥ +11057H12 + 10512, + 103712
k=0 k=0
s—2 s—2
+ ) 001, 02) 2y pr + Y 10F(Q1, Q2) Py kr (5.6)
k=0 k=0

T
+ / 105101, Qo) |[2dr-
0

After some calculations and taking into account inequality N (t) = N(0) + f(f 0N (7)dr
we get

s—2 s—2 T
> 108 g |s—2—k1 + > 108G lsm2—kr + /O (1057 g1 1121 + 110G |12 ) dt
k=0 k=0

(5.7)
< C(Ep) + C(N)T(1+T).
Taking into account that
K3, Ky <C(Ep) +C(N)T(1+T) (5.8)
and putting (5.6) and (5.7) into the energy estimate, we obtain
s—2 s—2
> 10801 s+ 3105025 pr + 10,7 0o + 07 21,1
k=0 k=0
T (5.9)
+ [ oz rvoul + ool ar
0
1 3
< K(Ey,2,73) (1 + C(N)T(1 + T))eC(N)T(1+T2 +T44T3 ).
Now we choose N such that K (FEp,y2,73) < &. Then we can notice that
1 1 3
a(T) = (1+ C(N)T(1 4 T)?)eCMNT2O+TEATHTE) o
and for T small enough (a(0) = 1) we conclude that
o(Z(N,T)) C Z(N,T). (5.10)
Now we prove that
o: Z(N,T)— Z(N,T) (5.11)

is even a contraction mapping. For this we define the matric space (complete) (W, p)
where

W = {(01,92) 01,05 € L=([0, T], L3()), V61, V8 € L2([0,T],L2(Q))} (5.12)
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and
,0((51,52), (61, 92)) = |§1 — 01|07 + |§2 —O2lo.7

T T 5.13
+/0 ||V(‘91—91)(T)||2d7'-1-/0 IV (02 — 62)(7)|dr. (519

The set Z(N,T) is a closed subset in (W, p). Let (61,05), (6;,05) € Z(N,T) and let
0,,0,) = (01,05) € Z(N,T
J(—i —i) ( i i) ( )}' (5.14)
o(64,0,) = (07,05) € Z(N,T)
Subtracting by side the corespoding system for 61,0 and 07, 05 we get
0%(0; — 65)
0:(0; — 07) — aaﬂ(91,92,V91,V92)W
ot o ok 0207 (5.15)
- (agﬁ(el,ez,vel,vez) _a ﬂ(el,ez,vol,vaz)) : 8%6;3

+ gi(§1,§2, vgla V§2)($, t) - 91(5:3 g;a V?:, V§;)($, t)
for ¢+ = 1,2. Using the fact that

e - (0i — 07)]on = 0
sup HD (91,02,91,02,01,02,0 05) H <CN and
0<t<T (0; —0:)(0,z) =0
and taking into account the mean value theorem
C(61,62) — C(07,05) = C(07 + (61 — 67),05 + (6= — 63)) — C(67,63)
= VeC(E) - (0 - 0).

after multiplying equation (5.13) by 6; — 6 and intergrating on [0, ] x 2 we get

t t
161 — 6212 + / IV (61 — 02)|dr + (162 — 652 + / V(05 — 03)|2dr

t
<O (1+ -1y) / (116 — 6212 + 162 — 63]2)dr
+(TE(L+T)[[61 — 0137 + 02 — G5[2 7] (5.16)

/ (V@ - )2 + V(@2 — 83)]2)dr
L1t o) / / (IV (01 — 6)]|2 + |V (02 — 03) %) dr.

Applying to (5.14) the Growall inquality we get
T
161 — 0157 + 102 — 63[5 1 +/0 (v (61 = 6D + IV (02 — 63)]1%) dr

- (5.17)
<e [\91 —01[57 + 162 — 055 1 +/0 IV (@1 = O)I” + IV (B2 — 8,)])dr

where ¢ = C(N)T2 (1 4 T)eCMT+T%) G4 choosing T small enough we obtain & < 1.
So it means that the mapping o is a contraction. This ends the proof of Theorem 2.1.
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